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Abstract

In this investigation, we present a new collection of analytic functions that includes Touchard polynomials. We
then aim to calculate the Maclaurin coefficients |a, | and |a; | and address the Fekete-Szeg6 functional problem
within this specific subfamily. Additionally, we demonstrate several hew outcomes by specifying the parameters
used in our main findings.
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1. preliminaries

Legendre made the initial discovery of orthogonal polynomials in 1784 [1]. Since then, these polynomials have
been the subject of extensive research. They are commonly used in solving mathematical models to solve ordinary
differential equations and fulfill model constraints. It is clear that orthogonal polynomials play a crucial role in
modern mathematics and have numerous applications in physics and engineering. It is well known that these
polynomials are crucial in matters pertaining to approximation theory. They are encountered in mathematical
statistics and differential equation theory. Additionally, they are well-known are their applications to automated
control, quantum physics, signal analysis, scattering theory, and axially symmetric potential theory [2, 3].

Touchard polynomials, named after French mathematician Jacques Touchard (see [4]), are a family of polynomials
that have applications in combinatorics and the study of integer partitions. These polynomials are defined using
exponential generating functions and are closely connected to Bell numbers (see [5], [6]), which are used to count
the number of ways to partition a set. Touchard polynomials have applications in various areas, including
probability theory, statistical mechanics, and the analysis of algorithms. They provide a useful tool for
understanding the distribution of particles in certain physical systems and are employed in combinatorial problems
involving set partitions. The study of Touchard polynomials contributes to a deeper understanding of the
combinatorial structures and processes in mathematics. Also, comprise a polynomial sequence of binomial type
that for X is a random variable via a Poisson distribution with an expected value 3, then its nth moment is E(X9)
= (9, 1), leading in the type:

123

DOT: https://doi.org/10.54216/1JNS.250312
Received: June 14, 2024 Revised: August 10, 2024 Accepted: September 24, 2024


https://doi.org/10.54216/IJNS.250312
mailto:AAmourah@su.edu.om
mailto:tariq_amh@bau.edu.jo
mailto:damous73@yahoo.com
mailto:bafrasin@yahoo.com

International Journal of Neutrosophic Science (IINS) Vol 25, No. 03, PP. 123-131, 2025

é‘n L
u@0=ez m%w1

n=0

The coefficients of Touchard polynomials are used to present the outcome of the second force

L(k) = k+z(5n (n _1;')lk",(k €4) (1.1)

where 1> 0; & > 0 and we note that, by ratio test the radius of convergence of above series
is infinity. Let Y be the class of functions analytic in the unit disk A= {k € C: |k| < 1}

of the form:

h(k)=k+Yx_, d, k™, (k € A) (1.2)
We also let Q consisting of functions which are normalized by f(0) = f(0) — 1 = 0 and
also univalent in A

Denote by Y the subclass of € consisting of functions of the form:

h(K)=k+X 5=z dpk™ d, =0 (1.3)

For functions h(k)=k+ X7, d,k™ and j(k)=k+Y;, c, k™, we define the convolution of h and j by
(h*))(K)=k+ X, dycp k™, (KE A)

Now, we define the linear operator w(z,j, z):Y = Y by

o 67 (n — 1)"

wr (L], k) = Ny () * h(k) =K+Z = 1) d.k", (k € A)

Miller and Mocanu [7] introduced the first differential subordination problem, for

additionally details, see [8] and [9]

Every mathematical function h € Q has an inverse h=! which is denoted by
h~i(h(k)) =k (k€A)

and

1
W = h(h™ (W) (W1 <o) ro(w = )
where
q(W) = h_l(W) W d2W2 + ( d3 + 2d )W3 - (d4 + 5d3 5d3d2)W4 + .- (1.4’)
If both h(k)and h~1(k)are univalent in A, a function is said to be bi-univalent in A.
Let I denote the class of bi-univalent functions in A given by (2). Example in the

class T'is h(k) = —— buth(k) = ——

inclass ', see([10]and [11])

In recent years, various investigations have explored fundamental facets of geo
metric function theory, with a focus on estimating coefficients. Several subclasses of the

class I'were introduced and non-sharp estimates on the coefficients |a2]and |a3 | in the
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Maclaurin series expansion (1.2) were obtented in ([12]-[42]).

We define a novel subclass of T involving the Touchard polynomials and derive

bounds for the |a2 | and |a3 | Maclaurin coefficients and Fekete—Szegd functional problems
[19]. Furthermore, number of new results are demonstrated to follow.

2. Bounds of the class @™ (y, B, 8,i,F)

A definition of the new subclass @™ (y, 8, 8, i, F) connected to Touchard polynomials

is given at the start of this section

Definition 1. If the following subordinations are satisfied, a function h €  as expressed in (1.2)
is considered to be a member of the class @™ (y, 8,8, i, F) if

14~ [(@n(i,8,5)) + Bz(wn(i,6,2)) — 1] < F(z) (2.1)
and
1+ % [(wg (i, 8, W) + Bw(w,(i,6,w)) —1] < F(w)  (2.2)
wherey € C\ {0}0< 8 <1;8 > 0;i = 0;z,w € C,and the function q = h™' is given by (1.4)

Many subclasses can be found by taking special values for the parameters y and g, for example but not limited
we can state the following examples

Example 1. Fory = 1, we have ®™ (1,8,4,i, F),in which ®™ (1,8,6,i,F) indicates by the
functions h € Q and satisfying the crterion below

(w0r(i,6,2)) + Bz(wr(i,8,2))" < F(2)
and
(wq(i, 6, w))' + fw (a)q(i, 0, w))" < F(w)
where 0 < B <1;6 > 0;i = 0;z,w € C and the function q = h™! is given by(1.4)

Example 2. Fory = f = 1,we have, ® "(1,1,6,i,F) inwhich ® " (1,1,8,i,F) indicates the
functions h € Q given by (2)and satisfying the criterion below

(w,(i,6,2)) + Bz(wn(i,8,2))" < F(2)
and

(wq(i, 6, W))’ +w (wq(i, 6, W))“ <Fw)

where § > 0;i = 0; z,w € C,and the function q = h™! is given by (1.4).
First, we give the coefficient estimates for the class @™ (y,8,6,i, F)
given in Definition 1.
Theorem 1. Let f € Q given by (1.2) belongs to the calss ® " (y,,6,i,F).Then

lyIWE?

la2| < _ ,
J62e78|[3.2y (2B + 1)E? + 4e~3(B + 1)2(E; — E)]|
and
S5 1)
la3| < lyle®E; ' 1 n lyle®E;
4 3.207382(28+ 1) (B + 1)?

wherey € C\{0,0<B8<1;6 >0;i = 0.
Proof. Since f(z) = z + X a,z" € Q® n (v, B, 6,1, F) we cansider two functions r,
. - n=2
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u:A - A, whith r(0) = u(0) = 0and |r(2)| < 1,lu(w)| < 1 forall,z,w € A.so from Definition 2.1, we
can write

152 (0, ,8,20) + B2 (w0, (,6,2)) —1] = F(r2) 23)

and
1 ' .
1 +)—/[(wg(i, s, Z)) + pw (wg(i.& W)) - 1] =F(uw)) (24)
where g = f71
Definition the function s and d as following:
1+7r(z
s(z) = (@) _ 14tz + tz° + t32° + -+, |t;| < 2 for all j € N (2.5)
1-r(2)
and
1+ u(w) ,
dw) = T—aw) — 1+ w4 v,w? + vaw? + -, |v;| < 2 forall j € N (2.6)

or equivalently,

s)—-1 ¢t 1 tf) , 1 t, (t? titz\ 4
r(Z)_S(Z)T_5Z+E<t2_? Z +z t3+5 ?—tz _T z° +

dw)—-1 v, 1 v\ , .1 v, (V2 ZUANE
u(w)—m—?w+§ U2—7 w +z 1734'? 7—172 - 2 w? + .-

Using last two equations in (2.3) and (2.4), we have

and

1 +§[(wf(i, 5,2))' + Bz (wr i, 6,2))“ - 1] =1+1Etz+ (2 (6 —%) +21E,t7) 22 + - (27)

and

11, , _ ' 1 1 vi) 1\,
1+;[(wg(1,6,w)) +,8W(a)g(1,5,w)) —1]=1+EE1171W+ EEl 2 +ZE2V1 w4+ -+ (2.8)

It follows by comparing the relevant coefficients in (2.7) and (2.8) that

28e71 1
3.2'6%7° 1 t 1,
T(Z'B + 1)a3 = EEl tz - ? + ZEztl, (210)
28e7°

1
(B + 1)a2 = EE]_U]_, (211)
and

3.2'6%7° ) 1 vi) 1,
T(Zﬁ + 1)(2612 - a3) = EEl %) —7 + ZEzvl. (212)

From (2.9) and (2.11), we get
tl = —U1 (2.13)

and

2582%e729(B + 1)%a2 = y2EE(t? + v3). (2.14)
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If we add (2.10) to (2.12), we get

3.2i6%e7° , 1 1 .
—_— (ZB + 1)a2 = EEl(tz + 172) + Z(Ez - El)(tl + vl). (2.15)
From both equations (2.14) and (2.15), we have

2 Y2E} (t2+vp)
O e 2yl ) 2te SR ] (210

Moreover, subtracting (2.12) from (2.10) and by view (2.13), we obtain

eSE (t,—v 2e20F2t2
a4 = V' 1(t, 2) " 14 il (2.17)
3.24152(28 + 1)~ 2482(B + 1)2
Moreover computations using (2.16), (2.17) and by view (2.5) and (2.6), we find that

lyIVES

la,| < .
2 T V62e-9|[3.2i"1y (28 + 1)E? + 4e~5(B + 1)2(E; — E))]|
and
| < lvle®E, 1 lyleE;
37 4 \3.20382(28+1)  (B+1)2)

Which are asserted by the Theorem 2.2.
For a functionf € Q, Fekete and Szeg6 in 1933 [43] fined a sharp bound on the functional |a; — ea?|
Using the values of a? and a3 we prove the functional |a; — ea?| for class functions ®" (y, 8,8, i, F)

Theorem 2. Let f € O
given by (1.2) belongs to the class @™ (v, 8, 6,1, F). Then

( lyle®Ey
32716228 + 1)
a; —ea3| <
B

e
[4|y||@(e)|E1 101 2 355225+ 1)

S5
e
< < -
0<160@] <35z zp + 1y

where
ye®E (1 —¢)

@(E) = 2462[3 21—3yE12(2‘8 + 1) + 6_6(B + 1)2(E1 - EZ)]

where yeC\ {0},0<B<1;6>0;i=0
Proof . Subtracting (2.12) from (2.10) and by view (2.13), we have
a YE1(t2—v3) + a%

T3.2it152¢=8(28+1)

which leads to writing
YE; (& — v)

2
@ = € =3 oi52,-5(28 + 1)

+ (1 — €)a?

o =<t =15 ([0 + gl = [0© - 5o ) %)
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where
velEZ (1—¢)

2462[3.213yEZ (2B + 1) + e~ 8(B + 1)2(E; — E)]’

0(e) =

Then, in view (2.5) and (2.6), we conclude that

( lyleE,
| 3.20162(26 + 1) e’
ag—ea%|34 e5 0S|®(E)|S .
o 3.2141§2(2B + 1)’
lk4|y||®(6)|E1 [0(e)| = 3.24162(28 + 1)

Which are asserted by the Theorem 2.3.
3. Corollaries

If we sety = e'®cos¢p, (—% <¢p< g) and

1+ (1-2¢6)z
F@)=————=1+20-z+2(1 -2+ (0<e<D

which gives E; = E, = 2(1 — €); in Theorem 2.2 and Theorem 2.3, we get the following corollaries

1+(1-2¢8)z

Corollary 1 letf € Q given by (1.2) belongs to the class ® (ei‘f’cosc/),ﬁ, 86— — ).then

ed(1 — &)cos 1 e%(1 — &)cosg
o] < Jz. s+ | @l =19 (3.2i-252(23 DT T2 )C"S‘l’

and

3.2162(26 + 1)
| e%(1—¢&)|1 — €|cosg
\ "3.2252(26 + 1)

5
e°(1 —¢)cos
M 0S1—ES1
a; —ea3| <

For 8 = 0; Corollary 1 simplifies to the following Corollary

Corollary 2. Let f € Q given by (1.2)belongs to the class @™ (ei"’cosd), 0,8,i, 1+(11:j£)z) .Then

eb(1 — &)cosep 5 1 s
|a2| < W,laﬂﬁe (1—8)<W+e (1—€)C05¢>COS¢

e%(1 — &)cosg

and

0<1-e<1

—ea?| < 3.2i52
a; —€ar| < 82(1 — £)|1 — €|cosg
3.2i-2§2 0

1) If we sety = 1,(—§< ¢ <§)and

1+2z\¢
F(z)=(:) =142¢z+2¢*2°+--(0<p<1)

which gives E; = 2¢ and E, = 2¢?,in theorems 1 and theorem 2,we get the following corollaries
@
Corollary 3. Let f € Q given by (1.2) belongs to the class Q" (1, B,6,1, (g) ).then
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2¢
lay| < J6%e3(3.202(28 + Do + e 9B + (1 — ¢)

las| Se‘sq)( — 1 + e’y )
3.207282(28+ 1) (B + 1)?

and
e ed
— 0<0(e) < .
, 3.20-252(2f + 1) 3.217152(2f + 1)
a; —eas| < s 5
2e%¢?|1 — €| 6(6)| > e
L52(3.2i—2(23 T Do+ eSG =gy @23 omemasr
where

e’(1—e)g
2352(3.2172(2B + Do + e~%(B + 1)2(1 — ¢))

0(e) =

For § = 0; Corollary 1 simplifies to the following corollary
@
Corollary 4. Let f € Q given by (2)belongs to the class Q" (1,0, 4,1, (1+Z) ).then

1-z

2¢ 1
la,| < ‘ Jaz| < e (m"‘e‘s‘ﬂ)
J62e‘5(3.2“2<p +e (1 —¢))
and
(e i
3.20252 0<18@ = 35m57,s
la;—€ a3| < 5,2
2e°p?|1 — €| 1
. (e 2 )|
(62(3.2i71p + e=5(1 — ¢)) 3.2i*152¢=8
where
s
e 1—¢€
o) = p(1—¢)

2362(3.212¢p + e79(1 — ¢))

4. Concluding Remark
In this present investigation, we have presented and investigated the coeficient-related issues
Associated with each of the three newly introduced subclasses @™ (v, 8,48,i,F), Q™ (1,8,6,i,F),

and ®™ (1,1, 6, i, F) within the class of bi-univalent functions defined in the open unit disk. The corresponding
definitions for these bi-univalent function classes are provided in Definition 2.1. Our analysis includes the
computation of estimates for the Fekete-Szeg™o functional problems and the Maclaurin coefficients ja2j and ja3j
for functions belonging to each of these three bi-univalent function classes. Numerous additional novel findings
emerge when we specialize the parameters involved in our primary results.
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