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Abstract

We present the neutrosophic interval-valued set applied to the g-rung logarithmic operator (q-RLOANIVS).
One might develop a g-rung neutrosophic interval-valued set by extending the Pythagorean interval-valued
fuzzy set (PIVFS) and neutrosophic set (NS). We discuss the g-Rlogarithimic operator applied neutrosophic
interval-valued weighted averaging (-RLOANIVWA), g-Rlogarithimic operator applied neutrosophic interval-
valued weighted geometric (-RLOANIVWG), extended g-Rlogarithimic operator applied neutrosophic interval-
valued weighted averaging (Q-RELOANIVWA) and extended g-Rlogarithimic operator applied neutrosophic
interval-valued weighted geometric (q-RELOANIVWG). Several algebraic attributes have been established,
including distributivity, idempotency, and associativity of G-RLOANIVSs.

Keywords: g-RLOANIVWA; g-RLOANIVWG; q-RELOANIVWA; g-RELOANIVWG

1 Introduction

Many authors have used different techniques to contribute to this field of study. As aresult of the uncertainties,
fuzzy set (FS),! intuitionistic FS (IFS).2 interval-valued FS (IVFS), vague set (VS)4 Pythagorean FS (PFS),>
IVPFS.S spherical FS (SFS)” neutrosophic set (NS).8 Numerous theories pertaining to uncertainty have been
put forth, such as fuzzy set (FS),! wherein membership grade (MG) varies between 0 and 1. Atanassov?
developed an intuitionistic fuzzy set (IFS), in which 0 < v+ ¢ < 1, for v, ¢ € [0, 1], is satisfied by each
object’s two MGs, positive  and negative ¢. Pythagorean fuzzy sets (PFS) were introduced by Yager.® They
are characterized by their MG and non-membership grade (NMG) with the hypothesis that v + ¢ > 1 to
2 +¢? < 1. A great deal of studies have been done on the application of PFSs and IFSs in various disciplines.
They are still not very good at communicating ideas. As a result, the experts still had trouble explaining the
data in these sets and the data that went along with them. To get around this knowledge, Cuong et al.? created
the idea of a picture fuzzy set. Consequently, it has been observed that the picture fuzzy set is an enlarged
form of IFS that can handle more ambiguities. It was observed that in the picture fuzzy set, MG v, NMG g,
and neutral grade o with 0 < v+ o + p < 1; for v, a, p € [0,1]. By keeping to the PFS definition, it will
be possible to guarantee that expert opinions such as “’yes,” abstain,” ’no,” and “refusal” are communicated.
Additionally, the outcome information and the real decision environment will be consistent, and no evaluation
detail will be overlooked. While picture fuzzy sets have been applied and explored extensively, their notion
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has not received as much attention. The novel aggregating operator was discussed by Palanikumar et al 19712
Liu et al'% described how aggregation operators (AO) were added along with extended PFS. challenges with
multiple truth membership values (TMD), false membership values (FMD), and indeterminacy membership
values (IMD) that are addressed by the DM approach. Palanikumar and associates have recently explored the
novel aggregating operators /218 Smarandache et al''® introduced the idea of neutrosophic sets. One of the
main distinctions between FS and IFS is the ability to think neutrally. The knowledge of neutral thought is
known as neutrosophy. This reasoning uses TMD, IMD, and FD to determine a value for each proposition.
A universe where all elements have values between 0 and 1, with a total value of 1.2 provided a method for
MCDM under interval NS based on AOs. Palanikumar et al2l explain AOs and their algebraic structures in
numerous applications.

Xu et al’*? recommended employing multiple IFS averaging operators to manage IFS data. Furthermore, Xu
et al’?¥ created weighted, ordered weighted, and hybrid geometric operators based on IFSs. The generalized
ordered weighted averaging (GOWA) operators were proposed by Li et al** to build the IF-ordered weighted
distance (IFOWD) operators that are covered in® by Zeng et al. Peng et al2® investigated the fundamental
features of PFS using AOs. Ashraf et al“” have lately proposed the idea of spherical fuzzy Dombi AOs. Temel
et al’?® established this new power Muirhead mean in the SFS in 2022, which also applies to MADM. Re-
cently, 2! developed new aggregating operators. There is an introduction in Sectionm Sectionfor details on
PNS and FS. We define and explain some of the functions of g-RLOANIVNS in Section 3] The paper has two
primary conclusions: 1) The algebraic properties of the g-rungs of LOANIVS have been demonstrated; they
are distributive, idempotent, and associative. The g-RLOANIVWA, q-RLOANIVWG, q-RELOANIVWA, and
q-RELOANIVWA are subsequently addressed.

2 Preliminaries

We are going to talk through PFS and PIVFS ideas in this part.

Definition 2.1. = Let U be the universal set. The PFS A = {u, (] (u), 75 (u)|u € TU}, 77 U — (0,1)

and 74 : U — (0, 1) denotes MD and NMD of u € U to A, respectively and 0 < (7] (u))? + (75 (v))? < 1.
For convenience, A = <TZ, 5 > is called the Pythagorean fuzzy number (PFN).

Definition 2.2. © The Pythagorean IVFS (PIVFS) A = {u, <7?Z—(u), %(u)>‘u € U}, where ;Z? : U —

Int((0,1)) and 74 : U — Int((0,1)) denotes MD and NMD of v € U to A, respectively, and 0 <
(77 (u)? + (75 (u))? < 1. For convenience, A = <<’7’Z_7 TZ+>, (TZ;_, Tf+)> is called the PIVFN.

Definition 2.3. The Pythagorean NS A = {u, (] (u), 75 (u), 7% (u))|u € U}, where 7] : U — (0,1),

75U — (0,1) and 7 : U — (0,1) denotes TMD, IMD and FMD of u € U to A, respectively and
0 < (7] (w)* + (% (w))? + (7§ (u))? < 2. For convenience, A = (7}, 7%, 7% ) is called the Pythagorean
neutrosophic number.

3 q-RLOANIVN and its fundamental operations

The q-RLOANIVN is related to numerous interesting fundamental operations.

Definition 3.1. The q-RLOANIVS A = {u, < [logT}l [u], log[ T4 [u]}} ) {logl’fq [u], logZ4 [u]} )

[zogfg[u],zog[fg[unmu e U}, 7T U = Int[[0,1]], 7% : U — Int[[0,1]] and 77 : U — Int[[0,1]]
denotes TMD, IMD and FMD of u € U to A, respectively and 0 < [logz, TA[u]]? + [logz,T)[u]]? +
[logz, F4[u]]9 < 2, where g, q,q are positive integers and Z = &[T}, T4], [Z%,Z}], [F4, F4]. For con-
venience, A = <[log7;l‘, log[ﬁ]}, [longq, logI}d, {log]—"il, log[]—"};]D is called the -RLOANIVN, where
q=>1
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Definition 3.2, Let A — <[zogT},, zog[frﬂ], [logl'i‘, logl'ﬂ, [zogfg, log[]-'}{]]> be the g-RLOANIVN, the

score function of A is defined as S[A] = w, —1 < S[4] < 1, where

M M. M. M M. M.
Sl = | +1- G- 2] sl = |- -2,

The accuracy function of A is A[A] = w, where 0 < A[A] < 1.

M, M, M M, M, M
MA = =1+ 2241 AfA = |1+ 241422
1[]{2++2++2]2[]{2++2++2}

where M, = [ZOQZi Ull] [ZOQZ [;A]] [ZOQZ Il] [ZOQZiIX]QNMS - [ZOQZiJ 114}2 [IOQZi [-; Z]F

Definition 3.3. Let A = <[l0g7;l‘, log[T4], [logZ!, logT¥], [logFY, log[}"f;]]>,
B = ([logT}, log[T&]}, log Tl logTy), logFh, log Fi]] )

and C' = <[logTCl, log[TH]], [logZL., logTd], [logFL, log[}"g]]> be any three -RLOANIVNs and
Z =®[Ta,;, Tx ] a;, La,], [Fa,, Fj,]. Their following operations are defined as follows:

1. BVC =
[ {092 T8I + log T2 — llog TAls - logz, T2, ] '
{/llogz, [TE11? + [logz,[T¥N1 — [logz, [TE1) - llogz, [T4]]?
{/[logzilg]q + [logz,I4)9 — [logz,I5]9 - [logz,TE)1,
{/[logziIg]q + [logz, I8 — [logz,I5]? - [logz, TE]4
(1092, [Fh11 - logz, [ FL, logz, [FE - logz, 17417

2 BAC =
[ [log (TR log2, (T2, logz, [TE)T - logz, [T8)1]
{/llog2,Th)1 + log7, T]7 — llogz, Ty)7 - [logz, T4,
\/logz TL)9 + [logz, TE)? — [logz,I5)e - [logz, TE]9 ’ J

[ \/ [logz, FL11 + [logz, F5)1 — [logz, F51 - [logz, F& )4, ]
llogz, [FR]7 + [logz, [FE]|? — [logz [F ]9 - [logz, [FE]le

(1]

[\/1— — [logz, T4)1] \/1— [1 = [logz,[T4117]
[\/1 [1— [logz,T}] \/1— 1 —[logz,T4]4 }E} )

[[lOgZi-FA]qH7 [logz, []:,Z”q“}

(11092 TA]7=. lt0g2,[T3])%=].
4. AE — [\/1_ 1 — [logz, T : \/1 1—logZI“HE
[\/1 —[1 = [logz, Fl]a }E’ /1 [1— [logz,[F4]1]

(—

(1

}

4 q-RLOANIVS concept

The weighted averaging operators for G-RLOANIVN are given based on the operational rules of G-RLOANIVNS.
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4.1 q-RLOANIYV weighted averaging [q-RLOANIVWA] operator

Definition 4.1. Let A;

RLOANIVNS, 9 = [, s, ...

Z = ®[7117TA“1]1 [IA

Wi, 04, fori=1,2,...n

= <[log7;lwlog7}‘i], [logT},;, logZT},], [logfiwlog}'XiD be the collection of g-

, O] be the weight of A;, 9; > 0 and |¢;_; §; = 1 and

4,5 F 4,]- Then -RLOANIVWA operator is -RLOANIVWA [A4, As, ..

IAi]’[F ,An} =

Theorem 4.2. Let A; = <[log7jf”,log7;’( |, [logZ ", logZy ], [logfgi,logfxiw be the collection of q-
RLOANIVNs. Then g-RLOANIVWA (A1, Aa, ..., A,] = [Associativity property].

[{/l —@n, [1 _ [longIAi]Q} 6i, {/l - @ [1 — [logzzfﬁi]q] 6i] )

[ @y [togz, Fl, ]

1y llogz, 17,17

Proof. If n = 2, then -RLOANIVWA [4; = B, A2 = C] = 0, B\ 0,C, where

and

Hence,

0B =

hC =

nB\/%:C =

[ \q/l _ {1 _ [logziTé]q] 817 </1 - [1 — [logz, [Tg]]q] 811 »_

[</1 - [1 - [logz,ifjlg]q} al, {/1 - [1 - [logziI}é]q]al

(102, 74199, [logz, [ 7]}

l\/ [t ous7w] ", tf1 - [1 - Hogatzzne] " |

</1 1 — [logz, L] r)z, ‘\1/1 - [1 - [logZiIg,}q} 82]_,

[[logzi]:lo]qaz, [logz, []—'g“qﬁg}

[1 - [1 ~ [logz, Té]"] 81} + [1 - [1 E [logziTé]q] 62}
= [1=[1 - Bogz THI* 81] 1= [1 = ltogz,72)] 82],
[1 - [1 — [logz,[T&]) ‘1]31 + [ [ llogz, [T } }
=1 = [1 = Bogz [TE1)7] 81] 1= [1 - togz, 17 } ]

i [~ fore ] [ [ foneze]]

[1 — [1 — [logz, ZB ] 1] [1 [1 [logz,Z¢]? }82

q
02

J
[17[17[1092131] ] [ [1 llogz, T&] ] 2]
\—[1— [1—[1092.131] } [1— [1— logz, T&] ] ]q

-[[logziffs]qal - [logz, F&1%%, [logz, [F#])%" - [logz, [F&] 82]
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Q

1

o2
1— lOgZ TC ] N

1= [1 - ogz 7)™ |

\/1 — [1 = togz173°] o ]|

= (/1—[ llogz, k] ‘J] ! [1 llogz, T&) ]82,
7

92
1 — [logz,[T¢]] }

Q

Q

1 02

{/1 — [ [logz; IB] 1 —[logz, L8] ]
[lt0g2, F5 1% - llogz, FE1*2, llogz, [FE])* - llogz, [F&])* | |

Thus, ¢-RLOANIVWA [A; = B, 4, = (]

l</1 ~ ®i {1 B UOgZiT“l‘i]q} ai’ </1 — ®i {1 — [logz, [77(2‘]]4 811 )
: Wl -t 1= losazh ] \/ 1— o1, 1~ llogz T3, a] ,

| @1, lt0gz, Fi 192, @7, [logz, [ 74 ]1#*

It is valid for n = m and m > 3.
Hence, -RLOANIVWA [A4, As, ..., Ay

0; 0;
(/1— 7y [ = llogz 4,1 ,q/l— 7y [1 = ogz (73,11 ]
_ 9; 8,
- Wl— 71 = logz T Jo] Jl— 71— liogz. T4 )9] ]
_ | @1 llogz, Fi 7, 61, llogz, (74,11

If n = [ + 1 and we apply, G-RLOANIVWA [A1, Ay, ..., Ay Arpg1]

m

L-H [1 B [1 - UOQZiT}qu] ai} + [1 - [1 — [lOQZiﬁmH}q] 8m+1]

a i=1

—em, [1 - [1 - [logzinlu]q] ai} . [1 - [1 - [logziT}\mH]q]

(¢ [1 - [t - togz 72.07] "] + [1 = [1 - Roga 72, )] ']

a771«}»1 ]

I

R ) T e
T | Bhbowe s ) ]

o G S P

m - - )

Lﬂ [1 B [1 - [logziIfM]q] di] + [1 - [1 — [logziIZmHH d,,1+1]

a i=1
9; w
— @y [1 - [1 = logz Zh*] ] - [1 = [1 — logz Th )]
|:®;ll [ZOQZiffM]qai : [ZOQZi]:zlélerl]qamﬂa®zﬁi1[l092i [J:Ki”qai : [logzl- [}—Zerl]]qam“}

anl+1]

Wl -t [1 - logz T \/ 1- @y 1~ ltogz 73] ] ,

- {(/1— mtl {1—[logzIAl] }ai,i/l— m“[l—[logzIAz] r ]

@7 [logz, 74 119, &7 {logz, [ 7 ]I ]

Theorem 4.3. [Idempotency property] If all A; = <[log7jfh7 logT4.], [logZ!y;, logT4 ] [logFY,, log]—'xl.}>
[i =1,2,...,n] are equal and A; = A. Then ¢-RLOANIVWA [A1, As, ..., A,] = A.
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Proof. Given that [logT},, log T ,] = [logT}, log[T4]] . [logTy,,logZ4,] = [logTY,logT4]
and [logFYy;,logF4.] = [logFY,log[F4]], fori = 1,2,..,n and _, &; = 1. Now, ¢-RLOANIVWA
[A17 A27 ceey An}

—_

: .
[ (1 @y 1= [logz, T4 @, [1 - [logz,[T2,])7] } :

" i1
B [{/1 — e, [1 - [logziIiu]"ri7 (/1 — e, [1 - [logziIﬁi]q}ai ] :

1 [log2, Fh ]9, @7, [logz, (74,11 |

Wl 1 - [logz T }U 7 {/1[1— [logzi[m]]q}w?:1 8} :
0i

{1 [1- osn i) " g1 - o]

([logz, FL)¥i=1 99 [logy, [Fu]|Wizi 48]

[i/l 1 — [logz, TA]" } i/l — [1 - [zogzimmqu ,
- [{/1 1 — [logz T} } i/l— [1_[109%1}3][1}} 7

(ltogz, 747, ltogz |75}

)

Il
[ —

= A
Theorem 4.4. Let A; = <[Zog7'}w, Log[T4 ;;1, [longMj, logI}f‘ij][longij, log| XU]]>[Z =1,2,..,n);[j =
> ; i 1 s 1 T _ 1
1,2, ...,1;] be the collection of -RLOANIVWA, where logz, Tj = minlogz, Ty, ;,logz, Ty = maxlogz, Ty,
< E—s
logz,[Tx] = minlogz, [T} ,;]. logz,[Tx] = maxlogz [T} ], logz, T, = minlogz,iIfL‘ij, logz, T4 =
— N — s
maxlogzil'zij, logz, T} = minlogziIfMj, logz, 14 = maxlogzil'zij, logz, FY = minlogzi}'félij, logz, FYy =
l U : U U U
max logz, Fy,;, logz,[F4] = minlogz, [Fj,.], logz, [F 4] = maxlogz, [Fj,;].
— L —
Then, {[10g7,T, logz, [T} 097, T}, 1092, T4), 1097, L, logz, |74
< new type LOANIVW A[Ay, Aa, ..., Ay
— —i —_— . e
< <[lOgZi7j47 logZi [TX ]7 [lOgZiIfLU lOgZiIZ]a l:logZi'le47 lOgZi []:X]]>

where 1 <i <mn, j=1,2,...,i;, [Boundedness property].

Proof. Since, logz, T = minlogyz, 7:4” logz, TAE = maxlogyz, 7;[1 logz,[Ty] = minlogz, [T},;]. logz,[Ti] =
maxlogz, [T} ;] and logz, T < logZiTAij < logzi7j4E and logz, [T} < logz,[T}],; < logz, [Tuj
Now, logz, Th + logz, [T}

1~ flog 7]+ 1= w14 [1 ~ og, (T3]

. 04 . 04
< {1- @iy |1 llogz, Th )|+ {1 - @i, 1 llogz [Tx )17
< (- [1-lloga 7" + ¢ 1 @, |1~ [logz, [T3])]

— - — SN
Since, logZiIil = minlogZiIfL‘ij, logz, 1% = maxlogZiIZij, logziIA = minlogziIfMj, logz, 1Yy =
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max logz, 1%, and logz, T}, < logZiIfMj < logz,T! and zogzinf, <logz,1y;; <logz,I}. Now,

I
logz, Ty +logz,Th

o

——— 18 -
1= llogz Th)'] " + \/ 1= @, [1 = llogz T4

04

oy

0;
1= UOQZ:I}WH * </1 ~ ®im [1 - [logzifffuﬂq}

04

e,

-1
logz,Ts + 109z, T4

1- [zogzizgﬂ + \/ 1-®k, [1 - [logZiIZ]q}

: (R : l (A l Ul — U U] —
Since, logz, F, = min logZi}"Aij, logz, Fy = maxlogzifAij logz,[F4] = minlogz,| Aij]’ logz,[FY] =
maxlogz,[F},;] and logz, FY < logzi}"fqij <logyz, FYy and logz, [F4] < logz,| 44j] < logz,[F4]. Now,

Therefore,
[ —— o [ —al
1= @iy 1= ogz, TAI"] | +| {1 = @y [1 = llog [TA])]
1
L2
— 81‘ b (91‘
[q 1@, |1 llogzTy]7| | + [ 1 - @, |1 - llog7,T3]"] }
+1- o
—_— 2 -
(@1 liogz, 7102 | + o1, loaz, 17 ]
L +1 - 2
n 1 0i n U 0i
{q 1@ [1 - [logz, Th,;17] J 41— @ [1 = flogz [T, 11 }
2_2 2
= . 0; 9;
{q 1—®, [1 - [lOgZiIAij}q] + { 11— @iy [1 - [lOgZiIXij]q} J
11— -
[®7_[logz, Fly, 177 * +[@, [logz, [Fi 7%
I 41— 1 A . 1 A

1 R
lOngi*/—-’A + lOgZi [‘FX]

IN

IA

_—
logzi]:fé, + logz, [ F4]

S o ...
@1y [logz, F4]7 + @, [logz, [F4)) 9%
@iy [logz, Fiy ;9% + @7 [logz, [Fi ;1%

e
@iy [logz, F4l" + @iy [logz, [F4])*

2

2 -

{q

1—-®, {1 — [logzi’TAi]q] 81} 2+ - a

1—@n, [1 ~ llogz, [T;;i]q] &'J 2

+1—{

1
1@, [1 = llogz Zh)']

1— &y 1~ [logz T3] "”]

2

+1-—

2,
04
. { :
L :
- .
|@liogz o112 | + @1, loaz, (721" ]
2

Hence, ([log T}, log T3]} llogT!, logT3), log 7}, loglF4]] )

< ¢— RLOANIVWA[A;, A, ..., A,

—) e._.
< <[logTAi og[TA1], [logZl, logZ4), [logFl, log[ F ]>~

Theorem 4.5. [Monotonicity property] Let A; = <[log7'}‘t”,7log[7}%]], [longL,tij,logI}{tﬁ], [109-7:215”7
log[]:xtij]]> and 0; = <[l097;lxhij7 lOQ[Uhin’ [long%ij , logIﬁhij], UngAhi_,»’lOg[fzhij]D
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2
i =1,2,...,n];[j = 1,2,...,4;] be the families of g-RLOANIVWAs. For any i, if there is [logzﬂ;l‘ti]} +

2 2 2 2 2 2
[logzi[f}(tij]} < [ZOQZiT/-llhiJ —&—[Zogzi[ Xh,;j]} and [logZiIfqtiJ +[logZiIff‘tij} > [logziIfL‘hij} +

2 2
[ZOQZ;,IX;W] and [logzi]:fﬁltw] + [logzi [}_X]t”
g-RLOANIVWA [Ay, As, ..., Ay| < g-RLOANIVWA [#4, W, ..., Wy,).

Proof. For any 1, [ZOgZinlltqu + [logzi [mt”]}q < {ZOQZiTAhqu + [logzi [7}}1”]}4.

Therefore, 1 — [logzﬂjfm}q +1-— [logzi [Tj{ti}]q >1- [logziﬁhir +1-— [logzi [Tf{hi]} "

Hence, ®;-; [1 - [loyziﬁtir]ai i [1 B {logzi [mtlﬂ q} § >

" [1 - [logZiT}lhirri + @7, {1 - {logzi [Tﬁfhi]m
and {/1 - ® [1 - [lOgZiT/llti]q] 9 + \q/l - ® [1 — [ZOQZ,i [T"%ti]}q} 9;
< (/1 - @, [1 — [logziﬂhi}q] " + (/1 - ®i [1 - |:lOgZi [mhi]}q}ai.

q q a a
For any 4, [ZOQZZI,IMJ + {ZOQZY:IZ“J > [ZOQZiZ,lAhU] + [ZOQZiI}thij] .
q q q q
Therefore, 1 — [logZiIf%l} +1-— [logziffiti} <1l- [ZOQZ,iI,lth +1- [lOgZiIXhJ -
q 81' q ai
Hence, ®!" [1 — [ZogZiIf%i} } + ®i [1 - {logziszlti} } <
n 1 gk n @ a1 9
i=1 [1 - I:lOgZiIAhi:| } + ®i {1 - |:lOgZiIAthi:| }

q i q 04
implies that {/1 - &1 [1 - [log2, 74, |'| "+ {/1 = @y [1 - [togz 1y, |']

q ; 1 79 q : 079
> {1, 1= [logn Tl || + {1 - @, [1 - [legzzs, ] |-

q Qi q 04

Hence, 1 — {/1 —®", {1 — {logziIleti] ] +4/1l—®", {1 - {logziIZtJ }
q 1 479 q 119

<1-{f1-on, [1-[logzZh, | ]+ {1 - ey 1= 10927y, ||

q q q q
For any 4, [ZOQZi]:ixtU] + [ZOQZi[FZtU]] > [logzi}"i,h”] + [logzi[]:zh”]] .

q

q
®f_ylogz, Fh, | + ®i_ylogz, [Fi, .
Therefore, 1 — [ : t”] 2[ A < :

q

[®i1t0gz, 7L, " +[@1 l0gz, (F4 s, )]

2 -

[q e, [1 B [logzinm]q} a"’J z+ 11— e, [1 — [logz, [mti]]q}aiJ

2,

0;
[Q1-—®£1[1—[wg&zaﬁw] +
+1 - ]

2
0;
41—@aﬁ—qumaﬂJ

2
| _|_1 _ [®;l:1[loyzifgtij]]z';[@;;l[lOgZi [’FX”]]H2 ]

P1‘@”P—Vwaﬁmﬂar+}1—®uﬁ—u@aMhmﬂﬂ2

9 2 2
[" 1-®, [1 - [logZ,iIfL‘hi]q} + { A1l — @, [1 - [logZiIZhi]q} J
+1-

5 2 .
i 1o [@?:1[logzifzhij]]zg[%l[logzi (Fi i)l ]

Hence, ¢-RLOANIVWA [A, Ao, ..., A,] < ¢-RLOANIVWA [#4, #5, ..., W],
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4.2 q-RLOANIV weighted geometric [q-RLOANIVWG] operator

Definition 4.6. Let A; = <[log7;lu, logT4.], [logZly;, logT¥,], [logF,, log}'}i]> be the collection of g-
RLOANIVNs. Then g-RLOANIVWG operator is -RLOANIVWG [41, A,, ..., A,] = ?zlAia"' [i=1,2,..,n].

Theorem 4.7. Let A; = <[log7;l“, logT}.], [logféi,log]:zi]> be the collection of q-RLOANIVNs. Then
g-RLOANIVWG [A;, As, ..., Ay,]

[®?:1[l09zz‘72i]qaiv zT‘L:l[ZOQZi [Uy]]qal] ;
0; 0;
_ | - [t = logz Tl Je ] 1 - e [1 = ltogz T 1]

[\“/1 n [1[10921@1,}@8@',\7/1 n [1[10921.[]:%1,]]‘1}&]

Theorem 4.8. Ifall A; = <[log7;l‘i, logT4.], [longM., logl'xi}[logfi”, log}"}{i]> are equal and A; = A, for
i=1,2,...,n. Then ¢-RLOANIVWG [A4, Aa, ..., A,] = A.

Corollary 4.9. The g-RLOANIVWG operator is used to satisfy the boundedness and monotonicity properties.

4.3 Extended -RLOANIVWA [q-RELOANIVWA] operator

Definition 4.10. Let A; = <[l0g7;l1i7 logT4.], [logZ!,;, logT¥,], [logF,, log}"};i]> be the collection of g-

=11/
RLOANIVN. Then g-RELOANIVWA [A4;, Ay, ..., A,] = [@;;1 aiAﬂ is called the ¢-RELOANIVWA
operator.

Theorem 4.11. Let A, = <[log7;lw logTZ,], [logl'lAi, logT}.], [log]—'i\i, log]-'zi]> be the collection of gq-
RLOANIVNs. Then g-RELOANIVWA [A1, As, ..., Ay

5 1z 8, 11/ 7
[i e e [[logzi’nl”]q} q:| :| ’ [i 1—®,|1— [[logzi [TXZH‘I] q:| :| ] )
9; 11/E e
“:ij - |:1 - [[logziIfM}q] q:| :| ’ |:§ 1—®r, |:1 — [[ZOQZiIXi}q] ‘7:| :| ] ,
T
# -

8; 1971/
q
(/17 [1 = ltogz, 7 )¢] ] ] } 7
Proof. We have, |4, 9, AT

9; 79711/E
] |

9; 0;
1_[[zogziﬁii]ﬂ l1-en, 1—[[10921.[7}1-]]'1}1 :

Q

n
®i—1

n
®i=1

{1 — @iy

87,
q
=1 | -en, 1—[[10921.131-]‘1” :

0;
</1 ~ [t - fogzl xinq]q} 1

0;
q
1— |:[lOngzf41]q:| ‘| ) 1 — @?:1

</1 - [1 - [logzi}"fqi]q]q

3

n n
®i:1 ) ®i:1
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Ifn = 2, then 6, B \/ 0:C

R/l - [1 - [[logz TB

q

—W1—[ (11092, 75)7] r} :

B
-l

logz Tc] }q] " ]q,

- [tonz2r]]” }

q

1-—

q

q/ [ toszr1]]”
[{-I

|

logz [T51]° ] rl] .

q

+ 1-

il
il

|

- [togz ]| ]

- [tz ]|

q

1-—

|:§/1 17 [logz IB
|:‘\1/1 1— logz IB]

}

H-

+

AT
il

logZ Z6)° ]q] " ]{i

q _61'11

1— [[logz Ic] ]q_

E

-l
ik

|:</1 1— [logz; FL]4
|:‘\’/1— 1— [logz, [F&]]

(l10g2, T3] H

iR
T

logz Il ]q} : } :

_31-

+ 1-—

1= [ltogz78)°]"

-l
%

q _91'

[[logz ze)? ]q_

0;

li/l—@f_l[ Zogz T4 ‘1

I

- @, [1 — {[logz,- [Tg}]q]q] &1 ,_

i/l —®L, [ [[logz L) } L. \/1 - @ [1 - |:[ZOQZ1'II%]

]m

3 0;
q q
ot |41 [t Boun o] | ety |y - 1~ ows ] ]
It is valid for n = m and m > 3.
Hence, |4, 9;AF =
[ q]% q]% 1
(R R o 7 R A R P T I

m

m

ql_

) {1 - [[zogzizg]qﬂ &, </1 —em, [1 _

)

[[logziIg}Q} 1 ' J

1 1

\/1 - [1 — [logz, Fiy, )9 r 8 \/1 N [1

1 1

If n = m + 1 and we apply, then W~ | 0; AT + 94145, | =
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Now, |y | ;AT + Oms1A5, 11 = 01ATV 245\ ...\ Om A%,V Oms1 AG

q

+

sttt | [ - o]
_ {‘\’/1 —er, {1 - [[logzi’ffu}q]q} " ]q ’ i/l - :1 - [[logziT“l‘m“}q]q} ’ ]q

q

Thus,

m+1

| a:aF =
i=1

Hence,

st 0.4)

- [(/1 — @y {1 - [[logzi [ﬁi]}q]q} > ]q .

[\/ e = [roos ] ] |+ ¢ = [1= [rosa 7)) }
_q/l ~[1- fteomimt )] }

q

—+

q

{\/ 1-&, [1 - [[logzizfcu]q}q} " \/ - {1 - [[logZiIi\m+1]q]q:| ” } 7
e A (e

¢ T . Ta]
q
+ i/l— 1—[[10921.1;%1}‘1]

q] % T I RN !
- |:§/1 — ®iey {1 — [[logzill‘;i]q] } :| : i/l - _1 - [[logziIszrﬂq] |

9; o1
][]
9; 21

</1 - [1 — [logz, [J:Ziﬂq] q] : [f/l - [1 — [logz, [me+1]}q:|q:|

[i/l —er, {1 _ [[logziI;{i]q] q} " 1

m
®i=1

m
®i—1

[(/1 — @ {1 ~ [[logziT,éi]q}q] N i‘/l — et [1 ~ [ogz, [’%]]q}q} ﬂ :

9; 5
[\/ 1— @ [1 — [[logziziuﬂ q} 7 \/ 1— @t {1 - [[zogzizgﬁ]q] “] J :
o e e U |

=1

@t

m4+1
i=1 ,@

=

. 9; 11/ T
1_[[Zngimnﬂ ] ]

9; 11/
q
=

=

9; 11/E
q
1-— [[logziIfM]q} ] ] ; lq 1— @it

1[1
b

9; 11/2
8; 7947 1/E
i T
9; 1 1/E
oz [ e ]|

Q

m-+1
®i—1

It is valid for m > 1.

Remark 4.12. If 0; = 1, then -RELOANIVWA operator is modified to the -RLOANIVWA operator.
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Theorem 4.13. Ifall A; = <[Zog7;l”, logT4.], [longM,logIXi][longi, log]-';{i]> are equal and A; = A.
Then ¢-RELOANIVWA [A;, As, ..., A,] = A.

Remark 4.14. We use the g-RELOANIVWA operator to satisfy boundedness and monotonicity conditions.

4.4 Extended q-RLOANIVWG [q-RELOANIVWG] operator

Definition 4.15. Let A; = <[log7;l1i, logT4.], [logZly;, logT},], [logF,, log]—'}{i]> be the collection of g-

RLOANIVNS. Then g-RELOANIVWG [Ay, Ay, ..., A,] = 1 [ . [EAi]av} is called the ¢-RELOANIVWG
0perat0r.

Theorem 4.16. Let A; = <[log7;l1i,log .1, llogZl,, logTy ], [logFly., log]-'xi]> be the collection of q-
RLOANIVNs. Then g-RELOANIVWG([ A1, As, ..., Ay]

41_[1_
1_[1_

1/2

9; 14
il

9; 1a71/
V 1= 1~ ltogz,| M]ﬂ ] ]

n
®i—1

Q

n
®i—1

5 11/ 9; 11/2

[ J1l—®,|1— [[logziz,lﬁu]q} q] ] , [‘1 I—@®|1— hlogzizﬁi]q}q] ] ’
5, 11/2 9; 11/=

l‘f 1— @, |1- [[logzifiu]q}q ) l\ 1@, |1- W"gzi [fxf'”qﬂ ]

Remark 4.17. If 0; = 1, then -RELOANIVWG operator is converted to the -RLOANIVWG operator.

Remark 4.18. q-RELOANIVWG operators satisfy boundedness and monotonicity properties.

Corollary 4.19. Ifall A; = <[log7’}1i, logT},], [logZ!,, logT4 ] [logFY log}'}i]> are equal and A; = A,
Sfori=1,2,...,n. Then -RELOANIVWG|A;, As, ..., A,] = A.
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