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Abstract

Let R be a G-graded ring and M be a G-graded R-module. The graded second spectrum of M, denoted
by Spec (M), is the set of all graded second submodules of M. In this paper, we define a topology on
Specg, (M) which is analogous to that for Specg(R), and investigate several topological properties of this

topology.
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1 Introduction and Preliminaries

Let GG be a multiplicative group with identity e and R be a commutative ring with identity 1. Then R is called a

G-graded ring if there exist additive subgroups R, of R indexed by the elements g € G'suchthat R= @ R,
¢ gei

and B4Ry, C Ry, for all g, h € G. The elements of R, are called homogeneous elements of degree g. The
homogeneous elements of the ring R are denoted by h(R), i.e. h(R) = |J Ry. In particular, R, is a subring
geG

of Rand 1 € R.. If x € R, then x can be written uniquely as ) x,, where x4 is the component of x in R,.
geG
Let R be a G-graded ring and I be an ideal of R. Then [ is called a G-graded ideal of R, denoted by I <i¢ R,

if I = @G(I N R,). A subring H of R is said to be graded subring if H = EBG(H N Ry) (see?). A proper
g& ge

graded ideal J of R is said to be graded maximal if there is no graded ideal K of R such that J ; K ; R.
We will denote the set of all graded maximal ideals of R by Max(R). The graded prime spectrum of R is
the set of all graded prime ideals of R and it is denoted by Specs(R). It has been proved that Spec(R) is
a topological space whose closed sets are VZ(I) = {p € Specg(R) | I C p} for each graded ideal I of R
(see, for example 10H2),

Let R be a G-graded ring and M be a left R-module. Then M is said to be a G-graded R-module if M =

EBGMg with RgMjy, € Mgy, for all g,h € G, where M, is an additive subgroup of M for all g € G. The
IS

elements of M, are called homogeneous of degree g. The set of all homogeneous elements of M is denoted

by h(M), ie. h(M) = |J M,. If m € M, then m can be written uniquely as ) mgy, where m, is the
Se; geG
component of min M. Let M = & M, be a G-graded R-module and N be a submodule of M. For g € G,
) geG

let Ny = NN M. Then N is called a G-graded submodule of M, denoted by N <g M,if N = @© N,. In
geG
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this case, Ny is called the g-component of N for g € G. Also, M/N becomes G-graded R-module with g-
component (M/N), = (My+ N)/N for g € G. Moreover, M, is an R.-module and N, is an R.-submodule
of M, for g € G, see”

Let M be a G-graded R-module. Let I be a G-graded ideal of R and N be a G-graded submodule of M.
Then Anng(N) = {r € R | N = {0}} is a G-graded ideal of R. In addition, Annp(I) = {m € M |
Im={0}}and (N :py I) ={m € M | Im C N} are G-graded submodules of M. In particular, Ann;(I)
becomes a G-graded R/I-module by (Annp (1)) = Annpy (1) N M, forallg € G.

A G-graded R-module M is called a comultiplication graded R-module if every N < M has the form
Annpy (I) for some I < R (see, for example,2'6). It is clear that if NV is a graded submodule of a comulti-
plication graded module M, then N = Anny(Anng(N)). A G-graded R-module M is said to be graded
Artinian if it satisfies the descending chain condition for graded submodules, see?

Let M and M’ be graded R-modules. An R-module homomorphism f : M — M’ is called graded homo-
morphism if f(M,) C M, ; for all g € G (see?). A non-zero graded submodule S of M is said to be graded
second if for each » € h(R), the graded R-homomorphism f : S — S defined by f(z) = rz is either
surjective or zero. In other words, S is a graded second submodule of M if rS = S or S = 0 for every
r € h(R). This implies that p = Anng(S) is a graded prime ideal of R and S is called a p-graded second
submodule. The graded second spectrum of A, denoted by Specf, (M), is the set of all graded second sub-
modules of M. For p € Specg(R), p-Specg, (M) denotes the collection of all p-graded second submodules,
ie. p-Spec, (M) = {S € Speck (M) | Anng(S) = p}. Graded second submodules of graded modules
have been studied by various authors (see, for example 2813,

A non-zero graded submodule N of a graded R-module M is said to be graded large if for every non-zero
graded submodule L of M, we have N N L # 0. A graded R-module M is said to be graded simple if {0}
and M are its only graded submodules. A non-zero graded submodule N of a graded R-module M is called
graded minimal if it contains no other non-zero graded submodules of M. Equivalently, N is a non-zero
graded submodule of M which is a graded simple module. The set of all graded minimal submodules of a G-
graded R-module M will be denoted by Ming(M). The graded socle of a G-graded R-module M, denoted
by S ocg (M), is defined to be the sum of all graded minimal submodules of M. If there are no graded minimal
submodules of M, we put SocZ(M) = {0}, see” A graded R-module M is said to be graded cocyclic if
Sock(M) is a graded large and a graded simple submodule of M, see.®

The Zariski-topology on some graded spectrums of graded rings and graded modules has been studied by
several authors (see, for example,## 1O1II%)

In this paper, we introduce the notion of the G-cotop module which is analogous to the G-top module in!"
and the primary G-top module in'* For this, we define the variety of any graded submodule N of a G-graded
R-module M by V&*(N) = {S € Speci, (M) | S C N} and we set Q**(M) = {VE*(N) | N <¢ M}.
Then M is called a G-cotop module if Q°*(M) is closed under finite union. In this case, Q°*(M) gener-
ates a topology. We call it the quasi-Zariski topology on Specl(M). After this, we define another vari-
ety for any N <o M by VS(N) = {S € Speci,(M) | Anng(N) C Anng(S)}. Then the collection
QO (M) ={V&(N) | N <¢ M} satisfies the axioms for closed sets of a topology on Specf, (M) and we call
this topology the Zariski topology on Spec,(M). By,* the map ¢ : Speci,(M) — Specg(R/Anng(M))
defined by ¢(S) = Anng(S)/Anng(M) is called the natural map of Specf,(M). We show that ¢ is con-
tinuous and we investigate some conditions under which ¢ is injective, open and closed. In addition, using
this map, we give some relations between the properties of Specg, (M) and Spece(R/Anng(M)) such as
the connectedness. Furthermore, we find a base for the Zariski-topology on Specf, (M) and we investigate
Specg, (M) with the Zariski-topology from the viewpoint of being quasi-compact, irreducible, Tp-space and
Ty -space.

Throughout this paper, G is a multiplicative group and every ring is commutative with identity. Let M be a
G-graded R-module. For any graded ideal I of R containing Anng(M), I and R will denote I/Annp(M)
and R/Anng (M), respectively. In addition, we denote r + Anngr (M) by T for any r € R.
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2 Topologies on Spect, (M)

In this section, we first introduce the notion of the G-cotop modules and discover some properties of such
modules. Then, we define a variety of any graded submodule of a graded module and we use it to define the
Zariski-topology on Specg (M).

Proposition 2.1. Let M be a G-graded R-module. For any G-graded submodule N of M, we define the
variety of N by V&*(N) = {S € Specl,(M) | S C N}. Then the following hold:

1. VE*(M) = Specg, (M) and VE*(0) = 0.

2. V& (N;) = V& (N N;) for any index set I and any family of graded submodules {N;};c.
13 iel

3. VS (N)UVE*(N') C Vg (N + N') forany N,N' <g M.
Proof. The proof is straightforward. O

By Proposition 2.1} the collection Q* (M) = {VE*(N) | N <¢ M} satisfies the axioms for closed sets of a
topology on Specf, (M) if and only if 2°* (M) is closed under finite union. In this case, we call M a G-cotop
module and the generated topology, 75", the quasi-Zariski topology on Specf, (M ).

Theorem 2.2. Every comultiplication G-graded R-module M is a G-cotop module.

Proof. Let N,N' <g M and S € VZ*(N + N'). It is enough to prove that S € V5*(N) U VE*(N'). Assume
that S ¢ N andlet s € S. Since S ¢ N and M is a comultiplication graded module, then Ja € S such that
a ¢ N = Annp(Anng(N)) and thus 3r € A(R) N Anng(NN) such that ra # 0. Since S € Specg, (M) and
rS # 0, then S = S and hence s = rm for some m € S. But S C N + N’. This follows that m = n +n’
forsomen € Nandn € N'. Sos =r(n+n') =rn’ asr € Anng(N) and so s € N’. This implies that
S C NorS C N’ Therefore S € VZ*(N) U VE*(N'). O

Recall that an R-module M is called secondless if it has no second submodules. On the other hand, a G-graded
R-module M is said to be graded secondless if it has no graded second submodules ( i.e Specs (M) = 0).
For a graded submodule IV of a G-graded R-module M, the graded second socle (or graded second radical) of
N is defined as the sum of all graded second submodules of M contained in N and it is denoted by socg(N)
(or sec(N)). If N does not contain any graded second submodule, we put socg(N) = {0}. Moreover, N is
called a graded socle submodule if N # 0 and socg(N) = N (seel?).

Remark 2.3. If a G-graded R-module M is graded secondless, then M is trivially a G-cotop module.

Lemma 2.4. Let M be a G-graded R-module. Let N be a G-graded R-submodule of M and p be a G-graded
ideal of R. Then the following hold:

1. N is a graded second R-submodule of M if and only if N is a graded second R-submodule of M.

2. If S is a G-graded second R/p-submodule of Ann;(p), then S is a G-graded second R-submodule of
Ann s (p).

3. VE*(N) = V& (soca(N)).
4. If p € Speci(R) and N' € p-Specg, (M), then N' C N or (N + N')/N € p-Specg,(M/N).

Proof. (1) follows from [{8, Proposition 2.4] and (2) is obvious.

(3) Since socq(N) C N, then V*(socq(N)) C VE*(N). Let S € VE*(N). Then S € Spect (M) and
S CN.SoS =socg(S) C socg(N) and thus S € V5*(socg(N)).

(4) Assume that N’ ¢ N. Then (N + N')/N € Speci,(M/N). Itis clear that p C Anng((N + N’)/N).
Letr € Anng((N + N')/N) N h(R). By hypothesis, rN' = 0or rN' = N'. If rN' = N’, then N' C N
which is a contradiction. Thus r € Anng(N’) = p. Therefore Anngr((N + N')/N) = p. O
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Proposition 2.5. Let M be a G-graded R-module. Then the following hold:

1. If My is a secondless R.-module for every g € G, then M is a graded secondless R-module. The
converse is true if R is trivially graded by G.

2. If N <g M such that both N and M /N are graded secondless R-modules, then M is a graded
secondless R-module.

Proof. (1) Suppose that M is not a graded secondless R-module. Then 35 € Specf,(M). Since S # 0,
then 3g € G such that S; # 0. By [8, Theorem 2.3], S is a second R.-submodule of Mg, a contradiction.
Conversely, assume by way of contradiction that 3¢ € G such that M, is not a secondless R.-module which
implies that there is a second R.-submodule H of M. Since R is trivially graded by G, then it is easy to see
that H € Specf, (M) which is also a contradiction.

(2) Suppose that M is not graded secondless. Then 35 € Specl,(M). Let p = Anng(S). So we get S €
p-Spec(M). Since M/N is graded secondless, then (N + S)/N ¢ p-Speci, (M) and hence S C N by
Lemmal[2.4(4). Therefore S € Spec,(N) = 0, a contradiction. O

If we take the ring of integers R = Z as a Z-graded Z-module by Ry = R and R; = {0}, then Ry and R;
are secondless Ro-module which follows that Z is a Z,-graded secondless Z-module by Proposition [2.5]

A graded second submodule S of a graded R-module M is said to be graded extraordinary if whenever [V,
and N5 are graded socle submodules of M with S C N7 + No, then S C Ny or S C Ns.

Theorem 2.6. Let M be a G-graded R-module. Then the following statements are equivalent:

1. M is a G-cotop module.
2. Every graded second submodule of M is graded extraordinary.
3. VEX(N)UVEN(N') = V& (N + N') for any graded socle submodules N, N' of M.

Proof. If M is graded secondless, then the result is trivially true. Suppose that M is not graded secondless.

(D=-(2): Let S € Spec, (M) and let N and L be graded socle submodules of M such that S C N + L.

By hypothesis, VZ*(N) U VE* (L) = V&*(H) for some H < M. Now there is an index set I such that

N = 3>"5;, where S; € Speci, (M) and S; C N forevery i € I. Foreachi € I, S; € V&*(N) C V&*(H)
iel

and hence S; C H which implies that N C H. Similarly L C H. Thus N+ L C H. So VZ*(N)UVg*(L) C

VEr(N+L) C VE*(H) = Vg (N)UVE(L) and so VS* (N +L) = VS (N)UVE*(L). But S € V(N +1L).

Therefore S C N or S C L, as desired.

2)=(3): Itis clear.

(3)=(1): Let W,W’ <g M. By Lemma 2.43), we have VE*(W) U VE*(W') = V§&*(socq(W)) U

V& (soca(W')). If socq(W) = 0 or socg(W') = 0, then the result is trivially true. If not, then socg (W)

and socg(W') are graded socle submodules of M. By hypothesis, V&* (W) U VS (W') = V&*(socqg(W) +

socg(W')). Therefore M is a G-cotop module. O

Corollary 2.7. 1. Every graded submodule N of a G-cotop module M is a G-cotop module.
2. M is a G-cotop R-module if and only if M is a G-cotop R-module.

3. Let M be a G-graded R-module and p<i¢ R. If M is a G-cotop R-module, then Anny;(p) is a G-cotop
R/p-module.

4. Let H be a graded subring of a graded ring R and let M be a G-graded R-module such that it is a
G-cotop as graded H-module. Then M is a G-cotop R-module.

5. Let f : M — M’ be a G-graded module isomorphism of G-graded R-modules. If M is a G-cotop
module, then M’ is a G-cotop module.
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Proof. (1) Let S € Specg,(N) and Ly, Ly be graded socle submodules of N such that S C L + L. Clearly,
SpecE(N) C Speci,(M). So S € Specg,(M). Now it is easy to see that Ly, Ly are graded socle submodules
of M. Since M is a G-cotop module, then S C L; or S C Ls by Theorem Therefore NV is a G-cotop
module by Theorem [2.6| again.

(2) If M is a graded secondless R-module, then M is a graded secondless R-module by Lemmal). Thus
the result is clearly true by Remark 2.3] Suppose that M is not a graded secondless R-module. Then by
Lemma [2.4(1) and Theorem [2.6] we have M is a G-cotop module < Every graded second R-submodule of
M is graded extraordinary < Every graded second R-submodule of M is graded extraordinary < M is a
G-cotop R-module.

(3) Suppose that Annpz(p) is not a graded secondless R/p-module. Let S be a graded second R/p-submodule
of Anny(p) and N, K be graded socle R/p-submodules of Annys(p) with S C N+ K. By Lemma[2.4(2), S
is a graded second R-submodule of Anny;(p). Also, itis easy to see that N, K are graded socle R-submodules
of Annps(p). But M is a G-cotop R-module. So Annys(p) is a G-cotop R-module by (1) and hence it is a
G-cotop R-module by (2). This implies that S C N or S C K by Theorem Therefore Annjs(p) is a
G-cotop R/p-modue by Theorem again.

(4) Suppose that M is not a graded secondless R-module. Let S be a graded second R-submodule of M and
W1, W be graded socle R-submodules of M such that S C Wy 4+ Wa. It is straightforward to see that S is a
graded second H-submodule of M and W7, W5 are graded socle H-submodules of M. But M is a G-cotop
H-module. By Theorem S C Wy or S C W,. Therefore M is a G-cotop R-module.

(5) Suppose that M is not graded secondless. Let S” € SpecZ(M') and N{, N be graded socle submodules
of M’ such that S’ C N{ + Nj. Since f is a graded module isomorphism, then f~1(S’") € Specg, (M) and
F7H(NY), f~1(NS) are graded socle submodules of M. Now f=1(S") C f=1(Nj + Nj) = f~Y(N]) +
f7Y(N}). But M is a G-cotop module. Hence f~1(S’) C f~1(Nj) or f=1(S") C f~Y(N}). By the
surjectivity of f, we obtain S’ C Ny or S’ C Nj. Therefore M’ is a G-cotop module. O

A graded ring F' is called a graded field if every non-zero homogeneous element of F' is unit. As usual, the set
of all units of a graded ring R will be denoted by U(R). A graded R-module M is said to be graded cyclic if
there exists m € h(M) such that M = Rm, see”

Lemma 2.8. Let M be a G-graded R-module. Then the following hold:

1. If R is a graded field, then every non-zero graded submodule of M is graded second.

2. If A C h(M) is a base for M such that |A| > 1, then there exist non-zero graded submodules N1 and
Ns of M such that Ny ¢ Ny and Ny ¢ Ny.

3. If Ris a graded field and M is a non-zero graded cyclic R-module, then M is a graded simple R-module.

Proof. (1) Let N be a non-zero graded submodule of M. Letr € h(R). If r = 0, then rN = 0. If r #£ 0,
then r € U(R). So for any n € N, we have n = 7(r~'n) € rN and thus rN = 0 or rN = N. Therefore
N € Specl,(M). (2) Assume by way of contradiction that for any non-zero graded submodules N, and Ny of
M, we have N1 C Ny or No C Nj. By hypothesis, there exist mq, mo € A such that my # meo. Itis clear that
mi,mg # 0 as A is a base for M. Since A C h(M), then Rm; and Rmy are non-zero graded submodules
of M. Hence Rm; € Rmso or Rmo C Rmy. If Rmqy C Rms, then mq; = rms for some r € R and thus
my + (—r)mg = 0. Since A is a linearly independent set, then » = 0 and thus m; = 0, a contradiction.
Similarly, if Rms C Rm;, we also have a contradiction.

(3) By hypothesis, M = Rm for some m € h(M). Letz € M and m’ € h(M) — {0}. Then z = rm
and m’ = cm for some r,c € R. Now m’ € My and m € M;, for some g,h € G. Som' = cgp-1m.
Let a = cyp,-1. Since m’ # 0, then a # 0 and thus a € U(R). This implies that m = a~'m/and hence
x = r(a~'m’) € Rm’. So we obtain M = Rm/’. This means that M is a non-zero graded cyclic module
generated by any non-zero homogeneous element. Therefore M is a graded simple R-module. O

Corollary 2.9. Let M be a G-graded module over a graded field F. If A C h(M) is a base for M, then M is
a G-cotop module if and only if |A| < 1.

Proof. = Suppose that |[A| > 1. By Lemma 2), there exist non-zero graded submodules N; and Nj
of M such that Ny ¢ Ny and Ny ¢ Ny. Also N1, No, Ny + Ny € Specg,(M) by Lemma 2.8(1). Thus
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Ny = socg(N1) and Ny = soci(N2). Since M is a G-cotop module and N1 + No C N; + Ny, then
N7 C N5 or No C N; by Theorem[2.6 a contradiction.

«<: If M = 0, then M is a graded secondless module and hence it a G-cotop module by Remark If
M +# 0, then |A| = 1 and thus M is a graded simple F-module by Lemma 3). Therefore M is a G-cotop
module. O

The following is an example on a non G-cotop module.

Example 2.10. Let I be any field. Take G = Z5 and M = F' x F. Then F'is a G-graded field by F{y = F and
Fy = {0}. Also M is a G-graded F-module by My = F x {0} and M; = {0} x F.. Moreover My, My <& M.
Since F is a G-graded field, then M € Specg (M) and My, M, are graded socle submodules of M by Lemma
1). Now M C Mo+ M;. But M ¢ M, and M g M. Therefore M is not a G-cotop module by Theorem
2.6l

Let M be a G-cotop module and Y C Specf,(M). The closure of Y in Specf, (M) for the quasi-Zariski
topology will be expressed by C(Y).

Lemma 2.11. Let M be a G-cotop module and Y C Specl,(M). Let T(Y) = > S. Then Cl(Y) =
Sey
VEX(T(Y)). In particular, if M € Y, then'Y is dense in Spec, (M), that is, CI(Y) = Specg (M).

Proof. Tt is clear that Y C VS*(T'(Y)). Let V5*(IV) be any closed set containing Y, where N <g M. It
is enough to show that V3*(T'(Y)) C V&*(N). Let S € VE*(T'(Y)). Then S C T(Y'). Note that for any
S" €Y, wehave S’ C N and hence 7'(Y') C N. This implies that S C N and thus S € V5*(N). Therefore
CU(Y) = VZ(T(Y)). Now if M € Y, then CI(Y) = VZ*(T(Y)) = V&* (M) = Spect(M). O

Corollary 2.12. Let M be a G-cotop module. Then Specg, (M) is a Ty-space.

Proof. Let Si,S2 € Specg, (M) with Sy # Sy. If CU({S1}) = CU({S2}), then V5*(S1) = V&*(S2) by
Lemma This implies that S; = Ss, a contradiction. Thus CI({S1}) # CI({S2}). This means that the
closures of any two distinct points of Spec, (M) are distinct. Therefore Specg, (M) is a Ty-space. O

Lemma 2.13. Let M be a G-graded R-module. If N <g M and I <g R, then VZ*(N)UVS* (Annpy (1)) =
Ve (N iy 1))

Proof. Ttis clear that VE*(N) U VE*(Annar (1)) C VE((N :ar I)). Let S € VE*((N :ar I)). Suppose that
S g N and it is enough to show that S C Annps(I). Lets € Sandi € I. Now S C (N :p; I). SoiS C N.
Since S € Specg, (M), then .S = {0} and hence is = 0, as desired. O

Corollary 2.14. Let M be a G-graded R-module. If I, J < R, then V5*(Ann (1)) U VE* (Annp (J)) =
VEX(Annpg (1)).

Proof. Clearly, (Annp(I) i J) = Annpg(IJ). By LemmaR.13] VE* (Annay (1)) U VEF (Annag () =
VE(Annar (1) :p J)) = VE (Annar (1J)). O

Let M be a G-graded R-module. By Corollary 2.14] the family Q¥ = {V5*(Anna (1)) | I < R} always
induce a topology on Spec, (M) and it is denoted by 7&/. Now, the proof of the following proposition is
obvious.

Proposition 2.15. Let M be a G-graded R-module. If M is a G-cotop module, then the quasi-Zariski topology
T&E on Spect, (M) is finer than T¢!.

Now, we define another variety for a graded submodule N of a G-graded R-module M. We set V5(N) =
{S € Spec,(M) | Anngr(N) C Anng(S)}. We state some properties of this variety in the following
theorem to construct the Zariski-topology on Specf, (M).
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Theorem 2.16. Let M be a G-graded R-module. Then the following hold:

1. VE(M) = Specg, (M) and VE(0) = 0.

2. NVEWN:) = VE(N Annar(Anng(N;))), for any family {N; }icr of graded submodules.
i€l iel

3. VE(N)UVE(N') = VE(N + N') for any graded submodules N, N’ of M.

Proof. (1) Itis clear.
(2) Let S € N V&(N;). Forall i € I, we have Anng(N;) € Anng(S) and thus Anny(Anng(S)) C

AnnM(Ann;%Vi)). Hence Annpr(Anng(S)) C () Annp (Anng(V;)). It follows that Anng( () Anny (Anng(N;))) C
Anng(Annpy (Anng(S))) = Anng(S). So S € ‘1/21( ﬂAnnM(AnnR( ;))) andso [ VE(IV, )ZEIVG( N Anny (Anng(N;))
Conversely, let S € VS ([ Anna (Anng(N;))). Then AnnR( ﬂ Annpr(Anng(N, ))i C Anng(9). FoiIall
i € I, wehave ﬂAnan(eilnnR(N )) € Annp(Anng(N;)) andhence Anngp(N;) = Anng(Anny (Anng(N;))) C
Annp( mIAnJ;,I(Anan 1)) € Anni(S). Therefore 5 € (V5 (Ny).

ic ic

(3) Since N, N" C N + N’, then V5(N) C V&(N + N’) and VS(N') € VE(N + N') and thus V& (N) U

VE(N') C VE(N + N'). For the reverse inclusion, let S € V(N + N'). Then Anng(N +N') C Anng(S).
So we get Anng(N)Anng(N') C Anng(S) € Specg(R). By [11} Proposition 1.2], we have Anng(N) C
Annpg(S) or Anng(N') C Anng(S). Therefore S € V5(N) U VE(N'). O

In view of Theorem the collection Q*(M) = {VE(N) | N <g M} satisfies the axioms for closed sets
of a topology on Specg,(M). This topology is called the Zariski-topology on Specf, (M) and it is denoted by

TS
In the following lemma, we state some relations between the varieties VZ*(N) and V5(N) for any graded
submodule V of a G-graded R-module M.

Lemma 2.17. Suppose that N and N’ are graded submoduels of a G-graded R-module M and that I is a
G-graded ideal of R. Then the following hold:

1. If Anng(N) = Anng(N'), then V5(N) = VE(N'). The converse is also true if N, N' € Specg,(M).

2. V&(N) = U p-Specg (M)
pEVé{(AnnR(N))
3. VA(N) = VE(Annu(Anng(N))) = V& (Anny(Anng(N))). In particular, VE(Anny (1)) =

Proof. The proof is straightforward. O

Theorem 2.18. For any G-graded R-module M, the Zariski-topology T¢& on Spec, (M) is identical with T!.
Moreover, if M is a G-cotop module, then the quasi-Zariski topology 15" on Specg, (M) is finer than the
Zariski-topology 7.

Proof. It is clear by Lemma[2.17)3). O

Proposition 2.19. Let M be a G-graded module over a graded field F. If A C h(M) is a base for M such
that |A| <1, then M is a G-cotop module and 18, = 15" = the trivial topology on Specg,(M).

Proof. Since |A| < 1, then M is a G-cotop module by Corollary It is clear that if |A| = 0, then
78 = 1&° = the trivial topology on Specl,(M). If |A| = 1, then M = Fm for some m € A. If m = 0,
then M = 0 and the result is trivially true. Suppose that m # 0. By Lemma [2.8(3), M is a graded simple
F-module. Now let U € 78 Then U = Specq (M) — VE*(N) for some N <g M.But N =0or N = M.

This implies that 75* = {V) Spec,(M)}. By Theorem [2.18] 75 C 7&* = {0, Specg, (M)} C 7. Therefore
Té = T&" = the trivial topology on Spect, (M). O
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3 Relating Spec{, (M) and Spece (R)

Let M be a G-graded R-module. From now on, we assume that Spec{, (M) is a non-empty set and is equipped
the Zariski-topology. We also consider the natural map ¢ of Specf, (M Las described in the introduction. In
this section, we provide some relations between Specg, (M) and Spece (R) for any G-graded R-module M.

Proposition 3.1. Let M be a G-graded R-module. Then o~ * (VGE(T)) = V&(Anna (1)), for every graded
ideal I of R containing Anng(M), and therefore the natural map ¢ of Spect, (M) is continuous.

Proof. For any S € Spec, (M), we have S € @*I(Vg(f)) & ¢(S) = Anng(S) € VGF(T) s 1C
Anng(S) & I C Anng(S) & S C Anny (1) & Anng(Anny (1)) € Anng(S) < S € Vi (Anna (1))
Therefore o~ (VE(I)) = VE(Anna (1)). O

Proposition 3.2. The following are equivalent for any G-graded R-module M :

1. If whenever S1,Ss € Specg (M) with VE(S1) = VE(S2), then S1 = Ss.
2. |p-Specg,(M)| < 1 for every p € Specg(R).

3. The natural map o is injective.

Proof. (1)=(2): Letp € Specg(R) and Sy, Sz € p-Spect (M). Then Sy, Sz € Spect, (M) and Anng(S1) =
Anng(S2) = p. By Lemma[2.17(1), we have V(S1) = V(S2) and hence S; = S by the assumption (1).
(2)=-(3): Assume that p(S1) = ¢(S2), where S1,S2 € Speci,(M). Then Anng(S1) = Anng(S2). Let
p = Anng(S1) € Spece(R). Then we get S1,.S2 € p-Specg, (M) and by hypothesis, we obtain .S; = S.
(3)= (1): Let S1, 52 € Specg (M) with VE(S1) = VE(S2). By Lemma 2.17(1), we have Anng(S1) =
Annp(S2). So ¢(S1) = ¢(S2). Since ¢ is injective, then S; = Ss. O

Proposition 3.3. Let M be a G-graded R-module. If M is a comultiplication graded module, then the natural
map  of Specg, (M) is injective.

Proof. Assume that p(S1) = ¢(S2), where S1,S2 € Specg,(M). Then Anng(S1) = Anng(Ss). Since M
is a comultiplication graded module, then S1 = Annpr(Anng(S1)) = Annp (Anng(S2)) = Sa. O

Let M be a G-graded R-module. Recall that a proper graded submodule N of M is said to be graded com-
pletely irreducible if N = () IV;, where {N; };< is a family of graded submodules of M, implies that N = N;
il

for some ¢ € I. By [l Theorem 2.1], every proper graded submodule of M is an intersection of graded com-
pletely irreducible submodules of M. Therefore, if M # 0, then the intersection of all graded completely
irreducible submodules of M is zero.

Let M and M’ be G-graded R-modules. By M = M’, we mean that there exists a G-graded module
isomorphism f : M — M’.

Lemma 3.4. Let M, M’ be G-graded R-modules and p <\ R. Then the following hold.:

1. If S is a graded second R /p-submodule of Anny;(p), then S is a graded second R-submodule of M.
2. If M is graded cocyclic and M =g M’, then M’ is graded cocyclic.

3. If M is a graded cocyclic R-module and N is a non-zero graded submodule of M, then N is a graded
cocyclic R-module.
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Proof. (1) By Lemma 2), S is a graded second R-submodule of Anny(p). So S is a graded second R-
submodule of Ann s (p) by Lemma[2.4(1). Therefore S is a graded second R-submodule of M.

(2) Since M = M’, then there exists a G-graded module isomorphism f : M — M’. By hypothesis,
Sock(M) is a graded large and a graded simple submodule of M. Thus Socf(M’') = f(Sock(M)) is a
graded large and a graded simple submodule of M. Therefore M’ is a graded cocyclic R-module.

(3) Since N C M, then Socf(N) C Soc&(M). By hypothesis, SocZ(M) is a graded simple submodule of
M. So SocE(N) = 0 or SocE(N) = Sock(M). Since N # 0 and SocE(M) is a graded large submodule
of M, then SocE(M) N N # 0. Now, it is easy to see that SocZ (M) N N is a graded simple submodule of
N. This follows that SocZ(N) # 0 and thus SocZ(N) = SocE(M). But SocE(N) C N. So SocE(N) is a
graded large and a graded simple submodule of N, as needed. O

The following is a result of Proposition[3.2]and Lemma3.4]

Corollary 3.5. Let M be a G-graded R-module. If the natural map o is injective, then Anny;(p) is a graded
cocyclic module for every p € Maxg(R) with Anny(p) # 0.

Proof. Let p € Maxg(R) such that Annys(p) # 0. Then Annjs(p) is a graded module over the graded
field R/p which follows that Anny(p) is a graded second R/p-submodule of Anny;(p) by Lemma [2.8(1).
Thus Anny;(p) is a graded second R-submodule of M by Lemma [3.4(1). Since p C Anng(Anny(p))
and Annps(p) # 0, then Anng(Annp(p)) = p. Note that there exists a graded completely irreducible
submodule C' of M such that Anny(p) € C. If not, then Anny(p) € (VH = 0, where the intersec-
tion runs over all graded completely irreducible submodules of M, a contradiction. Now, if Annys(p) N
C # 0, then Anng(Anny(p) N C) # R. But p = Anng(Annp(p)) C Anng(Anny(p) N C). So
Anng(Anny(p) N C) = p = Anng(Anna(p)). Also, it is easy to see that Annys(p) N C € Spec (M).
Since ¢ is injective, then |p-Spec(M)| < 1 by Proposition and thus Annp(p) = Annp(p) N C.
This implies that Anns(p) C C, a contradiction. So we get Annjs(p) N C = 0 and hence Annps(p) Z¢
(C+ Annp(p))/C € M/C. By [13, Lemma 2.10], M/C is a graded cocyclic module and thus Ann s (p) is
graded cocyclic by Lemma [3.4(2), (3). O

Corollary 3.6. If M is a comultiplication graded R-module, then Anny;(p) is a graded cocyclic R-module
Sor every p € Maxg(R) with Annys(p) # 0.

Proof. By Corollary 3.5]and Proposition [3.3] O

Theorem 3.7. Let M be a G-graded R-module. If the natural map ¢ of Specg; (M) is surjective, then v is both
open and closed; more precisely, for every N <¢ M, p(V5(N)) = VA (Anng(N)) and p(Specg, (M) —
V&(N)) = Speca(R) — V& (Anng(N)).

Proof. By Propoiition we have ¢! (VGE (I)) = V&(Annp (1)) forevery I < R containing Annp (M)
and thus o =Y (VE(Anng(N))) = VE(Anny (Anng(N))) = VE(N). So p(VE(N )) VG (Anng(N)

¢ is surjective. For the second part, note that Specg; (M) — VG(N) = Specg, (M) — LV (AnnR( )
01 (Spec(R)—VE (Anngr(N)))). This implies that o (Specs, (M)—VE(N)) = SpecG(R) VE(Anng(N)

a

w

)
) =
(N)).
O

Corollary 3.8. Let M be a G-graded R-module. Then the natural map ¢ of Spec, (M) is bijective if and
only if ¢ is homeomorphic.

Let R be a G-graded ring and I < R. The set D, = Specg(R) — VE(rR) = Spece(R) — VI (r) is open
in Specg(R) for each r € h(R) and the family {D, | » € h(R)} forms a base for the Zariski topology
on Specg(R) (see [10, Theorem 2.3]). The radical of I, the graded radical of I, the nilradical of I and the
graded nilradical of I will be denoted by v/T, Gr(I), N(R) and Ng(R), respectively. For details concerning
the graded radical and the graded nilradical of a graded ideal of a graded ring, see!ll

Now, we need the following lemma to give a simple characterization for the connectedness of Specg, (M).
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Lemma 3.9. Let R be a G-graded ring. Then Spece(R) is disconnected if and only if R contains idempotent
element other than 0 and 1.

Proof. =: Suppose that Specg (R) is disconnected. Then Speci (R) = VE(I) UVE(J) for some I, J < R
such that VZ(I) N VE(J) = 0 and VE(I), VE(J) # 0. By [10, Proposition 2.1(2)], VE(I + J) = VE(I) n
VA (J) = 0 and hence I + J = R. So there exista € I and b € J such that a + b = 1 which follows
that 1 = 1, = (a + b)e = ae + b with a, € T and b, € J. Also by [10, Proposition 2.1(3)], we have
Spece(R) = VE(I.J). This implies that for every p € Specg(R), we have I.J C p and thus a.b. € Ng(R)
by [[L1, Proposition 2.5]. Since a.b. € h(R), then a.b. € N(R) and hence there exists a positive integer m
such that (acbe)™ = 0. Note that VZ(Ra™ + Rb™) = (. If not, then Ip € Spece(R) such that a,b™ € p
which follows that ac, b. € \/p. But a.,b. € h(R). So we get ac,b. € Gr(p) = p by [11, Proposition 2.4(5)].
Thus 1 = a. + b. € p, a contradiction. Therefore Ral* + RbJ* = R which implies that 1 = ral* 4 r'b*
for some r,7’ € R. Note that (ra™)? = (ra™)(1 — r'b™) = ra™ — rr'(acbe)™ = ra™. If ra™ = 0,
then b € U(R) and thus Dy = Specg (R) by [11| Proposition 3.6]. So we obtain V& (Rb*) = () and so
VE(J) C VE(Rb™) = 0, a contradiction. Similarly, if 7a™ = 1, then we have VZ(I) = (), a contradiction.
Therefore, ral* is an idempotent element other than 0 and 1.

<«: Suppose that = is an idempotent element of R other than 0 and 1. By [15, Lemma 4.4], x € R, and thus
l1—2z € R.as 1 € R.. By [10, Theorem 2.3(2)], D, N D1_; = Dy(1—) = Do = (). Now for any p €
Speca(R), we have z ¢ por 1 —x ¢ p which follows that p € D, U D;_, and thus Specg(R) = D, UD;_,.
Note that if D, = (, then x € N(R) by [11} Proposition 3.6(2)]. So z™ = 0 for some positive integer n. But
x is idempotent which follows that x = 0, a contradiction. Thus D, # ). Similarly, if D;_, = (), then we
obtain = 1, a contradiction. Hence D;_, # (. Now Specs(R) can be written as a union two non-empty
disjoint open sets which means that Specg (R) is disconnected. O

The following is a result for Proposition [3.1] Theorem 3.7 and Lemma 3.9

Corollary 3.10. Let M be a G-graded R-module such that the natural map ¢ of Specl (M) is surjective.
Then the following statements are equivalent:

1. Specg (M) is connected.

2. Speca(R) is connected.

3. The only idempotent elements of R are 0 and 1.

Proof. (1)=(2): Since ¢ is continuous surjective map and Specg, (M) is connected, then Spece (R) is con-
nected.

(2)=-(1): Assume by way of contradiction that Specf, (M) is disconnected. Then there exists a clopen set
U in Speci (M) such that U # 0 and U # Speci,(M). Since ¢ is surjective, then ¢(U) is clopen in
Speca(R) by Theorem This follows that p(U) = 0 or ¢(U) = Specg(R). Since U is open in
Specg, (M), then U = Speci, (M) — VE(N) for some N <g M. Now if o(U) = Specg(R), then
Specc(R) = p(U) = Spec(R) — VE(Anng(N)) by Theorem again. Thus VZ(Anng(N)) = 0
which implies that ) = o= (VE(Anng(N))) = VE(Anny (Anng(N))) = VE(N) by Propositionand
Lemma[2.17(3). So U = Specg (M), a contradiction. If (U) = 0, then U C ¢~ (p(U)) = 0. It follows
that U = () which is also a contradiction. Therefore Specf, (M) is connected.

The equivalence of (2) and (3) follows from Lemma[3.9] O]

Corollary 3.11. Let M be a G-graded R-module such that the natural map ¢ of Specg, (M) is surjective.

If either R is a graded local ring or Anng(M) € Specg(R), then both Speci (M) and Specg(R) are
connected.

Proof. First, assume that R is a graded local ring. Then the only idempotent elements of R are 0 and T
(see the proof of [15, Lemma 4.4]). Now the result follows from Corollary 3.10] Secondly, assume that
Anng(M) € Specg(R) and let r be idempotent element of R. Then7 = 2 and hence r(r—1) € Anng(M).
Again, by [15, Lemma 4.4], we have » € R, and thus » — 1 € R,.. This follows that r € Anng(M)

or r — 1 € Anng(M). Therefore 7 = 0 or 7 = 1. By Corollary [3.10, Specg,(M)and Specc(R) are
connected. O
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Proposition 3.12. Let M and M’ be G-graded R-modules. If f : M — M’ is a graded module monomor-
phism, then the mapping 7 : Specg, (M) — Specg(M') by m(S) = f(S) is continuous.

Proof. Tt is easy to see that 7 is well-defined. Now for any S € Specf, (M) and any closed set V5 (N') in
Specs,(M'), where N’ <¢ M’, we have S € m=H(VE(N')) = =1 (VE* (Annar (Anng(N')))) < =(S) =
f(S) C Annpp(Anng(N')) & S = f7YHf(S)) C f~(Annpy (Anng(N'))) = Anny(Anng(N')) &
S € V&r(Annpr(Anng(N"))) = VE(Anny (Anng(N'))). So =Y (VE(N')) = VE(Anny (Anng(N')))
and so 7 is continuous. O

Let M be a G-graded R-module. Now, we write X = Specf, (M) — V&(Anna(r)) for each r € h(R) and
prove that B = {X? | r € h(R)} is a base for the Zariski topology on Spec{, (M), which is similar to that
on Speca(R).

Proposition 3.13. For any G-graded R-module M, the set B = {X? | r € h(R)} forms a base for the
Zariski topology on Specg,(M).

Proof. Let U = Specl, (M) — V5(N) be an open set in Specl, (M), where N < M. Let S € U and it is
enough to find an element r € h(R) such that S € X$ C U. Since S € U, then Anng(N) € Anng(S)
and hence there exists t € R and g € G such that ¢, € Anng(N) — Anng(S). Take r = t, € h(R).
If S ¢ Xz, then rR C Anng(Annp(r)) C Anng(S) and thus » € Anng(S), a contradiction. This
implies that S € X?3. Since r € Anng(N), then Anny(Anng(N)) C Annp(r). Now let 87 € X7
Then we have Anng(Annp(r)) € Anng(S’). If S” ¢ U, then Anng(N) C Anng(S”) which follows that
Annpr(Anng(S")) C Annpy(Anng(N)) C Annpr(r). So Anng(Annas(r)) C Anng(Anny (Anng(S))) =
Annpg(S’), a contradiction. This means that S’ € U and hence S € X? C U, as desired. O

Proposition 3.14. Let M be a G-graded R-module and r € h(R). Then:

1. ¢~ (Dr) = X}

2. o(X7) C Ds. If the natural map o is surjective, then the equality holds.
3. X;NX; =X5, forany a,b € h(R).

4. Ifr € N(R), then X§ = (.

5. Ifr € U(R), then X7 = X°_, = Spec,(M).

Proof. (1) p~X (D) = ¢} (Speca(R) — VETR)) = Spect,(M) — o \(VEGR)) = Spects(M) -
V&(Anny (r)) = X by Proposition 3.1}

(2) Trivial.

(3) By [10, Theorem 2.3(2)], we have Dz N Dy = D—; and thus X: N X; = ¢ '(Dz) N Y(Df) =
v~ (Dgp) = X3,

(4) Suppose that r € N(R). By [11, Proposition 3.6(2)], we have D,. = () and hence D7 = (). This follows
that X° = ¢~ 1(Dx) = 0 by (1).

(5) Assume that r € U(R). Then D, = Speci(R) by [11, Proposition 3.6(3)]. This implies that D7 =
Spece(R) and thus X2 = ¢~ 1(D5) = ¢~ (Spece(R)) = Specs, (M) by (1). Now, since 7 € U(R) N h(R),
then r—' € U(R) N h(R). Therefore X5, = Speci, (M) = X5. O

Let M be a G-graded R-module. By [10, Theorem 2.3(4)], each D,. is quasi-compact and hence D; =
Speca(R) is quasi-compact. In the following theorem, we give a similar result for Specf, (M) and its basic
open sets.

Theorem 3.15. Let M be a G-graded R-module. If the natural map ¢ is surjective, then the open set X is
quasi compact for every r € h(R). Specifically, Specl,(M) is quasi compact.
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Proof. Letr € h(R) and ¢ = {X} | ¢ € A} be a basic open cover for X%, where A is an index set subset
of h(R). Then X7 C |J X; and hence Dr = ¢o(X;) C |J ¢(XZ) = |J Dy by Proposition [3.14(1).
_ teA teA teA

So ¢ = {D; | t € A} is a basic open cover for the quasi compact set Dr. Thus it has a finite subcover
= {D-| i=1,...,n},wheret; € Aforanyi =1,...,n. Now X = ¢~ '(Dr) C | o' (D) = U X&

i=1 i=1
and this follows that { = {Xti | i =1,...,n} C (is afinite subcover for X 3. Therefore X ? is quasi compact.
Now Spec, (M) = X7. So Specg, (M) is quasi compact. O

4 Irreducibility in Specf, (M)

Let M be a G-graded R-module and Y be a subset of Specf,(M). We will denote the closure of Y in

Spect (M) by CI(Y') and the summation ) S by T'(Y). If Z is a subset of Specc (R), then the intersection
Sey
of all members of Z will be expressed by {(Y).

Proposition 4.1. Let M be a G-graded R-module and Y C Specg,(M). Then CI(Y) = VE(T'(Y)). In
particular, Y is closed if and only if VE(T(Y)) =Y.

Proof. TtiseasytoseethatY C V5(T(Y)). Let V5(IV) be any closed set in Specg (M) suchthatY C V5(N)

and it is enough to show that VS (T'(Y')) C VE(N). Solet S’ € VS(T(Y)). Then Anng(T(Y)) C Anng(S’).

Note that for any @ € Y, we have Anng(N) C Anngr(Q) and thus Anng(N) C () Anng(Q) =
QeY

Anng(T(Y)) C Anng(S’). Hence S’ € V5(IN). Therefore VE(T'(Y)) is the smallest closed set containing
Yand this means that CI{(Y') = VE(T'(Y)). O

Recall that a topological space X is irreducible if for any decomposition X = F} U F, with closed subsets
F; of X with¢ = 1,2, we have F; = X or I, = X. A subset X’ of X is irreducible if it is an irreducible
topological space with the induced topology. An irreducible component of a topological space is a maximal
irreducible subset of it. Let X be a topological space. It is easy to see that every singleton subset of X is
irreducible. Furthermore, a subset Y of X is irreducible if and only if its closure is irreducible (see?).

Theorem 4.2. Let M be a G-graded R-module. If S € Speci, (M), then CU({S}) = V5(S) and VE(S) is an
irreducible closed subset of Spec,(M).

Proof. By Proposition .1} C1({S}) = VE(T({S})) = VE(S). Since {S} is irreducible, then CI({S})
V& (S) is irreducible, as desired.

o

Proposition 4.3. Let M be a G-graded R-module andY C Specl(M). Then :

1. IfT(Y) € Speci, (M), then'Y is irreducible.

2. If Y is irreducible, then T = {Anng(S) | S € Y} is an irreducible subset of Specg(R), i.e.,
&(Y) = Anng(T(Y)) is a graded prime ideal of R.

Proof. (1) Assume that T(Y') € Specg,(M). By Proposition 4.1 and Theorem 4.2 VE(T'(Y)) = CI(Y) is

irreducible. Therefore Y is irreducible.

(2) Assume that Y is irreducible. Then ¢(Y') = Y” is an irreducible subset of Specg (R) since ¢ is continuous

by Proposition Note that £(Y') = £(e(Y)) = () Anng(S) = () Anng(S) = Anng(T(Y)) and
Sey Sey

thus £(Y') = Anng(T(Y)) € Specg(R) by [14, Lemma 4.3]. This implies that £(T) = Anng(T(Y)) €
Spece(R) and thus T is an irreducible subset of Specs (R) by [[14, Lemma 4.3] again. O

Corollary 4.4. Let M be a G-graded R-module. Assume that p-Speci, (M) # 0 for some p € Speca(R).
Then the following hold:
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1. p-Specg, (M) is irreducible.
2. If p € Maxc(R), then p-Specg, (M) is an irreducible closed subset of Specg,(M).

Proof. By [J5| Proposition 2.4(a)], we have T'(p-Spec (M)) € p-Specg (M). So p-Specg, (M) is irreducible

subset of Specg, (M) by Proposition 4.3 1). Now it is easy to see that Annas(p) # 0. So if p € Mazg(R),

then Anng(Anny(p)) = p. By Lemma [2.17(2), we obtain VE(Anny(p)) = U q-

qEVé{(AnnR(AnnM(p)))

Spect (M) = U g-Speci(M) = U ¢-Speci,(M) = p-Speci,(M). Therefore p-Specf, (M) =
qeVE(p) qc{p}

V& (Anna(p)) and this follows that p-Specg, (M) is an irreducible closed subset of Specg, (M). O

Proposition 4.5. Let M be a G-graded R-module and' Y C Specl,(M) such that Anng(T(Y)) = pisa
graded prime ideal of R. If p-Speci, (M) # 0, then Y is irreducible.

Proof. Let S € p-Specg,(M). By Lemma 1) and Proposition we have V5(S) = VE(T(Y)) =
CIl(Y). So CI(Y) is irreducible by Theorem #.2|and thus Y is irreducible. O

Theorem 4.6. Let M be a G-graded R-module andY C Spec,(M). If the natural map  is surjective, then
Y is an irreducible closed subset of Specg, (M) if and only if Y = V() for some S € Specg,(M).

Proof. Assume that Y is an irreducible closed subset of Specf,(M). Then Anng(T(Y)) € Spece(R) by
Proposition 2). Thus Anng(T(Y)) € Speca(R). Since ¢ is surjective, then Anng(S) = Anng(T(Y))
for some S € Specy,(M). By Lemma [2.17(1) and Proposition [#.1] V& (S) = VE(T(Y)) = CI(Y) =Y.
Conversely, if Y = V5(S) for some S € Speci (M), then Y is closed and it is irreducible by Theorem
4.2} O

Corollary 4.7. Let M be a G-graded R-module and S € Specg,(M). If Anng(S) is a minimal graded prime
ideal of R, then V5(S) is an irreducible component of Speci,(M). The converse is true if the natural map @
is surjective.

Proof. By Theorem V&(S) is irreducible and it is enough to show that it is a maximal irreducible.
Let Y be irreducible subset of Specg, (M) with V5(S) C Y and it remains to prove Y = VZ(S). Since
S e V5(S) CY, then S € Y and thus Anng(T'(Y)) C Anng(S). By Proposition 2), Anng(T(Y)) €
Specg(R). But Anng(S) is a minimal graded prime ideal of R. So Anng(T(Y)) = Anng(S) and
this follows that VE(Anng(T(Y))) = VE(Anng(S)). Thus VE(T(Y)) = ¢ ' (VE(Anng(T(Y))) =
cp_l(VGE(AnnR(S))) = V&(S) by Lemma 3) and Proposition m Since Y C VE(T(Y)), then Y C
V& (S) andhence Y = V§(S). Conversely, assume that ¢ is surjective. Letp € Specg (R) withp C Anng(S)
and it is enough to show that p = Anng(S). By the surjectivity of ¢, there exists S’ € Specg, (M) such that
Anng(S’) = p. Then Anng(S’") C Anng(S). So we get V5(S) C VE(S’). Since VE(S) is irreducible
component and V(5’) is irreducible by Theorem 4.2] then V5(S) = V5(S’). By Lemma[2.17(1), we have
Anng(S) = Anng(S’) = p. Therefore p = Anng(S), as needed. O

Theorem 4.8. Let M be a G-graded R-module. Then the following statements are equivalent for any S, Ss €
Spect(M):

1. Spect (M) is a Ty-space.

2. IfVé«(Sl) = VCS;(SQ), then S1 = Ss.

3. |p-Specg,(M)| < 1, for every p € Specg(R).

4. The natural map @ is injective.

Proof. The equivalence of (2), (3) and (4) follows from Proposition@ Also (1)<(2) follows from Theorem
(2] and the fact that a topological space is a Tj-space if the closures of distinct points are distinct. O
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Proposition 4.9. Let M be a G-graded module over a graded field F. If Specg, (M) is a Ty-space, then
|A| < 1 for any base A of M with A C h(M).

Proof. Suppose that there exists a base A of M such that A C h(M) and [A| > 1. By Lemma[2.§(1),(2),
there exist N1, No € Specl (M) with Ny # No. Since F is a G-graded field, then r € U(F) for every
r € h(F) — {0} and hence B = {X,. | r € h(F)} = {Spec& (M), D} by Proposition [3.14(5). This follows
that 7& = the trivial topology on Specl (M). Now it is easy to see that Specf, (M) is not a Ty-space, a
contradiction. O

Recall that a topological space X is called a T}-space if every singleton subset of X is closed. Now, we
need the following lemma to investigate Specg, (M) with the Zariski topology from the viewpoint of being a
T -space.

Lemma 4.10. Let M be a G-graded R-module. If Q) is a graded minimal submodule of M, then Anng(Q) is
a graded maximal ideal of R.

Proof. Since @ # 0, then Anng(Q) # R. Let J < R such that Anng(Q) C J C Rand Anng(Q) # J.
Then 3t € J — Anng(Q). So Im € h(M) N @ such that tm # 0. Note that Jm is a non-zero graded
submodule of M. But Jm C Q. So Jm = @ as @ is a graded minimal submodule. Thus m = jm for some
j € J. This implies that 1 — j € Anng(m) C Anng(Jm) = Anng(Q) C J. Hence 1 € J. Therefore
J=R. O

Theorem 4.11. Let M be a G-graded R-module such that every graded second submodule of M contains a
graded minimal submodule and let S € Spec, (M ). Then the set {S} is closed in Spec, (M) if and only if S
is a graded minimal submodule of M and p-Specl,(M) = {S}, where p = Anng(S).

Proof. Suppose that {S} is closed in Specg, (M). Then C1({S}) = {S} and hence V5(S) = {S} by Theorem
Now dW € Ming(M) such that W C S. So we get Anng(S) C Anng(W), which implies that W €
V&(S) = {S}. Hence W = S and this means that S € Ming(M). Also it is clear that p-Specf, (M) = {S}.
Conversely, let H € CI1({S}). Then H € V&(S) and hence Annp(S) € Annp(H). By Lemma[4.10} we
have Anng(S) € Maxg(R). This follows that Anng(S) = Anng(H). Since p-Specg, (M) = {S}, then
H = S. Therefore C1({S}) = {S}, as desired. O

Corollary 4.12. Let M be a G-graded R-module such that every graded second submodule contains a graded
minimal submodule. Then Specf, (M) is a Ty -space if and only if Ming (M) = Specg, (M).

Proof. Assume that Specg(M) is a Ty-space. By [5, Proposition 2.3(c)], Ming(M) C Speci(M). Let
S € Speci(M). Since Speci, (M) is a Ti-space, then {S} is closed in Specf,(M). By Theorem @.11}
we have S € Ming(M). For the converse, assume that Ming (M) = Specl(M). Let W € Spec, (M)
and it is enough to show that {W} is closed in Specf,(M). Let p = Anng(W) and H € p-Spect(M).
By [5| Proposition 2.4(a)], we have H + W € p-Specg (M). This follows that H + W € Ming(M).
But H,W C H + W. So H = W and so p-Specg,(M) = {W}. By Theorem .11} {W} is closed in
Spec(M). O

Let M be a G-graded R-module and S € Specl (M). We say that S is a maximal graded second submodule
if it is not properly contained in another graded second submodule of M (see).

Proposition 4.13. Let M be a G-graded R-module. Then the following hold:

1. If Spec, (M) is a T1-space, then every graded second submodule of M is a maximal graded second.

2. If M is a graded Artinian module, then Spect, (M) is a T1-space if and only if Speci, (M) is discrete.

DOI: https://doi.org/10.54216/IJNS.250324 278
Received: March 09, 2024 Revised: June 04, 2024 Accepted: October 20, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 265-279, 2025

Proof. (1) Let S € Specg, (M) and we show that it is maximal graded second. So let S” € Specg, (M) with
S C S’. By hypothesis, {S} = CI({S}) C CI({S'}) = {5’} and thus S = 5.

(2) If M = 0, then the result is trivially true. Suppose that M # 0. Clearly, if Specf, (M) is discrete, then it
is a Ty-space. Conversely, assume that Specf, (M) is a Ty-space. Let Maxf, (M) be the set of all maximal
graded second submodules of M. By (1), Specg, (M) C Max(M). But by |8, Theorem 2.111, Max§, (M)
is a finite set and hence Specf, (M) is finite. Now, since Specf, (M) is a T;-space, then it is discrete with
respect to the Zariski topology. O
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