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Abstract

This paper provides a method to solve the discrete time Lyapunov equation. Identified and discussed. If the
equation takes the following form:

DAy +yuz) = ADy+ puDz, y,z€y; A,p €F .

If 3 a constant eex 3 |Dy|| <e |ly|l, y VY. and D is bounded, then D is called a linear operator equation. In
particular, (Lyapunov and Sylvester operator equations) are very important in differential equations, integral
equations and many other branches of mathematics. The study of solutions and of the above equestion We also
discussed operator equations and special kinds of operators and studied some elementary operators. These
operators are generalizations of operators

Tap: D(H) - D(H)

Tap: Tap(y) = Ay —yD, 'y € D(H)

Keywords: Time Lyapunov Equation; bounded linear operators; Sylvester operator equations; complex Hilbert
space; Banach algebra.

1. Introduction

For communication problems using elasticity theory, see the examples. They cover mixed bounded problems and
some math physics problems. Those problems become integral problems, including both linear and nonlinear
types. (Abdou. (M, A: 2003) Purpose: This paper seeks solutions to the second kind Fredholm Volterra integral
equation in the Banach space L2(Q)xC[0, T]. Both the Volterra integral term in [0, T] and the terms in the
Fredholm integral Li2(Q2) are linear. Furthermore, every integral term in Volterra or Fredholm is linear. There is a
nonlinear integral term as well.

. [1]. (Kuffi. They studied a more general solution of the Lyapunov equations in continuous time. : A*XD + DXA
=W [11]. (Wu. J, et al: 2023) some methods use neural networks to represent Lyapunov functions [16].

This research studies natural solutions to the discrete-time Lyapunov equation. We also examine solutions to
discrete-time Lyapunov operators. Additionally, we discuss these operators, their equations, and special cases.

2. Basic Properties of some Types operators:

Definition 2.1, [14]:

The normed space is the binary (X, Il. Il) such that X vector space over field of real or complex numbers and
II. Ilis a norm over X.
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function 1111 : X — R.
Definition 2.2, [ 14]:

If 3 a multiplication (u,x) = ux: XxX — X is linear, then a Banach space X is referred to as a Banach algebra. for
each factor

If 3 the inner function <.,.>: X xX —IR or C is defined. Then X is an inner product space.
Definition 2.3, [ 9]:
assuming that B operates in c(H). then it gets proven that B*, the only bounded linear operator, exists on H.
5 < Bw, n>=<w, B"n> for all w and n in H, B" is called the adjoint
Definition 2.4, [ 9]:
Let D € B(H) If the linear operator C is bounded on H, 3 DC = CD = | then D is said to be invertible
Proposition 2.1:
If bounded linear operators g and & and a scalar A are on H, then
1. ltequals (G+ %) “itequals G"+ #~
2. (MG)“itequals A\G*, 1€ C
3-<G'm, E >itequals <m, GE> forallE,m€H
4- (G "itequals G
5- (GR)" it equals &#* G”
6- G llitequals I G Il
7- IG"Gllitequals Il G G" Il itequals Il G 11?2
8- G'Gitequalso ifandonlyif G itequalso
Proposition 2.2, [ 15]:
The follomming conditions on a bounded operator B on H are equivalent.

1- B is Hermitian.
2- <Bz,y>=<%,By> VB,yinH
1- <Bz,% > isreal vV#BinH

Remark 2.1 [15]:

1. If B and f
are Hermitian, then B plus F is also Hermitian

2. If B is Hermitian and J is real then B multiplication B is Hermitian.

3. If B is any operator then B multiplication R and B plus R™ are adjoint.

Definition 2.5, [15]:

A matrix K is called self adjoint. if k=k”

Remark 2.2

1- If fis a Hermitian operator, then | equals its adjoint. Then [ is a normal operator.
2- £isanormal if S is a unitary operator, that is, S*S= S S* =I.

3 - - F isa normal operator if it is a skew Hermitian function, that is, -F = F*,

Remark 2.3 [15]:

1- iKis Hermitian if and only if K is skew — Hermitian.
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2. K- K* is skew and Hermitian for every operator K.

Lemma 2.1:

If Z is a linear operator and bounded on complex Hilbert space H.
,andalso(Z B #)=0VRBinH, thenZ=0.

Proof:

Suppose %, y € H and V = a multiplication 48 plus Ey where a and E € C Then Ey assumption < Z multiplication
V, V> =0 Thus [a]> <Z multiplication %, %> plus aE < Z multiplication &, y>+ Ea <Zy, %>+ [E?<Zy,y>=0
Since <Z multiplication &, # > = <Z multiplicationy , y>=0

then a multiplication E <z multiplication 48, y> + Ea <Z multiplication y, %> = 0

Now, if we take a it equals E it equals 1, then <Z multiplication 98, y> + <Z multiplication y, %> it equals 0. So,
if we put a it equals i and E it equals 1, then ii < Z multiplication 4, y> - I <Z multiplication y, %> it equals 0.
Thus <Z multiplication 4, y> it equals 0 V y in H; this leads = Z multiplication & it equals O for all#inH and
Z itequals 0.

Proposition 2.3, [15]:

The following conditions are the same on operator A
1-  Alis unitary
2-  A”isunitary
3- Aiis bijective and At = A"
Proposition 2.4, [15]:

The following conditions are the same on operator B

1- Eisnormal.
2- E”isnormal.
3- NEZI=1lEzl forallE inH
Proof:
1- implies (2): Follows from (E") * =E
2- implies (3):
< E” multiplication Ez,E > it equals <Ez, Ez> itequals Il Ez 112 v EinH,

Hence, < E” multiplication Ez,E> it equals Il E"z 11 2 it equals < E*z, E"z> it equals < E multiplication E*z, y> This
implies < (E™ multiplication E-E E"E |E > it equals 0 Vz€H

Thus by leman (1), (E ™ multiplication E-EE ™) it equals 0 and Hence E * multiplication E it equals E multiplication
E*

Proposition 2.5:

If f is hyponormal, then || f||" it equals || f || " for every positive integer n.
Proof:
See [8]

Another type of operators that we will face in our work is the quasinipotent operators. But first note that an operator
F is referred to as Nilpotent if 3 a positive integer

m D F Mit equals 0 The Index of Nilpotency refers to the lowest such m. An operator

F is said to be quash nilpotent operator if || F "||1/" —0

oo
Asn— it is obvious that Nilpotence implies quasinilpotence
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Proposition 2.6:

The equivalent is as follows: When 8 operates on H, then.
1-  Bis hyponormal.
2- I Rl <1l Bnll ¥n€H

Proof:

==
Since R be a hyponormal operator, therefore B B— R B*~ 0

Now ¥ nin H

Il R"nll 2 =< (R"n, B*Type equation here.n) > it equals < ( B multiplication B"n, n) > least than or equals < ( B"
multiplication 8n, n )>

it equals < Rn, Bn> it equals I Rn 112 “ninH
Conversely ¥ nisH

=
<R Bn, Bn>=<Rn, Bn>=11 BnlIZ" Il B2

=< R"n, R"n) > it equals < (R multiplication R*n, y) >.

=
therefore < (R multiplication & - & multiplication R")n,n> " 0 which implies that R multiplication R™ - B

=
multiplication 8"~ 0and R is hyponormal operator

Definition 2.6, [ 8]:

If K goes with K Multiplication K*, then an operator K in B(H) is quasinormal.

Definition 2.7, [ 5]:

On a Hilbert space H, an operator M is binormal. if M and its adjoint M* commute. This means M*M = MM*,
Remarks 2.3

1. All normal operators are binormal.

2- Every normal operator that is quashable is binormal

Proof:

1-  Let £ be a normal operator then ( £ * £) multiplication (£ £ ) it equals (£ £7) multiplication (£ " £
), hence £ is a binormal operator.

2- Let £ be aquas normal operator, then £ multiplication ( £ * £) it equals (E"E£)leadto (£E"£)
multiplication £ ™ it equals £ * multiplication ( £ " £) Now ( £ * £ ) multiplication ( £ £ *) it equals £
multiplication (£ * £) multiplication £ * itequals (£ £ *) multiplication (£ *£) and £ is binormal operator.

Proposition 2.7, [4]:
Let D be a hyponormal and binormal operator, then © Z is hyponormal for Z > 1
Proof:
Since D is hyponormal, then D™ multiplication D great than or equal to ® D" great than or equal 0

Thus, one can easily check that B* multiplication (B* multiplication B) multiplication B That is, B*2
multiplication B2 great than or equal to (B* multiplication )2 and (B multiplication B*) and (B multiplication
D*)2 great than or equal D2 multiplication B*2. But B* multiplication b great than or equal ® multiplication
b* and [D*D, BD*] = 0 then by using [6] , we get (B*D)2 great than or equal (B multiplication B*)2 Therefore
D*2 multiplication B2 great than or equal (B* multiplication D)2 great than or equal (B multiplication B*)2
great than or equal B2 multiplication B*2 and B2 is hyponormal .
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Since then D*ZTZ great than or equal (B* multiplication D) multiplication Z great than or equal (B multiplication
D*) multiplication Z great than or equal DZP*Z to some Integer Z great than or equal 2 .
then D* multiplication Z DZ great than or equal (D*D)Z great than or equal (D multiplication D*)Z lead to B*
Z+1 multiplication DZ+1 great than or equal (D*DP)Z+1 and (P*D)Z great than or equal (PP*)Z great than or
equal DZD*Z Implies that (PP*) Z+1 multiplication DZ+1 D* Z+1 But (D*DP)Z great than or equal ~ (PD*)
Implies that (D*D)Z+1 great than or equal (PD*)Z+1 Hence D*Z+1 multiplication DZ+1 great than or equal
(D* multiplication D)Z+1 great than or equal (PB*)Z+1 great than or equal DZ+1 multiplication D*Z+1 Thus
D Z+1 is hyponormal .

Definition 2.8, [ 6]:

Consider the operator T in Hilbert space. If T* multiplication T commutes T plusT*, then H we say that T is 6
operator.

Proposition 2.8:

The  following  statements hold if 9% is an  operator on  Hilbert space H:
1. The operator R is 0 operator
2- * R * multiplication [R *, Z] it equals [ *, #] multiplication R

Proof:
Let & be a © -operator, then

R* multiplication[R*R]it equals R*multiplication [R*R — RR*]it equals R* multiplication R*R —
R* multiplicationRR * By © operator we get .

R* multiplication[R*, R]it equalsR* multiplicationR R — R multiplication R*Rit equals(R*R —
RR*) multiplicationRit equals[R*, R] multiplicationR

Conversely, since 2™ multiplication (2" %) it equals [ %] multiplication 2 then

R*R multiplication[R + R*] itequals R*multiplication R R
+ R* multiplication R R* itequals R* R* multiplication R
+ R R*multiplication R it equals
= (R* + R) multiplication(R*R)

Hence £ is a ©- operator.

Proposition 2.9:
& -1is a, O -operator if & is a © -operator and A-1 exists.
Proof:

since %! exists, then %™ exists suppose that & €0, then (% multiplication %) (B +%") it equals (% + £ ")
(% * multiplication ). Multiply the equality on the right by9-1 and also on the left by9*-1, we obtain
B+ BB FB=R" BB +B" Multiply the equality on the right by and also on the left by B*-1 %-1

we obtain B 1 B 1 H1 + BB 1B it equals B multiplication B1H ! +F"! multiplication %'
Thus (%! + %) multiplication %! % it equals $™'#* multiplication ($"+%* ) and %" is a ©-operator
Remarks 2.4:
1. Every normal operator may be © - operator.
1. Each of the questionably operators is © - operator.
Proof:
1. allow U be an anormal operator. then
(’U*’ multiplication U) (U+UY itequals U* multiplication U multiplication U + U* U multiplication U it equals
U U" U + U"U multiplication U
it equals (U + U") (U multiplication U”) Thus U is © — operator

2-Let U be aquas normal operator then U multiplication (UU) it equals ( U*U) T therefore (U*U) multiplication
U” it equals U* multiplication (U*U) thus (U*U) multiplication (U+U ) it equals (U*U) multiplication U +
(U*U) multiplication U*
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It equals U multiplication (U*U) +U*(U*U) it equals (U+ U”) multiplication U* Hence U is ©- operator
3. Some types of operator Equations
Definition 3.1 [ 7]:
The equation that has the following form
Uy =¢ ey

are called operator equations. In the Hilbert space H, we know the operators F and C. We need to determine the
operator Y, which is currently unknown.

3.1 1. The Lyapunov equation for discrete time:
Note that The operator equation
y—KyK =0 eeee e (2)

1- Is called the Lyapunov equation for discrete time such that. Operators K and U operate in B(H). We must
determine a non-known operator, y. [3]

In most cases, there may be only one solution, infinite solutions, or no solution.
Example (3.1.1):

Suppose R = L, (M) the unilateral shift operator N on L, (M) is defined as N(yy,¥; ...) = (0, Y1, V2, )
Consider eUuestion (2) where K= n and U =o Therefore eq (2) reduces to the equation of the operator.
y—DyN =o
Where D is the bilateral shift operator which defined as D (yy, v, ... ( Y2, V3, V4 - )

2- and n"=D the above equation has infinite solutions. It is a discrete-time Lyapunov equation.

3- Namelyy=o0,y=N,andy= MlI, where M is a constant.

Proposition (3.1.1):

Proof:

Assume self-adjoint operators b and Z. Equation (2) possesses a unique solution, Y, which makes it self-adjoint.
Think about question (2). So, Y* - #Y & = b. Since R and P are self-adjoint operators, Y - # Y

R=Db,and Y - K*YK = b, but question (2) has a unique solution; thus, Y = Y*, Y is a self-adjoint operator as a
result.

We will now look at equation (2)'s answer. we concentrate on normal operators, covering (bi-normal, quasi-
normal, and @-operator types.

Examples show that equation (2) can yield non-standard solutions. These solutions defy the usual rules for
operators. Yet, for known operators & and P they remain normal. Operators categorize them as binormal, quasi-
normal, and ® operator.

Example (3.1.2):

4-  Consider equestion. (2). take & =il, b = 0. This equation has these solutions: Y=0, Y=M I, Y=n. M is
arbitrary, and n is non-normal (not abnormal, quasi-normal, or ©-operator

3.2 Basic Jordan *- Derivation

Definition 3.2.1, [10]:

Let k be aring, A derivation h on k is a mapping of k into itself that hold the following
1- g(ctd)=g(c)+g(d) forallc,dek

2- g(cd)y=cg(b)+g(c)d forallc,dek

Definition 3.2.2:

Assuming k be aring A Jordan derivation h for k is a mapping of k into itself that hold the following:
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1- g(ctd)=g(c)+g(d) forallc,dink
2- g(c)=cg(c)+g(c)e forallcink
Definition (3.2.3), [8]:
Let R be aring R is said to be *- ring if there exists a map * of R into itself that satisfies the bellow

1- +"2(g) itequals g ¥ g€R
2- " (g+d) itequals * (g) +"(d) ¥ g dER
3-  “(gd)itequals * (d) " (g) ¥ gdeR

Definition (3.2.4), [13]:

Assuming k be *-ring, Derivation J *- of Jordan on k is amapping from k into itself that satisfies the following:
1-  J(g+d)=J(g) +J(d) ¥ gdink

2- J(@)=9J0\g)+J9)g” T gink

As an illustration consider the next example.

Example (3.2.1):

Let R=pP we noted in Example (3.1.1), that b is *- relative to the conjugation-defined map, ring. Assuming that
£: b — b is defined as £ (U)=U-n for every U in b, f is a Jordan *- derivation

Proof:
1-  £(0, + U,) itequals (U, + U,) — (0, + U,)
itequals (U, + U_l) + (0, + U_z) w0, 0,€ecC
Hence £ (U1+U,) it equals £(U7) + £(U,)
2- UE(D) + £(0)U* itequals U(U — ﬁ) +0-0)0 =02-00+00-07
it equals U2 — 02
Thus U £ (U)+ £ (U)U" it equals £ (U?)
3.3 The Map pk:
The bounded operators on an infinite, separable Hilbert space are denoted by C(H).

., complex Hilbert space H. for K in C(H), define pK : C(H) — C(H) by uK(y) =y - k*yk for y in C(H). Then,
Rang(pK) = {y - k*yk : y € C(H)}.

This section will examine a few characteristics of uF. In fact, this is obviously line graph U (By, + Ry,) =
(By: + Ry,) —k*(By: + Ry,)K.

uF. In fact, this is obviously line graph U (By; + Ry,) = (By; + Ry,) — kK*(By; + Ry,)K.
= By; + Ry, — BK"y;K — RK"y,K = Bu(y,;) + Ru(y,).
We remember that px (y) is one-to-one if Ker (uk)= {0}.

Assuming Ye Ker (px) S0 uk(y)=0, then y=K"yK. If K is an isometric operator, then I€ Ker (uk) and Ker (ux) #
{0}. Therefore, uk is not one-to-one and thus it is non invertible.

Remark (3.3.1):

If R is an isometric operator, then U R is not one-to-one.

For example,

Example (3.3.1):

The eq. (2.1) so pk it equals I-Rk=Lk, where Rk~ it equals Ky and L= yK puk(y) it equals O therefore y it equals O.
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y-K*yK it equals 0 so y it equals K*yK. assume K it equals u so I it equals Ciu it equals | and 0 it equals Cou it
equals 0. KK it equals CU it equals |. Because uk is not one-to-one and because then is an isometric operator, K

is also an isometric operator, making it non-invertible.
Operator M is a projection operator, as we recall.

incase M2=M M" =M [2] and M on a Hilbert space H
Proposition (3.3.1):

The uK is said to be not one to one and so is not invertible. If K is a non-zero projection operator,

Proof:

Since K is a projection operator then pk(y) it equals y-K'yK.

Validating that is simple. Ke Ker (uk). Since K#0 thus Ker (k) # 0. Therefore, uk is not one to one.

Example (3.3.2):
1 0 . . . .
IF A= [0 Z]and A’A #1. Then A is not isometric.

Lety =A"yA,

Let y = [E ;l] . After that [E 321] = [(1) (2)] X [E %] [(1) (2)] After simple computation one gets y =

[1 0 € Ker

0 0
(). so it should, pk is not onto and is not one-to-one

Proposition (3.3.2):

1- Rang (ua)” = Rang (1)

2- o« Rang (ua) = Rang (ua) Yo eC
3- The pais bounded operator

Proof:

1- Reng (nA)" ={(y — A" Xy X A)",yeC(H)} = {y" — A" xy" X A,y e C(H)}.
lety; =y*,then (Rang (1)) = {y; — A'y;A,y;e C(H) = Rang(.A) }

2- o« Rang(p,) ={x (y — A" Xy X A),y e C(H)}
={xy—A"xyA,yeC(H)}.

lety; =xy,then o Rang (up) = {y; — AA"y;A,y;eC(H)}

= Rang(ua) -

3- llma®llitequals [ly — A,yAll < llyll plus |A"yAll < llyll x (1 plus [|All?)

But AeC(H), thus [[us(y)|| < M ||ly|| , where

M = (1 + ||Al|?), so u, is bounded .

Proposition (3.3.3):

A linear manifold of operator in C(H) is Rang (uP).

Proof:

Rang (uP(¥)) = {B/ uP (y)=b, x " C(H)} is understood by us.
assuming that ¥ = 0 ¢ C(H) and pP (0) =0, 0 € Rang (uP).

1- Let By, B, € Rang (1p) we must prove B; - B € Rang (up)
Therefore,3y; € C(H) such that ppy; = P; and 3y, € C(H)
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Thus pp(y,) = P,.Thus,up = (§; — ¥,) — P* X (§; — ¥,)P But,
=1 —¥2 —P" xy,P +P'y,P
= (1 — P" X §1P) — (2 —P" X §,P)
=D, - D,.
Then(y; — ¥,) € C(H)such that up(§; — y,) = P, — D,.
so b, — D, € Rang (up).
Thus the operator range (1P) forms a linear manifold.
Proposition (3.3.4):
If Me Rang (u_A), then M* does as well.
Proof:
Assuming Me Rang (u_A), there exists yeC(H) 3 u_A (y) =M.
To show that M"* € Rang (n_A), there exists yeC(H) 3 u_A (y)= ML
However, since p A (y) = M, (y-A*x yA) *=Q*. Therefore, y* = [A] * x y* X A=M*
sincey € C(H) theny* € C(H)so M* € Rang
4. Elementary operators:

We look into elementary operators in this part. The following operators are generalization of the operator TAB:
B(H) Leads to B(H) where

Tas it equals Tag (X) it equals AX-XB, X €B(H).
We start with the definition that follows. [2]
Definition 4.1:

An elementary operator (A) on B(H) takes a shape.

m
j=0

The operators {Rj};n:l and {Dj};"zl are defined in B(H).

A is a map that is linear.

going from B(H) to B(H). Now, we try to study the properties of A by virtue of those of K;* and D;* , or inversely,
characterization of properties of K; and D; by using the properties of A.

try to study the properties of A by virtue of those of K;/* and D;* , or inversely, characterization of properties of
Kj and D; by using the properties of A.

Definition 4.2, [2]:

Consider Y to be a Banach space over 1. Also assume KeB(H) Next, define by
0.(K) = {1€¢ : K — Al is not bounded below}

0, (K) is called the approrimate point spectrum of K

Also, Define o5(K) = {A€¢ : K — Al is not surjective}

o, (K) is said the defect spectrum of K.

Theorem 4.1, [12]:

k. " "
Let each of { ! }'=1 and {D}'=1 be a commutative set of operators then o(4) = X7~ o(K;) a(Dy).
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Theorem 4.2., [12]:

IfM NE B(H) and then MN= NM

1-0,(M + N) € 0,(M) + 0,(N)

2- 0, (MN) € 0, (M)o,(N)

Theorem 4.3, [12]:

l-gs X (M+ N) S o5 x (M) + 05 x(N)
2-05 X (MN) € 05 X (M) X a5(N)
Theorem 4.4:

Let each of {M i }inzl and {Ni }in:l be a commutative family of operators on H, then
n
o(4) S {Z a;N;:a; € 0,(M;),N; € o5(N;)
i=1
And o5(4) < {XiL; &N a; € as(My), N; € o, (N}
Proof
Define operators L , R on B(H) by
La(x) = Ax,Ry(x) = xA .
So, the elementary operator £ can be written as

A(x) = Xi1 Rpi (Lai ().
So, by theorem (4.2) 0,,(4) € ¥\1-; 07 (R4 (Lg; (x)).
and by theorem (4.3) we get
0(4) € Xiz1 07 (A)0s(A).
Also, by theorem (4.3) we have
n
5,(4) € ) 0y (Rur(Lsg(x))
i=1

We get g5(4) € XYL, 05 (A;)or(B;)
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