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Abstract

The objective of this paper is to find all formulas that describe the 3-cyclic refined neutrosophic real solutions of
the equation X™ = 1 which are called 3-cyclic refined real roots of unity. Also, we classify the algebraic group
represented by these solutions as a direct product of some familiar finite abelian groups. On the other hand, we
illustrate many examples to clarify the validity of our work.
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1. Introduction

The concept of neutrosophic sets and neutrosophic structures is considered one of the most recent mathematical
concepts with applications in many different scientific fields [1]. The n-cyclic refined neutrosophic structures were
first defined in [9], where algebraic structures related to this definition were studied, such as rings and modules.
Also, the groups and spaces generated by this mathematical systems were studied in [9-12, 14]. Then in [2-4],
some famous algebraic problems were studied for the n-cyclic refined neutrosophic rings, where some conjectures
were put forward that discuss the classification of the group of units such as generalized VVon Shtawzen's conjecture

[5].

The problem of the group of units for 3-cyclic and 4-cyclic refined neutrosophic rings of integers was studied by
many researchers [7-8, 13], where it was classified in [6] as a proof of first and second VVon Shtawzen's conjectures.
In [15-16], the problem of finding integer n-cyclic refined neutrosophic solutions of the equation X™ = 1 was
discussed, and many good formulas were proven.

In this work, we study the same problem for a generalized set, where we find the formulas for the solutions of the
equation X™ = 1 in the 3-cyclic real ring, with a classification of its group structure.

2. Main Discussion

Definition:

Let X = xo + X3, x;I; € R5(I), then X is called n-th root of unity in Ry(1) if: X™ = 1.
Remark:

It is known that R;(I) = R X R x C with:

@: R3(I) » R x R x C such that:

3
2T,
p(X) = (xo.in,xo +x3+x @ +x2a2> ;a=e3"

i=0

36
DOT: https://doi.org/10.54216/JNFS.090105
Received: December 27, 2023 Revised: March 25, 2024 Accepted: July 24, 2024



https://doi.org/10.54216/JNFS.090105
mailto:Osagieagne2000@cput.ac.za

Journal of Neutrosophic and Fuzzy Systems (INFS) V70l 09, No. 01, PP. 36-42, 2024

xF=1
If X™ = 1, then: Ciox)t =1
(X0 + x3 + x10 + xa?) =1

For odd values of n:

xp=1ex,=1 (1)
3 3
(Zxﬂ"zl@in=1<:>x1+x2+x3=0 (2)
i=0 i=0

On the other hand:

2mk.
(o + X3+ xa +x,a?) ' =1 xg+ X3+ xa +x,02 =en ' (3) where0<k<n-—1.

2mk,
Thus, —x, —x; + x;a + x,a2 =en ' —1

2rk,

Hence: x;(@a — 1) + x,(@? = 1) =B, —1 ;B =en'

2m 1 V3, -1 V3,
a=esl=7+7l,a2=7—71,therefor:

x1<_73+§i>+x2<_73—§i>=(cos(?)—1)+i sin(?),

This implies:

-3 3 2k
5 1T X2 =cos (T) -1

| (Y3 V3 \_. . (2mk
kl (7)61 - 79(2) =1 Ssin (T)

2 2rk 2
X3 = X1 — Xy = §COS(—> _§

And X=1+ (—%cos (%) + % + \%sin (#)) I + (—gcos (%) + § ——sin (%)) I, + (gcos (?) -
Dl 0<k<n—1
For even values of n:

=1 x€{1,-1}

3 3
(in"=1c>2xie{1,—1}
i=0 i=0

o+ x3+xja+txa)t=1x,+x;+xa+xa?2=p, ;0<k<n-1
We discuss the possible cases:
Case (1):

ifxo =1, Yiox; =1, then:
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I( -1 Zﬂk) 1 1 27rk>
Xy = —-cos ( 3 \/§ —sin (T

-1 <2nk> 4 1 1 ; (an)
txz = —3cos 3 \/_

2 2mk 2
X3 = ECOS (T) —3 ,hence:

X=1+ (— cos (Zﬂk) +-+ ¢1§ sin (an)) I + (—1 cos (sz) + 3 \% sin (an)) I + ( cos (sz) - ; ) I5.

Case (2):

ifxg=Y3ox; =—1,thenx; +x, + x3 =0,x3 = —x; — x;

Also: —1 — x,—x; + x.a + X0 = By,

( x(a—=1)+x@—1)=p+1,
X1 (—;+§i> + x, (—;—?i) = [cos(zzk) + 1] + isin (an>,
3 2rk
—E(x1 + x,) = cos (T) +1
\/2—§(x1 — X,) = sin (?)

21k 2
x1+xz=——COS(n) 5

Hence: ) ok
X1 - X2 \/_Sln ( n )
.(xl = _—1cos (@> - l + isin (ﬂ)
3 n 3 43 n
-1 2nk\ 1 1 /2mk
%xz =5es(50) -5 (50)
I 2 2mky 2
\ v =geos(S7) 43

X=-1+ (—COS (2:1() —§+ %sin (%)) I + (%cos (?) —%—\%sin (%))12 + (gcos (%) +§)I3_
Case (3):

ifxg =1, 0xi=—1x +x,+x3=-2,x3=—-2—x; — X,

Also: xg + x5 + X100 + x,a% = B, 1 —2—x; — X, + X100 + x,a% = By,

x (@ —1) + x,(a? — 1) = B + 1, hence:

( -1 2k 1 1 2rk
.xlz—cos(T)——+—sm( )

3 33
-1 2tk 1 1 2mk
xz—?COS(T)—g—fSIH( )
2 2rtk 4
3 =308 (T) 3

X =1+ (Sreos (55) =3+ sin (55)) 1 + (Freos (57) =3 = sin () o + (eos (57) = 3)
Case (4):

ifxg=—1,Y 0xi=1x +x,+x3=2,x3=2—x; —xp,
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Also: Xo +x3 + X1 +x2a2 = ‘Bk’—l + 2_x1 —x%,+xa +x2a2 — ,Bkn

x(a—1) + x,(a? — 1) = B — 1, hence:

.(x1 = _—1cos (an) + l + isin (%>

3 3 43 n

-1 2mk 1 1 ; 2mk

"2—?“’5< )*5 Neh (—)
2 2nk 4
x3—§cos(—)+§

X=-1+ (— cos (Zﬂk) +-+ jgsin (an)) I + (— cos (sz) + 3 \%sin (an)) I + ( cos (2:}{) + g ) I3.

Inallcases 0 < k <n-—1.

Example:

Find all 3-cyclic refined 5-th roots of unity.
Solution:

Since n=5 is odd, then:

o= 1 (e ()2 () 1 (oo (2) 2 (29)) 1 (s () -

5)13 ;0< k<4

Xi=1+ (—cos( ) +- +F51n( ))11 (;cos(z?n) +§—\/%sin (2?”))12 + Gcos (2?”) —2)13 .
Xo=1 X, =1+ (—cos( )+ +\/_sm (%ﬂ))ll + (?cos (4?”) +§—\/%sin (4?”))12 + Gcos (4?”) —z
X;=1+ (—cos( ) +- +\/—_sm( )) I + (?cos 6?”) +§—\/%sin (ﬁ?n)) L + Gcos (6?”) —3)13,

X, =

Example:

Find all 3-cyclic refined 4-th roots of unity.

Solution:

Since n=4 is even, we have:

Case (1):
X0:1
1 1 1 1 2
Xi=1+(G+p)h+ (-5 —k
2 2 4
Xz = 1+§Il +§Iz_§13

1 1 1 1 2
Yo =1+ (=) b+ (G+p)k—3h
Case (2):
’ 2 2 4
X' ==1- L =L+l = —X,,
’ 1 1 1 1 2
X' ==1+(-i+5)h+(-3-F)b+ih= X,

Xz’ =—-1= _Xo.
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X' =—1+(—3-F)h+(—3+F)L+3k = —X.

Case (3):

V3 V3 3
X2”=1_213
"_ _1_ 1 1 i
X, _1+( : ﬁ)11+( +J§)12 1
Case (4):

X0,” = _1 + 213 = _XZH.
" 1 1 1 1 4 "
X1 =_1+(§+ﬁ)11+(5_ﬁ)[2+513=_X3 .
rnr 2 2 2 n
X2 =-1 +511 +§IZ +§I3 = _XO .

7=t (s (e = n
Example:

Find all 3-cyclic refined 6-th roots of unity.

Solution:

Case (1):

KO =154+ (545)k=1

KO =1 (20 + ) (-5 D) G- D= 13-t b
T T 1 {c [RI GOTERETC IS G (RO
X0 =1+ [-3CD+3h+ [0+ L+ EED == 142+ 2L -2

KO =1 DA ED s D - 3D B) T 1o
1= 14 2+ 5G]+ [0 43 5Bl B - -3 3a-in
Case (2):

—Xo® = —1.

X, =—1-2L +1hL +3],

X,V =11 +1,.

—XW=—1-2L 2L+,

—X,®=—1-1+1.

1 2 1
XMW =—1+20 =L +1s
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Case (3):

10 =1 (3D (AP G-Da - 1-du-da-tn

3 - _I(y_1, 18 _I(ny_1_1 8 2N\ 4= 17 —
X, _1+[ 3(2) 3+«/§(2)]Il+[ 3(2) 3 \/5(2)]12-'_[3(2) 3]13_ 1-L -1 .
1 4 5
X, =145~ L~ 1
X;® =1-2L,.
2 1 5
XD =1-"L+ LI
X®=1-1—1I.
Case (4):
~X® = -1+ +2L+ 2L,
X =—14L+1 .
1 4 5
~X,® =1L+ L+
—X;® = -1+ 21,
2 1 5
X =14 L~ L+ 1
—Xs® =141 + 1.
The algebraic structure of the real 3-refined n-th roots of unity:

Theorem:

Let n be an odd positive integer and R,,be the set of the n-th 3-cyclic refined roots of unity, then:(R,, x) is a group
and R, = C,.

Proof:
Letx,y € R,, then: X" =Y" = 1.
(XY)" = X™"Y™ =1, hence XY € R,,.

X H" = (X™™! =1, hence X~! € R, thus (R, x) is a finite abelian group with |R,| = n.

Define: f: R, = Cn; f(Xi) = Bi; Br = enho<k<n—1

If X, = X, then Br = By, hence f(X,) = f(Xi).

fXe. X)) = B B = f(Xp). f(Xi), thus, fis a group homomorphism.

ker(f) = {Xx € Ry f(Xi) = B = 1} = {1}.

Also, |R,| = {Bx ;0 < k <n—1}| =n, thusf is an isomorphism and R,, = C,,.
Remark:

Since C,, = Z,, we getthat R, = Z,,.

Theorem:

Let n be an even positive integer and R,, be the set of the n-th 3-cyclic refined roots of unity, then: (R, x) is an
abelian group with R,, = Z, X Z, X Z,.

Proof:
41
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We can prove that (R, x) is abelian with |R,,| = 4n by a similar argument of the previous theorem.
All elements of R,, have orders n at most, thus:

R, =7Z,%XZy,XZ,
3. Conclusion

In this paper we found all formulas that describe the 3-cyclic refined neutrosophic real solutions of the equation
X™ = 1 which are called 3-cyclic refined real roots of unity. Also, we classified the algebraic group represented
by these solutions as a direct product of some familiar finite abelian groups.
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