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Abstract

The generalization for interval fuzzy set name as neutrosophic set employed to construct a measurable space in
this work. The measurable space with respect to a ring of sets that is closed under difference and union, is studied.
The objective of this study is to extend the notion of a ring of sets by using neutrosophic sets. Neutrosophic set
concept has gained popularity in various fields of mathematics, probability, and other sciences due to its many
uses, especially when dealing with uncertainties. Several different properties of neutrosophic ring are studied.
Examples and characterizations to the proposed extension are given.
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1. Introduction

Generalized measure theory is arise from the well-established conventional measure theory by the process of
generalization, which done by replacing some conditions with a considerably weak conditions [13]. The majority
of our conventional tools for formal modeling, computation, and reasoning are clear and deterministic. However,
a lot of complex issues in the fields of medicine, engineering, economics, etc., require evidence that isn't always
obvious. Due to the various types of uncertainty that these situations offer, we are not always able to employ the
classical methodologies. Mathematical tools for handling uncertainties include the theory of fuzzy set [15, 16], the
probability theory [17], the theory of intuitionistic fuzzy sets [18] which is an extension of fuzzy sets, and the
theory of interval mathematics [19,20]. But as pointed in [21], all these theories have their possess challenges.
These challenges could result from the theories’ inadequate parametrization tool, which is why Smarandache [12]
developed the idea of neutrosophic set by introducing an independent component, indeterminacy degree, for
handling uncertainty that is unaffected by the aforementioned issues. The neutrosophic set concept represent a
significant generalization of fuzzy sets and intuitionistic fuzzy sets, serving as an effective framework for
addressing incomplete, indeterminate, and inconsistent information that is prevalent in real-world scenarios. The
truth  membership function, indeterminacy membership function, and falsity membership function are
characteristics of neutrosophic sets. Since indeterminacy is explicitly quantified and the truth, indeterminacy, and
falsity membership functions are independent, this theory is crucial in a wide range of application domains. The
notion of a single-valued neutrosophic set was presented by Wang et al. [22]. The single-valued neutrosophic set
deals with inconsistent, indeterminate, and incomplete information and can independently express truth-
membership degree, indeterminacy-membership degree, and falsity-membership degree. Given the limitations of
the knowledge that humans acquire or observe from the outside world, all of the elements covered by the single-
valued neutrosophic set are highly appropriate for human thought. The broad range of application areas and
theoretical sophistication of single valued neutrosophic sets led to their rapid development, for examples, see [23-
31]. The interval neutrosophic set was introduced by Wang as extension of the neutrosophic set [32]. Uncertain,
incomplete, imprecise, and inconsistent information that exists in the real world can be represented by the interval
neutrosophic set. A special instance to the single valued neutrosophic sets, the single valued fuzzy number is
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significant for decision-making issues. In decision making issues, several researchers investigated the idea of
trapezoidal neutrosophic fuzzy numbers to generalize the triangular fuzzy numbers, trapezoidal intuitionistic fuzzy
numbers, and triangular intuitionistic fuzzy numbers [33, 34]. The ranking for neutrosophic trapezoidal numbers
was examined by Deli [35] and Biswas [29], who then used the idea to resolve decision making difficulties. The
rough neutrosophic set was defined and its fundamental characteristics were demonstrated by Broumi et al. [36].
The literature has documented some theoretical developments and applications [37-40]. Many scholars have
examined a neutrosophic refined sets, which are generalization of neutrosophic sets, and their applications [41-
44].

The c-algebra concept is studied by Ahmed et al. [5, 10] which is stronger form of ring. In [2, 4] Ahmed et al.
were introduced an idea of fuzzy c-algebra as an extension for each of c-algebra and ring concepts. It is shown
that the fuzzy c-algebra is closed under the countable union of fuzzy sets and it is closed under complementation
of fuzzy sets, while the ring is closed under a finite union of ordinary sets and a finite union of the differences of
these sets. The neutrosophic c-algebra has been introduced in 2022 by Sahin [11].

In recent decades, the matter of uncertainty model has received many concern from authors in the field of theory
of probability, various ideas, inclusive of fuzzy sets theory and possibility measures were proposed [8]. The study
of the concept of neutrosophic branched into several fields of mathematics such as neutrosophis topological spaces,
see [45, 46]

The theory of neutrosophic sets were advanced to treat uncertainty modelling best than conventional styles such
as fuzzy sets theory, so the neutrosophic sets theory is outperform by the theory of fuzzy sets for uncertainty
modelling.

In this article, a novel type of measurable spaces are introduced and studied by using neutrosophic sets; namely
neutrosophic ring. The objective of employing neutrosophic sets in measurable spaces provides various benefits,
particularly when dealing with uncertainty which could be of mighty significance in the field of applied
mathematics.

2. Related Work

Definition 2.1 [2]. The fuzzy set A on universal U define by A= {(v, t4(V)) : veU} where t,: U —[0,1] is function
with for all v € U, t,(v) represent a degree for membership of v € A.

Definition 2.2 [7]. The intuitionistic fuzzy set A in universal U defining by A= {(v, t5(V), fo(V) ) : v € U} where
taand f,: U —[0,1] are function having for each v € U, t, (V) is a degree for membership of v € A and f,(v) represent
a degree for non-membership of v e A with t,(v) + fy(V)<1.

Definition 2.3 [12]. The neutrosophic set A on universal U is represent as A= {( v, t4(v), ly(v), fa(v) ) :v e U}
where t, , l,and f,: U —[0,1] are function such that for any v € U, t,(v) is called a degree for trust-membership
of v e A, 1y(v) is named a degree for indeterminacy-membership of v € A and f,(v) represent to a degree for
falsity-membership of v € A .

Definition 2.4 [9]. The nonempty-collection ¥ of subsets in universal U is called ring if A-Be€ ¥ and AU B e ¥
whenever A, B e V.

Definition 2.5 [1,14].
1) The neutrosophic power set is denoted by NP(U), where U is universal set.
2) A union for neutrosophic set A & B defined in following forms:
a) A UyB = {(v, Max{ty(v ), ta(v)}, Min{ly(v )lp( v )}, Min{fa(v), fa(v) } ) 1 v e UY.
b) A UNB={(v, Max{ty(v), tz(v)}, Max{ly( v )lg( v )}, Min{fy(v), fg(v) } ) : ve U}.
3) An intersection for neutrosophic set A & B possible have forms in below:
a) ANy B={(v, Min{ty(v), ts( v )}, Max{ly( v ),lg( v}, Max{fy(v), fg(v) } ) : v e U}.
b) ANy B={(v,Min{ty,(v), tg( v )}, Min{ly( v )lg( v )}, Max{fy(v ), fg(v) } ) : v e U}
Definition 2.6 [1].
1) The empty neutrosophic set can be define by
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a) N(®)={(v,0,0,1): veU}
b) N(®)= {(v,0,1,1): ve U}
c) N(®)= {(v,0,1,0): ve U}
d) N(®)= {(v,0,0,0): ve U}
2) The universal neutrosophic set may be define by:
a) N(U)={(v,1,0,0): ve U}
b) N(U) ={(v,1,01): v e U}.
c) NU)={(v,1,1,0): ve U}.
d) NU)={(v,1,1,1): veU}.

3) A complement for neutrosophic set A can be writing in the following forms:
a) AN={(r, fa(), L4(), t4(r) ) s r e U}
b) AN={(r, fo(r), 1- L (1), ta(r) ) : T € U}
c) AN={(r, 1- t5 (1), 1- L4(r), 1- f(r) ) : re U}
4) The neutrosophic sets A contained in B is possible having the forms:
a) A Sy Biff t400) < () & 1,(3) > lg(2) and f,(3¢) > f(3¢) for all » € U.
b) A Sy Biff ty(x) < (%) & Ly (¢) < () and f, (3¢) > i (3¢) for all » € U.
3. Results
We start this section by introducing the neutrosophic ring concept and we studying its basic properties.
Definition 3.1. A difference among two neutrosophic set A & B may be define by the following forms:
a) A-yB=Any BN
= {(v, Min{ta(v), f(v)}, Max{l4(v),l5(v)}, Max {fs(v), tg(v) }) : ve U}.
b) A-yB=Any BW
= {(v, Min{ts(v), fg(v)}, Min{ly(v),lp(v)}, Max{fs(v), tg(v) }) : v € U}
c) A-yB=Any BYW
= {(v, Min{ty(v), fp(v)}, Max{1-l4(v),1-lg(v)}, Max{fy(v), tp(v) }) : v € U}.
d A-yB=Any BW
= {(v, Min{ty(v), fg(v)}, Min{1-4(v),1-lg(v)}, Max {fz(v), tg(v) }) : v € U}.
e) A-yB=Any BN
= {(v, Min{1-t4(v), I-tp(v)}, Max {1-14(v),1-lg(v)}, Max{1-f(v), 1-fg(v) }): v € U}.
f) A-yB=Any BW
= {(v, Min{1-t4(v), I-tg(v)}, Min{1-14(v),1-lg(V)}, Max{1-f4(v), 1-fg(v) }): v € U}.

Definition 3.2. The family F of neutrosophic subsets of a universal neutrosophic set N(U) is called neutrosophic
ring on N(U) if :

1) N@)eF.
2) (A—yB)eF,forany A& BeF.

189
DOI: https://doi.org/10.54216/1]INS.250317
Received: February 25, 2024 Revised: May 27, 2024 Accepted: October 02, 2024



https://doi.org/10.54216/IJNS.250317

International Journal of Neutrosophic Science (IINS) Vol 25, No. 03, PP. 187-193, 2025

3) (AUyB)e€F whenever A& BeF.

An ordered pair (N(U), F) is named neutrosophic measurable space with respect to neutrosophic ring and its
members is called neutrosophic measurable sets with respect to neutrosophic ring.

Example 3.3. Letus U= {s, k} and F = { A = {(s,0,1,1),(k,0,1,1)}, B={(s,1,1,0),(k,1,1,0)} }. then F is neutrosophic
ring on N(U) where N(U) ={(s,1,0,0),(k,1,0,0)}, because if we consider A = {(s,0,1,1),(k,0,1,1)} & B
={(s,1,1,0),(k,1,1,0)}, then A & B S, N(U) and by using form (b) in definition 2.6 (1), form (a) in definition 2.5
(2), form (a) in definition 2.6 (3) and form (a) in definition 3.1, then we note that (A UyB)="B, (B —y A) =B,
(A —y B) = A. Thus the all condition in Definition 3.2 are holds.

Theorem 3.4. If {Fo}qen is a family of neutrosophic ring on N(U), then so is Ngep Fa-

Proof. Assume that for all aeA, Fy, is a neutrosophic ring, then N(®) € Fq
VaeA, hence N(P) € Ngea Fo-

Letus A & B € NgepFo- Then A & B € F, VaeA.
Since VaeA, Fy is a neutrosophic ring, then (A —y B) € F VaeA and (A UyB ) € F, VaeA, thus
(A—nB)eNgeaFqand (A UyB) €Ngen Fo- Therefore, Nyea Fo IS @ Neutrosophic ring on N(U).

Definition 3.5. If T is a collection of neutrosophic subsets of a universal neutrosophic set N(U). Then the
intersection of all neutrosophic ring on N(U) which includes I is called neutrosophic ring on N(U) that generated
by I' and its denoted by NR(I").

Proposition 3.6. NR(I') is a smallest neutrosophic ring on N(U) which includes I.
Proof. Since NR(I') is intersection of all neutrosophic ring on N(U) which includes I'. Then by
Theorem 3.4, we get NR(T') is neutrosophic ring on N(U). By definition of NR(I'), then NR(T') is includes I'.

Now, if F is neutrosophic ring on N(U) which includes I', so NR(T) is contained in F, hence NR(I') is smallest
neutrosophic ring on N(U) which includes I'.

Proposition 3.7. T is a neutrosophic ring on N(U) if and only if T" = NR(T').
Proof. The result follows by the definition of NR(I") and by Proposition 3.6.

Theorem 3.8. If ¥ &I" are families of neutrosophic subsets of a universal neutrosophic set N(U)such that ¥
contained in I', then NR(¥) contained in NR(I').

Proof. To prove NR(¥) contained in NR(I'). We must prove that NR(I') is a neutrosophic ring on N(U) that
contains V.

Let F e NR(T'). Then F is a neutrosophic ring on N(U) that contain I, but ¥ contained in " by hypothesis, thus F
is a neutrosophic ring on N(U) which include ¥ which implies that NR(T) is a neutrosophic ring on N(U) that
contain V.

But NR(W) is a the smallest neutrosophic ring on N(U) that contain ¥. Therefore, NR(¥P) contained in NR(I').

Theorem 3.9. If ¥ & T" are families of neutrosophic subsets of a universal neutrosophic set N(U) such that ¥
contained in . If T contained in NR(P), then NR(¥) = NR(I').

Proof. From Theorem 3.8, we have NR(¥) contained in NR(I').
So, its only remains to prove NR(I") contained in NR(WP).

By hypothesis we have I' contained in NR(¥) and by definition of NR(¥) we known that NR(¥) is neutrosophic
ring on N(U), so NR(¥) is neutrosophic ring on N(U) which includes I', but NR(I") is a the smallest neutrosophic
ring on N(U) that contain I", hence NR(I") contained in NR(¥). Therefore NR(¥) = NR(I).

Theorem 3.10. If W is class of neutrosophic subsets of universal neutrosophic set N(U), then
NR() Ny V =NR(T Ny V) for every V S N(U).

Proof. To prove NR(I' Ny V) is contained in NR(I') Ny V, we claim NR(I") Ny V' is neutrosophic ring on N(U)
which include T' Ny V. Since NR(I') Ny V={S:S=T Ny V, where T ¢ NR(I') } and NR(I') is neutrosophic
ring on N(U), then N(®) € NR(I'), but N(®) = N(®) Ny V, so N(P) e NR(I') Ny V.

LetusS & FeNRT) Ny V,then S=T Ny V, where T € NR(I') and F=L Ny V, where L € NR(I')
190
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Thus,wegetSUy F=(TnNy V)Uy (LNy V)=(TUyL)Ny V,but T &L € NR(I') and NR(T') is neutrosophic
ring on N(U), then T Uy L € NR(I'), hence by definition of NR(I') Ny V we get S Uy F e NR(I') Ny V.

Now,S —y F=(TNny V)= (LNy V)=(T—y L)Ny V,but T & L € NR(I') and NR(I') is neutrosophic ring
on N(U), then T —y L € NR(T'), hence by definition of NR(I') Ny V we get S —y FeNRI) Ny V.

Therefore, NR(I') Ny V' is neutrosophic ring on N(U).

Now, to prove I' Ny V is contained in NR(I') Ny V, suppose B el Ny V,then B=T Ny V when T €I, since
NR(T) includes I', then T € NR(I"), hence B=T Ny V e NR(I') Ny V.

Therefore, NR(I') Ny V is neutrosophic ring on N(U) which include T ny V.

Since NR(I" ny V) is smallest neutrosophic ring on N(U) which includes I' ny V, then NR(I Ny V) is
contained in NR(I') Ny V.

Now, to complete the proof it is only remains to prove NR(I') Ny V is contained in NR(I' Ny V).
So, we define a family F as follows

F={T:(MTny V)eNRI Ny V) & T e NR(I') } and we claims that F is neutrosophic ring on N(U) includes T'
and NR(I).

Now, since NR(I" Ny V) & NR(T) are neutrosophic ring on N(U), then N(®@) € NR(I' Ny V) & NR(I'), but N(®)
=N(®) Ny V, then N(®) € F.

Assume that T & L € F, then (T ny V) e NR(T' Ny V) & T e NR(I') and (L Ny V) e NR(I' Ny V) & L € NR(I).
Now, since NR(I' Ny V) & NR(I') are neutrosophic ring on N(U), then we get

) e NR(T'), but (T Ny V) Uy (L Ny V) =(T Uy L) Ny V, so by definition of F we get (TUy L) e Fand (T —y L)
€ F. Hence F is neutrosophic ring on N(U).

Now, to prove F includes I we assume that S € I', then S Ny V € (I' Ny V'), hence S € NR(I") because NR(I'
include T and S Ny V e NR(I" Ny V) because NR(I'" Ny V) includes (I' Ny V), so by definition of F we get S € F.

Therefore, F is neutrosophic ring on N(U) includes T

Now, from Proposition 3.6 we have, NR(T') is a smallest neutrosophic ring on N(U) which includes I, so F include
NR(D).

Now, letus Y e NR(I') Ny V,then Y =T Ny V where T € NR(T'), so T € F since F include NR(I"), hence (T Ny
V) e NR(T" Ny V) by definition of F, that is Y € NR(I" Ny V), this fact means that

NR(I') Ny V contained in NR(I" Ny V).
Therefore, NR(I') Ny V = NR{I Ny V).
4. Conclusion

The present paper investigates the use of neutrosophic sets to extend the concept of ring. Several properties of
neutrosophic rings are studied. It is shown that any intersection of neutrosophic rings is also neutrosophic ring as
well as the smallest neutrosophic ring is determined. In addition, we prove that if we have two classes of
neutrosophic sets such that the first class is contained in the second class, then the smallest neutrosophic ring that
generated by the first class is also contained in the smallest neutrosophic ring that generated by the second class.
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