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Abstract

In this study, we introduce fixed point theorems related to integral type contractions, framed within the ad-
vanced context of neutrosophic fuzzy metric spaces. Additionally, we derive multiple fixed point results that
are relevant to this particular setting.
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1 Introduction

The notion of Fuzzy Sets (FSs), first introduced by Zadeh /! has significantly influenced a wide range of sci-
entific fields since its emergence. While this framework is highly pertinent to practical applications, it has
not consistently offered satisfactory solutions to various problems over the years. As a result, there has been
a renewed focus on research aimed at resolving these difficulties. In this context, Atanassov? proposed In-
tuitionistic Fuzzy Sets (IFSs) to tackle such challenges. Furthermore, the Neutrosophic Set (NS), created
by Smarandache,” serves as a sophisticated extension of traditional set theory. Other important generaliza-
tions include interval-valued FS# interval-valued IFS= as well as paraconsistent, dialetheist, paradoxist, and
tautological sets,® along with Pythagorean fuzzy sets” Neutrosophic sets demonstrate a wide array of applica-
tions across various fields. For example, Barbosa and Smarandache® introduced the Neutrosophic One-Round
Zero-Knowledge Proof protocol (N-1-R) ZKP, which expands upon the One-Round (1-R) ZKP framework by
incorporating Neutrosophic numbers. Additionally, the authors in” offer a detailed characterization of efficient
and optimally suitable solutions pertaining to scalar optimization challenges. They also delineate the Kuhn-
Tucker conditions that are pertinent to both efficiency and proper efficiency. For a more in-depth investigation
into the applications of neutrosophic sets and their extensive uses, it is advisable to refer to the literature cited
in* %1418 and the related references therein. We are looking to integrate our work with new concepts, as in the
plication of *18:20 The Banach fixed-point theorem,'” commonly known as the Banach contraction principle,
represents a pivotal concept in mathematics, especially within the realm of metric spaces.This theorem guaran-
tees both the existence and uniqueness of fixed points for certain self-maps in metric spaces, thereby offering
a structured approach to locating these fixed points. Essentially, the Banach fixed-point theorem provides a
comprehensive foundation for Picard’s method of successive approximations. Introduced by Stefan Banach
(1892-1945) in 1922, this theorem has inspired a multitude of mathematicians to explore various extensions
and generalizations across diverse mathematical fields, as indicated by the references in.>232% A notable il-
lustration of this is the concept of neutrosophic metric space (NMS), which was first introduced by Kirisci and
Simsek?? This framework has been employed to examine a variety of fixed point theorems.
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2 Preliminary

In this framework, the interval |0—, 1 4 [ is characterized as a non-standard unit interval. Within this context,
non-standard finite numbers are articulated as (14+) = 1 + ¢, where 17 represents the standard component
and e denotes the non-standard element. In a similar manner, (0—) = 0 — ¢, with ”0” indicating the standard
component and € as the non-standard element. The numbers 0 and 1 can be interpreted as non-standard values
that are infinitesimally small yet less than O or infinitesimally small yet greater than 1, respectively, and these
values are encompassed within the non-standard unit interval |0—, 1 + |.

Definition 2.1. "In relation to a universal set U, a fuzzy set F is defined by the notation F' = {< a, ur (&) >:
0 < up(€) <1,£ € U}. In this context, pp(€) represents the degree of membership of the element £ within
the fuzzy set F.

Definition 2.2. ¥ A neutrosophic set V relative to a universal set U is defined as V = {< &, (T (£), In(£), Fn(£)) >:
EeU,Tn(),In(£), Fn(§) €)0—,1 + [}. In this context, T (§), In(§), and Fi () represent the member-

ship degrees of truth, indeterminacy, and falsity for an element £ within the set V, respectively, while |0—, 1+ [
signifies a non-standard unit interval.

Definition 2.3. “/ A neutrosophic fuzzy set B within a universal set U is characterized as follows: B = {<

T, (MB(§>7 TB(f, M)7 IB(ga ,u)7 F(f? ,u)) > g ev, /’LB(f) € [0’ 1]7

Tp(& p), Ig(& p), F(&p) €)0—,1+ [} In this framework, the membership degree up(§) is represented
by three distinct components: the truth membership grade T (€, it), the indeterminacy membership grade
Ip(&, 1), and the falsity membership grade F'(¢, ). The notation |0—,1 + [ signifies a nonstandard unit
interval.

Triangular norms (shortly TN), initially introduced by Menger,? are a fundamental concept in mathematical
analysis. Menger’s innovative approach involved using probability distributions to assess the distance between
two elements within a specific space, moving beyond the traditional reliance on numerical values. This tech-
nique facilitates the extension of the triangle inequality in metric spaces through the application of triangular
norms. In contrast, triangular conorms (shortly CN) serve as the dual counterparts to t-norms. Both TN and
CN are essential in fuzzy operations, especially concerning intersections and unions.

Through this manuscript, RT = [0, 00), I = [0, 1].

Definition 2.4. Consider an operation ¢ : [ x I — I. This operation is classified as continuous TN (CTN) if
it meets the following criteria: for any elements o, o’ ¢, ¢ € I.

l.ool=o,

2. ffc<o’andt <t ,thancot <o’ ot
3. ¢ is continuous,

4. ©is commutative and associate.

Definition 2.5. Consider an operation @ : [ x I — I. This operation is classified as continuous TN (CTN) if
it meets the following criteria: for all elements o, ¢’ ¢,t" € I.

1. ce0 =3,

2. Ifoc<o'andt <t thancet < o' et
3. e is continuous,

4. e is commutative and associate.

Definition 2.6. 22 A 6-tuple (F, 11,5, ©, ¢, o) is referred to as a Neutrophic Metric Space (NMS) if the set
F' is a non-empty arbitrary collection, ¢ signifies a continuous t-norm, e indicates a continuous t-conorm,
and the elements I1, U, and © are three fuzzy sets established on the Cartesian product F'2 x (0, 00). These
components must satisfy the following specific conditions for all elements &, w, ¢ € F' and for all positive real
numbers A, p.
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L O0<I§w,A) 1,0 <06(w,A) 1,0 < 0(6,w,A\) <1

2.0 <TI(E, w, ) + B(E,w,\) + O(&,w, \) < 3,

&w,A)=1,for A > 0iff { = w
4 &w,\) = H(w, & N), for A >0
5. (& w, A) o Tl(w, ¢, p) <TI(E, ¢, A + p)
6 w,-) : RT — I is continuous
7

lim II(§,w,\) =1
A—00

11.

8. B(€,w,\) = 0iff ¢ =w

9. U(&w, \) = U(w, &, N),

10. B(&,w, \) @ B(w, ¢, p) > B(E, ¢, A+ p),
O(¢,

w,-) : RT — T is continuous

12. lim U(,w,A\) =0

13. O, w,\) =0,for A\ >0iff¢ =w
14. ©(&,w, ) = O(w, &, N),

15. O(&,w, ) @ O(w, ¢, p) > S(&,¢, A+ p),
16. ©(¢,w,-) : RT — I is continuous

17. lim ©(§,w,\) =0
A—00

18. If A < 0, then TI(€,w, \) = 0, B(&,w, \) = O(€,w, \) = 1

The functions II(§, w, A), U(&,w, \), and ©(&, w, ) represent the degrees of nearness, neutralness, and non-
nearness between the elements ¢ and w in relation to the parameter A, respectively.

Recently, Ghosh et al*? presented the notion of neutrosophic fuzzy metric spaces and examined various

topological characteristics associated with this concept.

Definition 2.7. ®Y A 7-tuple (F,II, ¥, U5, ©, o, o) is known as a Neutrophic Fuzzy Metric Space (NFMS) if F
is an arbitary set, ¢ is a continuous t-norm, e is a continuous t-conorm, and I, ¥, U, and © are fuzzy sets on
2 x (0, 00) satisfying the following conditions for all £,w, ¢, € F and A, p > 0.

L O0<II§w,A\) < L0SU({w,A) <L 0<U(6wA) <L0<O(Ew,A) <1

2. 0 <TI(E w, A) + ¥(6,w, A) + B8, w, A) + (8w, A) < 4

3. T0(€,w,\) =

4. (& w,A) = H(w, & \),

5. TI(&,w, A) o (w, ¢, p) < TI(E, ¢, A+ p), for p, A >0
6. TI(¢,w,-) : RT — I is continuous

7.

lim TI(¢,w,\) =1
A—00
8. W(E,w,\) = 1iff€ =w
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9.
10.
11. ¥
12.

13. ©
14.
15.
16.
17.

18.
19.
20.
21.
22.

23.

U(E,w,\) = U(w, &, \), for A > 0
U(€,w,\) o ¥(w,c,p) <U(E ¢, A+ p),
(€,w,-) : RT — I is continuous
)\ILH;O U w,A\) =1
(&, w,\) = 0,iff € = w
0§ w,A) = B(w, &, ),
O(& w, A) e B(w, ¢, p) = V(& ¢, A + p),
U(&,w,-) : RT — I is continuous

lim U(&,w,\) =0

ATr00

O(&,w,\) =0,iffE =w
O(&,w,A) = B(w, &, ),

O(&,w,A) @ O(w,c,p) = S(&,¢, A+ p),
O(¢,w,-) : RT — I is continuous

,\h—>H;o O w,A\) =0

If A <0, then TI(§, w, ) = 0, B(&,w, A) = O(§,w,A) =1

In this context, IT1(£,w, A) represents the certainity that distance between £ and w is less than A\, (£, w, A)
represents the degree of nearness, U(£, w, \) stadns for the degree of neutralness, and © (£, w, A) denotes the
degree of non-nearness between & and w with respect to A, respectively.

The convergence, Cauchyness, completeness are given as follows.

Definition 2.8. “ Let (¢,,) be a sequence in a NFMS (F, 11, ¥, 5, ©, ¢, ). Then

1. (&,) converges to £ € F iff fora given e € (0,1), A > 0 there is ny € N such that for each n > ng

(&, & A) > 1 —€ U(&n, & A) <€ O(6n, &, A) <€

i.e.,

lim II(§,,&,A) =1, lim U(,,&A) =1, lim U(,,& ) =0, lim 6(§,,§,X) =0
n—o00 n—00 n—00 n—00

2. (&) is called Cauchy iff for a given € € (0,1), A > 0 there is ng € N such that for each n, m > ng

3.

H(fmfma)\) >1- €, \Il(§n7€m7A) >1- €, U(f?’ugmv)‘) <, ®(£n7§m,)\) <e€

i.e.,

lim H(fnagma /\) = ]-a lim \Il(gnafmaA) = ]-7 lim U(fnafma)‘) = 07 lim e(gnagmv)\) =0

n.m—oo n.m—oo n,m—oQ n,m— oo

(F, 11, 0,0, O, ¢, @) is called complete if each Cauchy sequence is convergent to an element in F.
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3 Main Result

Definition 3.1. In this context, we define a real-valued function of three variables, denoted as f, to possess
the property (UC) if, for any sequences (&,,) and (w;, ), the following equality holds:

lim lim f(&,wn,A) = lim lm f(&,, wn, A).

A— g n—00 n—00 A— Ao

whenever the two limits are exist.

Throughout the remainder of this study, we will assume that each of the fuzzy sets II, ¥, U, © exhibits the UC
property.

We will commence with several pertinent lemmas.

Lemma 3.2. Let (F, 11,0, U, 0,0, ) be a NFMS. Then

1. I(&,w,-) : RT — R is non-decreasing
2. W€ w,-) : RY = RT is non-decreasing
3. U(&w,-) : RT — RY is non-increasing
4. O, w,): R — RY is non-increasing

Proof. (1) Let A1, A2 > 0, with A\; > As. Then, there is § > 0 such that A\; = Ay + 4.
From (5), we get

H(fawaAl) = H(ng,)@ +5)
> TI(&, w, A2) o II(w, w, §)
= H(f,w, )\2)
The proofs for (2),(3) and (4) are identical to that of (1). O]

Lemma 3.3. Let (F,I1, U, U, ©, 0, e) be a NFMS, and let (€,,) be a sequence such that for A > 0

H(§p7§qa /\) > H(épfhgqfl’ )‘)
‘I’(gpquﬂ\) 2 H(fpflvgqfla )‘) (1)
U(fpy fqa /\) < U(gp—la fq—lv )‘)
6(5;075(17 >‘) < ®(£p—17§q—1a /\)

and

lim II(&n, &nr1, A) =1, lim U(E,, &np1,A) =1, lim U(&n, nt1,A) =0, and lim O(&,,&np1, A) = 0.
n—o0 n—00 n—o00 n—00

(2)
If (&) is not Cauchy, then there exist an 1 > ¢ > 0 and \ > 0 along with two subsequences (£,,.) and (§,,.)
derived from (&), where (my,) such that one at least of the following holds.

lim H(Snkagrfww)‘) =1- &
k—o0
lim \I/(Enk,fmka)\) =1- €
k—o0
hm G(Snk,gm,ka)‘) =€
k—o0
hl'Il @(gnk,gmk7)‘) =€
k—o0
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Proof. If (&,,) is not Cauchy, then for each A > 0

lim II(&, &m, A) # 1,00 lim U(&,,&m,A\) #1, or hmoO U(&n,&m,A) #0, or n}gw@(gn,gm,)\) #0.

n,m—oo n,m—0o0 n,m—

Case 1: If lig II(&,, &m, A) # 1, then there are A > 0, and € > 0 along with two subsequences (&, ) and

(&m,, ) derived from (&,,), where (my,) is selected as the smallest index satisfying the condition.

(s Emir A) S 1 —€, mp >ng > k. (3)

This implies that

H(gnmfmk*la )‘> >1—e (4)

chose 6 > 0. Then

H(&nkvgmm)\"‘ré) 2 (gnmémk 1, )OH(gmkfhgmmé)
><1_6 OH(fmk lafmkv )

Using Equation[2] we get
lminf I1(&,, , Em,, A+ 9) > (1 —€).
k—o0

Also,

(1=¢) < lim Timinf (g, , Emy, A+ )
= hm mf hm H(&ny s Emps A +6)

k—oo §—0T

= lminf (&, , Eme, A)-
k—oc0

Also, from[3] it follows
limsup (&, , Emy s A) < (1 —€).

k—o0

So, we get
lim H(fnkagmm /\) = (1 - 6)'
k—o00

Again, we have

H(fnkfla gmkfh A + 6) 2 H(gnkfh gnkaé‘) ¢ H(gnkagmkflv >\)
H(gnk—17£nk?5) < (1 - 6)'

Using Equation we get iminf I1(&,, —1,&m—1, A +6) > (1 —¢).
Al k— o0
50,

(I—-¢ < hm lminf T1(&,, —1, &my—1, A + 0)

T 50t k—oo

—hmlnf lim T1(&n,—1,&mp—1, A+ 9)

k—oo §—0+

= liminf I1(&,, —1,&mp—1, A)-
k—o00 ’
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From Eq[3] we get
H(gnk—lv g771k—17 >\) S H(gnk b gmk; A) S (1 - 6)-
So,
hm Sup H(gnk—la gm,k—la )\) S (1 - 6)-

k—o0
Hence,

lim I(&n, —1,&mp—1,A) = (1 —€).

k—o00
The demonstration for the remaining cases is Similar to that of Case (1). ]

To support our primary findings, we require the following two categories of functions:
c
® = {p:RT = R' : pis Lebesgue integrable with 0 < / e(D)dl < o0, Ye > 0}
0

I'={y:R" = R" : vis continuous with lim 7" (s) =0, Vs > 0}
n—oo
Remark 34. If v € T, then

1. v(s) < s, fors >0,
2. v(0) = 0.

Additionally, the following essential lemma is required:

Lemma 3.5. L Consider ¢ € ® and a sequence (t,,) consisting of positive real numbers for which lim,, o t,, =
t. It follows that

in

im [ ()l = /0 o(1)dl.

n— oo 0

Definition 3.6. Let (F,II, ¥, U,0,0,8) be a NFMS, ¢ € ®, and v € I'. A mapping f : F' — F is called
(¢, v)-neutrosophic contraction ((¢, v)-NC) if for each {,w € F and each A > 0, we have

e e L iGmeyiet
/ e < | | p(b)dl ),
0

Toe o ! TEom L
/ ()dl < ~ / o()dl |,
0 0
U(fi,fw;)\) U(§W>\
/ / Dt ) |
0 0

O(f&,fw.) OEw A)
/ p(l)dl < / 1)dl
0 0
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Theorem 3.7. Let (F,I1, ¥, U, ©, ¢, e) be a complete NEMS, Suppose that there is (* € & suchthat f : F —
F'is (*-neutrosophic contraction. Consequently, the function f possesses a unique fixed point.

Proof. Let & € F represent an arbitrary point. We examine the Picard sequence (&,,) characterized by the
relation &,11 = f(&,) for all n > 0. By Definition[3.6| we have

& L & e L
/ ear<y| [ o(0)dl ) .
0

TE e L TE, e L
/ e ()dl < ~ / I e()dl |,
0 0

U({n fn+la>\) U(&n 17€na>\)

/ i/ o)l ),

0 0

(gn En+1 )‘) @ £n 1 §n )‘)
/ / p(D)dl | .
0 0

By induction on n, we get that

\ /\

and

I /\

IN
2

T e ! e
/ T o ( / so(UdZ),
0 0

T L T L
/ gomcusw(/ ¢<Z>d1>,
0 0

IN
)
3

U(&nynt1,MN) U(€0,61,N)
/ ea<y | [ uras

O(&n En+1,) O(0,61,))
/ cwa<y ([ urap
0

and

0

By taking the limit, we get

S S——
I(n,€nt1:N)

nhﬁn;o ; e(l)dl =0,
Ve L

lim T p(1ydl = 0,

n— o0 0

U(gn 1§n+1 a)\)
lim o(1)dl =0,

n—oo 0

and
@(£n7§n+1 ~/\)
lim p(l)dl = 0.
n— o0 O
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Which implies that

nlgréo H(ﬁmfn-s-h /\) = 1, nhﬁnolo\p(gnagn+17/\) =1, nlingo U(§7La§n+17/\) = 07 and nlgréo @(§7u§'rz+1a /\) = 0.

Now, we aim to demonstrate that (£,,) is Cauchy. If (&,) isn’t, then by Lemma[3.3] there exist an ¢ > 0 and
A > 0 along with two subsequences (&, ) and (&, ) derived from (&,,), where (my,) such that one at least of
the following holds.

lim II(&,, ., &me, A) =1 — €,
k—o0 )
lim \Ij(gnmgmm)‘) =1-g¢
k—o0 ’
lim U(§nk5€mk7)\) =€,
k—o0

lim @(ﬁnk 5 fmk ’ >‘) =¢.
k—o0

Using Definition [3.6] we get

/Wl S0l < (/W1 so(l)dl> |
0 0

By taking the limit, we get

MEng &y 0~ My 16y 10
lim [ ¢(l)dlglirn7</nsklgkl @(Z)dl>,
0

k—oo Jq k—oc0

Hence,

[T sy </011—1 Mdl) <[ v

which is a contradiction, and hence, lim TI(&,,&n, A) = 1.
n,m— oo

a contradiction.
Hence (,,) is a Cauchy sequence, thus, there is w € F' such that &, — u.

Definition [3.6] gives that

( “vln 1,A) (uvlnw )_1
/Hf£+xap(l)dl§7</n o <p(l)dl>—>0asn—>oo,
0 0
Fotmn ™ Tagm L
/Wf£+xnp(l)dl§7</w o <p(l)dl>—>0asn—>oo,
0 0

O(fu,nt1,2) O(u,én,A)
/ p(Ddl <~ / p()dl | = 0asn — oo,
0 0

and

O(fu,€n+1,A) O(u,§n,N)
/ p)dl <~y / p()dl ] = 0asn — co.
0 0

Which implies that £, 1 converges to fu, hence u = fu.
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Now, let v € F with v = fo. If u # v, then from Definition 3.6} it follows that

O(u,v,\) O(fu,fv,\) O(u,v,\) O(u,v,\)
[ ewa= a<a ([ pa) < [T e
0 0 0 0

which is a contradiction. So u = v.

If we let y(s) = gs, where ¢ is in the interval [0, 1), we arrive at the subsequent conclusion:

Corollary 3.8. Let (F,I1, ¥, 0, O, ¢, ) be a complete NFMS, Suppose that f : F' — F satisfies the following
foreach &, w € F and each A\ > 0, we have:

e Fan L TEem L
/ I)dl < q / ()dl,
0 0
TFEFem L FEem L
/ Ddl < q / )dl,
0 0
U(fﬁafw%) U(¢,w, >\)
/ Ndl < q/ I,
0 0

@(f&fw«\) O(gw >\)
/ Ndl < q/
0 0

Consequently, the function f possesses a unique fixed point.

and

If we establish the function y(s) = g¢s, where ¢ is constrained within the interval [0, 1), and define p(I) = 1,
we arrive at the subsequent conclusion:

Corollary 3.9. Let (F,II, U, U, ©, ¢, o) be a complete NFMS, Suppose that | : F — F satisfies the following
for each a,w € F and each \ > 0, we have:

1 1
e fo ) Y (H(f,w, N 1) ’

1 1
WE oy Y (xlf(&w,» - 1) ’
B(fe, fuo, N) < gU(E.0, ),
and
O¢, fw. \) < gO(€,w, A).

Consequently, the function f possesses a unique fixed point.

4 Conclusion

Fixed point theorems are fundamental results in mathematics, particularly in the fields of analysis, topology,
and applied mathematics. These theorems establish conditions under which a function will have a fixed point,
which is a point that is mapped to itself by the function. In other hand,neutrosophic fuzzy metric spaces are an
advanced concept that combines elements of neutrosophy and fuzzy metric spaces. This framework is useful
in dealing with uncertainty and imprecision in various mathematical and practical applications. In this study,
we introduced fixed point theorems related to integral type contractions, framed within the advanced context
of neutrosophic fuzzy metric spaces. Additionally, we derived multiple fixed point results that are relevant to
this particular setting.
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