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Abstract

A proper vertex coloring of a graph G (V, E) is an assignment of colors to the vertices of G so that no two adjacent
vertices have the same color. A dominator coloring of G is a proper vertex coloring for which every vertex is
adjacent to all the vertices of at least one color class. The minimum number of colors required to establish a proper
dominator coloring on G is called the dominator coloring number and is denoted by y,(G). In this paper, we
determine the dominator coloring number of strong grid graphs BP,,XIP, when m,n = 3. We also determine the
dominator coloring number of the Queen graph Q,,, forn > 2.
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1. Introduction

Let G(V, E) be a graph with |V| = n vertices and |E| = m edges. The degree of a vertex v (denoted by deg(v) )
is the number of all vertices that are adjacentto v. Let Y € V and let F be a subset of E such that F consists of all
edges of G which have endpoints in Y, then H = (Y, F) is called an induced subgraph of G by Y and is denoted by
G[Y]. Let B, B, be two paths. We define the strong product of B,,and B, as the graph B, X B, such that V (B, X
B) =V, xB)={(j):1<i<m, 1<j<n}andtwo vertices (i,i"), (j,j") are adjacent if and only if:

e jisadjacenttojandi’ =j'.
e (=jandi'isadjacentto;'.
e iisadjacenttojandi’isadjacenttoj’.

A strong product P,,[X] B, is called a strong grid. For more information on strong grids see [3]. The Queen graph
Qmn [1] (also called the rectangular Queen graph) is a graph with mn vertices in which each vertex represents a
square inam X n chessboard, and each edge corresponds to a legal move by a queen. A subset S € V(G) is called
a dominating set of G if every vertex in V — S is adjacent to a vertex in S. The minimum cardinality of all
dominating sets in G is called the domination number of G and is denoted by y (G). A proper vertex coloring of a
graph G is a mapping C:V(G) — X where X is a set of colors and no two adjacent vertices have the same color,
which means C divides V(G) into color classes C = (V,,V,, ...) each of which contains all vertices of a certain
color. The chromatic number is the minimum number of colors required for a proper coloring of V(G) and is
denoted by y(G).A dominator coloring of G is a proper vertex coloring for which every vertex dominates all the
vertices of at least one color class. The minimum number of colors required to conduct a proper dominator coloring
on G is called the dominator coloring number and is denoted by y,;(G). The concept of dominator coloring was
presented by Gera et al. in [4]. It was also studied by Heditniemi et al. Since then, the problem was widely studied.
In [5], Gera et al. studied the dominator coloring of bipartite graphs. Merouane et al. studied the problem on trees
in [8]. Kalavivani et al. investigated the dominator coloring of some graph products in [6]. For more information
about dominator coloring, see [2], [7] and [9]. In this paper, we determine the dominator coloring number of strong
grid graphs P,,XIB, when m,n = 3. We also determine the dominator coloring number of the Queen graph Q, ,,
forn > 2.
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Proposition 1 [4]. For any graph G;
x(G) < xa(G)
2. Main Results

In this section, we determine the dominator coloring number of strong grid graphs P,XIP, when m,n = 3. We
also determine the dominator coloring number of the Queen graph @, , forn = 2.

Theorem 1. Let P; X P, be a strong grid withn > 3;
Xa(Ps R P) = [3] +4.

Proof: We consider the following cases:

Case 1. n = 0(mod 3).

We divide P; X B, into g blocks each of which consists of nine vertices. We denote these blocks by B;: 1 < j < g
S0 that:

B; = {(1,3j —2),(1,3j — 1),(1,3/),(2,3] — 2),
2,3/ = 1),(23)),33j —2),(33j — 1), (3,3))}.
Now we try to apply a proper dominator coloring on an arbitrary block B;, We make the following observations:
Observation 1. Earlier, we defined C(B;) ={c((k,)):1<k <3;3j—2<1<3j}. It is obvious that

|C(B;;)| = 4, otherwise, at least two of (1,3j —2),(1,3j — 1),(2,3/),(3,3j — 2),(3,3j — 1) are adjacent and
have the same color which is a contradiction.

Observation 2. Some vertices of B; must form an entire color class. Otherwise, the middle vertex (3i — 1,3;) does
not dominate an entire color class and that is a contradiction.

From Observation 1 we conclude that C(B,) = 4, and if |C(B;)| = 4, one of the four colors is unique to B;, From
Observation 2 we conclude that P; X P, has at least g different color classes, each of which corresponds to a block
B;, which proves the inequality x4 (Pn X P,) = = + 3.

Let y4(B, X B,) = % + 3, this means only three colors can be repeated in two different blocks. Let us color
B; with four colors, we notice that:

e (D) =1¢((1,2))=2;¢((21)) =3;¢((2,2)) = 4. Otherwise, we have a contradiction.
e €((1,3)),¢((2,3)) € {1,2}, otherwise we have a contradiction.

Now let us color B, with colors 1,2,3 and 5 which resembles the unique color class of B,. We notice that:

o Since €((1,3)),€((2,3)) € {1,2} then either €((1,4)) = 5or C((2,4)) = 5. Otherwise, a contradiction
occurs.

o LetC((1,4)=3,¢((24)) =5. Then €((1,5)),¢((2,5)) € {1,2} or else a contradiction occurs. However,
this means C((1,6)),C((2,6)) € {3,5}, therefore (1,4) does not dominate any color class and that is a
contradiction. The same argument applies if C((1,4)) = 5,€((2,4)) = 3.

We conclude that it is impossible to apply a proper dominator coloring on B, B, using only five colors. Without
loss of generality, which means:

n
Xa(PsRB) 22 +4 1)
Now we establish the upper bound by applying a proper dominator coloring on the strong grid P; X P, using g +
4 colors. We define this dominator coloring as C = (Vy, V5, ...,V ,, Vn ) with:
3 3

V1= {(1.21' -1),B2-1):1<j< [;]}
v, ={21+6)),23+6):0</ < EJ ~2);
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. . . m . n
Ve ={12),(32):1<i < [5],1 <j< IEJ}
v, = {(2,4 +6)),(26+6)):0<)< [ﬁ] - 2};
- 713

For5<is<Z+4;V;={23i—-13)}
Since C forms a proper dominator coloring of g + 4 colors on P; X B,, then:

n

Xa(Ps X B,) < 3 + 4 2)

Figure 1 illustrates that y,;(P; X P;,) < 8. From (1) and (2) we conclude that y,(P; X B,) = §+ 4ifn=
0(mod 3).

Figure 1. x,(Ps X P3) < 8.

Case 2. n = 1(mod 3).
In a similar way to Case 1, we divide P; X B, into EJ blocks each of which consists of nine vertices, denoted by
Bi:1<j < %] sothat:

B; = {(1,3j —2),(1,3j — 1),(1,3)), (2,3 — 2),

The three remaining vertices form a sub-block denoted by SB = {(1,n), (2,n), (3,n)}. We notice that the same
argument of Case 1 applies to the blocks B;:1 < j < EJ which means C(P; X B,[V — {(1,n), (2,n),(3,n)}]) =

"T_1+ 4. However, we also notice that SB must contain at least one entire color class. Otherwise, none of
(1,n), (2,n), (3,n) dominates an entire color class and that is a contradiction. Thus:

xd(Psgpn)z"T‘lJrs:E]H @)

We conduct a proper dominator coloring on P; X B, using E] + 4 colors. We define this dominator coloring as
C = Vi, Vo, .., Viny, ., Vin with:
WiV Vo Vo)

v={12-1),@2-1D:1<)< E]}

(21+6)),(23+6)):0<)< Ej - 2};

-
n={a.episisZiisi<[3}
v, {(2,4 +6)),(2,6 +6)):0<j < EJ - 2};
For 5 <i<[2]+3;V; = (231 — 13)}.

Vin,, = (@)
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Therefore:
n
xa(PsRP) < [3] +4 (4)

From (3) and (4) we obtain x,(P; X P,) = [+] + 4ifn = 1(mod 3).
Case 3. n = 2(mod 3).
As we implied in Case 2, P; X B, can be divided into EJ blocks each of which consists of nine vertices, denoted
by B;:1 < j < |5 so that:
B; ={(1,3j —2),(1,3j - 1),(1,3)),(2,3j — 2),

(23j - 1),(2,3)), 3,3/ = 2),(33j = 1), (3,3}

While the six remaining vertices form a sub-block denoted by SB={(1,n—1),(2,n—1),(3,n—
1),(1,n),(2,n),(3,n)}. By applying the same argument of Case 2 we conclude that C(P; X B[V —

{i,n—-1),2,n—-1),3,n—1),(1,n),(2,n),3,n)]) = "T_Z + 4. Furthermore, SB must contain at least one

entire color class. Otherwise, none of its vertices dominates an entire color class and that is a contradiction. This
means:

Xa(Ps R P) =245 =2 +4 (5)
We notice that the same proper dominator coloring from Case 2 is applicable in the case of n = 2(mod 3), thus:

n
xaPs BB < [5]+4 (6)

From (5) and (6) we prove that y,(P; X B,) = E] + 4 if n = 2(mod 3).

From all the previous cases we conclude the requested. m

Theorem 2. Let B,, X P, be a strong grid with m,n > 3;

mn
(5
%Ej +3+4 if m=0(mod 3) and n = 1,2(mod 3);

+ 4 if m,n = 0(mod 3);
Xa(Pn X P,) = l%]% +%+ 4 if n = 0(mod 3) and m = 1,2(mod 3);
l%J EJ + l%J + l%] + 5 otherwise.

Proof: This Theorem is essentially a generalization of Theorem 1. We briefly mention the adjustments we need to
apply to the proof of Theorem 1. We consider the following cases:

Case 1. m,n = 0(mod 3).
We divide B,, X B, into % blocks each of which consists of nine vertices. We denote these blocks by B; ;: 1 <
i<7;1<j<7sothat:
B ={(3i—23j—2),(3i — 23— 1),(3i — 2,3)),(3i — 1,3j — 2),
(Bi—1,3j — 1),(3i — 1,3)), (3i,3j — 2), (3i,3j — 1), (3i,3))}.
The rest of the proof of the lower bound is similar to Case 1 of Theorem 1, we conclude that:

Xa(P RB) = 75+ 4 ™)

Now we establish the upper bound by applying a proper dominator coloring on the strong grid B,, X B, using
% + 4 colors. We define this dominator coloring as C = (Vy, V, ..., Vmn o, Vinn ) with:
9 9
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For1<i<[2):
f2i—1=1+653+6L0<1<|%:
V1={(2i—1,2j—1):;1£j£[g]};
Ve ={@i-12):1<)< EJ}
f2i—1=5+6;0<l<|%

v={@i-11+6),@2i-13+6):0<) <

~2},
~2);

w3 w3

Vo={@i-11+6),@2i-13+6):0</<

If2i=2+6l;4+6l:0£l£l%]:

S

v, ={(2i,1+6j),(2i,3+6j):0 Sjgg_z};

S

Vi ={Qi,4+6)), 21,6 +6)):0<j <> —2};

w

If2i=6+6 0<1<|2:
v, ={(2i,2j—1):0 sjsg—z}:
v, ={@i,2):0 sjsg—z};

For every block B; ;:1 <i < %; 1<j< 2 we include an entire color class by assigning a unique color to

{(3i —1,3j — 1)}; thus we add ? color classes which makes the total number of used color classes equal % + 4.
Therefore:

Xa(P R P) < -+ 4 (®)

From (7) and (8) we include that o (P, X B,) = %~ + 4 if m,n = 0(mod 3).

Case 2. m = 0(mmod 3) and n = 1(mod 3).
In a similar way to Case 1, we divide B, X B, into ?EJ blocks each of which consists of nine vertices, denoted
by B;j:1<i <231 <) <% sothat
By; ={(3i—23j-2),(3i—23j—1),3i—23/),3i — 1,3j — 2),
(Bi—1,3j—1),(3i —1,3)),(3i,3j — 2), (3i,3j — 1), (31, 3))}.
While the remaining vertices (vertices of the last column) can be divided into ? sub-blocks each of which consists
of three vertices, denoted by SB;: 1 < i < %so that: SB; = {(3i — 2,n), (3i — 1,n), (3i,n)}. By applying the same

argument of Case 2 of Theorem 1, we conclude that each block B; j: 1 < i < %; 1<j< EJ must contain an entire

color class. Furthermore, each sub-block SB;:1 <i < % must contain at least one entire color class. Otherwise,
none of its vertices dominates an entire color class and that is a contradiction. This means:

mn m
XaBa BPR) 2 = 5| +5+4 O
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We conduct a proper dominator coloring on P; X P, using ?EJ +?+ 4 colors. We define this dominator
coloringas C = (Vy,Vy, ..., Vimn| .m , Vimn| m_ ) with:
g Vi Voo Vi) oy Vi) )

For1<i< [%]
f2i—1=1+653+6L:0<1<|2:
vo={@i-12j-1:;1<)< [g]}
v={@i-12)1<)< EJ}
f2i—1=5+6;0<1<|2

n
v, = {(Zi —1,1+6)),(2i-13+6):0<j < [5] - 2};

n
v, = {(Zi —1,1+6)),Qi-13+6)):0<j< [5] - 2};
f2i=2+6l4+6:0<1<|2]:
v, = {(2i,1 +6)),(2i,3+6)):0<) < EJ - 2};

n

Ve ={Qi,4+6)), (2,6 +6)):0<j < l§l -2}
If2i=6+6 0<1<|2:
v, ={@i2j-1):0<;< [g] -2}
Vv, = {(21’, 2/):0<j < EJ - 2}; For every block B;j:1<i<7;1<j< EJ we include an entire color
class by assigning a unique color to {(3i — 1,3j — 1)}; thus we add ?EJ color classes.

For every sub-block SB;:1<i < % we also include an entire color class by assigning a unique color to

{(3i — 1,m)}; thus we add = color classes, which makes the total number of used color classes equal %EJ +o
4. Therefore:

mn m
XaBa BB <z [5] +5+4 (10)

From (9) and (10) we prove that x4 (P X P,) = = EJ +7 +4if m = 0(mod 3) and n = 1(mod 3).

Case 3. m = 0(mod 3) and n = 2(mod 3).
- m|n . m . n .
similarly to Case 2, the FIEJ blocksare B; j:1 <i < =+ 1<j< IEJ when:
Bi; ={(Bi—-23j-2),@Bi-23/-1),0Bi—-23)),3Bi - 13— 2),
While the = sub-blocks are SB;: 1 < i < = so that;

SB;={(Bi—-2,n—1),Bi—1,n—-1),3Bi,n—1),3i —2,n),(3i — 1,n),(3i,n)}.

For every block and every sub-block we need to include an entire color class which means:

mmn m
XaBa BPR) 2 = [5] +5 +4 (11)
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Now we conduct a proper dominator coloring on P; X B, using %Ej +?+4 colors defined as
C = (Vl' Vz, ...,Vlﬂ
9

Jottea Ve s ) WIS

For1<i< [%]

f2i—1=1+653+6L:0<1<|2:
vo={@i-12j-1:;1<)< [g]}
v={@i-12)1<)< EJ}
f2i—1=5+6;0<1<|2

v, = {(Zi —1,1+6)),(2i-13+6):0<j < [g] —2}u{(2i ~1L,n-1}k
v, = {(Zi—1,1+6j),(2i—1,3+6j):0 <j< EJ —2};
f2i=2+6l4+6:0<1<|2]:

v, = {(2i,1+6j),(2i,3+6j):0 <j< EJ —2};

Ve ={Qi,4+6)), (2,6 +6)):0<j < EJ -2}
If2i=6+6 0<1<|2:

v, = {(Zi,Zj— 1):0<j < [g] —z}u{(Zi,n— D}

Va

{@iznos<)< EJ - 2};
Xa(Pn R P, < %Ej + % + 4 (12)

From (11) and (12) we conclude that x,(P,, X B,) = ?EJ +% +4ifm = 0(mod 3) and n = 2(mod 3).

The remaining cases are repetitive. In all of the remaining cases, we can notice that B, X B,[(i,j):1 <i <
EJ 1<j< EJ] are divided into EJ BJ blocks each of which contains nine vertices. If m = 1,2(mod 3). the
last row (two rows) are divided into EJ sub-blocks, each of which contains three vertices (six vertices)

respectively. In a similar way, if n = 1,2(mod 3). the last column (two columns) are divided into EJ sub-blocks,

each of which contains three vertices (six vertices) respectively. Every block and every sub-block must contain a
unigue color class and this distribution forms a proper dominator coloring on B,, X B,.

Observation 3: If m = k;(mod 3) and n = k,(mod 3) where k,, k, € {1,2}, we notice that V(P,, X B,) can be
divided into:

y EJ EJ blocks B;j:1 < i < EJ 1<) < EJ as defined earlier.

EJ sub-blocks SB;:1 <i < EJ which belong to column n if k, = 1 and to columnsn — 1,n if k, = 2.

EJ sub-blocks $B;: 1 < j < EJ which belong to row n if k;, = 1 and to rows n — 1,n if ky = 2.

One mini sub-block denoted by MSB, so that:
MSB = {(m,n)}ifk, =k, = 1.
MSB = {(m,n—1),(m,n)}ifk; = 2;k, = 1.
MSB = {(m —1,n),(m,n)}ifk; = 1;k, = 2.
MSB={m—-1n-1),(m—1,n),(m,n—1),(mn)}ifk, =k, =2.

X3

o

X3

o

X3

o

X3

o
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Regardless of |MSB|, we notice that MSB must contain at least one entire color class or else a contradiction occurs
since (m, n) would not dominate an entire color class. This makes the total number of required unique color classes

onSB;:1<i< 2| $B;:1 <) < |5| and MSB equal || + |5 + 1.
Case 4. m = 1(mod 3) and n = 0(mod 3). Then x4(P,, X B,) = [%jg +2+4
Case 5. m = 1(mod 3) and n = 1(mod 3). Then y,(B,, X B,) = EJ EJ + l?] + EJ + 5.

Case 6. m = 1(mod 3) and n = 2(mod 3). Then x;(2, X B,) = I?J EJ + EJ + EJ + 5. Figure 2 shows
thaty, (P, & Py) < 13.

Figure 2. y,(P; X Pg) < 13.

Case 7. m = 2(mod 3) and n = 0(mod 3). Then y,; (B, X B,) = EJ§+ g + 4.
Case 8. m = 2(mod 3) and n = 1(mod 3). Then xo (P ® P) = || 2] + 2]+ [2] + 5.

Case 9. m = 2(mod 3) and n = 2(mod 3). Then x4(P ® P) = 2] |2] + 2] + 5] + 5.
From all the previous cases we conclude the requested. m

Theorem 3. Let Q,,, be a Queen graph with n > 2;

4 if n=2;
xa(Qzn) =16 if n=3;
n otherwise.

Proof: We consider the following cases for n:
Case 1. n = 2. It is obvious that x(Q,,) = 4 = |[V(Qy,)|- Due to Proposition 1 we conclude that x,(Q,,) =
[V (Q22)| = 4.
Case 2. n = 3. In a similar way to Case 1 we notice that x(Q,3) = 6 = |V (Q,3)|- As an immediate consequence
of Proposition 1, x4(Q23) = |[V(Q,3)| = 6.
Case 3. n = 4. We notice that the vertices of Q, ,, form two sets, which are:

R ={(1,j):1<j<n}

R, ={(2)):1<j<n}k

Since every vertex of R, is adjacent to all other vertices of R;, we immediately conclude that:
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x(Qzn) 21 (13)
We apply a proper coloring on @, ,, using n colors. We define this coloring as C = (V, Vs, ..., V1, V) with:
Fori<i<n-2:V,={1,1), (2,i+2)};
Va1 ={(Ln—1), (2D}
Vo ={(1,n), (22}

This means:
x(Qzn) <n (14)
From (13) and (14) we prove that:
x(Qzn) =n (15)
From (15) and due to Proposition 1 we conclude that:
xa(Q2n) 21 (16)

For 1 <j < n, since every vertex (1,j) dominates (2, ) and every vertex of R;, then (1, j) dominates the color
class that contains (2,j). The same argument applies to every vertex (2,j):1 <j < n. Therefore, the proper
coloring defined earlier (C) is a proper dominator coloring of @, , with n colors. This means:

xa(Q2n) <1 (17)

Figure 3 illustrates that y, (Qz_s) < 5. From (16) and (17) we prove that y, (Qz‘n) = nifn = 4. From all the cases
we prove the requested.

Figure 3. x,(Qz5) < 5.

References

[1] Bozoki S, Gal P, Marosi I, Weakley WD. Domination of the rectangular queen's graph. Electronic Journal
of Combinatorics. 2019; 26(4): P4.45. DOI: https://doi.org/10.37236/6026.

[2] Chellali M, Maffray F. Dominator Colorings in Some Classes of Graphs. Graphs and Combinatorics. 2012;
28, 97-107. DOI: https: //doi.org/10.1007/s00373-010-1012-z.

[3] Gagnon A, Hassler A, Huang J, Krim-Yee A, Inerney FM, Zacarias AM, Seamone B, Virgile V. A method
for eternally dominating strong grids. Discrete Mathematics and Theoretical Computer Science. 2020;
22(1): 1j+. DOI: https://doi.org/10.23638/DMTCS-22-1-8.

[4] Gera R, Horton S, Rasmussen C. Dominator colorings and safe clique partitions. Congr. Numer. 2006;
181, 19-32. Available from: https://core.ac.uk/reader/36718410.

[5] GeraR. Onthe Dominator Colorings in Bipartite Graphs. Fourth International Conference on Information
Technology (ITNG'07), 2007; 947-952, DOI: 10.1109/ITNG.2007.142.

58
DOI: https://doi.org/10.54216/GJMSA.0110207
Received: December 22, 2023 Revised: April 15, 2024 Accepted: August 05, 2024



https://doi.org/10.54216/GJMSA.0110207
https://doi.org/10.37236/6026
https://doi.org/10.23638/DMTCS-22-1-8

Galoitica: Journal of Mathematical Structures and Applications (GIMSA) Vol 11, No. 02, PP. 50-59, 2024

[6] Kalaivani R, Vijayalakshmi D. Dominator And Strong Dominator Chromatic Number of Product Graphs.
International  journal of Pure and Applied Mathematics. 2018; 119(4), 685-693.
DOI:10.12732/ijpam.v119i4.10.

[7] Klavzar S, Tavakoli M. Dominated and dominator colorings over (edge) corona and hierarchical products.
Applied Mathematics and Computation. 2021; 390, 125647. DOI: //doi.org/10.1016/j.amc.2020.125647.

[8] Merouane HB, Chellali M. On the dominator colorings in trees. Discussiones Mathematicae Graph
Theory. 2012; 32(4). 677-683. Available from: http://eudml.org/doc/270842.

[9] Mohammed Adib A, Ramesh Rao T.R. Dominator coloring of Mycielskian graphs. Australasian Journal
of Combinatorics. 2019; 73(2), 274-279. Available from: https:
/lajc.maths.uq.edu.au/pdf/73/ajc_v73)p274.pdf.

59
DOI: https://doi.org/10.54216/GJMSA.0110207
Received: December 22, 2023 Revised: April 15, 2024 Accepted: August 05, 2024



https://doi.org/10.54216/GJMSA.0110207

