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Abstract

The object of the present paper is to introduce a new class of soft functions called soft regular-closed functions.
This class contains the class of soft closed functions. Numerous theorems that give properties of such soft func-
tions are presented. Moreover, sufficient conditions for a soft function to be soft regular-closed are given. In
addition, several preservation theorems of soft separations axioms using soft regular-closed are given. Finally,
the correspondence between this class of soft functions and the class of regular-closed functions in classical
topology is studied.
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1 Introduction and Preliminaries

The majority of our conventional modeling, reasoning, and computing tools are characterized by crispness,
determinism, and precision. However, there are a lot of complex problems in social science, medical science,
engineering, economics, and the environment that include facts that aren’t always clear-cut. Because these
challenges involve a variety of uncertainties, we are not always able to apply the classical methodologies.
Mathematical tools for handling uncertainties can be found in the major current theories, such as the theory of
probability, the theory of fuzzy sets /" the theory of intuitionistic fuzzy sets,*> the theory of vague sets,® the
theory of interval mathematics>” and the theory of rough sets® But as® makes clear, each of these hypotheses
has its own set of challenges. These problems may have arisen from the theories’ inadequate parametrization
tools; as a result, Molodtsov? introduced the idea of soft set theory in 1999 as a new mathematical technique
for handling ambiguity or uncertainties that is unaffected by the problems mentioned above.

The concept of soft topological spaces was presented in"? The subject of soft topology is an area of mathe-
matics concerned with the study of topological spaces using soft sets, which have fuzzy bounds. Recently, it
received a lot of attention because of its possible applications in domains including computer science, engi-
neering, and economics. Also, it offers a more realistic and adaptable framework for modeling and analyzing
complex systems where the boundaries between areas are not always evident. Soft sets enable the representa-
tion of uncertainty and imprecision, which are inherent in many real-world systems.

Mathematicians extended many concepts of classical topological spaces to include soft topological spaces
- I[TT[T3H22

in and other works.

Soft closed functions between soft topological spaces are employed to define and investigate numerous critical
properties and invariants of soft topological spaces. These functions have a wide range of applications, in-
cluding soft optimization theory, soft approximation theory, soft control theory, soft data analysis, soft image
processing, and soft decision-making. This motivated us to write this paper.
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In this paper, we introduce and investigate soft regular-closed functions as a new type of soft closed functions.

Let A be a set of parameters, and let Z be a non-empty set. A soft set over Z relative to A is a function
K : Z — P(A). SS(Z, A) denotes the family of all soft sets over Z relative to A. If M € SS(Z,.A)
such that M (a) = Y forany a € A (resp. M (d) = Y and M (a) = J for each a € A — {d}), then M
is represented by Cy (resp. dy). 14 and 04 will denote Cz and C, respectively. If M € SS(Z, A), then
M is a soft point over X relative to A and represented as d, if M(d) = {z} and M(a) = & for every
a € A — {d}. The collection of all soft points over X with respect to .4 will be represented by SP(Z, A).
If d, € SP(Z, A) and M € SS(Z, A), then d, is said to belong to M (notation: d,€M) if z € M (d). Let
M,N € SS(Z, A). Then M is a soft subset of N, denoted by MEN, if M (a) < N(a) for each a € A. The
soft union (resp. intersection, difference) of M and N is denoted by M ON (resp. M AN, M — N) and defined
by (MON) (a) = M (a) u N(a) (resp. (MAN) (a) = M (a) n N(a), (M — N)(a) = M (a) — N (a))
for each a € A. For any sub-collection # < SS(X,.A), the soft union (resp. soft intersection) of the
members of  is denoted by O prey H (resp. A penH) and defined by (Opey H) (a) = UpenH (a) (resp.
(AaenH) (@) = NngenH (a)) for each a € A. Let SS(Z,.A) and SS (Z,S) be two families of soft sets,
andr : X — W, w : A — S be two functions. Then a soft mapping f,,, : S5 (Z,A) — SS (W,S)
is defined as follows: For each M € SS(Z, A) and N € SS(W,S), (frw (M))(b) = & if w™t(b) =
D, (Frao (M) (0) = Gugwmroyr (H (a)) i w L (b) # &, and (! () (a) = 7 (N (w (a))). A sub-
collection o = SS(Z, .A) is called a soft topology on Z relative to A, and the triplet (Z,0,.A) is called a
soft topological space if {04,14} S 0, MAN € o forany {M, N} € o, and Opey H € o forany H < o.
Let (Z,0,.A) be a soft topological space and M € SS(Z, A). If M € o, then M is called a soft open set in
(Z,0,A),and if 1 4 — M € o, then M is called a soft closed setin (Z, 0, A).

In this paper, we will adhere to the terminology and concepts of?>2% and refer to topological space as TS and
soft topological space as STS.

Let (Z,0,A) and (Z, ) be STS and TS, respectively. Let M € SS(Z, A) and Y < Z. Then the soft interior
of M in (Z, 0, A), the soft closure of M in (Z, o, .A), the interior of Y in (Z,<S), and the closure of Y in
(Z,S) are represented by Int, (M), Cl, (M), Ints(Y), and Clg(Y), respectively, and the family of all soft
closed sets in (Z, 0,.A) (resp. closed sets in (Z, ¥)) will be denoted by o (resp. ).

The following definitions will be used in the sequel:

Definition 1.1. *?' Let (Z,3) be a TS and let Y < Z. Then'Y is called a regular-open (resp. regular-closed)
set in (Z,3) if Y = Intg (Cls (Y)) (resp. Y = Clg (Intg (Y))). The collection of all regular-open sets
(resp. regular-open sets) in (Z,S) will be denoted by RO () (resp. RC ()).

Definition 1.2. “CA soft function g : (Z,3) — (W,R) is called regular-closed if g (R) € N¢ for each
Re RC(S).

Definition 1.3. %/ Let (Z, p, A) be a STS and let K € SS (Z, A). Then K is called a soft regular-open (resp.
soft regular-closed) set in (Z, o, A) if K = Int, (Cl, (K)) (resp. K = Cl, (Int, (K))). The collection of
all regular-open sets (resp. regular-open sets) in (Z, p, A) will be denoted by RO () (resp. RC (¢)).

For a STS (Z, ¢, A), the soft topology on Z relative to A that has RO (¢) as a soft base will be denoted by
ps-
Definition 1.4. Let f,, : (Z,¢,P) — (W, 0,S) be a soft function. Then f,, is called

(a)*” soft 0-continuous if for each a, € SP (Z,P) and each K € o such that f., (a.) EK, there exists H €
such that a,€H and f., (Cl, (H)) SCl, (K).

(b)*? soft almost-open if fr., (G) € o for each G € RO ().

(c)*® soft almost-continuous for each a, € SP (Z,P) and each K € o such that f.., (a.)EK, there exists
H € ¢ such that a,€H and f., (H) SInt, (Cl, (K)).

(dPL soft 5-continuous if 7} (K) € ps for each K € o.

Tw
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Definition 1.5. A STS (Z, ¢, P) is called

(a)f*? soft compact if for each IC < ¢ such that O ey K = 1p, there exists a finite subcollection K1 S K such
that OKEIClK = 1p.

(b)* soft Hausdorff if for any a,, by € SP(Z,P) with ag # by, there exist H, K € ¢ such that a.€H, bng,
and HAK = 0p.

(c)*2 soft regular if for any a, € SP(Z,P) and any G € ¢ such that a,EG, there exists K € ¢ such that
a,€K<Cl, (K) G,

(df? soft normal if for any A, B € ©° such that ANB = Op, there exist H, K € ¢ such that ACH, BCK,
and HAK = 0p.

(e)*? soft almost-regular if for each D € RC (¢) and each a,&1p — D, there are M, N € @ such that a,EM,
DEN, and MAN = 0p.

(P soft Urysohn if for any a,, b, € SP(Z,P) with a, # by, there exist H, K € ¢ such that a,€H, b,EK,
and Cl, (H) ACl, (K) = 0p.

Definition 1.6. %% Let (Z, ¢, P) be a STS, and let H € SS (Z,P). Then H is called soft compact relative
to (Z,,P) if for each K < o such that HEO g K, there exists a finite subcollection K1 < K such that
HCUOgex, K.

Definition 1.7. %2 Let (P, , A) and (S, o, B) be two STSs. Then the soft topology on P x S relative to A x B
having {H x K : H € v and K € o} as a soft base will be denoted by pr(¢ x o).

2 Soft Regular-Closed Functions

Definition 2.1. A soft function fr., : (P, ¢, A) —> (S, 0, B) is called soft regular-closed if f., (H) € o€ for
each H € RC ().

Theorem 2.2. Let {(P,¢,) : a € A} and {(S,0p) : b € B} be two collections of TSs. Consider the functions
r: P — Sandw: A — B, where w is a bijection. Then fr, : (P,®acAPa, A) — (S, Prepos, B) is
soft closed iff 1 : (P, ¢q) — (S, 0w (a)) is closed for all a € A.

Proof. Necessity. Let fr, : (P,p, A) — (S, 0, B) be soft closed. Let d € A. To show that r : (P, p4) —
(S,00(a)) is closed, let V' € (¢4)°. Then dy € (@aeapa)” and so fry, (dv) € (Brenos). Since w is
bijective, then f,, (dy) = (w(d)), . Thus, ((w (d))r(v)) (w(d)) = 7 (V) € (o))" It follows that
71 (P,pq) — (5, 04,(a)) is soft closed.

Sufficiency. Let 1 : (P,¢q) —> (S, 0w(a)) be closed for all a € A. Let H € (@qeaq)”. We will show that
(frw (H)) (b) € (04)° for every b € B. Let b € B. Since H € (Daeapa)’, then H (w™t (b)) € (pu-1())"-
Since 7 is injective, then (f,, (H)) (b) = H (w™' (b)). Since 7 : (P, ¢u-1(5)) — (S, Tww—1(5))=b) i
closed, then H (w™ (b)) € (03)". O

Corollary 2.3. Consider the functions r : (P,¥) — (S,X) and w : A — B, where w is a bijection. Then
r: (P,) — (S,N) is closed iff frw : (P,7(S),A) — (S, 7 (R), B) is soft closed.

Proof. Foreacha € Aand b € B, put ¢, = Sand o, = N. Then 7 () = Pueap, and 7 (R) = Ppepos.
Theorem 2.2 ends the proof. O

Theorem 2.4. Let {(P,¢,) : a € A} and {(S,0p) : b € B} be two collections of TSs. Consider the functions
r:P— Sandw: w: A—> B, where w is a bijection. Then f, : (P,®acaPa, A) —> (S, Presos, B)
is soft regular-closed iff v : (P, p,) — (S, aw(a)) is regular-closed for all a € A.
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Proof. Necessity. Let fry, : (P, ¢, A) — (5,0, B) be soft regular-closed. Let d € A. To show that r :
(P, pa) — (S, 0.(4)) is regular-closed, let V € RC (¢q). Then by Theorem 14 of 22 dy; € RC (@4e4a)

and 5o fr., (dv) € (@eros)’. Since wis bijective, then £, (dy) = (w (d)), /). Thus, ((w (d))r(v)) (w (d))
r(V)e (aw(d))c. It follows that r : (P, p4) — (S, aw(d)) is soft regular-closed.

Sufficiency. Letr : (P,¢q) — (S, 04(q)) be regular-closed for all a € A. Let H € RC (Dacapa). We
will show that (f,, (H)) (b) € (0p)° for every b € B. Let b € B. Since H € RC (®acapa), then by
Theorem 14 of ™" H (w™" (b)) € (g@w—l(b))c. Since r is injective, then (f,., (H)) (b) = H (w™' (b)). Since
71 (Prpy-1)) — (S5 0w(w-1(b))=b) is regular-closed, then H (w™" (b)) € (03)“. O

Corollary 2.5. Consider the functions r : (P,¥) — (S,X) and w : A — B, where w is a bijection. Then
r: (P,) — (S, RN) is regular-closed iff fr, : (P, 7 (), A) — (S, 7 (R), B) is soft regular-closed.

Proof. Foreacha € Aandb € B, put ¢, = S and 0, = N. Then 7 (J) = Pueaq and 7 (R) = Ppepoyp.
Theorem 2.4 ends the proof. O

Theorem 2.6. Every soft closed function is soft regular-closed.

Proof. Let fry : (P, A) —> (S, 0,B) be soft closed. Let H € RC (¢) < ¢. Then H € ¢° and so
frw (H) € o¢. Therefore, f,, is soft regular-closed. O

In general, the opposite of Theorem 2.6 is not true:

Example 2.7. Let & and R be the cocountable and the usual topologies on R, respectively. Consider the
identities functions r : (R, ) — (R,X) and w : Z —> Z. Since RC (J) = {J,R}, r (F) = & € N, and
r(R) = R e R€, then r is regular-closed. On the other hand, since Q € S while r (Q) = Q ¢ N, then r is not
closed. Therefore, by Corollaries 2.3 and 2.5, f.., : (R, 7(3),Z) — (R, 7 (R),Z) is soft regular-closed but
not soft closed.

Theorem 2.8. Let f,., : (P, A) — (S’ o, B) be soft regular-closed and surjective. Then for any b, €
SP(S,B) and any G € RO () such that f,.} (b,) SG, we have b,EInty (frw (G)).

Proof. Since G € RO (), then 14 — G € RC (). Since f,., is soft regular-closed, then f,., (14 — G) € o°.
Since f;.l (b,) SG, then b,€lp — fry (14— G) € 0. Since fr, is surjective, then 1g = frp (14) =
frw (GO (14— Q) = frw(G) Tfrw (14 — G); hence, 15 — frw (14 — G) Efrw (G). This shows that
byElnts (frw (G)). O

Corollary 2.9. Let f,., : (P, ¢, A) —> (S,0,B) be soft regular-closed and surjective. Then for any K €

SS (P, A)and any a,, € SP (P, A) such that f;,} (frw (az)) SK, we have fr., (az) EInty (frw (Inty, (Cl, (K

Proof. Let K € SS (P, A) and a, € SS (P, A). Letb, = fry (a ) and G = Int, (Cl, (K)). Then we have
by € SP(S,B),G € RO (), and f} (by) = frd (f,»w (al)) SKC<Int, (Cl, (K )) = (. Thus, by Theorem
2.8, frw (az) = by€Inty (fruw (G)) = Inty (frw (Int, (Cl, (K)))). O

Lemma 2.10. For any STS (P, ¢, A), {Cl, (G) : G € 9} = RC ().

Proof. Let G € ¢. Since Int, (Cl, (G)) SCl, (G) € ¢°, then Cl, (Int, (Cl, (G))) ECl, (G). On the
other hand, since G' € ¢, then G = Int, (G) and so, Cl, (G) SCl,, (Int, (G)) SCl, (Int, (Cl, (Q))).
Therefore, Cl, (G) = Cl, (Int, (Cl, (G ))) Hence, Cl,, (G) € RC ().

Conversely, let U € RC (¢). Then Cl, (Int, (U)) = U and so, U = Cl,, (Int, (U)), where Int, (U) € ¢.
Hence, U € {Cl, (G) : G € ¢}. O
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Theorem 2.11. Let fr, : (P, ¢, A) — (S, 0, B) be soft regular-closed and surjective. If (P, p, A) is soft
almost-regular, (S, o, B) is soft compact, and f,} (b,) € RC (p) for each b, € SP (S, B), then f., is soft
continuous.

Proof. Suppose to the contrary that there exists a, € SP (P,.A) such that f,, is not soft continuous at
a,. Then there exists G € o such that f,, (a;)€G and f,., (K) ™ (1g — G) # 0p for every K € ¢ with
az€K. Let§ = {K € ¢ : a,€K}. Since f,, is soft regular-closed and by Lemma 2.10, {Cl,, (K) : K € §} <
RC (), then { fr., (Cl, (K)) : K € 0} < 0°. Thus, {f, (Cl, (K)) A (15— G) : K €0} < 0° — {05}

Claim. {f,,, (Cl, (K)) A (1g — G) : K € d} has the finite soft intersection property.
Proof of claim. Suppose to the contrary that a finite sub-collection 6, < J such that
Axes, (frw (Cly (K)) A (1 = G)) = (18 = G) A (Akes, frw (Cly (K))) = 0.

Let T = Ages, K. Since 4, is finite, then T € ¢. Since a,EK for each K € 4, then a,ET. Thus, we have
T €6, and so fr, (Cl, (T)) A (13 — G) # 0p. On the other hand,
frw (Cly (1)) A (15 — G) Jrw (Cl, (Akes, K)) A (15 — G)
frw (ﬁKeéoCltp (K)) A (18 - G)
(1s — G) & (Akes, fruw (Cly (K)))
05,

NN i

and hence f,,, (Cl, (T)) A (1 — G) = 0p. This is a contradiction.

Since (S, o, B) is soft compact, { fr., (Cl, (K)) A (1g — G) : K € 6} < o®and {f,, (Cl, (K)) A (15— G) : K € 6}

has the finite soft intersection property, then A ges (frw (Cl, (K)) A (1 — G)) # 05. Let bye N ges (frw (Cly (K)) A (1g — G
Since b,€15—G while f,., (a;) EG, thenb, # fry (az). S0, az€l4— fk (b,). Since (P, p, A) is soft almost-

regular and f,.} (b,) € RC (), then there exist L, M € ¢ such that a,&L, f,.} (b,) EM, and LAM = 04;

hence Cl, (L) "M = 04. Since f}(b,)EM, then f,}(b,) ~NCl, (L)SMACl, (L) = 04, and so

bygfm (Cly, (L)). On the other hand, since a,EL € ¢, then L € § and 50, b€ f, (Cly, (L)) & (1 — G) S fruw (Cly, (L)).

This is a contradiction. O

Theorem 2.12. Let f,,, : (P, ¢, A) — (S, 0, B) be a soft function. If fr, : (P, ps, A) — (S, 0, B) is soft
closed, then [, : (P, o, A) —> (S, 0, B) is soft regular-closed.

Proof. Let K € RC (). Since RO (p) S ¢s, then RC (¢) S (p5)° and so K € (ps)°. Since fry :
(P, ps, A) —> (S, 0, B) is soft closed, then f,,, (K) € c°. This shows that f,.,, : (P,¢, A) — (5,0, B) is
soft regular-closed. O

The following example shows that the converse of Theorem 2.12 is not true in general:

Example 2.13. Let P = (0,2), S = (0,1], A ={a}, and B = {b}. Let ¢ be the soft topology on P relative
to A having {ay : U € P and P — U is finite} U {a(o,l),a(m)} as a soft subbase. Let 0 = {0g,1p} U
{b(t,l] 0<t< 1}. Definer : P — S and w : A — B by

_ x if 0<z<l1 B
r(:c)—{ r—1 if 1<z<?2 and w(a) = b.
Since RC (¢) = {04,14,a0,17,a01.2)} frw (a0,1]) = fro (ap2) = 1, then fr : (Pp, A) —
(S, 0,B) is soft regular-closed. Since {a(0,1]7a[1,2)} < RC (), then a110ap 2) = aqy € (@s5)°. Since
ag1y € (@s) while fr (ag1y) = by ¢ ¢ then fry : (P, s, A) — (S, 0, B) is not soft closed.

Theorem 2.14. A soft function fr., : (P,p, A) — (S, 0, B) is soft regular-closed iff for any T € SS (S, B)
and any U € RO () such that f;,} (T) CU, there exists V € o such that TSV and f,.} (V) CU.

rTw Tw
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Proof. Necessity. Let T € SS(S,B) and let U € RO (¢) such that f,} (T)SU. Since U € RO (yp),
14 —U € RC (). Since f, is soft regular-closed, then f,., (14 —U) € ¢ and so, 15 — frp (14 —U) € 0.
LetV = 15— fr (14 — U). Then V € 0. Since f;} (T)SU, then 14 —US1 4 — .1 (T) = .l (15 — T),
and s0, fru (14 — U) S frw (frg (1g —T)) E1g — T. Hence, TS13 — fry (14— U) = V. On the other
hand,

fr (15) frw (frw (1.,4 U))
Ta— fT_wl (f?“’w (I.A - U))
la—(1a—-0)

U.

1Nl

Sufficiency. Let K € RC (¢). We will show that 1z — f., (K) € 0. Let b€l — fry (K). Then, we have
[k (b)) E14 — K € RO (). By assumptions, there exists V € o such that b,€V and f,,} (V)S14 — K.
Thus, we have b, €V C1g — fry (K). Hence, 15 — fry (K) € 0. O

Theorem 2.15. Let fr, : (P, @, A) — (S, 0, B) be a soft function. Then the following are equivalent:
(a) fry is soft regular-closed.

(b) For any U € RO (), O {b, : frt (b,) SU} € 0.

(c) For any G € RC (), O {by : frt (by) NG # 04} € o°.

Proof. (a) — (b): Let U € RO (¢). Let H = O {by, : f,.) (by) SU}. Let b,€H. Then f,.} (b,) SU. So, by
Theorem 2.13, there exists V € o such that b,€V" and fr ( ) V) CU. Thus, VCH This shows that H € o.

(b) — (¢): Let G € RC(p). Then 14 — G € RO (). So, by (b), T{by,: fr. (b,
T {by : fra (by) G =00, } € 0. Thus, 15— T {by : frot (by) NG =04} = T {by : frt (

cC.
(c) —> (a): Let G € RC (). Thenby (c), T {by : fr) (by) NG # 04} € 0°. Since fry (G) = T {by : fr (by) NG # 04},
then f,., (G) € o°. Hence, [, is soft regular-closed. O]

Theorem 2.16. A soft function fr, : (P,¢, A) — (S,0,B) is soft regular-closed iff for each G € ¢ U
RC (), Clo (frw (G)) S frw (Cly (G)).

Proof. Necessity. Suppose that f,., is soft regular-closed. Let G € ¢. Then, by Lemma 2.10, Cl, (G) €
RC (), and 50 f4 (Cly, (G)) € 0¢. Since fry (G) S frw (Cly, (G)), then Cly (frw (G)) S frw (Cly (G)).
LetG € RC (¢). Then fy (G) € 0€. Since fr (G)  frw (Cly, (G)), then Cly (frw (G)) = frw (G) € frw (Cly (G)).

Sufficiency. Suppose that Cly (frw (G)) S frw (Cl, (G)) for every G € o U RC (). Let G € RC (). Then
Cl, (G) = G. So, by assumption, Cly (frw (@)  frw (Cly (G)) = frw (G). This shows that f,., (G) €
o°. O
Lemma 2.17. Let (P, p, A) be a STS, and let X be a non-empty subset of P.

(a) If Cx € p, then RO (px) = {GACx : G€ RO (p)}.

(b) If Cx € o, then RC (px) = {HACx : H e RC (¢)}.

(¢)If Cx € RO (y), then RO (px) = {H € RO (¢) : HECx }.
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Proof. (a) Toshow that RO (px) < {GACx : G € RO (p)},let K € RO (px). Then K = Int,, (Cl,, (K)).
Since Cl,, (K) = CxACl, (K), then K = Int,, (CxACl, (K)). Also, since C'x € ¢ — {04}, then

K = Int,, (CxACl, (K))
= Int, (CxACl, (K))
= Int, (Cx)A~Int, (Cl, (K))
= Cx~lInt, (Cly, (K)).

Let G = Int, (Cl, (K)). Then K = GACx with G € RO ().

To show that {GACx : G € RO (p)} € RO (¢x), let G € RO (¢) € . Let H = GACx. Then H € px
and so HC Int,, (Cl,, (H)).

We are going to show that Int,, (Cl,, (H))SH = GACx. Let b&Int,, (Cl,, (H))SCx. Then
byeCx. To show that b,eG, put V. = Int,, (Cl,, (H)). Then V € ¢x. Since Cx € pand V €
¢x, then V € ¢. Since b,EVCCl,, (H) = CxACl, (H)ECl, (H) = Cl, (GACx) SCl, (G), then
b,€Int, (Cl, (G)) = G. This shows that Int,, (Cl,, (H))SGACx = H.

(b) RC (¢x) € {GACx : Ge RC (p)},let H € RC (px). Then Cx — H € RC (px). So, by (a), there
exists G € RO (¢) suchthat Cx —H = GACx andthus, H = Cx—(GACx) = Cx—G =Cx~ (14 — G),
where € RC ().

To show that {GACx : Ge RC (p)} <€ RC (px), let G € RC (¢). Then 14 — G € RO (p). So, by (a),
foN\ (1.4 — G) € RO ((px). Since Cx(NW (IA — G) = CX -G = CX — (GHCX),then GKNWOX € RC ((px).

(c) Since C'x € RO (¢

) € ¢, then by (a), RO (¢x) = {GACx : G € RO (¢)}. Since Cx € RO (p), then
{GARCx : Ge RO (p)} =

RO (). Hence, RO (¢x) = {GACx : Ge RO (p)} = {H € RO (p) : HECx }.
O

Lemma 2.18. Let (P, p, A) be a STS. Let { X, : « € A} be a cover of P suchthat {Cx_ : € A} S p—{04}.
Then

(a) Ge piff GARCx,, € px,, forall a € A.

(b) G e ¢ iff GRCx,, € (px, )  forall a € A.

Proof. (a) Necessity. Obvious.

Sufficiency. Suppose that GACx, € px, foralla € A. Since {Cx,_ : a« € A} € ¢, then {GACx,, : € A} C
©.50,G = GA14 = GA (Uaealx,) = Uaea (GRCx,) € .

(b) Necessity. Obvious.

Sufficiency. Suppose that GRCx,, € (px, ) for all @« € A. Then for each a € A, Cx, — (GACx,,) =
Cx, A (14— Q) € px,. Thus, by (a), 14 — G €  and hence G € ¢°. O

Theorem 2.19. Let f,., : (P, ¢, A) —> (S, 0, B) be a soft function. If there are two covers {X,, : a € A} and
{Yo : € A} of P and S, respectively, such that {Cx_ : a € A} € ¢ — {04}, {Cy, : € A} € 0 — {05},
[k (Cy,) = Cx, and (fro)iox, + (Xaspx.,A) — (Ya,0v,,B) is soft regular-closed for all o € A,
then fr, : (P, o, A) — (S, 0, B) is soft regular-closed.

Proof. Let G € RC (). Then, by Lemma 2.17 (b), GACx,, € RC (¢x, ), and so ((f,.u,)lcx ) (GARCx,) =

Jrw (G) AY, € (oy, ) for all @ € A. Thus, by Lemma 2.18 (b), f,, (G) € o¢. Hence, fry @ (P, A) —>
(S, 0, B) is soft regular-closed. O

Corollary 2.20. Let f., : (P, ¢, A) —> (S, 0,B) be a soft continuous function. If there are two covers
{Xo:aeAland{Y, : a € A} of Pand S, respectively, such that {Cy, : « € A} € 0 — {05}, frd (Cy.) =
Cx, and (fm)lcxa : (Xayox,, A) — (Ya,0v,,B) is soft regular-closed for all oo € A, then fr,, :
(P, A) —> (S, 0, B) is soft regular-closed.
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For any function g : P — S, the function h : P — P x S defined by h(z) = (z, g (x)) will be denoted by
#
g7.

Theorem 2.21. Let f., : (P, ¢, A) — (S,0,B) be an injective soft function. If fr, : (P,p, A) —>
(S, 0,B) is soft regular-closed, then f.4.,4+ : (P,o,A) — (P x S,pr (¢ x o), A x B) is soft regular-
closed.

Proof. Let fry @ (P,¢, A) — (5,0, B) be soft regular-closed and injective. Let G € RC (¢). Suppose

to the contrary that f,#.,% (G) ¢ (pr (¢ x 0)). Then there exists (b1, bg)(zlm) EClyr(pxa) (fraws (G))

but (bl,bg)(%zz)gfr#w# (G). Since (blabQ)N(zhzz)%fr#w# (G), then either (b1),, ¢G or [(b1),, €G and

frw ((b1),,) # (b2),,]. Suppose that (b1), ¢G. Then (b1), €14 — G € RO(p) S . Since we have

(b1, b2)(21,22) g(lA —G)x1pepr(p x o)and (by, b2)(Zl,Z2) gClpr(wxg) (fr#w# (G)),then (14 — G) X 1) AN frawr (G) #
Oaxs. So, we find d.€G such that fr#,# (d2) = (d,w(d)), (.)€ (la—G) x 1. Thus, we have

d.€GA (14 — G), acontradiction. Suppose that [(by), €G and fr, ((b1),,) # (b2), 1. Since fr, is injective

and [, ((b1)21) # (b2),,. then (b2) Elp— frw(G). Since f., is soft regular-closed, then 15 — f,, (G) € o.

Since we have (b1,b2) ., ., €1la X (15 — frw(G)) € pr (¢ x ) and (b1, b2) ., ..} EClr(oxo) (fraws (G)),

then (14 x (1 = frw(G))) Afr#w# (G) # 0.axp. So, we find d.€G such that f,.4,# (d.) = (d, w (d)),
(1 = frw(G)). Thus, fry (d) = (w(d)) (o)) Efrw(G)A (18 — frw(G)), a contradiction.

)glAX

2,7 (2)

For a given soft function f,,, : SP (P, A) — SP (S, B), the soft set O {(a, W (a)) (g r(z) @€ Aandz € P}
is called the soft graph of f,.,, and is denoted by G (f). So, (a, b)(z,y) EGT (frw) iff fruw(az) = by iff
r(z) =yand w(a) = 0.

Corollary 2.22. If f., : (P,p, A) — (S,0,B) is soft regular-closed and injective, then Gr (fr,) €
(pr (o x 0))".

Proof. By Theorem 2.21, fo#.,% : (P,p, A) — (P x S,pr(p x 0), A x B) is soft regular-closed. Since
14 € RC (p), then fru % (14) = Gr (frw) € (pr (o x o))" O

The reverse of Theorem 2.21 need not always true.

Example 2.23. Letr P = R and A = {a}. Let  be the usual topology on P and ¢ = {ay : U € S}. Define
r:P— Pandw: A—> Aby
if ©#0

r@-{1 5

Then fruy# @ (P, A) —> (P x P,pr(p x ¢), A x A) is soft closed; hence soft regular-closed. On the
other hand, since ay oy € RC (p) while fru (ap1.0)) = ao] ¢ ©° then frw 2 (Pyp, A) — (P, ¢, A) is
not soft regular-closed.

=8|

and w(a) = a.

For any two non-empty sets X and Y, the projections on X and Y will be denoted by 7 x and 7y, respectively.
Thus, 7x : X xY — X and 7y : X x Y — Y are defined by 7x (z,y) = x and 7y (x,y) = y for all
(r,y) e X x Y.

Theorem 2.24. Let (P, , A) be soft compact and let (S, 0,) be any STS. Consider the projections 7g :
PxS— Sandng: AxB— B.Then frong : (P x S,pr(p x o), Ax B) — (S,0,B) is soft closed.
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Proof. Let G € (pr(p x 0))°. We will show that 15 — fr.rs (G) € 0. Let by€1g — fryry (G). Then
(14 x by) NG = 04xp and s0, 14 x b,Claxp — G € pr (¢ x o). Thus, for each a, € SP(P, A), there
exists U,, € p and V,,, € o such that a,€U,_, b,&V,_,and U,, x V, S1axp — G. Since (P, ¢, .A) be soft
compact and 14 = Ty, esp(p,4)Ua, » then there exists a finite set I' = SP(P, A) such that 1 4 = Ty erU,, .
Let H = Mg, erV,,. Then we have b,€H € 0.

Claim. HA fr s (G) = 15.

Proof of Claim. Suppose to the contrary that there exists (a,d), ,)€G such that fr r, ((a, d) (x,z)) =

d.€H. Choose h,, € I" such that a,€U}, . Then d.€V},, and so, (a, d)(z’z) €U, x Vi, S1axp — G, which is
a contradiction.

This cliam finished the proof. O

Theorem 2.25. Let fr, : (P, A) —> (S, 0,B) be a function such that (P, p,.A) is soft compact. If
fr#wr 2 (P, A) —> (P x S,pr (¢ x o), A x B) is soft regular-closed, [, is soft regular-closed.

Proof. Let G € RC (p). Since f,#,# is soft regular-closed, then f,#,4 (G) € (pr(¢ x ))°. Con-
sider the projections 7g : P x § — S and 7 : A x B — B. Then by Theorem 2.24, fr.r, :
(P x S,pr(p xo),AxB)— (S,0,B) is soft closed. Thus, frsrs (fr#w# (G)) = fruw (G) € . Hence,
frw is soft regular-closed. O

A soft restriction of a soft regular-closed function need not be soft regular-closed:

Example 2.26. Let P = R? and A =7. Let S be the usual topology on P and ¢ = {Cy; : U € S}. Consider
the identity functions v : P — Pand w : A — A. Then fr, : (P, A) — (P, ¢, A) is soft regular-
closed. Let X = [1,3) x [1,3). To show that (frw) o, : (X, ¢x,A) — (P, ¢, A) is not soft regular-closed,
letY = [2,3) x [2,3). Then Cy € RC (¢x) while (fru),c, (Cy) = Cy ¢ ¢°.

Theorem 2.27. If f,., : (P, , A) — (S, 0, B) is a soft regular-closed function and X < P such that Cx €
© — {0p} and there exists Y < S such that f,}(Cy) = Cx, then (fro)ioy + (X, 0x,A) — (Y oy, B) is
soft regular-closed.

Proof. Let K € RC (¢x). Then K = Cl,, (Int,, (K)) = CxACl, (Int,, (K)). Since Cx € ¢,
then Int,, (K) = Int, (K). So, K = Cl,, (Int,, (K)) = CxACl, (Int, (K)). Since fr, is soft
regular-closed and Cly, (Int, (K)) € RC (p), then fr, (Cl, (Inty, (K))) € o¢. Thus, (frw)c, (K) =
frw (Cly, (Int, (K))) ACy € (oy)°". O

Theorem 2.28. Let f,., : (P,p, A) — (S, 0, B) be soft regular-closed and surjective. If (P, p,.A) is soft
normal and .} (b,) € ¢° for each b, € SP (S, B), then f., is soft closed.

rTw

Proof. Suppose to the contrary that there exists G € ¢ such that f,.,, (G) ¢ o°. Then there exists b,€Cl; (frw (G))
but byé fru (G). Since byé fro (G), then fr} (b,) E14 — G. Since f} (by) € v¢, 14 — G € @, and (P, p, A)
is soft normal, then there exists H € ¢ such that f,,} (b,) SHECl, (H) S14 — G hence, f} (b)) SH =
Int, (H)CSInt, (Cl, (H))SCl, (H)S14 — G. Let K = Int, (Cl, (H)). Then K € RO (¢) such that
f;ul (by) CKZ1 4 — G. Since f,., is soft regular-closed, then by Theorem 2.14, there exists V' € o such that
b€V and f; .} (V)SEKS14 — G. Thus, f,} (V)& (14— G) = 04 and hence, VA fryy (G) = 0p. On the
other hand, since b,€C1, (fr (G)) and byEV € o, then VA f,., (G) # 0p, a contradiction. O
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3 Soft Separation Axioms

Theorem 3.1. Soft normality is preserved under soft continuous regular-closed surjections.

Proof. Let fry : (P, A) — (S7 o, B) be a soft continuous soft regular-closed surjection such that (P, ¢, A)

is soft normal. Let {M, N} < ¢¢ such that M AN = 0. Since f,, is soft continuous, then { f} (M), fra (N)} =
¢°. Also, we have fr, (M) 5 fr, (N) = froy (MAN) = fo, (05) = 04. Since (P, ¢, A) is soft normal,
then there exists {G, H} < o such that f,.} (M) SG, f.} (N)SH,and GRH = 0 4. Again, by soft normal-

ity, there exists {L, R} < ¢ such that f,} (M)ZLECl, (L)SG and f,,} (N)SRECl, (R)SH. So, we
have {Int, (Cl, (L)), Int, (Cl, (R))} € RO (9), fry (M) EInt, (Cly (L)), fry (N) Elnt, (Cl, (R)),

and

Int, (Cl, (L)) XInt, (Cl, (R)) = Int,(Cl,(L)~CL, (R))
Int, (GRH)
Int, (04)

= 0.4.

Fne

Since f,, is soft regular-closed, then by Theorem 2.14, there exists {V, W} < o such that MEV, NCW,
f;ul (V) élnt<ﬁ (CZ<F ( )) and frw ( ) Clnttp (Cltp (R)) Since frw ( ) N rwl (W) élnttp (CZAP (L)) r’%ITLttp (Cl@ (R)) =

0.4, then f .1 (V) A fL (W) = f.} (VAW) = 04. Since f,., is surjective, then we must have VAW = 0g.
This completes the proof. O

Theorem 3.2. Let f,, : (P, ¢, A) — (S, 0, B) be soft open, soft regular-closed, and bijective. Then (S, o, B)
is soft Hausdorff.

Proof. Since f, is soft regular-closed and injective, then by Corollary 2.22, Gr (f,) € (pr (¢ x 0))°. Let
by,d. € SP (S, B) suchthatb, # d. Since f,, is bijective, then fr, (fr-14-1 (by)) = frw ((wfl (b))r_l(y)> #
d.. Thus, (w™'(b),d) (r1(g).z) ELaxB = G (frw) € pr(p x o). So, there exist G € ¢, H € o, and
(w’l ), d) (r—1(1),2) €G x HS1 gx5 — Gr (frw). Since f,., is soft open, then f,.,, (G) € o. Thus, we have
by€frw (G) € 0,d.€H € 0, and f,., (G) "H = 1. Therefore, (S, o, B) is soft Hausdorff. O

Theorem 3.3. Let fr, : (P, A) — (S,0,B) be soft regular-closed, and bijective. If (P, ,A) is soft
Urysohn, then (S, o, B) is soft Hausdorff.

Proof. Letb,,d. € SP (S, B) suchthatb, # d.. Since f,,, is bijective, then (w ! (b))r_l(y) # (w™! (d))T._l(z).

Since (P, ¢, A) is soft Urysohn, then there exists {G, H} < ¢ such that (w ™ (b))r,l(y) €G, (wt (d))rl(z) ¢H,

and Cl,, (G) ACl, (H) = 04. Since {G, H} < ¢, then GEInt, (Cl, (G)) and HSInt, (Cly, (H)). Thus,

we have f.! (b,) SInt, (Cl, (G)) € RO (¢), fra (d.) EInt, (Cl, (H)) € RO (), and Int, (Cl, (G)) Ant, (Cl, (H)) S
04. Since f, is soft regular-closed, then by Theorem 2.14, there exists {V, W} € o such that byEV, d,eW,

frw (V) Elnt, (Cly, (G)), and foy (W) Elnty, (Cly, (H)). Since fr, (V) Afy, (W) Elnt, (Cl, (G)) Alnt, (Cl, (H)) =
04, then L (V)ANFL(W) = .1 (VAW) = 0.4. Since f.,, is surjective, then we must have VAW = 0.

This shows that (S, o, B) is soft Hausdorff. O

Lemma 3.4. If f.., : (P, ¢, A) — (S, 0, B) is soft almost-continuous and soft almost-open, then
(a) For each G € RO (o), frl (G) € RO (o).

(b) For each K € RC (o), f.l (K) € RC (p).

Proof. (a)LetG € RO (o). Since f,.,, is soft almost-continuous, then f..! (G) € ¢ and so ffwl (G)EInty, (Cly (frd (G))).
On the other hand, since Cl, (G) € RC (o) and f, is soft almost-continuous, then f, (Cl (G)) € ¢°
and so, Int, (Cly, (frh (G))) ECl, (frak (G)) Efrd (Cly, (G)). Moreover, since Int,, ( (fm, (@) €
RO () and f,, is soft almost-open, then f,.., (Int, (Cly, (fr (G)))) € o. Since Int,, (C’l (f (G))

then fr., (Inty, (Cly (fr (G)))) Efrw (fru (Cly (G))) ECI, (G). Since fru (Int ( ( @)
o, then fr, (Int, (Cly (fr (G)))) EInty, (Cly, (G)) = G. Hence, Int, (Cly, (fr (G )) o (frw
Therefore, f,.) (G) = Int, (Cly, (fra (G))) and hence, f,.} (G) € RO( ). O
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(b)Let K € RC (0). Then 15— K € RO (), and by (a), f.l (15 — K) = 14 — f.} (K) € RO (¢). Hence,
frw (K) € RC (9).

Lemma 3.5. If f., : (P,¢, A) — (S, 0,B) is soft O-continuous and soft almost-open, then f,,, is soft
almost-continuous.

Proof. Let a, € SP (P, A) and let G € o such that f,, (a;) € G. Since f, is soft -continuous, then
there exists H € ¢ such that a,€H and f.,, (Cl, (H))SCl, (G). Since Int, (Cl, (H)) € RO () and
frw is soft almost-open, then f,,, (Int, (Cl, (H))) € o. Since H € ¢, then HCInt, (Cl, (H)) and
SO, frw (H) S frw (Inty, (Cly, (H))) EInty (frw (Cly, (H))) Elnt, (Cl, (G)). This shows that fr, is soft
almost-continuous. O

Theorem 3.6. Soft almost-regularity is invariant under soft 0-continuous, soft almost-open, and soft regular-
closed surjections.

Proof. Let fry : (P, A) —> (S,0,B) be soft f-continuous, soft almost-open, soft regular-closed, and
surjective. Let (P, ¢, A) be soft almost-regular. Let b, € SS (S, B) and let K € RC (o) such that bng .
By Lemmas 3.4 and 3.5, f,,} (K) € RC (p). Since f,,, is surjective, then there exists a, € SS (P, .A)
such that f,., (ay) = b,. Then, we have apd 7l (K) € RC (), and by soft almost-regularity of (P, ¢, .A),
there exists {U,V} < ¢ such that a,EU, f..}(K)ZSV, and UNV = 04. It is not difficult to check that
{Int, (Cl, (U)),Int, (Cl, (V))} < RO () and Int, (Cl, (U)) AInt, (Cl, (V)) = 04. Since fry, is
soft almost-open, then f,,, (Int, (Cl, (U))) € o. Since f, is soft regular-closed and 1 4 — Int,, (Cl, (V)) €
RC (), then fr, (14 — Inty, (Cly, (V) € 0¢and 15— fro (La — Inty, (Cly, (V) € 0. Since a,EUInt,, (Cl, (U)),
then b,& f,., (Int, (Cl, (U))). Since f.}(K)SV<Int, (Cl, (V)), then 14 — Int, (Cl, (V))S1a —
il (K) = f2l (1 — K) and so, O

"w rw

frw (La —Int, (Cly (V) Efrw (frd (1s — K)) €15 — K;

hence, KE15— frw (La — Inty, (Cly, (V). Since Int, (Cly, (U)) Anty, (Cly, (V) = 0.4, then Int, (Cly, (U)) S14—
Int, (Cl, (V) and so,

frw (Int, (Cly, (U))) S frw (1a—Int, (Cl, (V)));

this implies that f.., (Int, (Cl, (U))) A (1 — frw (14 — Int, (Cl, (V)))) = 0s. This shows that (.S, o, B)
is soft almost-regular.

Corollary 3.7. Soft almost-regularity is invariant under soft continuous, soft open, and soft closed surjections.

Theorem 3.8. If (P, ¢, A) is soft regular and f, : (P, ¢, A) — (S, 0, B) is a soft almost-continuous and
soft regular-closed surjection such that f,,} (b,) is soft compact for each b, € SS (S, B), then (S, o, B) is soft
almost-regular.

Proof. Let b, € SS(S,B) and let G € RO (o) such that b,€G. Since f,,, is soft almost-continuous, then
f71(G) € . For each a,&f} (by), az€ ~L(@), and by soft regularity of (P, ¢, A), we find U,, € ¢ such
that a,€U,, SCl, (U,,) Sfrk (G). Since fr} (b,) is soft compact and f} (by) éOazéﬁJ(by)Uax, then
there exists a finite set f = SS(P, A) such that a,Ef,.} (b,) foreach a, € F and f,,} (by) ETa,er U,,. We
have
ffwl (bu) - OaxEFan

Ug,er Cly (Ua,)
CZ@ (Gamef Uaz)

fra (G).

N 1IN ine

rTw

Put H = U, e Uq,. Then H € pand f,,} (b)) SHSCl, (H) S f,.} (G). So,
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frw (by) % H
S Int, (Cl, (H))
< Cly, (Int ( l, (H)))
- ( o (H))
= ( )
- f&j (@).

Let K = Cl, (Cl, (H)). Then K € RO (p) with f,.} (b,) SKSCl, (K

) (G). Since fr, is soft
regular-closed then by Theorem 2.14, there exists V' € o such that b,€V and f

V) S K. Then, we have

S
r

by€VE frw (K) S frw (Cly (K)) E frw (frar (G)) EG.

Since f., is soft regular-closed and Cl,, (K) € RC (¢), then fr,, (Cl, (K)) € 0°. Therefore, we have

b,EVEInt, (Cl, (V) ECL, (Int, (Cly (V) = Cl, (V) Efrw (Cl, (K)) EG.

Let M = Int, (Cl,(V)). Then M € RO () and b,€MECl, (M)<SG. It follows that (S, 0, B) is soft
almost-regular. O

Theorem 3.9. Soft almost-normality is invariant under soft continuous, soft almost-open, and soft regular-
closed surjections.

Proof. Let fr, : (P, A) — (S, 0, B) be soft continuous, soft almost-open, soft regular-closed and sur-
jective. Let (P, ¢, A) be soft almost-normal. Let M € RO (o) and let K € o¢ such that KEM. Since
frw 18 soft continuous, then fm (K) € . Since f, is soft continuous (hence soft almost-continuous)
and soft almost-open, then by Lemma 3.4, f,.} (M) € RO (¢). Since (P, ¢, A) is soft almost-normal and
Jrad (K) S fra (M), then there exists U € ¢ such that f,,} (K) SUSCl, (U) S fr} (M). Thus,

w Tw

~

frw (K)EUEInt, (Cl, (U)) ECI, (Int, (Cl, (U))) = Cl, (U) S fra (M).

Let N = Int, (Cl, (U)). Then N € RO (p) and f,,} (K)SENCSCl, (N)Sf L (M). Since fo, is soft
almost-open, then f,., (N) € o. Also, since f,, is soft regular-closed, then f,., (Cl, (N)) € o°. Therefore,
we have K€ fr.y, (N) € fry (Cly, (N)) EM. Hence, (S, 0, B) is soft almost-normal. O

Theorem 3.10. Let f,,, : (P, ¢, A) —> (S, 0, B) be soft §-continuous and soft regular-closed surjection such
that f.} (by) is soft N-closed relative to (P, p, A) for each b, € SS (S, B). If (P, ¢, A) is soft almost-regular,
then (S, 0, B) is so.

Proof. Let b, € SS(S,B) and let G € RO( ) such that b,€G. Since f,, is soft J-continuous, then
[l (G) € ps. Then, foreach a € £} (b,) S frk (G), there exists U,, € RO (i) such that a,€U, S f.} (G).
Since (P, p,.A) is soft almost- regular then for each a,Ef} (by), “there exists H,, € RO (p) such that
az€H,, SCl, (H,,) CSU,, S frk (G). Since fr,} (by) is soft 'N-closed relative to (P, A)and f,,} (b,) SO
then there exists a finite set f < SS(P, A) such that a,€f,.} (b y) foreach a, € F and f,Twl (by) E0a,er Ha, -
Put H = Int, (Cl, (Oa,er Ha,)). Then H € RO () and f,.} (b,) SHECl, (H) S f,.L (G). Since f, is
soft regular-closed and Cl,, (H) € RC (i), then f,., (Cl, (H)) € o, and by Theorem 2.14, there exists K € ¢
such that b,€K and f,,! (K) S H. Therefore, we have byEKC f,, (H) < fr (Cl, (H)) EG. Consequently,

we obtain b,EKCECl, (K) SG. It follows that (S, o, B) is soft almost-regular. O
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4 Conclusion

Soft closed functions between soft topological spaces are employed to define and investigate numerous critical
properties and invariants of soft topological spaces. These functions have a wide range of applications, in-
cluding soft optimization theory, soft approximation theory, soft control theory, soft data analysis, soft image
processing, and soft decision making.

In this paper, soft regular-closed functions are defined as an extension of regular-closed functions in general
topology. Several characterizations of soft regular-closed functions are given. It is proved that soft regular-
closedness is strictly weaker than soft closedness functions. The relationships between these soft functions
and their topological analogs are studied. Furthermore, sufficient conditions are provided for the soft regular-
closedness of a soft function. Furthermore, utilizing soft regular-closed, many preservation theorems of soft
separation axioms are provided. Finally, the study deals with soft restrictions and soft products.

The composition of two regular-closed functions is not necessarily regular-closed. Also, soft regular-closed
functions do not necessarily preserve separation axioms. For example, a soft regular-closed function from a
soft normal space to another soft topological space may not preserve soft normality. These are two significant
limitations.

Future research might look into the following topics: (1) defining soft weakly closed functions; (2) finding a
use for this new concept in a ”decision-making problem.”; and (3) extend some topological concepts to include
neutrosophic topological spaces as in 2557
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