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Abstract

This paper is dedicated to studying the group of units problem of the non-commutative logical extension of two
different rings Z,, and Z,», where we classify the group of units of these rings as semi-direct products of well-
known abelian groups as follows:

U(NCR)Zp = Zpq X (Zp X Zp_1)
U(NCR)yn = (Zy X Zyn-2) X (Zyn X (Z5 X Zyn-2)).
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1. Introduction

The group of unit’s classification of some modern ring extensions is considered as an active research problem
studied by many authors, we can see some clear examples of this classifications in [2-8].

In [1], a novel non-commutative ring extension called non-commutative logical extension of a ring as a similar
structure to refined neutrosophic rings.

The non-commutative logical extension of a ring R is defined as follows [1]:

Let (R, +,.) be any ring, then:

(NCR)g ={a+bN; + cN, ;a,b,c € R,N;* = N;N, = Ny, N,* = N,N; = N, }.
(NCR)y is called the non-commutative logical extension of the ring R.

In [1], the following interesting open question was asked:

How can we classify the group of units of (NCR)z?.

In other words, how can we express the group of units of (NCR)y as direct products or semi-direct products of
well-known groups. This question is open in general, and we will handle it in two special cases.

The first one is the group of units of U(NCR)ZP, where we will show that it is classified as:
U(NCR)ZP =Zp_1 & (Zp X Zp_y)

The second one is the group of units of U(NCR),n, where we will show that it is classified as:
U(NCR)yn = (Zy X Zyn-2) X (Zyn X (Z5 X Zyn-2)).

2. Main Results

Definition: [1]

Let (Z,, +,.) be the ring of integers modulo p, where p is a prime number.
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Then: (NCR)z, = {a + bN; + cN, ;a,b,c € Z,,N,;* = N;N, = Ny, N> = NNy = N, .
(NCR)ZP is called the non-commutative logical extension of the ring Z,,.

In this work, we answer the following special case of the open question [1].

How can we classify the group of units of (NCR)ZP?

How can we classify the group of units of (NCR)ZZn?

Theorem:

Let (NCR)ZP be the non-commutative logical extension of the ring Z,, then:

1]x =a+bN; +cN, € U(NCR)Zp if and only if:

a€U(Z,),a+b+ceU(z,)

2] Ifx € U(NCR)Zp, then;

xt=al-ba(a+b+c) N, —ca*(a+b+c)"N,.

3] If p = 3, then (NCR), is a non- abelian group.

Proof:

1]Letx = a + bN; + cN, € U(NCR),, then there exists y = a’ + b'Ny + ¢'N, € U(NCR), such that: xy = 1.
The equation xy = 1 implies:

aa' =1
ab'+ ba' + bb' + bc' =0 =>{
ac'+ca’ +cb'+cc’' =0

aa' =1

(a+b+C)(a’+b’+C’)=1 ﬁa,a+b+CEU(Zp).

Conversely, assume that a,a + b + ¢ € U(Z,), then we can find
y=al-bat(a+b+c)'N,—ca(a+b+c)N,e UIN c R)z,.

x.y=aa =N (bal-b?aa+b+c)t—bcata+b+c)t—blat+thb+c)™t)+Ny(ca™l-
bca*(a+b+c) t—c?at(a+b+c)t—cla+b+c)h).

Put k;, =ba'-b?a*(a+b+c)*—bca(a+b+c)*—bla+b+c)Lk,=cal—bca*(a+b+
O —c?(@D@a+b+c)t—cla+b+c)?,

We have:

ki=bal—bla+b+c) Y bat+cat+1]l=bat-bla+b+c)*(bat+cat+aa?)=bat-
b(a+b+c)tala+b+c)=bat—bal=0.

Also,

ky=cal—cla+b+c)yt(batl+cat+1)=catl-cla+b+c)*(bat+cal+aa?)=cal-
cla+b+c)yta(a+b+c)=cal-cal=0,

Hence x = a + bN,; +¢cN, € U(NCR)ZP.

2] It holds directly from 1.

3] Let ay € U(Z,) with ay # 1, then:

x =ao+a,Ny — ayN; € UINCR)z,; ag + a; # ag,ao + a; € U(z,),a,® # 0.
Takey = ay + a;N,, theny € U(NCR)Zp.

xy = ag? + N;(2aga; + a;?) + Ny(—aay — a,?),

yx = ag® + Ny (2aa,) + No(—ayap),

If xy = yx, then a,? = 0 a contradiction.
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Hence xy # yx, and U(NCR)Zp is a non- abelian.

Theorem:

Let G = U(NCR)g,, then Z(G) = u(z,) =2z, .

Proof:

LetA =ay + a;N, + a,N, € Z(G), then:

V B = by + by N, + b,N, € G, we have AB = BA.

The equation AB = BA equivalents: a;b, = a,b;.

Take b, = 0,b; = 1 — by, then:

az(1—by) = 0 = a, = a,b, forall by € U(Z,), hence a, is a zero divisor, thus a, = 0.

Take b, = 0,b, = 1 — by, then a, (1 — b,) = 0 for all b, € U(Z,), hence a, is a zero divisor, and a, = 0.
Thus Z(G) = {ag; a0 € U(Z,)} = U(Z,) = Z, 4.

Theorem:

LetG = U(NCR)Zp, then:

11K = {1+ a(N, — N,) ; a € Z,} is a normal subgroup of G.

21K = (Z,,+)

3]S={1+aN;;1+ a€ U(Zp)}isasubgroup of G.

4 S =U(Zp) = Zp4.

51T ={1+4+ a;N, + a,N,;1+ a; +a, € U(Zp)} is a subgroup of G.

6T =K xS =ZpxXZ, ;.

Proof:

1] Letx =1+ a(N; — N,),y =1+ b(N; — N,) € K, then:

xy=1+a(N; —N,) +b(N; —N,) +ab(N; — N;)(N; —N,) =1+ (a+ b)(N; —N,) €K
x1=1-aN,+aN,=1—a(N;, —N,) EKandx € UNCR)z,, thus K < G.

Vz=2zy+2z,N +2,N, € U(NCR)Zp, then:

z7 v =z5  — 25122’ Ny — 2512,2' N, ;2" = (20 + 2 + 2,) 7L,

77 xz= (25 — 2512,2' Ny — 251 2,2’ N,) (1 + a(Ny — N,)) (20 + 2Ny + 2,N,) = 252 (1 — z,2'N; —
2,2'Ny)[zg + Ny (21 + a(zo + 21 + 25)) + Ny (2, — a(2zo + 21 + 2,))] = 25 [z + Ny (2, + az' "t = z,242' —
azy — 212,2' + azy, — 227') + Ny(2, — az' ™' — 2,22y — 2,202’ — az, — 7257 + az,)| =1 +

N[zg (212" (20 — 2y —2,) + 2, + az’_l)] + Ny[z5 Y (222" (—29 — 2y — 2,) + 2, + az’_l)] =1+
Ni(azg'z' ™) + Ny(—az'"'z51) = 1 + azy 'z’ 7' (N, — N) € K, hence K is normal.

2] Define f: K — Z,, such that:

f(1+a(N, —Ny)) =a

It is clear that (f) is a well-defined bijection.

Letx =14+ a(N; —N,),y =1+ b(N, —N,) € K, then:

flxy) = f(l + (a+b)(N; — Nz)) =a+b=f()+ f(y), so that f is a group isomorphism, and:(K,x) =
(Zp+).

3]Letx =14+ a;N;,y =1+ a,N; €S, then:

xy =1+ (a, + a4 + aya;)N; €.
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x'=1-a,(1+ay)7 !N, €S, thus, Sis a subgroup of G.

4] Define f:S - U(Zp); f(1+aN;) =1+a.

It is clear that (f) is a well-defined mapping.

Let x =1+aN;,y =1+ bN; € S, then:
fGxy)=f(1+N(a+b+ab))=1+a+b+ab=(1+a)(l+b)=Ff(x)f(©).
If f(x) =1,then1+a=1=a =0,and Ker(f) = {1}.

Foreveryt € U(Zp), there exists x = 1 + (t — 1)N; € S such that f(x) = t.

Hence (f) is a group isomorphism, and (S, x) = (U(Zp),x) = (Zp_1, +).

5]Letx =14 a,N; + a,N,,y =1+ b,N, + b,N, €T, then:

xt=1-a(1+a; +ay) N, —a,(1+a; +a;) N, €T, that is because:

1 - a1(1 + a1 + az)_l - az(l + a1 + az)_l
= (1 + a, + az)(l + a, + az)_l - a1(1 + a, + az)_l - az(l + a, + az)_l
= (1 + aq + az)_l(l + aq + a, —a; — az) = (1 + aq + az)_l € U(ZP).

xy =1+ Ny(by + a;(1 + by + by)) + Ny(b, + a,(1 + by + by)) € T, that iis because:
1+by+a;(1+by+by)+b,+a,(1+by+by))=0+b; +b)1+a, +ay) € U(Zp).
Thus, T is a subgroup of G.

6] Itisclearthat K < T,S < T,and:

[KI=p,|S|=p—1=KnS ={1}.

Also, K < T(because K < G).

ITI = {1+ a;Ny + ayNy 51+ a; +a, €EUZp)}H =p(p— 1.

This means that:

IT| = |K|.|S| = |K.S| = T = K « S, thus:

T=ZpXZp_;.

Remark:

Since Z(G) = U(Zp) = {a;a € Zp}, then:

Z(G)NT = {1}.

Theorem:

U(NCR)z, = Zp_y X (Zp X Zp_)

Proof:

We will show that G = Z(G) « T.

We know that x = ay, + a;N; + a,N, € G if and only if:

ay €U(Zp),ay +a, +a, € U(Zp).

We have (p — 1) different values of a,, and (p — 1) different values of ay + a; + a,.

For a fixed value of a, = t;, and a fixed value of a, + a; + a, = t,, wegeta, +a, =t, —t; € {0,1,..,p — 1}.
This means that we have (p) different values of a, + a,, so that:
Gl=@-Dx@-Dxp=p-1*=12(G).T| = G=2(G) xT = Zp_y  (Zp X Zp_,).
Remark:

Since G is a semi- direct product of (Z(G)) and T, we can get the following results:

11G/Z(G)=Inmn (G) =T = Zp X Zp_;.
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2] Gis meta- abelian group, that is because it is a semi- direct product of two abelian groups.
3] G' is abelian subgroup of G.

Definition:

The non-commutative logical extension of Z,n is:

(NCR)z,, = {x + YNy + +2N, ;x,,2 € Zyn, Ni? = NyN, = Ny, N,* = N, Ny = N, .

We denote by G = U(NCR)ZZn.

Theorem:

11 K = {14+ x(N; — N,) ; x € Z,n} is a normal subgroup of G.

21K = Z;n

3]1S={1+xN,;1+x € U(Z,n)}isasubgroup of G.

4 S=UZp)=Z, X Zymn-—2

51T ={1+4+xN; + yN,;1+x+y € U(Z,n)}is asubgroup of G.
6]NS={1},K<T,S<T

Proof:

1] Letx =1+ a(N;, — N,),y =1+ b(N; — N,) € K, then:

xy =1+ a(N; —N,) + b(N; = N,) + ab(N; — N,)(N; = N,) =1+ (a + b)(N, — N,) €K
x1=1-aN,+aN,=1—a(N;, —N,) EKandx € U(NCR)z,,, thusK < G.
Vz=2zy+2z;N, +2,N, € U(NCR)ZZn, then:

-1 _ -1

-1 1] -1 12 R A -1
ZTh=2zg  — 25212’ Ny — 25 °2,2' Ny ;2" = (zg + 21 + 25) 7.

77 xz= (25 — 2512,2' Ny — 251 2,2’ N,) (1 + a(Ny — N,)) (20 + Ny + 2,N,) = 252 (1 — z,2'N; —
2,2'Ny) [z + Ny (21 + a(zg + z; + 23)) + Ny(25, — a(zg + 2, + 23))] = zo‘l[z0 + Ny(z, + az' "' - z,1202Z' —

azy — 212,2' + azy, — 227') + Ny(2, — az' ™' — 2,22y — 2,207’ — az, — 7257’ + az,)| =1 +
N[zg (212" (20 — 2y —2,) + 2, + az’_l)] + Ny[z5 Y (222" (—29 — 2y — 2,) + 2, + az’_l)] =1+
Ni(azg'z' ™) + Ny(—az'"'z51) = 1 + azy 'z’ 7' (N, — N;) € K, hence K is normal.

2] Define f: K - Z,nsuch that:

f(1+a(N, —N,)) =a.

It is clear that (f) is a well-defined bijection.

Letx =1+ a(N, —N,),y =1+ b(N, —N,) € K, then:

fGxy) =f(1+4 (@a+b)(N, — Np)) =a+b = f(x) + f(¥), so that f is a group isomorphism, and:
(K,.) = (Zyn, +).

3]Letx =14+ a,N,,y =1+ a,N; €S, then:

xy =1+ (a, +a; + aqa,)N; €S.

x1=1-qa,(1+4a;)"!N; €85, thus, S is a subgroup of G.

4] Define f:S - U(Z,n); f(1 +aN;) =1+ a.

It is clear that (f) is a well-defined mapping.

Let x =1+ aN;,y =1+ bN, € S, then:
fGy)=f(1+N(a+b+ab))=1+a+b+ab=(1+a)(l+b)=Ff(x)f(©).
If f(x)=1,then1+a=1=a=0,and Ker(f) = {1}.
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For every t € U(Z,n), there exists x = 1 + (t — 1)N; € S such that f(x) = t.
Hence (f) is a group isomorphism, and (S,.) = (U(Z,n),.) = Z, X Zyn-2.
5]Letx =14 a,N; + a,N,,y =1+ b,N, + b,N, € T, then:
x1=1-a,(1+a; +ay) N, —a,(1+ a; + a;)"IN, € T, that is because:

1 - a1(1 + al + az)_l - az(l + al + az)_l
= (1 + al + az)(l + al + az)_l - a1(1 + al + az)_l - az(l + al + az)_l
=(l+a+a) (A +a,+a,—a;,—a,) =1 +a; +a,)" € U(Zyn).

xy =1+ N;(by + a;(1 + by + b,)) + Ny (b, + a,(1 + by + by)) € T, that is because:
1+by+a;(1+by+by)+by,+a,(1+by+by)=1+b; +b,)(1 +ay +a,) € U(Zyn).
Thus, T is a subgroup of G.

6] Itisclearthat K < T,S < T,and:

KnS={1}.

Also, K < T(because K < G).

IT| = |{1 4+ ayN; + azN, ; 1+ a; + a, € U(Zyn)}| = 2727 1) = 22n 1,

This means that:

IT| =|K|.|S| =|K.S| = T = K < S, thus:

T =7Z,n < (Zy X Zyn-2).

3. Result

H=U(Z,) <Z(G)=H<G,and |H.T| =2""1.2n.2""1 =231 = |G|, hence G = H.T = (Z, X Zyn-2) X
(Zyn % (Zy X Zyn-2)).

4. Conclusion

In this paper we studied the group of units problem of the non-commutative logical extension of two different
rings Z, and Z,n, where we classified the group of units of these rings as semi-direct products of well-known
abelian groups as follows:

U(NCR)Zp = Zpq X (Zp X Zp_1)
U(NCR)yn = (Zy X Zyn-2) X (Zyn X (Z5 X Zyn-2)).

In the future, we aim to study the classification for all kind of NCR rings.
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