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Abstract

The object of the present paper is to introduce a new class of soft functions called soft regular-closed functions.
This class contains the class of soft closed functions. Numerous theorems that give properties of such soft func-
tions are presented. Moreover, sufficient conditions for a soft function to be soft regular-closed are given. In
addition, several preservation theorems of soft separations axioms using soft regular-closed are given. Finally,
the correspondence between this class of soft functions and the class of regular-closed functions in classical
topology is studied.
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1 Introduction and Preliminaries

The majority of our conventional modeling, reasoning, and computing tools are characterized by crispness,
determinism, and precision. However, there are a lot of complex problems in social science, medical science,
engineering, economics, and the environment that include facts that aren’t always clear-cut. Because these
challenges involve a variety of uncertainties, we are not always able to apply the classical methodologies.
Mathematical tools for handling uncertainties can be found in the major current theories, such as the theory of
probability, the theory of fuzzy sets,1–3 the theory of intuitionistic fuzzy sets,4, 5 the theory of vague sets,6 the
theory of interval mathematics,5, 7 and the theory of rough sets.8 But as9 makes clear, each of these hypotheses
has its own set of challenges. These problems may have arisen from the theories’ inadequate parametrization
tools; as a result, Molodtsov9 introduced the idea of soft set theory in 1999 as a new mathematical technique
for handling ambiguity or uncertainties that is unaffected by the problems mentioned above.

The concept of soft topological spaces was presented in.10 The subject of soft topology is an area of mathe-
matics concerned with the study of topological spaces using soft sets, which have fuzzy bounds. Recently, it
received a lot of attention because of its possible applications in domains including computer science, engi-
neering, and economics. Also, it offers a more realistic and adaptable framework for modeling and analyzing
complex systems where the boundaries between areas are not always evident. Soft sets enable the representa-
tion of uncertainty and imprecision, which are inherent in many real-world systems.

Mathematicians extended many concepts of classical topological spaces to include soft topological spaces
in1, 11, 13–22 and other works.

Soft closed functions between soft topological spaces are employed to define and investigate numerous critical
properties and invariants of soft topological spaces. These functions have a wide range of applications, in-
cluding soft optimization theory, soft approximation theory, soft control theory, soft data analysis, soft image
processing, and soft decision-making. This motivated us to write this paper.
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In this paper, we introduce and investigate soft regular-closed functions as a new type of soft closed functions.

Let A be a set of parameters, and let Z be a non-empty set. A soft set over Z relative to A is a function
K : Z ÝÑ PpAq. SSpZ,Aq denotes the family of all soft sets over Z relative to A. If M P SSpZ,Aq

such that Mpaq “ Y for any a P A (resp. M pdq “ Y and M paq “ H for each a P A ´ tdu), then M
is represented by CY (resp. dY ). 1A and 0A will denote CZ and CH, respectively. If M P SSpZ,Aq, then
M is a soft point over X relative to A and represented as dx if Mpdq “ txu and Mpaq “ H for every
a P A ´ tdu. The collection of all soft points over X with respect to A will be represented by SP pZ,Aq.
If dx P SP pZ,Aq and M P SSpZ,Aq, then dx is said to belong to M (notation: dxrPM ) if x P M pdq. Let
M,N P SSpZ,Aq. Then M is a soft subset of N , denoted by M rĎN , if M paq Ď Npaq for each a P A. The
soft union (resp. intersection, difference) of M and N is denoted by M rYN (resp. M rXN , M´N ) and defined
by pM rYNq paq “ M paq Y Npaq (resp. pM rXNq paq “ M paq X Npaq, pM ´ Nq paq “ M paq ´ N paq)
for each a P A. For any sub-collection H Ď SSpX,Aq, the soft union (resp. soft intersection) of the
members of H is denoted by rYHPHH (resp. rXHPHH) and defined by prYHPHHq paq “ YHPHH paq (resp.
prXHPHHq paq “ XHPHH paq) for each a P A. Let SSpZ,Aq and SS pZ,Sq be two families of soft sets,
and r : X ÝÑ W , w : A ÝÑ S be two functions. Then a soft mapping frw : SS pZ,Aq ÝÑ SS pW,Sq

is defined as follows: For each M P SS pZ,Aq and N P SS pW,Sq, pfrw pMqq pbq “ H if w´1 pbq “

H, pfrw pMqq pbq “ YaPw´1pbqr pH paqq if w´1 pbq ‰ H, and
`

f´1
rw pNq

˘

paq “ r´1 pN pw paqqq. A sub-
collection σ Ď SS pZ,Aq is called a soft topology on Z relative to A, and the triplet pZ, σ,Aq is called a
soft topological space if t0A, 1Au Ď σ, M rXN P σ for any tM,Nu Ď σ, and rYHPHH P σ for any H Ď σ.
Let pZ, σ,Aq be a soft topological space and M P SSpZ,Aq. If M P σ, then M is called a soft open set in
pZ, σ,Aq, and if 1A ´ M P σ, then M is called a soft closed set in pZ, σ,Aq.

In this paper, we will adhere to the terminology and concepts of23, 24 and refer to topological space as TS and
soft topological space as STS.

Let pZ, σ,Aq and pZ,ℑq be STS and TS, respectively. Let M P SSpZ,Aq and Y Ď Z. Then the soft interior
of M in pZ, σ,Aq, the soft closure of M in pZ, σ,Aq, the interior of Y in pZ,ℑq, and the closure of Y in
pZ,ℑq are represented by IntσpMq, ClσpMq, IntℑpY q, and ClℑpY q, respectively, and the family of all soft
closed sets in pZ, σ,Aq (resp. closed sets in pZ,ℑq) will be denoted by σc (resp. ℑc).

The following definitions will be used in the sequel:

Definition 1.1. 25 Let pZ,ℑq be a TS and let Y Ď Z. Then Y is called a regular-open (resp. regular-closed)
set in pZ,ℑq if Y “ Intℑ pClℑ pY qq (resp. Y “ Clℑ pIntℑ pY qq). The collection of all regular-open sets
(resp. regular-open sets) in pZ,ℑq will be denoted by RO pℑq (resp. RC pℑq).

Definition 1.2. 26A soft function g : pZ,ℑq ÝÑ pW,ℵq is called regular-closed if g pRq P ℵc for each
R P RC pℑq.

Definition 1.3. 27 Let pZ,φ,Aq be a STS and let K P SS pZ,Aq. Then K is called a soft regular-open (resp.
soft regular-closed) set in pZ,φ,Aq if K “ Intφ pClφ pKqq (resp. K “ Clφ pIntφ pKqq). The collection of
all regular-open sets (resp. regular-open sets) in pZ,φ,Aq will be denoted by RO pφq (resp. RC pφq).

For a STS pZ,φ,Aq, the soft topology on Z relative to A that has RO pφq as a soft base will be denoted by
φδ .

Definition 1.4. Let frw : pZ,φ,Pq ÝÑ pW,σ,Sq be a soft function. Then frw is called

(a)30 soft θ-continuous if for each az P SP pZ,Pq and each K P σ such that frw pazqrPK, there exists H P φ
such that azrPH and frw pClφ pHqq rĎClσ pKq.

(b)29 soft almost-open if frw pGq P σ for each G P RO pφq.

(c)28 soft almost-continuous for each az P SP pZ,Pq and each K P σ such that frw pazqrPK, there exists
H P φ such that azrPH and frw pHq rĎIntσ pClσ pKqq.

(d)31 soft δ-continuous if f´1
rw pKq P φδ for each K P σ.
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Definition 1.5. A STS pZ,φ,Pq is called

(a)32 soft compact if for each K Ď φ such that rYKPKK “ 1P , there exists a finite subcollection K1 Ď K such
that rYKPK1

K “ 1P .

(b)33 soft Hausdorff if for any ax, by P SP pZ,Pq with ax ‰ by , there exist H,K P φ such that axrPH , byrPK,
and H rXK “ 0P .

(c)33 soft regular if for any ax P SP pZ,Pq and any G P φ such that axrPG, there exists K P φ such that
azrPK rĎClφ pKq rĎG.

(d)33 soft normal if for any A,B P φc such that ArXB “ 0P , there exist H,K P φ such that ArĎH , BrĎK,
and H rXK “ 0P .

(e)34 soft almost-regular if for each D P RC pφq and each axrP1P ´ D, there are M,N P φ such that axrPM ,
DrĎN , and M rXN “ 0P .

(f)35 soft Urysohn if for any ax, by P SP pZ,Pq with ax ‰ by , there exist H,K P φ such that axrPH , byrPK,
and Clφ pHq rXClφ pKq “ 0P .

Definition 1.6. 36 Let pZ,φ,Pq be a STS, and let H P SS pZ,Pq. Then H is called soft compact relative
to pZ,φ,Pq if for each K Ď φ such that H rĎrYKPKK, there exists a finite subcollection K1 Ď K such that
H rĎrYKPK1K.

Definition 1.7. 32 Let pP,φ,Aq and pS, σ,Bq be two STSs. Then the soft topology on P ˆS relative to AˆB
having tH ˆ K : H P φ and K P σu as a soft base will be denoted by prpφ ˆ σq.

2 Soft Regular-Closed Functions

Definition 2.1. A soft function frw : pP,φ,Aq ÝÑ pS, σ,Bq is called soft regular-closed if frw pHq P σc for
each H P RC pφq.

Theorem 2.2. Let tpP,φaq : a P Au and tpS, σbq : b P Bu be two collections of TSs. Consider the functions
r : P ÝÑ S and w : A ÝÑ B, where w is a bijection. Then frw : pP,‘aPAφa,Aq ÝÑ pS,‘bPBσb,Bq is
soft closed iff r : pP,φaq ÝÑ

`

S, σwpaq

˘

is closed for all a P A.

Proof. Necessity. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft closed. Let d P A. To show that r : pP,φdq ÝÑ
`

S, σwpdq

˘

is closed, let V P pφdq
c. Then dV P p‘aPAφaq

c and so frw pdV q P p‘bPBσbq
c. Since w is

bijective, then frw pdV q “ pw pdqqrpV q
. Thus,

´

pw pdqqrpV q

¯

pw pdqq “ r pV q P
`

σwpdq

˘c
. It follows that

r : pP,φdq ÝÑ
`

S, σwpdq

˘

is soft closed.

Sufficiency. Let r : pP,φaq ÝÑ
`

S, σwpaq

˘

be closed for all a P A. Let H P p‘aPAφaq
c. We will show that

pfrw pHqq pbq P pσbq
c for every b P B. Let b P B. Since H P p‘aPAφaq

c, then H
`

w´1 pbq
˘

P
`

φw´1pbq

˘c
.

Since r is injective, then pfrw pHqq pbq “ H
`

w´1 pbq
˘

. Since r :
`

P,φw´1pbq

˘

ÝÑ
`

S, σwpw´1pbqq“b

˘

is
closed, then H

`

w´1 pbq
˘

P pσbq
c.

Corollary 2.3. Consider the functions r : pP,ℑq ÝÑ pS,ℵq and w : A ÝÑ B, where w is a bijection. Then
r : pP,ℑq ÝÑ pS,ℵq is closed iff frw : pP, τ pℑq ,Aq ÝÑ pS, τ pℵq ,Bq is soft closed.

Proof. For each a P A and b P B, put φa “ ℑ and σb “ ℵ. Then τ pℑq “ ‘aPAφa and τ pℵq “ ‘bPBσb.
Theorem 2.2 ends the proof.

Theorem 2.4. Let tpP,φaq : a P Au and tpS, σbq : b P Bu be two collections of TSs. Consider the functions
r : P ÝÑ S and w : w : A ÝÑ B, where w is a bijection. Then frw : pP,‘aPAφa,Aq ÝÑ pS,‘bPBσb,Bq

is soft regular-closed iff r : pP,φaq ÝÑ
`

S, σwpaq

˘

is regular-closed for all a P A.
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Proof. Necessity. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed. Let d P A. To show that r :
pP,φdq ÝÑ

`

S, σwpdq

˘

is regular-closed, let V P RC pφdq. Then by Theorem 14 of,37 dV P RC p‘aPAφaq

and so frw pdV q P p‘bPBσbq
c. Since w is bijective, then frw pdV q “ pw pdqqrpV q

. Thus,
´

pw pdqqrpV q

¯

pw pdqq “

r pV q P
`

σwpdq

˘c
. It follows that r : pP,φdq ÝÑ

`

S, σwpdq

˘

is soft regular-closed.

Sufficiency. Let r : pP,φaq ÝÑ
`

S, σwpaq

˘

be regular-closed for all a P A. Let H P RC p‘aPAφaq. We
will show that pfrw pHqq pbq P pσbq

c for every b P B. Let b P B. Since H P RC p‘aPAφaq, then by
Theorem 14 of,37 H

`

w´1 pbq
˘

P
`

φw´1pbq

˘c
. Since r is injective, then pfrw pHqq pbq “ H

`

w´1 pbq
˘

. Since
r :

`

P,φw´1pbq

˘

ÝÑ
`

S, σwpw´1pbqq“b

˘

is regular-closed, then H
`

w´1 pbq
˘

P pσbq
c.

Corollary 2.5. Consider the functions r : pP,ℑq ÝÑ pS,ℵq and w : A ÝÑ B, where w is a bijection. Then
r : pP,ℑq ÝÑ pS,ℵq is regular-closed iff frw : pP, τ pℑq ,Aq ÝÑ pS, τ pℵq ,Bq is soft regular-closed.

Proof. For each a P A and b P B, put φa “ ℑ and σb “ ℵ. Then τ pℑq “ ‘aPAφa and τ pℵq “ ‘bPBσb.
Theorem 2.4 ends the proof.

Theorem 2.6. Every soft closed function is soft regular-closed.

Proof. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft closed. Let H P RC pφq Ď φ. Then H P φc and so
frw pHq P σc. Therefore, frw is soft regular-closed.

In general, the opposite of Theorem 2.6 is not true:

Example 2.7. Let ℑ and ℵ be the cocountable and the usual topologies on R, respectively. Consider the
identities functions r : pR,ℑq ÝÑ pR,ℵq and w : Z ÝÑ Z. Since RC pℑq “ tH,Ru, r pHq “ H P ℵc, and
r pRq “ R P ℵc, then r is regular-closed. On the other hand, since Q P ℑ while r pQq “ Q R ℵc, then r is not
closed. Therefore, by Corollaries 2.3 and 2.5, frw : pR, τ pℑq ,Zq ÝÑ pR, τ pℵq ,Zq is soft regular-closed but
not soft closed.

Theorem 2.8. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed and surjective. Then for any by P

SP pS,Bq and any G P RO pφq such that f´1
rw pbyq rĎG, we have byrPIntσ pfrw pGqq.

Proof. Since G P RO pφq, then 1A ´G P RC pφq. Since frw is soft regular-closed, then frw p1A ´ Gq P σc.
Since f´1

rw pbyq rĎG, then byrP1B ´ frw p1A ´ Gq P σ. Since frw is surjective, then 1B “ frw p1Aq “

frw pGrY p1A ´ Gqq “ frw pGq rYfrw p1A ´ Gq; hence, 1B ´ frw p1A ´ Gq rĎfrw pGq. This shows that
byrPIntσ pfrw pGqq.

Corollary 2.9. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed and surjective. Then for any K P

SS pP,Aq and any ax P SP pP,Aq such that f´1
rw pfrw paxqq rĎK, we have frw paxqrPIntσ pfrw pIntφ pClφ pKqqqq.

Proof. Let K P SS pP,Aq and ax P SS pP,Aq. Let by “ frw paxq and G “ Intφ pClφ pKqq. Then we have
by P SP pS,Bq, G P RO pφq, and f´1

rw pbyq “ f´1
rw pfrw paxqq rĎK rĎIntφ pClφ pKqq “ G. Thus, by Theorem

2.8, frw paxq “ byrPIntσ pfrw pGqq “ Intσ pfrw pIntφ pClφ pKqqqq.

Lemma 2.10. For any STS pP,φ,Aq, tClφ pGq : G P φu “ RC pφq.

Proof. Let G P φ. Since Intφ pClφ pGqq rĎClφ pGq P φc, then Clφ pIntφ pClφ pGqqq rĎClφ pGq. On the
other hand, since G P φ, then G “ Intφ pGq and so, Clφ pGq rĎClφ pIntφ pGqq rĎClφ pIntφ pClφ pGqqq.
Therefore, Clφ pGq “ Clφ pIntφ pClφ pGqqq. Hence, Clφ pGq P RC pφq.

Conversely, let U P RC pφq. Then Clφ pIntφ pUqq “ U and so, U “ Clφ pIntφ pUqq, where Intφ pUq P φ.
Hence, U P tClφ pGq : G P φu.
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Theorem 2.11. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed and surjective. If pP,φ,Aq is soft
almost-regular, pS, σ,Bq is soft compact, and f´1

rw pbyq P RC pφq for each by P SP pS,Bq, then frw is soft
continuous.

Proof. Suppose to the contrary that there exists ax P SP pP,Aq such that frw is not soft continuous at
ax. Then there exists G P σ such that frw paxqrPG and frw pKq rX p1B ´ Gq ‰ 0B for every K P φ with
axrPK. Let δ “ tK P φ : axrPKu. Since frw is soft regular-closed and by Lemma 2.10, tClφ pKq : K P δu Ď

RC pφq, then tfrw pClφ pKqq : K P δu Ď σc. Thus, tfrw pClφ pKqq rX p1B ´ Gq : K P δu Ď σc ´ t0Bu.

Claim. tfrw pClφ pKqq rX p1B ´ Gq : K P δu has the finite soft intersection property.

Proof of claim. Suppose to the contrary that a finite sub-collection δ˝ Ď δ such that

rXKPδ˝
pfrw pClφ pKqq rX p1B ´ Gqq “ p1B ´ Gq rX prXKPδ˝

frw pClφ pKqqq “ 0B.

Let T “ rXKPδ˝
K. Since δ˝ is finite, then T P φ. Since axrPK for each K P δ˝, then axrPT . Thus, we have

T P δ, and so frw pClφ pT qq rX p1B ´ Gq ‰ 0B. On the other hand,

frw pClφ pT qq rX p1B ´ Gq “ frw pClφ prXKPδ˝
Kqq rX p1B ´ Gq

rĎ frw prXKPδ˝
Clφ pKqq rX p1B ´ Gq

rĎ p1B ´ Gq rX prXKPδ˝
frw pClφ pKqqq

“ 0B,

and hence frw pClφ pT qq rX p1B ´ Gq “ 0B. This is a contradiction.

Since pS, σ,Bq is soft compact, tfrw pClφ pKqq rX p1B ´ Gq : K P δu Ď σc and tfrw pClφ pKqq rX p1B ´ Gq : K P δu

has the finite soft intersection property, then rXKPδ pfrw pClφ pKqq rX p1B ´ Gqq ‰ 0B. Let byrPrXKPδ pfrw pClφ pKqq rX p1B ´ Gqq.
Since byrP1B´G while frw paxqrPG, then by ‰ frw paxq. So, axrP1A´f´1

rw pbyq. Since pP,φ,Aq is soft almost-
regular and f´1

rw pbyq P RC pφq, then there exist L,M P φ such that axrPL, f´1
rw pbyq rĎM , and LrXM “ 0A;

hence Clφ pLq rXM “ 0A. Since f´1
rw pbyq rĎM , then f´1

rw pbyq rXClφ pLq rĎM rXClφ pLq “ 0A, and so
byrRfrw pClφ pLqq. On the other hand, since axrPL P φ, then L P δ and so, byrPfrw pClφ pLqq rX p1B ´ Gq rĎfrw pClφ pLqq.
This is a contradiction.

Theorem 2.12. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be a soft function. If frw : pP,φδ,Aq ÝÑ pS, σ,Bq is soft
closed, then frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft regular-closed.

Proof. Let K P RC pφq. Since RO pφq Ď φδ , then RC pφq Ď pφδq
c and so K P pφδq

c. Since frw :
pP,φδ,Aq ÝÑ pS, σ,Bq is soft closed, then frw pKq P σc. This shows that frw : pP,φ,Aq ÝÑ pS, σ,Bq is
soft regular-closed.

The following example shows that the converse of Theorem 2.12 is not true in general:

Example 2.13. Let P “ p0, 2q, S “ p0, 1s, A “ tau, and B “ tbu. Let φ be the soft topology on P relative
to A having taU : U Ď P and P ´ U is finiteu Y

␣

ap0,1q, ap1,2q

(

as a soft subbase. Let σ “ t0B, 1Bu Y
␣

bpt,1s : 0 ď t ă 1
(

. Define r : P ÝÑ S and w : A ÝÑ B by

r pxq “

"

x if 0 ă x ď 1
x ´ 1 if 1 ă x ă 2

and wpaq “ b.

Since RC pφq “
␣

0A, 1A, ap0,1s, ar1,2q

(

, frw
`

ap0,1s

˘

“ frw
`

ar1,2q

˘

“ 1B, then frw : pP,φ,Aq ÝÑ

pS, σ,Bq is soft regular-closed. Since
␣

ap0,1s, ar1,2q

(

Ď RC pφq, then ap0,1srXar1,2q “ at1u P pφδq
c. Since

at1u P pφδq
c while frw

`

at1u

˘

“ bt1u R σc, then frw : pP,φδ,Aq ÝÑ pS, σ,Bq is not soft closed.

Theorem 2.14. A soft function frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft regular-closed iff for any T P SS pS,Bq

and any U P RO pφq such that f´1
rw pT q rĎU , there exists V P σ such that T rĎV and f´1

rw pV q rĎU .
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Proof. Necessity. Let T P SS pS,Bq and let U P RO pφq such that f´1
rw pT q rĎU . Since U P RO pφq,

1A ´U P RC pφq. Since frw is soft regular-closed, then frw p1A ´ Uq P σc and so, 1B ´ frw p1A ´ Uq P σ.
Let V “ 1B ´frw p1A ´ Uq. Then V P σ. Since f´1

rw pT q rĎU , then 1A ´U rĎ1A ´f´1
rw pT q “ f´1

rw p1B ´ T q,
and so, frw p1A ´ Uq rĎfrw

`

f´1
rw p1B ´ T q

˘

rĎ1B ´ T . Hence, T rĎ1B ´ frw p1A ´ Uq “ V . On the other
hand,

f´1
rw pV q “ f´1

rw p1B ´ frw p1A ´ Uqq

“ f´1
rw p1Bq ´ f´1

rw pfrw p1A ´ Uqq

“ 1A ´ f´1
rw pfrw p1A ´ Uqq

rĎ 1A ´ p1A ´ Uq

“ U .

Sufficiency. Let K P RC pφq. We will show that 1B ´ frw pKq P σ. Let byrP1B ´ frw pKq. Then, we have
f´1
rw pbyq rĎ1A ´ K P RO pφq. By assumptions, there exists V P σ such that byrPV and f´1

rw pV q rĎ1A ´ K.
Thus, we have byrPV rĎ1B ´ frw pKq. Hence, 1B ´ frw pKq P σ.

Theorem 2.15. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be a soft function. Then the following are equivalent:

(a) frw is soft regular-closed.

(b) For any U P RO pφq, rY
␣

by : f´1
rw pbyq rĎU

(

P σ.

(c) For any G P RC pφq, rY
␣

by : f´1
rw pbyq rXG ‰ 0A

(

P σc.

Proof. (a) ÝÑ (b): Let U P RO pφq. Let H “ rY
␣

by : f´1
rw pbyq rĎU

(

. Let byrPH . Then f´1
rw pbyq rĎU . So, by

Theorem 2.13, there exists V P σ such that byrPV and f´1
rw pV q rĎU . Thus, V rĎH . This shows that H P σ.

(b) ÝÑ (c): Let G P RC pφq. Then 1A ´ G P RO pφq. So, by (b), rY
␣

by : f´1
rw pbyq rĎ1A ´ G

(

“

rY
␣

by : f´1
rw pbyq rXG “ 00A

(

P σ. Thus, 1B ´ rY
␣

by : f´1
rw pbyq rXG “ 0A

(

“ rY
␣

by : f´1
rw pbyq rXG ‰ 0A

(

P

σc.

(c) ÝÑ (a): Let G P RC pφq. Then by (c), rY
␣

by : f´1
rw pbyq rXG ‰ 0A

(

P σc. Since frw pGq “ rY
␣

by : f´1
rw pbyq rXG ‰ 0A

(

,
then frw pGq P σc. Hence, frw is soft regular-closed.

Theorem 2.16. A soft function frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft regular-closed iff for each G P φ Y

RC pφq, Clσ pfrw pGqq rĎfrw pClφ pGqq.

Proof. Necessity. Suppose that frw is soft regular-closed. Let G P φ. Then, by Lemma 2.10, Clφ pGq P

RC pφq, and so frw pClφ pGqq P σc. Since frw pGq rĎfrw pClφ pGqq, then Clσ pfrw pGqq rĎfrw pClφ pGqq.
Let G P RC pφq. Then frw pGq P σc. Since frw pGq rĎfrw pClφ pGqq, then Clσ pfrw pGqq “ frw pGq rĎfrw pClφ pGqq.

Sufficiency. Suppose that Clσ pfrw pGqq rĎfrw pClφ pGqq for every G P φ Y RC pφq. Let G P RC pφq. Then
Clφ pGq “ G. So, by assumption, Clσ pfrw pGqq rĎfrw pClφ pGqq “ frw pGq. This shows that frw pGq P

σc.

Lemma 2.17. Let pP,φ,Aq be a STS, and let X be a non-empty subset of P .

(a) If CX P φ, then RO pφXq “ tGrXCX : G P RO pφqu.

(b) If CX P φ, then RC pφXq “ tH rXCX : H P RC pφqu.

(c) If CX P RO pφq, then RO pφXq “
␣

H P RO pφq : H rĎCX

(

.
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Proof. (a) To show that RO pφXq Ď tGrXCX : G P RO pφqu, let K P RO pφXq. Then K “ IntφX
pClφX

pKqq.
Since ClφX

pKq “ CX rXClφ pKq, then K “ IntφX
pCX rXClφ pKqq. Also, since CX P φ ´ t0Au, then

K “ IntφX
pCX rXClφ pKqq

“ Intφ pCX rXClφ pKqq

“ Intφ pCXq rXIntφ pClφ pKqq

“ CX rXIntφ pClφ pKqq .

Let G “ Intφ pClφ pKqq. Then K “ GrXCX with G P RO pφq.

To show that tGrXCX : G P RO pφqu Ď RO pφXq, let G P RO pφq Ď φ. Let H “ GrXCX . Then H P φX

and so H rĎIntφX
pClφX

pHqq.

We are going to show that IntφX
pClφX

pHqq rĎH “ GrXCX . Let byrPIntφX
pClφX

pHqq rĎCX . Then
byrPCX . To show that byrPG, put V “ IntφX

pClφX
pHqq. Then V P φX . Since CX P φ and V P

φX , then V P φ. Since byrPV rĎClφX
pHq “ CX rXClφ pHq rĎClφ pHq “ Clφ pGrXCXq rĎClφ pGq, then

byrPIntφ pClφ pGqq “ G. This shows that IntφX
pClφX

pHqq rĎGrXCX “ H .

(b) RC pφXq Ď tGrXCX : G P RC pφqu, let H P RC pφXq. Then CX ´ H P RC pφXq. So, by (a), there
exists G P RO pφq such that CX´H “ GrXCX and thus, H “ CX´pGrXCXq “ CX´G “ CX rX p1A ´ Gq,
where P RC pφq.

To show that tGrXCX : G P RC pφqu Ď RC pφXq, let G P RC pφq. Then 1A ´ G P RO pφq. So, by (a),
CX rX p1A ´ Gq P RO pφXq. Since CX rX p1A ´ Gq “ CX ´G “ CX ´ pGrXCXq, then GrXCX P RC pφXq.

(c) Since CX P RO pφq Ď φ, then by (a), RO pφXq “ tGrXCX : G P RO pφqu. Since CX P RO pφq, then
tGrXCX : G P RO pφqu Ď RO pφq. Hence, RO pφXq “ tGrXCX : G P RO pφqu “

␣

H P RO pφq : H rĎCX

(

.

Lemma 2.18. Let pP,φ,Aq be a STS. Let tXα : α P ∆u be a cover of P such that tCXα
: α P ∆u Ď φ´t0Au.

Then

(a) G P φ iff GrXCXα P φXα for all α P ∆.

(b) G P φc iff GrXCXα P pφXα
q
c for all α P ∆.

Proof. (a) Necessity. Obvious.

Sufficiency. Suppose that GrXCXα
P φXα

for all α P ∆. Since tCXα
: α P ∆u Ď φ, then tGrXCXα

: α P ∆u Ď

φ. So, G “ GrX1A “ GrX prYαP∆CXα
q “ rYαP∆ pGrXCXα

q P φ.

(b) Necessity. Obvious.

Sufficiency. Suppose that GrXCXα
P pφXα

q
c for all α P ∆. Then for each α P ∆, CXα

´ pGrXCXα
q “

CXα rX p1A ´ Gq P φXα . Thus, by (a), 1A ´ G P φ and hence G P φc.

Theorem 2.19. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be a soft function. If there are two covers tXα : α P ∆u and
tYα : α P ∆u of P and S, respectively, such that tCXα

: α P ∆u Ď φ ´ t0Au, tCYα
: α P ∆u Ď σ ´ t0Bu,

f´1
rw pCYα

q “ CXα
and pfrwq

|CXα
: pXα, φXα

,Aq ÝÑ pYα, σYα
,Bq is soft regular-closed for all α P ∆,

then frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft regular-closed.

Proof. Let G P RC pφq. Then, by Lemma 2.17 (b), GrXCXα
P RC pφXα

q, and so
´

pfrwq
|CXα

¯

pGrXCXα
q “

frw pGq rXYα P pσYα
q
c for all α P ∆. Thus, by Lemma 2.18 (b), frw pGq P σc. Hence, frw : pP,φ,Aq ÝÑ

pS, σ,Bq is soft regular-closed.

Corollary 2.20. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be a soft continuous function. If there are two covers
tXα : α P ∆u and tYα : α P ∆u of P and S, respectively, such that tCYα

: α P ∆u Ď σ´t0Bu, f´1
rw pCYα

q “

CXα
and pfrwq

|CXα
: pXα, φXα

,Aq ÝÑ pYα, σYα
,Bq is soft regular-closed for all α P ∆, then frw :

pP,φ,Aq ÝÑ pS, σ,Bq is soft regular-closed.
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For any function g : P ÝÑ S, the function h : P ÝÑ P ˆ S defined by hpxq “ px, g pxqq will be denoted by
g#.

Theorem 2.21. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be an injective soft function. If frw : pP,φ,Aq ÝÑ

pS, σ,Bq is soft regular-closed, then fr#w# : pP,φ,Aq ÝÑ pP ˆ S, pr pφ ˆ σq ,A ˆ Bq is soft regular-
closed.

Proof. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed and injective. Let G P RC pφq. Suppose
to the contrary that fr#w# pGq R ppr pφ ˆ σqq

c. Then there exists pb1, b2q
pz1,z2q

rPClprpφˆσq pfr#w# pGqq

but pb1, b2q
pz1,z2q

rRfr#w# pGq. Since pb1, b2q
pz1,z2q

rRfr#w# pGq, then either pb1qz1
rRG or [pb1qz1

rPG and

frw
`

pb1qz1

˘

‰ pb2qz2 ]. Suppose that pb1qz1
rRG. Then pb1qz1

rP1A ´ G P RO pφq Ď φ. Since we have
pb1, b2q

pz1,z2q
rP p1A ´ Gqˆ1B P pr pφ ˆ σq and pb1, b2q

pz1,z2q
rPClprpφˆσq pfr#w# pGqq, then pp1A ´ Gq ˆ 1Bq rXfr#w# pGq ‰

0AˆB. So, we find dzrPG such that fr#w# pdzq “ pd,w pdqq
pz,rpzqq

rP p1A ´ Gq ˆ 1B. Thus, we have
dzrPGrX p1A ´ Gq, a contradiction. Suppose that [pb1qz1

rPG and frw
`

pb1qz1

˘

‰ pb2qz2 ]. Since frw is injective
and frw

`

pb1qz1

˘

‰ pb2qz2 , then pb2qz2
rP1B ´frwpGq. Since frw is soft regular-closed, then 1B ´frwpGq P σ.

Since we have pb1, b2q
pz1,z2q

rP1A ˆ p1B ´ frwpGqq P pr pφ ˆ σq and pb1, b2q
pz1,z2q

rPClprpφˆσq pfr#w# pGqq,
then p1A ˆ p1B ´ frwpGqqq rXfr#w# pGq ‰ 0AˆB. So, we find dzrPG such that fr#w# pdzq “ pd,w pdqq

pz,rpzqq
rP1Aˆ

p1B ´ frwpGqq. Thus, frw pdzq “ pw pdqq
prpzqq

rPfrwpGqrX p1B ´ frwpGqq, a contradiction.

For a given soft function frw : SP pP,Aq ÝÑ SP pS,Bq, the soft set rY
!

pa,w paqqpx,rpxqq : a P A and x P P
)

is called the soft graph of frw and is denoted by Gr pfrwq. So, pa, bqpx,yq
rPGr pfrwq iff frwpaxq “ by iff

rpxq “ y and w paq “ b.

Corollary 2.22. If frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft regular-closed and injective, then Gr pfrwq P

ppr pφ ˆ σqq
c.

Proof. By Theorem 2.21, fr#w# : pP,φ,Aq ÝÑ pP ˆ S, pr pφ ˆ σq ,A ˆ Bq is soft regular-closed. Since
1A P RC pφq, then fr#w# p1Aq “ Gr pfrwq P ppr pφ ˆ σqq

c.

The reverse of Theorem 2.21 need not always true.

Example 2.23. Let P “ R and A “ tau. Let ℑ be the usual topology on P and φ “ taU : U P ℑu. Define
r : P ÝÑ P and w : A ÝÑ A by

r pxq “

"

1
x if x ‰ 0
1 if x “ 0

and wpaq “ a.

Then fr#w# : pP,φ,Aq ÝÑ pP ˆ P, pr pφ ˆ φq ,A ˆ Aq is soft closed; hence soft regular-closed. On the
other hand, since ar1.8q P RC pφq while frw

`

ar1.8q

˘

“ ap0,1s R φc, then frw : pP,φ,Aq ÝÑ pP,φ,Aq is
not soft regular-closed.

For any two non-empty sets X and Y , the projections on X and Y will be denoted by πX and πY , respectively.
Thus, πX : X ˆ Y ÝÑ X and πY : X ˆ Y ÝÑ Y are defined by πX px, yq “ x and πY px, yq “ y for all
px, yq P X ˆ Y .

Theorem 2.24. Let pP,φ,Aq be soft compact and let pS, σ,Bq be any STS. Consider the projections πS :
P ˆS ÝÑ S and πB : AˆB ÝÑ B. Then fπSπB : pP ˆ S, pr pφ ˆ σq ,A ˆ Bq ÝÑ pS, σ,Bq is soft closed.
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Proof. Let G P ppr pφ ˆ σqq
c. We will show that 1B ´ fπSπB pGq P σ. Let byrP1B ´ fπSπB pGq. Then

p1A ˆ byq rXG “ 0AˆB and so, 1A ˆ by rĎ1AˆB ´ G P pr pφ ˆ σq. Thus, for each ax P SP pP,Aq, there
exists Uax

P φ and Vax
P σ such that axrPUax

, byrPVax
, and Uax

ˆ Vax
rĎ1AˆB ´ G. Since pP,φ,Aq be soft

compact and 1A “ rYaxPSP pP,AqUax
, then there exists a finite set Γ Ď SP pP,Aq such that 1A “ rYaxPΓUax

.
Let H “ rXaxPΓVax . Then we have byrPH P σ.

Claim. H rXfπSπB pGq “ 1B.

Proof of Claim. Suppose to the contrary that there exists pa, dqpx,zq
rPG such that fπSπB

´

pa, dqpx,zq

¯

“

dzrPH . Choose hn P Γ such that axrPUhn
. Then dzrPVhn

and so, pa, dqpx,zq
rPUhn

ˆ Vhn
rĎ1AˆB ´ G, which is

a contradiction.

This cliam finished the proof.

Theorem 2.25. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be a function such that pP,φ,Aq is soft compact. If
fr#w# : pP,φ,Aq ÝÑ pP ˆ S, pr pφ ˆ σq ,A ˆ Bq is soft regular-closed, frw is soft regular-closed.

Proof. Let G P RC pφq. Since fr#w# is soft regular-closed, then fr#w# pGq P ppr pφ ˆ σqq
c. Con-

sider the projections πS : P ˆ S ÝÑ S and πB : A ˆ B ÝÑ B. Then by Theorem 2.24, fπSπB :
pP ˆ S, pr pφ ˆ σq ,A ˆ Bq ÝÑ pS, σ,Bq is soft closed. Thus, fπSπB pfr#w# pGqq “ frw pGq P σc. Hence,
frw is soft regular-closed.

A soft restriction of a soft regular-closed function need not be soft regular-closed:

Example 2.26. Let P “ R2 and A “Z. Let ℑ be the usual topology on P and φ “ tCU : U P ℑu. Consider
the identity functions r : P ÝÑ P and w : A ÝÑ A. Then frw : pP,φ,Aq ÝÑ pP,φ,Aq is soft regular-
closed. Let X “ r1, 3q ˆ r1, 3q. To show that pfrwq

|CX
: pX,φX ,Aq ÝÑ pP,φ,Aq is not soft regular-closed,

let Y “ r2, 3q ˆ r2, 3q. Then CY P RC pφXq while pfrwq
|CX

pCY q “ CY R φc.

Theorem 2.27. If frw : pP,φ,Aq ÝÑ pS, σ,Bq is a soft regular-closed function and X Ď P such that CX P

φ ´ t0Pu and there exists Y Ď S such that f´1
rw pCY q “ CX , then pfrwq

|CX
: pX,φX ,Aq ÝÑ pY, σY ,Bq is

soft regular-closed.

Proof. Let K P RC pφXq. Then K “ ClφX
pIntφX

pKqq “ CX rXClφ pIntφX
pKqq. Since CX P φ,

then IntφX
pKq “ Intφ pKq. So, K “ ClφX

pIntφX
pKqq “ CX rXClφ pIntφ pKqq. Since frw is soft

regular-closed and Clφ pIntφ pKqq P RC pφq, then frw pClφ pIntφ pKqqq P σc. Thus, pfrwq
|CX

pKq “

frw pClφ pIntφ pKqqq rXCY P pσY q
c.

Theorem 2.28. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed and surjective. If pP,φ,Aq is soft
normal and f´1

rw pbyq P φc for each by P SP pS,Bq, then frw is soft closed.

Proof. Suppose to the contrary that there exists G P φ such that frw pGq R σc. Then there exists byrPClσ pfrw pGqq

but byrRfrw pGq. Since byrRfrw pGq, then f´1
rw pbyq rĎ1A ´G. Since f´1

rw pbyq P φc, 1A ´G P φ, and pP,φ,Aq

is soft normal, then there exists H P φ such that f´1
rw pbyq rĎH rĎClφ pHq rĎ1A ´ G; hence, f´1

rw pbyq rĎH “

Intφ pHq rĎIntφ pClφ pHqq rĎClφ pHq rĎ1A ´ G. Let K “ Intφ pClφ pHqq. Then K P RO pφq such that
f´1
rw pbyq rĎK rĎ1A ´ G. Since frw is soft regular-closed, then by Theorem 2.14, there exists V P σ such that
byrPV and f´1

rw pV q rĎK rĎ1A ´ G. Thus, f´1
rw pV q rX p1A ´ Gq “ 0A and hence, V rXfrw pGq “ 0B. On the

other hand, since byrPClσ pfrw pGqq and byrPV P σ, then V rXfrw pGq ‰ 0B, a contradiction.
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3 Soft Separation Axioms

Theorem 3.1. Soft normality is preserved under soft continuous regular-closed surjections.

Proof. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be a soft continuous soft regular-closed surjection such that pP,φ,Aq

is soft normal. Let tM,Nu Ď σc such that M rXN “ 0B. Since frw is soft continuous, then
␣

f´1
rw pMq , f´1

rw pNq
(

Ď

φc. Also, we have f´1
rw pMq rXf´1

rw pNq “ f´1
rw pM rXNq “ f´1

rw p0Bq “ 0A. Since pP,φ,Aq is soft normal,
then there exists tG,Hu Ď φ such that f´1

rw pMq rĎG, f´1
rw pNq rĎH , and GrXH “ 0A. Again, by soft normal-

ity, there exists tL,Ru Ď φ such that f´1
rw pMq rĎLrĎClφ pLq rĎG and f´1

rw pNq rĎRrĎClφ pRq rĎH . So, we
have tIntφ pClφ pLqq , Intφ pClφ pRqqu Ď RO pφq, f´1

rw pMq rĎIntφ pClφ pLqq, f´1
rw pNq rĎIntφ pClφ pRqq,

and

Intφ pClφ pLqq rXIntφ pClφ pRqq “ Intφ pClφ pLq rXClφ pRqq

rĎ Intφ pGrXHq

“ Intφ p0Aq

“ 0A.

Since frw is soft regular-closed, then by Theorem 2.14, there exists tV,W u Ď σ such that M rĎV , N rĎW ,
f´1
rw pV q rĎIntφ pClφ pLqq, and f´1

rw pW q rĎIntφ pClφ pRqq. Since f´1
rw pV q rXf´1

rw pW q rĎIntφ pClφ pLqq rXIntφ pClφ pRqq “

0A, then f´1
rw pV q rXf´1

rw pW q “ f´1
rw pV rXW q “ 0A. Since frw is surjective, then we must have V rXW “ 0B.

This completes the proof.

Theorem 3.2. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft open, soft regular-closed, and bijective. Then pS, σ,Bq

is soft Hausdorff.

Proof. Since frw is soft regular-closed and injective, then by Corollary 2.22, Gr pfrwq P ppr pφ ˆ σqq
c. Let

by, dz P SP pS,Bq such that by ‰ dz . Since frw is bijective, then frw pfr´1w´1 pbyqq “ frw

´

`

w´1 pbq
˘

r´1pyq

¯

‰

dz . Thus,
`

w´1 pbq , d
˘

pr´1pyq,zq
rP1AˆB ´ Gr pfrwq P pr pφ ˆ σq. So, there exist G P φ, H P σ, and

`

w´1 pbq , d
˘

pr´1pyq,zq
rPG ˆ H rĎ1AˆB ´ Gr pfrwq. Since frw is soft open, then frw pGq P σ. Thus, we have

byrPfrw pGq P σ, dzrPH P σ, and frw pGq rXH “ 1B. Therefore, pS, σ,Bq is soft Hausdorff.

Theorem 3.3. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft regular-closed, and bijective. If pP,φ,Aq is soft
Urysohn, then pS, σ,Bq is soft Hausdorff.

Proof. Let by, dz P SP pS,Bq such that by ‰ dz . Since frw is bijective, then
`

w´1 pbq
˘

r´1pyq
‰
`

w´1 pdq
˘

r´1pzq
.

Since pP,φ,Aq is soft Urysohn, then there exists tG,Hu Ď φ such that
`

w´1 pbq
˘

r´1pyq
rPG,

`

w´1 pdq
˘

r´1pzq
rPH ,

and Clφ pGq rXClφ pHq “ 0A. Since tG,Hu Ď φ, then GrĎIntφ pClφ pGqq and H rĎIntφ pClφ pHqq. Thus,
we have f´1

rw pbyq rĎIntφ pClφ pGqq P RO pφq, f´1
rw pdzq rĎIntφ pClφ pHqq P RO pφq, and Intφ pClφ pGqq rXIntφ pClφ pHqq rĎClφ pGq rXClφ pHq “

0A. Since frw is soft regular-closed, then by Theorem 2.14, there exists tV,W u Ď σ such that byrPV , dzrPW ,
f´1
rw pV q rĎIntφ pClφ pGqq, and f´1

rw pW q rĎIntφ pClφ pHqq. Since f´1
rw pV q rXf´1

rw pW q rĎIntφ pClφ pGqq rXIntφ pClφ pHqq “

0A, then f´1
rw pV q rXf´1

rw pW q “ f´1
rw pV rXW q “ 0A. Since frw is surjective, then we must have V rXW “ 0B.

This shows that pS, σ,Bq is soft Hausdorff.

Lemma 3.4. If frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft almost-continuous and soft almost-open, then

(a) For each G P RO pσq, f´1
rw pGq P RO pφq.

(b) For each K P RC pσq, f´1
rw pKq P RC pφq.

Proof. (a) Let G P RO pσq. Since frw is soft almost-continuous, then f´1
rw pGq P φ and so f´1

rw pGq rĎIntφ
`

Clφ
`

f´1
rw pGq

˘˘

.
On the other hand, since Clφ pGq P RC pσq and frw is soft almost-continuous, then f´1

rw pClφ pGqq P φc

and so, Intφ
`

Clφ
`

f´1
rw pGq

˘˘

rĎClφ
`

f´1
rw pGq

˘

rĎf´1
rw pClφ pGqq. Moreover, since Intφ

`

Clφ
`

f´1
rw pGq

˘˘

P

RO pφq and frw is soft almost-open, then frw
`

Intφ
`

Clφ
`

f´1
rw pGq

˘˘˘

P σ. Since Intφ
`

Clφ
`

f´1
rw pGq

˘˘

rĎf´1
rw pClφ pGqq,

then frw
`

Intφ
`

Clφ
`

f´1
rw pGq

˘˘˘

rĎfrw
`

f´1
rw pClφ pGqq

˘

rĎClφ pGq. Since frw
`

Intφ
`

Clφ
`

f´1
rw pGq

˘˘˘

P

σ, then frw
`

Intφ
`

Clφ
`

f´1
rw pGq

˘˘˘

rĎIntφ pClφ pGqq “ G. Hence, Intφ
`

Clφ
`

f´1
rw pGq

˘˘

rĎf´1
rw

`

frw
`

Intφ
`

Clφ
`

f´1
rw pGq

˘˘˘˘

rĎf´1
rw pGq.

Therefore, f´1
rw pGq “ Intφ

`

Clφ
`

f´1
rw pGq

˘˘

and hence, f´1
rw pGq P RO pφq.
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(b) Let K P RC pσq. Then 1B ´K P RO pσq, and by (a), f´1
rw p1B ´ Kq “ 1A ´ f´1

rw pKq P RO pφq. Hence,
f´1
rw pKq P RC pφq.

Lemma 3.5. If frw : pP,φ,Aq ÝÑ pS, σ,Bq is soft θ-continuous and soft almost-open, then frw is soft
almost-continuous.

Proof. Let ax P SP pP,Aq and let G P σ such that frw paxq P G. Since frw is soft θ-continuous, then
there exists H P φ such that axrPH and frw pClφ pHqq rĎClσ pGq. Since Intφ pClφ pHqq P RO pφq and
frw is soft almost-open, then frw pIntφ pClφ pHqqq P σ. Since H P φ, then H rĎIntφ pClφ pHqq and
so, frw pHq rĎfrw pIntφ pClφ pHqqq rĎIntσ pfrw pClφ pHqqq rĎIntσ pClσ pGqq. This shows that frw is soft
almost-continuous.

Theorem 3.6. Soft almost-regularity is invariant under soft θ-continuous, soft almost-open, and soft regular-
closed surjections.

Proof. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft θ-continuous, soft almost-open, soft regular-closed, and
surjective. Let pP,φ,Aq be soft almost-regular. Let by P SS pS,Bq and let K P RC pσq such that byrRK.
By Lemmas 3.4 and 3.5, f´1

rw pKq P RC pφq. Since frw is surjective, then there exists ax P SS pP,Aq

such that frw paxq “ by . Then, we have axrRf
´1
rw pKq P RC pφq, and by soft almost-regularity of pP,φ,Aq,

there exists tU, V u Ď φ such that axrPU , f´1
rw pKq rĎV , and U rXV “ 0A. It is not difficult to check that

tIntφ pClφ pUqq , Intφ pClφ pV qqu Ď RO pφq and Intφ pClφ pUqq rXIntφ pClφ pV qq “ 0A. Since frw is
soft almost-open, then frw pIntφ pClφ pUqqq P σ. Since frw is soft regular-closed and 1A´Intφ pClφ pV qq P

RC pφq, then frw p1A ´ Intφ pClφ pV qqq P σc and 1B´frw p1A ´ Intφ pClφ pV qqq P σ. Since axrPU rĎIntφ pClφ pUqq,
then byrPfrw pIntφ pClφ pUqqq. Since f´1

rw pKq rĎV rĎIntφ pClφ pV qq, then 1A ´ Intφ pClφ pV qq rĎ1A ´

f´1
rw pKq “ f´1

rw p1B ´ Kq and so,

frw p1A ´ Intφ pClφ pV qqq rĎfrw
`

f´1
rw p1B ´ Kq

˘

rĎ1B ´ K;

hence, K rĎ1B´frw p1A ´ Intφ pClφ pV qqq. Since Intφ pClφ pUqq rXIntφ pClφ pV qq “ 0A, then Intφ pClφ pUqq rĎ1A´

Intφ pClφ pV qq and so,

frw pIntφ pClφ pUqqq rĎfrw p1A ´ Intφ pClφ pV qqq;

this implies that frw pIntφ pClφ pUqqq rX p1B ´ frw p1A ´ Intφ pClφ pV qqqq “ 0B. This shows that pS, σ,Bq

is soft almost-regular.

Corollary 3.7. Soft almost-regularity is invariant under soft continuous, soft open, and soft closed surjections.

Theorem 3.8. If pP,φ,Aq is soft regular and frw : pP,φ,Aq ÝÑ pS, σ,Bq is a soft almost-continuous and
soft regular-closed surjection such that f´1

rw pbyq is soft compact for each by P SS pS,Bq, then pS, σ,Bq is soft
almost-regular.

Proof. Let by P SS pS,Bq and let G P RO pσq such that byrPG. Since frw is soft almost-continuous, then
f´1
rw pGq P φ. For each axrPf

´1
rw pbyq, axrPf´1

rw pGq, and by soft regularity of pP,φ,Aq, we find Uax
P φ such

that axrPUax
rĎClφ pUax

q rĎf´1
rw pGq. Since f´1

rw pbyq is soft compact and f´1
rw pbyq rĎrYaxrPf

´1
rw pbyq

Uax
, then

there exists a finite set 𭟋 Ď SSpP,Aq such that axrPf´1
rw pbyq for each ax P 𭟋 and f´1

rw pbyq rĎrYaxP𭟋Uax
. We

have

f´1
rw pbyq rĎ rYaxP𭟋Uax

rĎ rYaxP𭟋Clφ pUax
q

“ Clφ prYaxP𭟋Uax
q

rĎ f´1
rw pGq .

Put H “ rYaxP𭟋Uax
. Then H P φ and f´1

rw pbyq rĎH rĎClφ pHq rĎf´1
rw pGq. So,
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f´1
rw pbyq rĎ H

rĎ Intφ pClφ pHqq

rĎ Clφ pIntφ pClφ pHqqq

rĎ Clφ pClφ pHqq

“ Clφ pHq

rĎ f´1
rw pGq .

Let K “ Clφ pClφ pHqq. Then K P RO pφq with f´1
rw pbyq rĎK rĎClφ pKq rĎf´1

rw pGq. Since frw is soft
regular-closed, then by Theorem 2.14, there exists V P σ such that byrPV and f´1

rw pV q rĎK. Then, we have

byrPV rĎfrw pKq rĎfrw pClφ pKqq rĎfrw
`

f´1
rw pGq

˘

rĎG.

Since frw is soft regular-closed and Clφ pKq P RC pφq, then frw pClφ pKqq P σc. Therefore, we have

byrPV rĎIntφ pClφ pV qq rĎClφ pIntφ pClφ pV qqq “ Clφ pV q rĎfrw pClφ pKqq rĎG.

Let M “ Intφ pClφ pV qq. Then M P RO pφq and byrPM rĎClφ pMq rĎG. It follows that pS, σ,Bq is soft
almost-regular.

Theorem 3.9. Soft almost-normality is invariant under soft continuous, soft almost-open, and soft regular-
closed surjections.

Proof. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft continuous, soft almost-open, soft regular-closed and sur-
jective. Let pP,φ,Aq be soft almost-normal. Let M P RO pσq and let K P σc such that K rĎM . Since
frw is soft continuous, then f´1

rw pKq P φc. Since frw is soft continuous (hence soft almost-continuous)
and soft almost-open, then by Lemma 3.4, f´1

rw pMq P RO pφq. Since pP,φ,Aq is soft almost-normal and
f´1
rw pKq rĎf´1

rw pMq, then there exists U P φ such that f´1
rw pKq rĎU rĎClφ pUq rĎf´1

rw pMq. Thus,

f´1
rw pKq rĎU rĎIntφ pClφ pUqq rĎClφ pIntφ pClφ pUqqq “ Clφ pUq rĎf´1

rw pMq .

Let N “ Intφ pClφ pUqq. Then N P RO pφq and f´1
rw pKq rĎN rĎClφ pNq rĎf´1

rw pMq. Since frw is soft
almost-open, then frw pNq P σ. Also, since frw is soft regular-closed, then frw pClφ pNqq P σc. Therefore,
we have K rĎfrw pNq rĎfrw pClφ pNqq rĎM . Hence, pS, σ,Bq is soft almost-normal.

Theorem 3.10. Let frw : pP,φ,Aq ÝÑ pS, σ,Bq be soft δ-continuous and soft regular-closed surjection such
that f´1

rw pbyq is soft N -closed relative to pP,φ,Aq for each by P SS pS,Bq. If pP,φ,Aq is soft almost-regular,
then pS, σ,Bq is so.

Proof. Let by P SS pS,Bq and let G P RO pσq such that byrPG. Since frw is soft δ-continuous, then
f´1
rw pGq P φδ . Then, for each axrPf

´1
rw pbyq rĎf´1

rw pGq, there exists Uax
P RO pφq such that axrPUax

rĎf´1
rw pGq.

Since pP,φ,Aq is soft almost-regular, then for each axrPf
´1
rw pbyq, there exists Hax

P RO pφq such that
axrPHax

rĎClφ pHax
q rĎUax

rĎf´1
rw pGq. Since f´1

rw pbyq is soft N -closed relative to pP,φ,Aq and f´1
rw pbyq rĎrYaxrPf

´1
rw pbyq

Hax ,
then there exists a finite set 𭟋 Ď SSpP,Aq such that axrPf´1

rw pbyq for each ax P 𭟋 and f´1
rw pbyq rĎrYaxP𭟋Hax

.
Put H “ Intφ pClφ prYaxP𭟋Hax

qq. Then H P RO pφq and f´1
rw pbyq rĎH rĎClφ pHq rĎf´1

rw pGq. Since frw is
soft regular-closed and Clφ pHq P RC pφq, then frw pClφ pHqq P σ, and by Theorem 2.14, there exists K P σ
such that byrPK and f´1

rw pKq rĎH . Therefore, we have byrPK rĎfrw pHq rĎfrw pClφ pHqq rĎG. Consequently,
we obtain byrPK rĎClφ pKq rĎG. It follows that pS, σ,Bq is soft almost-regular.
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4 Conclusion

Soft closed functions between soft topological spaces are employed to define and investigate numerous critical
properties and invariants of soft topological spaces. These functions have a wide range of applications, in-
cluding soft optimization theory, soft approximation theory, soft control theory, soft data analysis, soft image
processing, and soft decision making.

In this paper, soft regular-closed functions are defined as an extension of regular-closed functions in general
topology. Several characterizations of soft regular-closed functions are given. It is proved that soft regular-
closedness is strictly weaker than soft closedness functions. The relationships between these soft functions
and their topological analogs are studied. Furthermore, sufficient conditions are provided for the soft regular-
closedness of a soft function. Furthermore, utilizing soft regular-closed, many preservation theorems of soft
separation axioms are provided. Finally, the study deals with soft restrictions and soft products.

The composition of two regular-closed functions is not necessarily regular-closed. Also, soft regular-closed
functions do not necessarily preserve separation axioms. For example, a soft regular-closed function from a
soft normal space to another soft topological space may not preserve soft normality. These are two significant
limitations.

Future research might look into the following topics: (1) defining soft weakly closed functions; (2) finding a
use for this new concept in a ”decision-making problem.”; and (3) extend some topological concepts to include
neutrosophic topological spaces as in.38, 39
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