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Abstract

In this article, we introduce and establish a novel concept called ’cubic spherical linguistic neutrosophic topo-
logical spaces’ by employing cubic spherical linguistic neutrosophic sets and topological frameworks. Various
foundational definitions, theorems, and properties are provided along with illustrative examples.
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1 Introduction

Many investigators in business, science, economy, and a variety of other fields deal with modeling unknown
data on a regular basis. For these ambiguities and uncertainties, traditional techniques are not always suc-
cessful. Lotfi A. Zadeh!® introduced the idea of assigning a membership or truth value to the elements of
a well-defined collection of objects, known as sets. These systems can handle a variety of inputs, including
ambiguous, distorted, or inaccurate data. The idea of fuzzy topology was initially developed by Chang? in
1967. Over time, many topological structures and generalizations have been developed using fuzzy sets. In
addition to the degree of truth membership, Atanassov! introduced a non-membership value which gener-
alized fuzzy sets into intuitionistic fuzzy sets. In 1997, Coker* extended these ideas to define intuitionistic
fuzzy topology. Later, Smarandache!* introduced the concept of an indeterminacy membership function in
1999, adding another dimension to the theory. Neutrosophic sets, with their ability to model uncertainty, have
found important applications in areas such as decision making and medical diagnosis. Wang and Smaran-
dache!® further developed this idea by introducing interval-valued neutrosophic sets. Qualitative attributes
can be easily expressed in linguistic terms, a concept developed by Zadeh?Y The idea of linguistic variables
was applied in decision making by Herrera et al'? in 2000 and by Herrera-Viedma and Verdegay'!' in 1996.
Sul? used linguistic preference information in group decision making. Chen, Liu et al” introduced linguistic
intuitionistic fuzzy numbers (LIFN) in 2015. Since LIFNs lack indeterminacy, Ye'® proposed the notion of
single-valued neutrosophic linguistic numbers (SVNLNSs) in 2015 and developed an extended TOPSIS model
for multi-attribute group decision-making (MAGDM) utilizing SVNLNs. An extended COPRAS model for
MAGDM based on a single-valued neutrosophic 2-tuple linguistic environment was developed by Wei, Wu
et al™ Fang, Zebo et al® introduced linguistic neutrosophic numbers in 2017 with a concrete definition.
S.Gomathi,S.Krishnaprakash,M.Karpagadevi, and Said Broumi” introduced cubic spherical neutrosophic sets
in 2023 and S.Gomathi,M.Karpagadevi, and S.Krishnaprakash'” introduced cubic spherical neutrosophic topo-
logical spaces in 2024. N.Gayathri and M.Helen” introduced Linguistic Neutrosophic Topology in 2021. In
This paper section 2 deals with the basic definitions of LNNs. In Section 3, the concept of cubic spherical
linguistic neutrosophic topology is introduced, and some properties are discussed. cubic spherical Linguistic
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neutrosophic derived sets are presented in Section 4. Finally, in Section 5, the notion of cubic spherical lin-
guistic neutrosophic continuity and cubic spherical linguistic neutrosophic dense sets are defined and discussed
with suitable examples.

2 Preliminaries

Definition 2.1.% Let S be a space of points (objects), with a generic element in 2 denoted by S. A neutrosophic
set A in S is characterized by a truth-membership function 74, an indeterminacy-membership function /4 and
a falsity-membership function Fy. Ta(x), I4(z), and F4(x) are real standard or non-standard subsets of
J0~,17[. That s,

TAZS—>}07,1+[, IA:S—>]07,1+[, FA:S—>}07,1+[

There is no restriction on the sum of T4 (), I4(x), and F4(x), so

0~ <supTa(z)+supla(z)+sup Fa(z) < 3*.

Definition 2.2.14 Let S be a space of points (objects), with a generic element in x denoted by S. A single valued
neutrosophic set (SVNS) A in S is characterized by the truth-membership function 74, the indeterminacy-
membership function I 4, and the falsity-membership function F4. For each point x in S, T'4(x), I4(x), and
Fa(z) €]0,1].

When S is continuous, a SVNS A can be written as:

A= /(T(x),](w),F(m)}/x €.
When S is discrete, a SVNS A can be written as:

A=Y (T(wi), I(x:), F(x:)) /2 € S,

Definition 2.3 Let S = {sy | # = 0,1,2,...,7} be a finite and totally ordered discrete term set, where 7 is
an even value and sg represents a possible value for a linguistic variable. For example, when 7 = 6, S can be
expressed as:

S = {very bad, bad, fair, very fair, good, very good}.

Sul extended the discrete linguistic term set S into a continuous term set S = {sp | § € [0, ¢}, where, if
sg € S, then we call sy the original term, otherwise it is called a virtual term.

Definition 2.4.% Let Q = {s¢, 51, 52, .., 5} be a linguistic term set (LTS) with odd cardinality ¢ + 1, and
Q = {sn/s0 < sp < st, h €[0,¢]}. Then, a linguistic single valued neutrosophic set A is defined by:

A= {<$,89($),S¢($),SU(.’E)> ‘ x e 5}7

where s¢(x), sy (), so(x) € Q represent the linguistic truth, linguistic indeterminacy, and linguistic falsity
degrees of S to A, respectively, with the condition:

0<0+1+o0 <3t

This triplet (sg, sy, S») is called a linguistic single valued neutrosophic number.

Definition 2.5 Let o = (8p, 54, 50), @1 = (S, 8415501 )> @2 = (Sg,, Sys S0, ) be three linguistic single
valued neutrosophic numbers (LSVNNs), then:

° (1) aC:(SO'751l)750);
* (2) aq U g = (max(by,62), min(y1,¢2), min(o1, 02));
. (3) (65) n Qg = (min(@l, 02),H1&X(’(/)1,¢2),IH&X(0'1, 0'2));
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* (D) ar =aziff 0y = b, 1 = 92, 01 = 02.

Definition 2.6.% Let a = (ly, ly,ls) be a LSVNN. The set of all labels is L = {lo,{1,l2,...,l;}. Then the

unit linguistic neutrosophic set (1) is defined as:
1w = (Ie, 1o, o),

which represents the truth membership, and the zero linguistic neutrosophic set (0z ) is defined as:
0Ly = (los e, 1e),

which represents the falsehood membership.

Example 2.7. For the linguistic neutrosophic set

L = {very bad, bad, fair, very fair, good, very good}

the set of all labels is L = {lo, 1, 12,3, (4, l5}. Then, the unit linguistic neutrosophic set is defined as:
1y = (Is, 1o, bo),

and the zero linguistic neutrosophic set is defined as:

Oy = (lo, l5,15).

Definition 2.8.7For a linguistic neutrosophic topology 7, the collection of linguistic neutrosophic sets should
obey,

1. OLN,ILNETF
2. KiNKy enforany K1, Ko €
3. UKi€7T,V{KiZ’i€J}C7T

We call the pair (Sy,n, 7N ), a linguistic neutrosophic topological space.

Definition 2.91" Let 7, € C'SN(X), then 7 is called a cubic spherical neutrosophic topology on X, if the
following hold:

1. 1@,0@ S T0-
2. 0g,,0r, € 7o = Or, NOR, € Te.

3. {é‘]R1 \ZGA}QT@ — U(SRL ET@.

Definition 2.10.2 Let’s assume a fixed universe X and its subset csA. The set
csA, = {(z,esp(x), csv(x), csn(x);p) v € X}

where csp, csv,esn @ X — [0, 1] are functions such that csuA + csvA + csnA < 3 and p € [0,1]. The
radius p of the sphere with center (csu(x), csv(x), csn(x)) inside the cube or cube inside the sphere is called
cubic spherical neutrosophic set (CSNS) c¢sA,,. This sphere represents the membership degree, indeterminacy
degree and non-membership degree of z € X.

Let
{(cspi1,csvi1,c5M5.1), (€S2, CSV; 2, €S 2), - .+, (CSL k; » CSVi iy, CSTU s ) }

be a collection of NSs assigned for any x; € X. We construct the center of the sphere by

ki k‘z‘ ki
L CSLi g 1, Csv; L csng g
(esp(x;), csv(x;), esn(z;)) = 2y Oy , 2= ’ 2z ! (1)
ki ki ki
and the radius using
p; = min {1I<1’la<)§: \/(cs,u(a?i) —cspij)? + (esv(x;) — csv; ) + (esn(x;) — esnij)?, 1} . (2)
ISR
Then the spheres inside the cube or cube inside the sphere by
csA, = {(x;, esp(x;), esv(x;), esn(x;); p) - ¢ € X} 3)
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3 Cubic Spherical Linguistic Neutrosophic Topological Space

In this section, be introduced the concepts of cubic spherical linguistic neutrosophic topological spaces.
Definition 3.1:

For a cubic spherical linguistic neutrosophic topological space Tcspn, the collection of cubic spherical lin-
guistic neutrosophic sets should obey:

1. Ocsn,lecsLn € TcsLn,
2. RiNRy € Togpn forany Ry, Ry € TosL N,

3. URi € tospn forallR; : i€ J C 1o5LN.

We call the pair (Qcsrn, Toson) a cubic spherical linguistic neutrosophic topological space (CSLNTS).
Remark 3.2: Let (Qcsrn, Tosnn) be a cubic spherical linguistic neutrosophic topological space (CSLNTS).
Then, (Qcsrn,Teson)® is the dual CSLN topology, whose elements are RE g,y for Resiy €
(QcsLn,TesLN)-

Any open set in Tcs, v 1S known as a cubic spherical linguistic neutrosophic open set (CSLNOsS). Any closed
set in 7c g is known as a cubic spherical linguistic neutrosophic closed set (CSLNCS) if its complement is
a cubic spherical linguistic neutrosophic open set.

Figure 1: Geometric representation of CSLNTS

Example 3.3:

Let the universe of discourse Ucsn = {u, v, w, z} and the set Qcsrny = {u, v}, with the linguistic term set
L = {very poor, poor, very bad, bad, fair, good, very good}.

For each linguistic term, we define a corresponding cubic spherical linguistic neutrosophic number in terms of
truth-membership (7'), indeterminacy-membership (I), and falsity-membership (F), satisfying T2+ 124 F? <
1.

Let:
Resen = {(u, (5,13, 14)), (v, (L1, 12, 13)) }

For the element u: [5 = good = [0.7,0.8] I3 = bad = [0.3,0.4] l4 = fair = [0.5, 0.6]
Thus, for u:

Truth-membership 7, = [0.7,0.8] Indeterminacy-membership I, = [0.3,0.4] Falsity-membership F,, =
[0.5,0.6]
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These values satisfy the spherical neutrosophic condition:

T? + I+ F2 = (0.7)? + (0.3)% + (0.5)> = 0.49 4+ 0.09 + 0.25 = 0.83 < 1

For the element v:
l4 = fair = [0.5,0.6] l2 = very bad = [0.1,0.2] I3 = bad = [0.3,0.4]
Thus, for v:

Truth-membership 7, = [0.5,0.6] Indeterminacy-membership I, = [0.1,0.2] Falsity-membership F,, =
[0.3,0.4]

These values satisfy:

T? + I + F? = (0.5)2 + (0.1)> + (0.3)? = 0.25 + 0.01 + 0.09 = 0.35 < 1

Let:
Heson = {(u, (le, l2,12)), (v, (ls, 11, 10)) }

For the element u:
lg = very good = [0.8,1.0] [y = very bad = [0.1,0.2]
Thus, for u:

Truth-membership 7,, = [0.8,1.0] Indeterminacy-membership I, = [0.1,0.2] Falsity-membership F,, =
0.1,0.2]

These values satisfy:

T? +1* + F?2 = (0.8)* + (0.1)® + (0.1)® = 0.64 + 0.01 4 0.01 = 0.66 < 1

For the element v:
lg = very good = [0.8,0.9] I; = poor = [0.2,0.3] Iy = very poor = [0.0,0.1]
Thus, for v:

Truth-membership 7, = [0.8,0.9] Indeterminacy-membership I, = [0.2,0.3] Falsity-membership F,, =
[0.0,0.1]

These values satisfy:

T? + I + F? = (0.8) 4 (0.2)> + (0.1)*> = 0.64 4+ 0.04 + 0.01 = 0.69 < 1

Finally, the collection:
Tesin = {0cscn,Reson, Hesow, leson}

forms a cubic spherical linguistic neutrosophic topology on (Qcsrn, TosLn)-
Definition 3.4:

Let Rosrn represent a set in cubic spherical linguistic neutrosophic topological space (CSLN).
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¢ Cubic Spherical Linguistic Neutrosophic Interior:
CSLNint(RCSLN) = U{OCSLN | OcsinisaCSLNOSinQgcsrny where Ocsry C RCSLN}

where Ocspn is the cubic spherical linguistic neutrosophic open set and the interior represents the
largest cubic spherical linguistic neutrosophic open subset of Rosyn-

¢ Cubic Spherical Linguistic Neutrosophic Closure:
CSLNCI(HCSLN) = ﬂ{JCSLN ‘ Jospnisa CSLCNSinQcsrny where Hogr vy C JCSLN}

where Jo gz is a cubic spherical linguistic neutrosophic closed set and the closure represents the small-
est cubic spherical linguistic neutrosophic closed set containing He gy -

Example3.5:

CSLNint(RCSLN) = NCSLN; CSLNCZ(RCSLN) = ICSLN

where N¢o gy is the cubic spherical linguistic neutrosophic interior and 1¢ sz is the total space in CSLN.
Theorem 3.6

Let (Qcsin,Tosnn) be a Cubic Spherical Linguistic Neutrosophic Topological Space (CSLNTS), and let
Resen,Heson € Qosrn. Then:

I. Resrny € CSLNcl(Resrn),

2. Reospn is CSLN closed if and only if Rogr, v = CSLNcl(Resn),

3. CSLNcl(0¢srn) = Ocsry and CSLNcl(Qcsnv) = Qesen,

4. Rosy CHespny = CSLNcl(Respny) € CSLNcl(Heson),

5. CSLNcl(Respy UHesry) = CSLNcl(Reszn) U CSLNcl(Heson ),
6. CSLNcl(Resrny NHesrn) € CSLNcl(Respn) N CSLNcl(Hesz ),
7. CSLNcl(CSLNcl(Reszy)) = CSLNcl(Rosr ).

Proof:

1. From the definition, Resr, v € CSLNcl(Resrw).

2. If Rosrn is CSLN closed, then Rogrn is the smallest CSLN closed set containing Rogzy. Hence,
Respn = CSLNC](RCSLN). Conversely, if Rosry = CSLNCI(RCSLN), then Ro g is the smallest
CSLN closed set containing Ro sz, and hence Rogyn is CSLN closed.

3. If RC’SLN is CSLN ClOSCd, then RCSLN = CSLNCI(RCSLN). Since OC'SLN and QCSLN are CSLN
closed, we have CSLNcl(0¢sn) = Ocsrny and CSLNcl(Qesrn) = Qosin-

4. If Respy € Hegsrn, since Hespny € CSLNcl(Hesrn) and Rogsry € CSLNcl(Hegrn ), then

CSLNcl(Resrn) € CSLNcl(Hesrn)-

5. As Resiny € Regsiv U Hesey and Hespy € Respv U Hesonv, CSLNcl(Resiny) €
CSLNC](RCSLN U HCSLN) and CSLNC](HCSLN) - CSLNC](RCSLN U HCSLN)- Thus,
CSLNcl(Resry U Hespy) € CSLNcl(Rospn) U CSLNcl(Hesry). Since CSLNcl(Resrny) U
CSLNcl(He sz ) is CSLN closed and Rosr, v UHes v € CSLNcl(Resrn) UCSLNcl(Heszn ), we

conclude that CSLNcl(Resry UHesry) = CSLNcl(Reszy) U CSLNcl(Hesz ).
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6. Since Resy NHeson € Resey and Respy NHesey € Hegrn, CSLNcl(Resy NHesoy) €
CSLNcl(Respy) N CSLNC](HCSLN).

7. As CSLNcl(Rgosrn) is a CSLN closed set, CSLNcl(CSLNcl(Rosrn)) = CSLNcl(Resrn)-

Remark 3.7

If CSLNint(Resry) = CSLNcl(Resz ) is a cubic spherical linguistic neutrosophic closed set (CSLNCS),
then we have:

1. CSLNint(Resrn) = Rogrn if and only if Rog v is CSLNOS (cubic spherical linguistic neutrosophic
open set) in (Qcsn, TosLn)-

2. CSLNcl(Resrn) = Resrn if and only if Rogy, v is CSLNCS (cubic spherical linguistic neutrosophic
closed set) in (Qcsrn, TosLN)-

Theorem 3.8
Let (Qcsin,Tesnn) be a cubic spherical linguistic neutrosophic topological space (CSLNTS), and
Reson € Qespn. Then:

1. Qcsn — CSLNint(RCSLN) = CSLNint(QCSLN — RCSLN)
2. Qcsry — CSLNcl(Resry) = CSLNcl(Qesry — Reson)

Proof:

(i) Let S € Qcsry — CSLNint(Resry) = S ¢ CSLNint(Resyn). Thus, there is no cubic spherical
linguistic neutrosophic open set G containing S, i.e., Cosrn N (S — Respn) # 0 for every CSLN open set
G.

Since Qs y —CSLNint(Rosry) € CSLNcl(Qosrv —Resrn), we conclude that S € CSLNcl(Qesrny —
Reson)-

Conversely, if S € CSLNcl(Qcsry — Roson), then Gesiy N (Qesoy — Resnny) # 0 for every CSLN
open set G. Hence, S ¢ CSLNint(A), which implies S € Qcsrny — CSLNint(Resry)-

Thus, Qesy — CSLNint(RCSLN) = CSLNint(QCSLN — RCSLN)-

(i1) The proof for this part is similar to (i).

Remark 3.9
On taking complements on both sides of Qcsr,y — CSLNint(Rogz,n) = CSLNint(Scsry — Resrn) and

QCSLN — CSLNC](RCSLN) = CSLNC](QCSLN — RCSLN>, we have:

1. CSLNint(Rcsrny) = Qoscy — CSLNcl(Qoscy —Resen)
2. CSLNcl(Resrn) = Qosry — CSLNint(Qesry — Reosn)

Theorem 3.10

Let (Qesrn, Tesnn) be a Cubic Spherical Linguistic Neutrosophic Topological Space (CSLNTS), and let
Reson,Hesiy € Qespn. Then:
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1. CSLNint(Resrn) = Regp if and only if Rogy v is CSLN open.

2. CSLNint(@csin) = Desry and CSLNint(Qesrny) = Qosin.

3. Roscy € Hesry = CSLNint(Resz ) € CSLNint(Hesrw)-
CSLNint(Reosyy) U CSLNint(Hesrv) € CSLNint(Rosy U Hesnn).
CSLNint(Resry NHespy) = CSLNint(Reszy ) N CSLNint(Hespy ).
CSLNint(CSLNint(Reszy)) = CSLNint(Resn ).

SANES U

Proof:Obvious

Definition 3.11

Let Qcsrny be a non-void set, and let Rospny = {(S, [TResins IRosins FRosin])} and Hespy =
{08, [THesrns IHesins Flessx]) } be cubic spherical linguistic neutrosophic sets in CSLNTS.

1. The union of Rosr,y and H sy, v is defined as:
Reseny UHeson =A{(S, Tresin Y THesn s Iresin M Heson FResn N Ficsen])}
2. The intersection of Rosnv and Hegy, v is defined as:
Resen NHesen = A{(S, Tresin N THosin s Iresin Y Heson s FReson U Fiicson])}
3. The complement of R sy v is defined as:
Respn = {(8,[1 = Trospns 1 = Trosiny 1 = Frospn])}

4. Additional properties:

(a) (RgSLN>C =Resin
() (Reszy NHeson) =REg vy UHS g, v
© (Respy UHesin)C =RSg, vy NHE g, &

Theorem 3.12

Let (Qcsrn, Tcsnn) be a Cubic Spherical Linguistic Neutrosophic Topological Space (CSLNTS). A
point S € CSLNcl(Respw) if and only if Uosry N Respn # Deosrn for every cubic spherical
linguistic neutrosophic open set Uospn containing S, where Rosrny € Qosin-

Proof:

(a) If Ucsrny is a CSLN open set and if S € CSLNcl(Reszn), then Qosry — Uosnn is CSLN
closed. If Respv NUcsin = Deosin, then Rospn € Qespy — Ucsen. Thatis, Qosiy —
Ucspn is a CSLN closed set containing Reosyy. Therefore, CSLNcl(Resry) € Qosin —
Ucsrn, which is a contradiction, since S € CSLNcl(Rogsrn) but S ¢ Qcsin — Ucsin-
Hence, Rosrny NUcsy # Deosin, for every CSLN open set Uc gy containing S.

(b) Conversely, if Rogry N Ucsey # Dosrn for every CSLN open set Uogry containing S,
and if S ¢ CSLNcl(Resrn), then S € Qcsny — CSLNcl(Regrn), which is CSLN open.
Hence, (Qcsy — CSLNcl(Resen)) NResoy = Dosin. But Respy € CSLNcl(Rospw),
and hence Qcsr,y — CSLNcl(Resrn) N Resiy = Desrn, a contradiction. Therefore, S €
CSLNC](RCSLN).

DOI: https://doi.org/10.54216/IJNS.250331 356
Received: March 17, 2024 Revised: June 14, 2024 Accepted: October 26, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 349-362, 2025

Definition 3.13

Let (Qosrn, Tosrn) be a Cubic Spherical Linguistic Neutrosophic Topological Space (CSLNTS) and
Toson = {0csrn, Qeson}- Then, Togrn is called the CSLN indiscrete topology over Qosry-

Definition 3.14

Let o5 N be the collection of all CSLN sets that can be defined over Qs n- Then, (Qesry, TosLy)
is called the CSLN discrete topology over Qcsrn-

Theorem 3.15

Let (Qcsnn, 7ésry) and (Qoson, Tég1 ) be two Cubic Spherical Linguistic Neutrosophic Topolog-
ical Spaces (CSLNTSs), then (Qcsrn, 7dsry N Tésry) is @ CSLNTS on Qesi .

Proof:

(a) Clearly, @csrn and Qosry € TéSLN N T%SLN.

(b) Lft FetignN T%S%N. Then, F; € Tt n arlld F; e TéSLNW € I. Therefore, | J
Tosin and Ui Fi € 7égp - Thus, User 5 € To5n N TasN-

(¢) Let Rosrny and Qesry € TéSLN N T%SLN, which implies Respn, Hosny € TéSLN and

2 . 1 2

Hesin,Hesin € Tégrn- Since Resry NHesen € Tagry and Regiy NHesen € Téspns
1 2

we have Roginy NQesin € Teginy NTésn-

ierFi €

Thus, (Qcsin, Tésrn N Tésrn) is a CSLNTS on Qs -

Remark 3.16

The union of two Cubic Spherical Linguistic Neutrosophic Topological Spaces (CSLNTSs) may not be
a CSLN topology over Qcsrn-

Example 3.17.

Let the universe of discourse be U = {a, b, ¢} and S = {a}. The set of all linguistic terms is
L = {very salt(ly), salt(ly ), very sour(l3), sour(l3), bitter(l4), sweet(l5), very sweet(lg)}

and
,/_1CSLN

= {OcsLN; lesin, Resin }

where Resin = {(a, (Is, I3, 14))}, where the element a’s degree of appurtenance to the set Respn is very
sweet (lg), the element a’s degree of indeterminate appurtenance to the set Regpn is sour (/3), and the
element a’s degree of non-appurtenance to the set Respy is bitter (14).

Let

CSLN
Ty ={0cscn,lesen, Hoson}

where Hesin = {(a, (14,15,12)) }, where the element a’s degree of appurtenance to the set Hegpn is
bitter (l4), the element a’s degree of indeterminate appurtenance to the set Hcgpn is sweet ([5), and the
element a’s degree of non-appurtenance to the set Hespy is very sour (l2). Let 7555 and 755N be two
CSLN topologies on QcspN-

Then,
TOSENUTESIN = {0csin, Losin, Rosons Qesnt = {O0cson, Leson, {(a, (I, 13, 13)) 1, {(a, (L, 15, 12)) } -
Now,
Resrn UQesiy = {(a, (I, ls5,12))} ¢ 7 XN U5 SEN.
Rescy NHesiny = {(a, (I, 13,13))} ¢ 709N U STV,
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Therefore, union of any two linguistic neutrosophic topologies need not be a linguistic neutrosophic topology.

Definition 3.18

Let (Qcsrn, Tesrn) be a Cubic Spherical Linguistic Neutrosophic Topological Space (CSLNTS) and
Ucsrn be a Cubic Spherical Linguistic Neutrosophic Set (CSLN) over Qcgsz . Then any point S is a
CSLN interior point of Ucgy, v, if there exists a CSLN open set Vs ny such that S € Uospn C Veson.

Definition 3.19

Let (Qcsrn, Tesrn) be a Cubic Spherical Linguistic Neutrosophic Topological Space (CSLNTS) and
Ucsrn be a CSLN set over Qcospn. Then, Veogrn is called a CSLN neighborhood if there exists a CSLN
open set Vogry suchthat S € Ussny € Voson.

Theorem 3.20

Let (Qcsrn, Tosrn) be a CSLNTS, then:

1. Each s € S has a neighborhood.

2. If UCSLN and VCSLN are CSLN neighborhoods of some x € QCSLN’ then UCSLN N VCSLN is also
a CSLN neighborhood of s.

3. If Ucspn is a CSLN neighborhood of S and Ucsr v N Veson, then Vogy v is also a CSLN neigh-
borhood of s € Qcsrn.

Proof:

(1): (2): Let Uosrny and Vespn be CSLN neighborhoods of some s € S, then there exists UéSL n and
VCI‘SLN € 7such that S € Ué‘SLN CUcsry and S € V(}”SLN C VesLn.

Now, S € Ucsrn and S € Vogpy implies that S € Ul g, n N Vg ny and Ulg, n N Vg y € 7. So
wehave S € Ulg; nNVidsr v € UcsinNVeson. Thus, Ucsy NVesry is a CSLN neighborhood
of s.

(3): Let Ucgr v be a CSLN neighborhood of s and Usspy N Veospn. By definition, there exists a CSLN
open set Ué’SLN such that s € U(173LN CUcsn NVespn. Then, s € Ucsn € Voson.

Therefore, Vg v is also a CSLN neighborhood of s € S.

Theorem 3.21

Let (QcsLN, TcsLn) be a CSLNTS. For any CSLN open set Respy over S, Respy is a CSLN neighborhood of
each pointin (), ., A;.

Proof:

Let Resin € 7esin. For any S € ﬂiel Kcsini, we have S € A; forall ¢ € I. Thus, S € Rcsin, and hence

Resin is @ CSLN neighborhood of S.

4. Cubic Spherical Linguistic Neutrosophic Derived Sets

Definition 4.1

Let (QCSLNa TCSLN) be a CSLNS and Rosry € Qesrn- Let s € Qosrn. s is called a CSLN limit point

of RCSLN if

Ecsin N (Respn — {s}) # 0
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for every CSLN open set Ec gy containing s.
The collection of all CSLN limit points of Rog v is the CSLN derived set LN D (Reosrn) of Resrn

Theorem 4.2

CSLNcl(Resrn) =Respny ULND(Resry) where Regin € Qosen

Proof:

If s € Respy U LND(Resrn), then s € Regry or s € LND(Resry). If s € Reson, then s €
CSLNcl(Respn)- Therefore, let s ¢ Respn. Thatis, s € LND(Respn). Then, for every CSLN open set
FEcspn containing s,

Ecsin N(Resoy —s) # 0.
Since s ¢ Resons Eospny NReson 7£ 0. Thus, s € CSLNCZ(RCSLN).
Hence,
Resin ULNDRespy) € CSLNC(Rosin)-

Ifs e CSLNCZ(RCSLN) and s € Rogrn, then s € Rogpy U LND(RCSLN). If s € CSLNCZ(RCSLN)
but s ¢ Rosrw, then Ecspy NResry # 0 for every CSLN open set Ecsy, v containing s, and hence,

Ecsin N(Reson —s) # 0.

Therefore, s € LND(Resry),ie., s € Respny ULND(Reospw)-

Thus,

CSLNC[(RCSLN) C Resy U LND(RCSLN).
Therefore,

CSLNC[(RCSLN) =Resy U LND(RCSLN).
Theorem 4.3

If the derived set of Rogpn is a subset of Rosr N, then Rogrn is CSLN closed.
Proof:

Respn is CSLN closed if and only if
CSLNcl(Recspn) = Resww,
iff
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Resiny ULND(Reson) = Resow,

iff

LND(Rcsn) € Reson.

Theorem 4.4.
IfResp is a singleton subset of Qospn, then LND(Resrn) = CSLNcl(Resin) — Resion.

Proof:
If s € LND(Resin), then for every CSLN open set Ec s,y containing s,
Ecsin N(Resoy —s) # 0.

Then s ¢ Respn. Suppose if s € Respn, then Rogry = {s}, and

Ecsin N(Resoy —s) = 0.

It is true that

LND(Rcsin) € CSLNcl(Resin)-

Then, s € CSLNcl(Rospn) but s € Rosrn, when s € LND(Resr ). Thus,

LND(R¢sin) € CSLNcl(Resin) —Reson.

Thus, s € CSLNcl(Resin) — Resin, s € CSLNCI(RCSLN) but s ¢ Reson.

But s ¢ Respn. Thus, Ecspy N Respy # O for every CSLN open set Egsy v containing s. Thus,
CES LND(RCSLN).

Therefore,

LND(RCSLN) = OSLNCZ(RCSLN) - RCSLNv

if Regsr v 1s a singleton set.

Definition 4.5

1. Cubic Spherical Linguistic Neutrosophic semi-closed set if

CSLN’int(CSLNCZ(RCSLN)) g RCS’LN-
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2. Cubic Spherical Linguistic Neutrosophic semi-open set if

RC’SLN g CSLNCZ(CSLNZTLt(RCSLN))

3. Cubic Spherical Linguistic Neutrosophic semi-pre closed if

OSLNint(OSLNCl(CSLNiTLt(RCSLN))) g RCSLN-

4. Cubic Spherical Linguistic Neutrosophic semi-pre open if

Respy € CSLNcl(CSLNint(CSLNc(RCSLN))).

5. Cubic Spherical Linguistic Neutrosophic pre-closed if

CSLNCZ(CSLNint(RCSLN)) Q RCSLN~

6. Cubic Spherical Linguistic Neutrosophic pre-open if

Respny € CSLNint(CSLNCl(RCSLN)).

7. Cubic Spherical Linguistic Neutrosophic regular closed if

Respn = CSLNint(CSLNcl(Rosoy))-

8. Cubic Spherical Linguistic Neutrosophic regular open if

Respn = CSLNcl(CSLNint(Respn))-

4 Conclusion

”We have developed a new type of topology called cubic spherical linguistic neutrosophic topological space,
accompanied by illustrative examples. The foundational properties of this topology were explored, as well as
the concepts of cubic spherical linguistic neutrosophic continuity and cubic spherical linguistic neutrosophic
neighborhoods. Additionally, we investigated cubic spherical linguistic neutrosophic derived sets and cubic
spherical linguistic neutrosophic dense sets.”
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