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Abstract 

A proper vertex coloring of a graph 𝐺(𝑉, 𝐸) is an assignment of colors to the vertices of 𝐺 so that no two adjacent 

vertices have the same color. A dominator coloring of 𝐺 is a proper vertex coloring for which every vertex is 

adjacent to all the vertices of at least one color class. The minimum number of colors required to establish a proper 

dominator coloring on 𝐺 is called the dominator coloring number and is denoted by 𝜒𝑑(𝐺). In this paper, we 

determine the dominator coloring number of strong grid graphs 𝑃𝑚⊠𝑃𝑛 when 𝑚, 𝑛 ≥ 3. We also determine the 

dominator coloring number of the Queen graph 𝑄2,𝑛 for 𝑛 ≥ 2.   
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1. Introduction 

Let 𝐺(𝑉, 𝐸) be a graph with |𝑉| = 𝑛 vertices and |𝐸| = 𝑚 edges. The degree of a vertex 𝑣 (denoted by deg(𝑣) ) 
is the number of all vertices that are adjacent to 𝑣. Let 𝑌 ⊆ 𝑉 and let 𝐹 be a subset of 𝐸 such that 𝐹 consists of all 

edges of 𝐺 which have endpoints in 𝑌, then 𝐻 = (𝑌, 𝐹) is called an induced subgraph of 𝐺 by 𝑌 and is denoted by 

𝐺[𝑌].  Let 𝑃𝑚, 𝑃𝑛 be two paths. We define the strong product of 𝑃𝑚and 𝑃𝑛 as the graph 𝑃𝑚⊠ 𝑃𝑛 such that  𝑉(𝑃𝑚⊠ 

𝑃𝑛) = 𝑉(𝑃𝑚 × 𝑃𝑛) = {(𝑖, 𝑗): 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} and two vertices (𝑖, 𝑖′), (𝑗, 𝑗′) are adjacent if and only if: 

 𝑖 is adjacent to 𝑗 and 𝑖′ = 𝑗′. 
 𝑖 = 𝑗 and 𝑖′ is adjacent to 𝑗′. 
 𝑖 is adjacent to 𝑗 and 𝑖′ is adjacent to 𝑗′. 

A strong product 𝑃𝑚⊠ 𝑃𝑛 is called a strong grid. For more information on strong grids see [3]. The Queen graph 

𝑄𝑚,𝑛 [1] (also called the rectangular Queen graph) is a graph with 𝑚𝑛 vertices in which each vertex represents a 

square in a 𝑚 × 𝑛 chessboard, and each edge corresponds to a legal move by a queen. A subset 𝑆 ⊆ 𝑉(𝐺) is called 

a dominating set of 𝐺 if every vertex in 𝑉 − 𝑆 is adjacent to a vertex in 𝑆. The minimum cardinality of all 

dominating sets in 𝐺 is called the domination number of 𝐺 and is denoted by 𝛾 (𝐺). A proper vertex coloring of a 

graph 𝐺 is a mapping 𝐶: 𝑉(𝐺) → 𝑋 where 𝑋 is a set of colors and no two adjacent vertices have the same color, 

which means 𝐶 divides 𝑉(𝐺) into color classes 𝐶 = (𝑉1, 𝑉2, … ) each of which contains all vertices of a certain 

color. The chromatic number is the minimum number of colors required for a proper coloring of 𝑉(𝐺) and is 

denoted by 𝜒(𝐺).A dominator coloring of 𝐺 is a proper vertex coloring for which every vertex dominates all the 

vertices of at least one color class. The minimum number of colors required to conduct a proper dominator coloring 

on 𝐺 is called the dominator coloring number and is denoted by 𝜒𝑑(𝐺). The concept of dominator coloring was 

presented by Gera et al. in [4]. It was also studied by Heditniemi et al. Since then, the problem was widely studied. 

In [5], Gera et al. studied the dominator coloring of bipartite graphs. Merouane et al. studied the problem on trees 

in [8]. Kalavivani et al. investigated the dominator coloring of some graph products in [6]. For more information 

about dominator coloring, see [2], [7] and [9]. In this paper, we determine the dominator coloring number of strong 

grid graphs 𝑃𝑚⊠𝑃𝑛 when 𝑚, 𝑛 ≥ 3. We also determine the dominator coloring number of the Queen graph 𝑄2,𝑛 

for 𝑛 ≥ 2.   
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Proposition 1 [4]. For any graph 𝐺; 

𝜒(𝐺) ≤ 𝜒𝑑(𝐺) 

2. Main Results  

In this section, we determine the dominator coloring number of strong grid graphs 𝑃𝑚⊠𝑃𝑛 when 𝑚, 𝑛 ≥ 3. We 

also determine the dominator coloring number of the Queen graph 𝑄2,𝑛 for 𝑛 ≥ 2.   

Theorem 1. Let 𝑃3⊠𝑃𝑛 be a strong grid with 𝑛 ≥ 3; 

                                                   𝜒𝑑(𝑃3⊠𝑃𝑛) = ⌈
𝑛

3
⌉ + 4. 

Proof: We consider the following cases: 

Case 1.  𝑛 ≡ 0(𝑚𝑜𝑑 3). 

We divide 𝑃3⊠𝑃𝑛 into 
𝑛

3
 blocks each of which consists of nine vertices. We denote these blocks by 𝐵𝑗 : 1 ≤ 𝑗 ≤ 

𝑛

3
 

so that: 

𝐵𝑗 = {(1,3𝑗 − 2), (1,3𝑗 − 1), (1,3𝑗), (2,3𝑗 − 2), 

(2,3𝑗 − 1), (2,3𝑗), (3,3𝑗 − 2), (3,3𝑗 − 1), (3,3𝑗)}. 

Now we try to apply a proper dominator coloring on an arbitrary block 𝐵𝑗 , We make the following observations: 

Observation 1. Earlier, we defined  𝐶(𝐵𝑗) = {𝑐((𝑘, 𝑙)): 1 ≤ 𝑘 ≤ 3; 3𝑗 − 2 ≤ 𝑙 ≤ 3𝑗}. It is obvious that 

|𝐶(𝐵𝑖,𝑗)| ≥ 4, otherwise, at least two of (1,3𝑗 − 2), (1,3𝑗 − 1), (2,3𝑗), (3,3𝑗 − 2), (3,3𝑗 − 1) are adjacent and 

have the same color which is a contradiction. 

Observation 2. Some vertices of 𝐵𝑗  must form an entire color class. Otherwise, the middle vertex (3𝑖 − 1,3𝑗) does 

not dominate an entire color class and that is a contradiction.  

From Observation 1 we conclude that 𝐶(𝐵1) ≥ 4, and if |𝐶(𝐵1)| = 4, one of the four colors is unique to 𝐵1,  From 

Observation 2 we conclude that 𝑃3⊠𝑃𝑛 has at least 
𝑛

3
 different color classes, each of which corresponds to a block 

𝐵𝑗 , which proves the inequality 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≥
𝑛

3
+ 3. 

Let 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) =
𝑚𝑛

9
+ 3, this means only three colors can be repeated in two different blocks. Let us color 

𝐵1 with four colors, we notice that: 

 𝐶((1,1)) = 1; 𝐶((1,2)) = 2; 𝐶((2,1)) = 3; 𝐶((2,2)) = 4. Otherwise, we have a contradiction. 

 𝐶((1,3)), 𝐶((2,3)) ∈ {1,2}, otherwise we have a contradiction. 

Now let us color 𝐵2 with colors 1,2,3 and 5 which resembles the unique color class of 𝐵2. We notice that: 

 Since 𝐶((1,3)), 𝐶((2,3)) ∈ {1,2} then either 𝐶((1,4)) = 5 or 𝐶((2,4)) = 5. Otherwise, a contradiction 

occurs. 

 Let 𝐶((1,4)) = 3, 𝐶((2,4)) = 5. Then 𝐶((1,5)), 𝐶((2,5)) ∈ {1,2} or else a contradiction occurs. However, 

this means 𝐶((1,6)), 𝐶((2,6)) ∈ {3,5}, therefore (1,4) does not dominate any color class and that is a 

contradiction. The same argument applies if 𝐶((1,4)) = 5, 𝐶((2,4)) = 3. 

We conclude that it is impossible to apply a proper dominator coloring on 𝐵1 , 𝐵2 using only five colors. Without 

loss of generality, which means: 

𝜒𝑑(𝑃3⊠𝑃𝑛) ≥
𝑛

3
+ 4                                                      (1) 

Now we establish the upper bound by applying a proper dominator coloring on the strong grid 𝑃3⊠𝑃𝑛 using 
𝑛

3
+

4 colors. We define this dominator coloring as 𝐶 = (𝑉1, 𝑉2, … , 𝑉𝑛
3
+3, 𝑉𝑛

3
+4) with: 

𝑉1 = {(1,2𝑗 − 1), (3,2𝑗 − 1): 1 ≤ 𝑗 ≤ ⌈
𝑛

2
⌉} ;           

𝑉2 = {(2,1 + 6𝑗), (2,3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;   
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𝑉3 = {(1,2𝑗), (3,2𝑗): 1 ≤ 𝑖 ≤ ⌈
𝑚

2
⌉ ; 1 ≤ 𝑗 ≤ ⌊

𝑛

2
⌋} ; 

𝑉4 = {(2,4 + 6𝑗), (2,6 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;   

For 5 ≤ 𝑖 ≤
𝑛

3
+ 4; 𝑉𝑖 = {(2,3𝑖 − 13)}. 

Since 𝐶 forms a proper dominator coloring of 
𝑛

3
+ 4 colors on 𝑃3⊠𝑃𝑛, then: 

𝜒𝑑(𝑃3⊠𝑃𝑛) ≤
𝑛

3
+ 4                                                      (2) 

Figure 1 illustrates that 𝜒𝑑(𝑃3⊠𝑃12) ≤ 8. From (1) and (2) we conclude that 𝜒𝑑(𝑃3⊠𝑃𝑛) =
𝑛

3
+ 4 if 𝑛 ≡

0(𝑚𝑜𝑑 3).  

 

 

 

 

 

 

 

 

Case 2.  𝑛 ≡ 1(𝑚𝑜𝑑 3).  

In a similar way to Case 1, we divide 𝑃3⊠𝑃𝑛 into ⌊
𝑛

3
⌋ blocks each of which consists of nine vertices, denoted by 

𝐵𝑗 : 1 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ so that: 

𝐵𝑗 = {(1,3𝑗 − 2), (1,3𝑗 − 1), (1,3𝑗), (2,3𝑗 − 2), 

(2,3𝑗 − 1), (2,3𝑗), (3,3𝑗 − 2), (3,3𝑗 − 1), (3,3𝑗)}. 

The three remaining vertices form a sub-block denoted by 𝑆𝐵 = {(1, 𝑛), (2, 𝑛), (3, 𝑛)}. We notice that the same 

argument of Case 1 applies to the blocks 𝐵𝑗: 1 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋, which means 𝐶(𝑃3⊠𝑃𝑛[𝑉 − {(1, 𝑛), (2, 𝑛), (3, 𝑛)}]) =

𝑛−1

3
+ 4. However, we also notice that 𝑆𝐵 must contain at least one entire color class. Otherwise, none of 

(1, 𝑛), (2, 𝑛), (3, 𝑛) dominates an entire color class and that is a contradiction. Thus: 

                                         𝜒𝑑(𝑃3⊠𝑃𝑛) ≥
𝑛−1

3
+ 5 = ⌈

𝑛

3
⌉ + 4                                     (3) 

We conduct a proper dominator coloring on 𝑃3⊠𝑃𝑛 using ⌈
𝑛

3
⌉ + 4 colors. We define this dominator coloring as 

𝐶 = (𝑉1, 𝑉2, … , 𝑉⌈𝑛
3
⌉+3
, 𝑉
⌈
𝑛

3
⌉+4
) with: 

𝑉1 = {(1,2𝑗 − 1), (3,2𝑗 − 1): 1 ≤ 𝑗 ≤ ⌈
𝑛

2
⌉} ;           

𝑉2 = {(2,1 + 6𝑗), (2,3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;   

𝑉3 = {(1,2𝑗), (3,2𝑗): 1 ≤ 𝑖 ≤ ⌈
𝑚

2
⌉ ; 1 ≤ 𝑗 ≤ ⌊

𝑛

2
⌋} ; 

𝑉4 = {(2,4 + 6𝑗), (2,6 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;   

For 5 ≤ 𝑖 ≤ ⌈
𝑛

3
⌉ + 3; 𝑉𝑖 = {(2,3𝑖 − 13)}. 

𝑉
⌈
𝑛

3
⌉+4

= {(2, 𝑛)}. 

Figure 1.  𝜒
𝑑
(𝑃3⊠𝑃12) ≤ 8. 
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Therefore: 

𝜒𝑑(𝑃3⊠𝑃𝑛) ≤ ⌈
𝑛

3
⌉ + 4                                                      (4) 

From (3) and (4) we obtain 𝜒𝑑(𝑃3⊠𝑃𝑛) = ⌈
𝑛

3
⌉ + 4 if 𝑛 ≡ 1(𝑚𝑜𝑑 3).  

Case 3.  𝑛 ≡ 2(𝑚𝑜𝑑 3).  

As we implied in Case 2, 𝑃3⊠𝑃𝑛  can be divided into ⌊
𝑛

3
⌋ blocks each of which consists of nine vertices, denoted 

by 𝐵𝑗 : 1 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ so that: 

𝐵𝑗 = {(1,3𝑗 − 2), (1,3𝑗 − 1), (1,3𝑗), (2,3𝑗 − 2), 

(2,3𝑗 − 1), (2,3𝑗), (3,3𝑗 − 2), (3,3𝑗 − 1), (3,3𝑗)}. 

While the six remaining vertices form a sub-block denoted by 𝑆𝐵 = {(1, 𝑛 − 1), (2, 𝑛 − 1), (3, 𝑛 −
1), (1, 𝑛), (2, 𝑛), (3, 𝑛)}. By applying the same argument of Case 2 we conclude that 𝐶(𝑃3⊠𝑃𝑛[𝑉 −

{(1, 𝑛 − 1), (2, 𝑛 − 1), (3, 𝑛 − 1), (1, 𝑛), (2, 𝑛), (3, 𝑛)]) =
𝑛−2

3
+ 4. Furthermore, 𝑆𝐵 must contain at least one 

entire color class. Otherwise, none of its vertices dominates an entire color class and that is a contradiction. This 

means: 

                                         𝜒𝑑(𝑃3⊠𝑃𝑛) ≥
𝑛−2

3
+ 5 = ⌈

𝑛

3
⌉ + 4                                     (5) 

We notice that the same proper dominator coloring from Case 2 is applicable in the case of 𝑛 ≡ 2(𝑚𝑜𝑑 3), thus: 

𝜒𝑑(𝑃3⊠𝑃𝑛) ≤ ⌈
𝑛

3
⌉ + 4                                                      (6) 

From (5) and (6) we prove that 𝜒𝑑(𝑃3⊠𝑃𝑛) = ⌈
𝑛

3
⌉ + 4 if 𝑛 ≡ 2(𝑚𝑜𝑑 3).  

From all the previous cases we conclude the requested.◼ 

Theorem 2. Let 𝑃𝑚⊠𝑃𝑛 be a strong grid with 𝑚, 𝑛 ≥ 3; 

 

𝜒𝑑(𝑃𝑚⊠𝑃𝑛) =

{
  
 

  
 
𝑚𝑛
9
 + 4  𝑖𝑓  𝑚, 𝑛 ≡ 0(𝑚𝑜𝑑 3);                                                    

𝑚
3
⌊
𝑛
3
⌋   +

𝑚
3
+ 4  𝑖𝑓 𝑚 ≡ 0(𝑚𝑜𝑑 3) 𝑎𝑛𝑑 𝑛 ≡ 1,2(𝑚𝑜𝑑 3);   

⌊
𝑚
3
⌋
𝑛
3
  +

𝑛
3
+ 4  𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 3) 𝑎𝑛𝑑 𝑚 ≡ 1,2(𝑚𝑜𝑑 3);    

⌊
𝑚
3
⌋ ⌊
𝑛
3
⌋  + ⌊

𝑚
3
⌋ + ⌊

𝑛
3
⌋ + 5  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.                                        

 

 

Proof: This Theorem is essentially a generalization of Theorem 1. We briefly mention the adjustments we need to 

apply to the proof of Theorem 1. We consider the following cases: 

Case 1.  𝑚, 𝑛 ≡ 0(𝑚𝑜𝑑 3). 

We divide 𝑃𝑚⊠𝑃𝑛  into 
𝑚𝑛

9
 blocks each of which consists of nine vertices. We denote these blocks by 𝐵𝑖,𝑗: 1 ≤

𝑖 ≤ 
𝑚

3
; 1 ≤ 𝑗 ≤ 

𝑛

3
 so that: 

𝐵𝑖,𝑗 = {(3𝑖 − 2,3𝑗 − 2), (3𝑖 − 2,3𝑗 − 1), (3𝑖 − 2,3𝑗), (3𝑖 − 1,3𝑗 − 2), 

(3𝑖 − 1,3𝑗 − 1), (3𝑖 − 1,3𝑗), (3𝑖, 3𝑗 − 2), (3𝑖, 3𝑗 − 1), (3𝑖, 3𝑗)}. 

The rest of the proof of the lower bound is similar to Case 1 of Theorem 1, we conclude that: 

𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≥
𝑚𝑛

9
+ 4                                                      (7) 

Now we establish the upper bound by applying a proper dominator coloring on the strong grid 𝑃𝑚⊠𝑃𝑛 using 
𝑚𝑛

9
+ 4 colors. We define this dominator coloring as 𝐶 = (𝑉1, 𝑉2, … , 𝑉𝑚𝑛

9
+3, 𝑉𝑚𝑛

9
+4) with: 
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For 1 ≤ 𝑖 ≤ ⌈
𝑚

2
⌉: 

If 2𝑖 − 1 = 1 + 6𝑙; 3 + 6𝑙: 0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉1 = {(2𝑖 − 1,2𝑗 − 1): ; 1 ≤ 𝑗 ≤ ⌈
𝑛

2
⌉} ;                         

𝑉3 = {(2𝑖 − 1,2𝑗): 1 ≤ 𝑗 ≤ ⌊
𝑛

2
⌋} ;                                 

If 2𝑖 − 1 = 5 + 6𝑙;  0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉1 = {(2𝑖 − 1,1 + 6𝑗), (2𝑖 − 1,3 + 6𝑗): 0 ≤ 𝑗 ≤
𝑛

3
− 2} ;                         

𝑉3 = {(2𝑖 − 1,1 + 6𝑗), (2𝑖 − 1,3 + 6𝑗): 0 ≤ 𝑗 ≤
𝑛

3
− 2} ;                                 

If 2𝑖 = 2 + 6𝑙; 4 + 6𝑙: 0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉2 = {(2𝑖, 1 + 6𝑗), (2𝑖, 3 + 6𝑗): 0 ≤ 𝑗 ≤
𝑛

3
− 2} ;                         

𝑉4 = {(2𝑖, 4 + 6𝑗), (2𝑖, 6 + 6𝑗): 0 ≤ 𝑗 ≤
𝑛

3
− 2} ;                      

If 2𝑖 = 6 + 6𝑙;  0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋: 

𝑉2 = {(2𝑖, 2𝑗 − 1): 0 ≤ 𝑗 ≤
𝑛

3
− 2} ;                                

𝑉4 = {(2𝑖, 2𝑗): 0 ≤ 𝑗 ≤
𝑛

3
− 2} ;              

For every block 𝐵𝑖,𝑗: 1 ≤ 𝑖 ≤ 
𝑚

3
; 1 ≤ 𝑗 ≤ 

𝑛

3
 we include an entire color class by assigning a unique color to 

{(3𝑖 − 1,3𝑗 − 1)}; thus we add 
𝑚𝑛

9
 color classes which makes the total number of used color classes equal 

𝑚𝑛

9
+ 4. 

Therefore: 

𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≤
𝑚𝑛

9
+ 4                                                      (8) 

 From (7) and (8) we include that 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) =
𝑚𝑛

9
+ 4 if 𝑚, 𝑛 ≡ 0(𝑚𝑜𝑑 3). 

 

Case 2.  𝑚 ≡ 0(𝑚𝑜𝑑 3) and 𝑛 ≡ 1(𝑚𝑜𝑑 3).  

In a similar way to Case 1, we divide 𝑃𝑚⊠𝑃𝑛 into 
𝑚

3
⌊
𝑛

3
⌋ blocks each of which consists of nine vertices, denoted 

by 𝐵𝑖,𝑗: 1 ≤ 𝑖 ≤ 
𝑚

3
; 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ so that: 

𝐵𝑖,𝑗 = {(3𝑖 − 2,3𝑗 − 2), (3𝑖 − 2,3𝑗 − 1), (3𝑖 − 2,3𝑗), (3𝑖 − 1,3𝑗 − 2), 

                       (3𝑖 − 1,3𝑗 − 1), (3𝑖 − 1,3𝑗), (3𝑖, 3𝑗 − 2), (3𝑖, 3𝑗 − 1), (3𝑖, 3𝑗)}. 

While the remaining vertices (vertices of the last column) can be divided into 
𝑚

3
 sub-blocks each of which consists 

of three vertices, denoted by 𝑆𝐵𝑖 : 1 ≤ 𝑖 ≤ 
𝑚

3
 so that: 𝑆𝐵𝑖 = {(3𝑖 − 2, 𝑛), (3𝑖 − 1, 𝑛), (3𝑖, 𝑛)}. By applying the same 

argument of Case 2 of Theorem 1, we conclude that each block 𝐵𝑖,𝑗: 1 ≤ 𝑖 ≤ 
𝑚

3
; 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ must contain an entire 

color class. Furthermore, each sub-block  𝑆𝐵𝑖 : 1 ≤ 𝑖 ≤ 
𝑚

3
 must contain at least one entire color class. Otherwise, 

none of its vertices dominates an entire color class and that is a contradiction. This means: 

𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≥
𝑚

3
⌊
𝑛

3
⌋  +

𝑚

3
+ 4                                                      (9) 
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We conduct a proper dominator coloring on 𝑃3⊠𝑃𝑛 using 
𝑚

3
⌊
𝑛

3
⌋ +

𝑚

3
+ 4 colors. We define this dominator 

coloring as 𝐶 = (𝑉1, 𝑉2, … , 𝑉⌊𝑚𝑛
9
⌋ +

𝑚

3
+4 
, 𝑉
⌊
𝑚𝑛

9
⌋ +

𝑚

3
+4 
) with: 

For 1 ≤ 𝑖 ≤ ⌈
𝑚

2
⌉: 

If 2𝑖 − 1 = 1 + 6𝑙; 3 + 6𝑙: 0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉1 = {(2𝑖 − 1,2𝑗 − 1): ; 1 ≤ 𝑗 ≤ ⌈
𝑛

2
⌉} ;                         

𝑉3 = {(2𝑖 − 1,2𝑗): 1 ≤ 𝑗 ≤ ⌊
𝑛

2
⌋} ;                                 

If 2𝑖 − 1 = 5 + 6𝑙;  0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉1 = {(2𝑖 − 1,1 + 6𝑗), (2𝑖 − 1,3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                         

𝑉3 = {(2𝑖 − 1,1 + 6𝑗), (2𝑖 − 1,3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                                 

If 2𝑖 = 2 + 6𝑙; 4 + 6𝑙: 0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉2 = {(2𝑖, 1 + 6𝑗), (2𝑖, 3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                         

𝑉4 = {(2𝑖, 4 + 6𝑗), (2𝑖, 6 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                      

If 2𝑖 = 6 + 6𝑙;  0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋: 

𝑉2 = {(2𝑖, 2𝑗 − 1): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                                

𝑉4 = {(2𝑖, 2𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;           For every block 𝐵𝑖,𝑗: 1 ≤ 𝑖 ≤ 

𝑚

3
; 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ we include an entire color 

class by assigning a unique color to {(3𝑖 − 1,3𝑗 − 1)}; thus we add 
𝑚

3
⌊
𝑛

3
⌋ color classes. 

For every sub-block 𝑆𝐵𝑖 : 1 ≤ 𝑖 ≤ 
𝑚

3
 we also include an entire color class by assigning a unique color to 

{(3𝑖 − 1, 𝑛)}; thus we add 
𝑚

3
 color classes, which makes the total number of used color classes equal 

𝑚

3
⌊
𝑛

3
⌋ +

𝑚

3
+

4. Therefore: 

𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≤
𝑚

3
⌊
𝑛

3
⌋  +

𝑚

3
+ 4                                                      (10) 

From (9) and (10) we prove that 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) =
𝑚

3
⌊
𝑛

3
⌋  +

𝑚

3
+ 4 if 𝑚 ≡ 0(𝑚𝑜𝑑 3) and 𝑛 ≡ 1(𝑚𝑜𝑑 3). 

 

Case 3.  𝑚 ≡ 0(𝑚𝑜𝑑 3) and 𝑛 ≡ 2(𝑚𝑜𝑑 3).  

similarly to Case 2, the 
𝑚

3
⌊
𝑛

3
⌋ blocks are 𝐵𝑖,𝑗: 1 ≤ 𝑖 ≤ 

𝑚

3
; 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ when: 

𝐵𝑖,𝑗 = {(3𝑖 − 2,3𝑗 − 2), (3𝑖 − 2,3𝑗 − 1), (3𝑖 − 2,3𝑗), (3𝑖 − 1,3𝑗 − 2), 

                       (3𝑖 − 1,3𝑗 − 1), (3𝑖 − 1,3𝑗), (3𝑖, 3𝑗 − 2), (3𝑖, 3𝑗 − 1), (3𝑖, 3𝑗)}. 

While the 
𝑚

3
 sub-blocks are 𝑆𝐵𝑖 : 1 ≤ 𝑖 ≤ 

𝑚

3
 so that: 

𝑆𝐵𝑖 = {(3𝑖 − 2, 𝑛 − 1), (3𝑖 − 1, 𝑛 − 1), (3𝑖, 𝑛 − 1), (3𝑖 − 2, 𝑛), (3𝑖 − 1, 𝑛), (3𝑖, 𝑛)}. 

 

For every block and every sub-block we need to include an entire color class which means: 

𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≥
𝑚

3
⌊
𝑛

3
⌋ +

𝑚

3
+ 4                                                      (11) 
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Now we conduct a proper dominator coloring on 𝑃3⊠𝑃𝑛 using 
𝑚

3
⌊
𝑛

3
⌋  +

𝑚

3
+ 4 colors defined as 

𝐶 = (𝑉1, 𝑉2, … , 𝑉⌊𝑚𝑛
9
⌋ +

𝑚

3
+4 
, 𝑉
⌊
𝑚𝑛

9
⌋ +

𝑚

3
+4 
) with: 

For 1 ≤ 𝑖 ≤ ⌈
𝑚

2
⌉: 

If 2𝑖 − 1 = 1 + 6𝑙; 3 + 6𝑙: 0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉1 = {(2𝑖 − 1,2𝑗 − 1): ; 1 ≤ 𝑗 ≤ ⌈
𝑛

2
⌉} ;                         

𝑉3 = {(2𝑖 − 1,2𝑗): 1 ≤ 𝑗 ≤ ⌊
𝑛

2
⌋} ;                                 

If 2𝑖 − 1 = 5 + 6𝑙;  0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉1 = {(2𝑖 − 1,1 + 6𝑗), (2𝑖 − 1,3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ∪ {(2𝑖 − 1, 𝑛 − 1)};                         

𝑉3 = {(2𝑖 − 1,1 + 6𝑗), (2𝑖 − 1,3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                                 

If 2𝑖 = 2 + 6𝑙; 4 + 6𝑙: 0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋:  

𝑉2 = {(2𝑖, 1 + 6𝑗), (2𝑖, 3 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                         

𝑉4 = {(2𝑖, 4 + 6𝑗), (2𝑖, 6 + 6𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;                      

If 2𝑖 = 6 + 6𝑙;  0 ≤ 𝑙 ≤ ⌊
𝑚

6
⌋: 

𝑉2 = {(2𝑖, 2𝑗 − 1): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ∪ {(2𝑖, 𝑛 − 1)}; ;                                

𝑉4 = {(2𝑖, 2𝑗): 0 ≤ 𝑗 ≤ ⌊
𝑛

3
⌋ − 2} ;      

      𝜒𝑑(𝑃𝑚⊠𝑃𝑛) ≤
𝑚

3
⌊
𝑛

3
⌋  +

𝑚

3
+ 4                                              (12) 

From (11) and (12) we conclude that 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) =
𝑚

3
⌊
𝑛

3
⌋  +

𝑚

3
+ 4 if 𝑚 ≡ 0(𝑚𝑜𝑑 3) and 𝑛 ≡ 2(𝑚𝑜𝑑 3). 

The remaining cases are repetitive. In all of the remaining cases, we can notice that 𝑃𝑚⊠𝑃𝑛[(𝑖, 𝑗): 1 ≤ 𝑖 ≤

⌊
𝑚

3
⌋ ;  1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋] are divided into ⌊

𝑚

3
⌋ ⌊
𝑛

3
⌋ blocks each of which contains nine vertices. If 𝑚 ≡ 1,2(𝑚𝑜𝑑 3). the 

last row (two rows) are divided into ⌊
𝑛

3
⌋ sub-blocks, each of which contains three vertices (six vertices) 

respectively. In a similar way, if 𝑛 ≡ 1,2(𝑚𝑜𝑑 3). the last column (two columns) are divided into ⌊
𝑚

3
⌋ sub-blocks, 

each of which contains three vertices (six vertices) respectively. Every block and every sub-block must contain a 

unique color class and this distribution forms a proper dominator coloring on 𝑃𝑚⊠𝑃𝑛.  

 

Observation 3: If 𝑚 ≡ 𝑘1(𝑚𝑜𝑑 3) and 𝑛 ≡ 𝑘2(𝑚𝑜𝑑 3) where 𝑘1, 𝑘2 ∈ {1,2}, we notice that 𝑉(𝑃𝑚⊠𝑃𝑛) can be 

divided into:  

 ⌊
𝑚

3
⌋ ⌊
𝑛

3
⌋ blocks 𝐵𝑖,𝑗: 1 ≤ 𝑖 ≤ ⌊

𝑚

3
⌋ ; 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ as defined earlier. 

 ⌊
𝑚

3
⌋ sub-blocks 𝑆𝐵𝑖 : 1 ≤ 𝑖 ≤ ⌊

𝑚

3
⌋ which belong to column 𝑛 if 𝑘2 = 1 and to columns 𝑛 − 1, 𝑛 if 𝑘2 = 2. 

 ⌊
𝑛

3
⌋ sub-blocks 𝑆𝐵𝑗: 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ which belong to row 𝑛 if 𝑘1 = 1 and to rows 𝑛 − 1, 𝑛 if 𝑘1 = 2. 

  One mini sub-block denoted by 𝑀𝑆𝐵, so that: 

 𝑀𝑆𝐵 = {(𝑚, 𝑛)} if 𝑘1 = 𝑘2 = 1. 

 𝑀𝑆𝐵 = {(𝑚, 𝑛 − 1), (𝑚, 𝑛)} if 𝑘1 = 2; 𝑘2 = 1. 

 𝑀𝑆𝐵 = {(𝑚 − 1, 𝑛), (𝑚, 𝑛)} if 𝑘1 = 1; 𝑘2 = 2. 

 𝑀𝑆𝐵 = {(𝑚 − 1, 𝑛 − 1), (𝑚 − 1, 𝑛), (𝑚, 𝑛 − 1), (𝑚, 𝑛)} if 𝑘1 = 𝑘2 = 2. 
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Regardless of |𝑀𝑆𝐵|, we notice that 𝑀𝑆𝐵 must contain at least one entire color class or else a contradiction occurs 

since (𝑚, 𝑛) would not dominate an entire color class. This makes the total number of required unique color classes 

on 𝑆𝐵𝑖 : 1 ≤ 𝑖 ≤ ⌊
𝑚

3
⌋, 𝑆𝐵𝑗 : 1 ≤ 𝑗 ≤ ⌊

𝑛

3
⌋ and 𝑀𝑆𝐵 equal ⌊

𝑚

3
⌋ + ⌊

𝑛

3
⌋ + 1.  

Case 4.    𝑚 ≡ 1(𝑚𝑜𝑑 3) and 𝑛 ≡ 0(𝑚𝑜𝑑 3). Then 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) = ⌊
𝑚

3
⌋
𝑛

3
 +

𝑛

3
+ 4. 

Case 5. 𝑚 ≡ 1(𝑚𝑜𝑑 3) and 𝑛 ≡ 1(𝑚𝑜𝑑 3). Then 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) = ⌊
𝑚

3
⌋ ⌊
𝑛

3
⌋  + ⌊

𝑚

3
⌋ + ⌊

𝑛

3
⌋ + 5. 

Case 6. 𝑚 ≡ 1(𝑚𝑜𝑑 3) and 𝑛 ≡ 2(𝑚𝑜𝑑 3). Then 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) = ⌊
𝑚

3
⌋ ⌊
𝑛

3
⌋  + ⌊

𝑚

3
⌋ + ⌊

𝑛

3
⌋ + 5. Figure 2 shows 

that𝜒𝑑(𝑃7⊠𝑃8) ≤ 13. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Case 7.   𝑚 ≡ 2(𝑚𝑜𝑑 3) and 𝑛 ≡ 0(𝑚𝑜𝑑 3). Then 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) = ⌊
𝑚

3
⌋
𝑛

3
+

𝑛

3
+ 4. 

Case 8. 𝑚 ≡ 2(𝑚𝑜𝑑 3) and 𝑛 ≡ 1(𝑚𝑜𝑑 3). Then 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) = ⌊
𝑚

3
⌋ ⌊
𝑛

3
⌋  + ⌊

𝑚

3
⌋ + ⌊

𝑛

3
⌋ + 5.  

Case 9. 𝑚 ≡ 2(𝑚𝑜𝑑 3) and 𝑛 ≡ 2(𝑚𝑜𝑑 3). Then 𝜒𝑑(𝑃𝑚⊠𝑃𝑛) = ⌊
𝑚

3
⌋ ⌊
𝑛

3
⌋  + ⌊

𝑚

3
⌋ + ⌊

𝑛

3
⌋ + 5. 

From all the previous cases we conclude the requested.◼  

Theorem 3. Let 𝑄2,𝑛 be a Queen graph with 𝑛 ≥ 2; 

𝜒𝑑(𝑄2,𝑛) = {
4  𝑖𝑓  𝑛 = 2;   
6  𝑖𝑓 𝑛 = 3;    
𝑛  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 

Proof: We consider the following cases for 𝑛: 

Case 1. 𝑛 = 2. It is obvious that 𝜒(𝑄2,2) = 4 = |𝑉(𝑄2,2)|. Due to Proposition 1 we conclude that 𝜒𝑑(𝑄2,2) =

|𝑉(𝑄2,2)| = 4. 

Case 2. 𝑛 = 3. In a similar way to Case 1 we notice that 𝜒(𝑄2,3) = 6 = |𝑉(𝑄2,3)|. As an immediate consequence 

of Proposition 1, 𝜒𝑑(𝑄2,3) = |𝑉(𝑄2,3)| = 6. 

Case 3. 𝑛 ≥ 4. We notice that the vertices of 𝑄2,𝑛 form two sets, which are: 

𝑅1 = {(1, 𝑗): 1 ≤ 𝑗 ≤ 𝑛}; 

𝑅2 = {(2, 𝑗): 1 ≤ 𝑗 ≤ 𝑛}. 

Since every vertex of 𝑅1 is adjacent to all other vertices of 𝑅1, we immediately conclude that: 

7 1 1 1 12 11 13 3 3 

3 

1 

2 1 4 

2 
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1 

1 1 
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1 1 

2 2 2 4 

1 

4 6 5 7 
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3 3 3 3 
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1 

2 2 

1 1 

2 2 2 2 
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3 3 

Figure 2.  𝜒
𝑑
(𝑃7⊠𝑃8) ≤ 13. 
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                                                                   𝜒(𝑄2,𝑛) ≥ 𝑛                                                          (13) 

We apply a proper coloring on 𝑄2,𝑛 using 𝑛 colors. We define this coloring as 𝐶 = (𝑉1, 𝑉2, … , 𝑉𝑛−1, 𝑉𝑛) with: 

For 1 ≤ 𝑖 ≤ 𝑛 − 2: 𝑉𝑖 = {(1, 𝑖), (2, 𝑖 + 2)}; 

𝑉𝑛−1 = {(1, 𝑛 − 1), (2,1)}; 

𝑉𝑛 = {(1, 𝑛), (2,2)}; 

This means:  

                                                                   𝜒(𝑄2,𝑛) ≤ 𝑛                                                          (14) 

From (13) and (14) we prove that: 

                                                                   𝜒(𝑄2,𝑛) = 𝑛                                                          (15) 

From (15) and due to Proposition 1 we conclude that: 

                                                                𝜒𝑑(𝑄2,𝑛) ≥ 𝑛                                                          (16) 

For 1 ≤ 𝑗 ≤ 𝑛, since every vertex (1, 𝑗) dominates (2, 𝑗) and every vertex of 𝑅1, then (1, 𝑗) dominates the color 

class that contains (2, 𝑗). The same argument applies to every vertex (2, 𝑗): 1 ≤ 𝑗 ≤ 𝑛. Therefore, the proper 

coloring defined earlier (𝐶) is a proper dominator coloring of 𝑄2,𝑛 with 𝑛 colors. This means: 

                                                                𝜒𝑑(𝑄2,𝑛) ≤ 𝑛                                                          (17) 

Figure 3 illustrates that 𝜒𝑑(𝑄2,5) ≤ 5. From (16) and (17) we prove that 𝜒𝑑(𝑄2,𝑛) = 𝑛 if 𝑛 ≥ 4. From all the cases 

we prove the requested. 
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