
 

International Journal of Neutrosophic Science (IJNS)                                            Vol. 25, No. 03, PP. 60-69, 2025  

60 
DOI: https://doi.org/10.54216/IJNS.250306  
Received: February 11, 2024 Revised: May 10, 2024 Accepted: September 15, 2024 

 

 

 

 

 

 

 

Fixed Point Theorems with its Applications in Fuzzy Complete 

Convex Fuzzy Metric Spaces 

 

Jaafer Hmood Eidi1,*, Ehsan M. Hameed2, Jehad R. Kider3 

1Department of Mathematics College of Education Mustansiriyah University, Iraq 
2Department of Mathematics, College of Computer Science and Mathematics, University of Thi-Qar, Iraq  

3Department of Applied Sciences, University of Technology, Iraq 

Email: drjaffarmath@uomustansiriyah.edu.iq; ehsan.m@utq.edu.iq; jehad.r.kider@uotechnology.edu.iq 

 

 

Abstract 

In this paper, the basic properties of the convex fuzzy metric space will be presented. In particular, the proof of 

the fixed-point theorem for the fuzzy contraction single valued functions will be discussed. Furthermore, the 

solution system of linear equations, Volterra equations and Fredholm integral equations will be obtained as a direct 

application of the fixed-point theorem.   

Keywords: Convex fuzzy metric space; Fuzzy contraction function; Fuzzy absolute value space; Fuzzy Lipschitz 
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1. Introduction and preliminaries 

The common fixed-point theorems in fuzzy metric spaces are presented and proved in [1]. These theorems improve 

known results generalize and it was a generalization. In addition, some common fixed-point theorems for 

occasionally weakly compatible mappings in fuzzy metric spaces are stated and proved in [2]. The fixed-point 

theorem for complete fuzzy metric spaces is proved in the sense of George and Veeramani [3]. The notions of β-

ψ-fuzzy contractive mapping and α-φ-fuzzy contractive mapping is introduced and proved two theorems, which 

ensure the existence and uniqueness of a fixed point for these two types of mappings [4]. These theorems extend, 

generalize and improve the corresponding known results. Further, the convex fuzzy distance from a point to a set 

as well as between two sets is introduced using the convex fuzzy metric. Moreover, some of basic theorems for 

convex fuzzy metric space are proved [5]. 

Here, we deal with new type of fuzzy metric space known as convex fuzzy metric space [6]. After that, we stated 

and proved fixed-point theorem for fuzzy contraction single valued function.  

2. The convex fuzzy metric space 

 Definition 1 [6]: 

 If the fuzzy set 𝓂: 𝒰 × 𝒰 →[0, 1] fulfills: 

(i) 𝓂(𝓅, 𝓆) ∈ [0, 1]; 

(ii) 𝓂(𝓅, 𝓆) = 0 ⟺  𝓅= 𝓆; 

(iii) 𝓂(𝓅, 𝓆) = 𝓂(𝓆, 𝓅); 

(iv)  𝛿𝓂(𝓅, 𝓏) + 𝛽𝓂(𝓏, 𝓆) ≥ 𝓂(𝓅, 𝓆); 

For all 𝛿, 𝛽 ∈ (0, 1) with  𝛿 + 𝛽 =1 and  𝓅, 𝓆, 𝓏  𝒰 ≠ ∅. Then  (𝒰, 𝓂) is convex fuzzy metric space ( simply 

c-FMS). 
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Remark 1 [6]: 

If 𝜇, 𝜎 ∈ [0, 1] then (𝛽𝜇 +(1−𝛽)𝜎) ∈ [0, 1] for any 𝛽 ∈ [0, 1], or (𝛿𝜇 +𝛽𝜎) ∈ [0, 1] for all 𝛿, 𝛽 ∈ [0, 1] with  𝛿 + 

𝛽 =1. 

In general if 𝜎1, 𝜎2, …,𝜎𝑘 ∈ [0, 1] then (𝛾1𝜎1 + 𝛾2𝜎2 + …+ 𝛾𝑘𝜎𝑘) ∈ [0, 1] for any 𝛾1, 𝛾2,  

…,𝛾𝑘 ∈ (0, 1) with 𝛾1+ 𝛾2+ …+ 𝛾𝑘=1. 

Example 1 [6]: 

Consider  𝑚𝑑(𝓎, 𝓌) = 
𝑑(𝓎,𝓌)

1+𝑑(𝓎,𝓌)
 for all 𝓎, 𝓌  𝒰. If (𝒰, d) is a MS then (𝒰, 𝑚𝑑) is  c-FMS.  

Definition 2 [6]: 

If (𝒰, 𝓂)  is  c-FMS then 

(1) 𝔅(𝓊, 𝛾) ={𝓎𝒰: 𝓂(𝓊, 𝓎) < 𝛾} is an convex fuzzy open ( or simply CFO) ball; 

(2) 𝔅̅(𝓊, 𝛾) ={𝓎𝒰: 𝓂(𝓊, 𝓎) ≤ 𝛾}is convex fuzzy closed ball; 

with radius 𝛾 ∈(0, 1) and center 𝓊𝒰. 

Definition 3 [6]: 

If (𝒰, 𝓂)  is a c-FMC then 𝒲 ⊆ 𝒰 is convex fuzzy open ( or simply CFO) set if 𝔅(𝓌, 𝛾) ⊆ 𝒲, ∀ 𝓌 ∈ 𝒲  and 

for some 𝛾 ∈(0, 1).   

Definition 4 [6]: 

If (𝒰, 𝓂)  is a c-FMC then 

(1) If  ℭ ⊆ 𝒰 and ℭ𝐶  is CFO then ℭ is convex fuzzy closed; 

(2) ℭ̅=∩{𝔒 is convex fuzzy closed and ℭ ⊆ 𝔒 }. 

Definition 5 [6]: 

The set 𝒟 of 𝒰 is convex fuzzy dense in 𝒰 if 𝒟̅=𝒰 when (𝒰, 𝓂)  is a c-FMS. 

Theorem 1 [6]: 

In c-FMS (𝒰, 𝓂) every CFO ball 𝔅(𝓌, 𝛾) is a CFO set. 

Definition 6 [6]:  

In c-FMS (𝒰, 𝓂), a sequence (𝓊𝑘) is fuzzy converge to 𝓊 in 𝒰(or simply 𝓊𝑘 → 𝓊, or lim
𝑘→∞

𝓊𝑘= 𝓊) if for each 0< 

𝛾 <1, ∃  𝒩 with 𝓂(𝓊𝑘, 𝓊)  <  𝛾, ∀ k≥ 𝒩. 

Proposition 1 [6]: 

In c-FMS (𝒰, 𝓂),  𝓊𝑘 → 𝓊 if and only if 𝓂(𝓊𝑘, 𝓊) →0. 

Definition 7 [6]: 

In c-FMS (𝒰, 𝓂), a sequence (𝓊𝑘) is fuzzy Cauchy if ∀ 0< 𝛾 <1,  ∃ 𝒩 satisfying  

𝓂(𝓊𝑛, 𝓊𝑘)< 𝛾, ∀ k, n ≥ 𝒩. 

Definition 8 [6]: 

 A c-FMS (𝒰, 𝓂) is  fuzzy complete if ∀ fuzzy Cauchy sequence (𝓊𝑘) in 𝒰 then ∃ 𝓊 ∈ 𝒰 fulfills 𝓊𝑘 → 𝓊. 

Theorem 2 [6]: 

In c-FMS (𝒰, 𝓂), if 𝓊𝑘 → 𝓊 ∈  𝒰 then (𝓊𝑘) is fuzzy Cauchy. 

Definition 9 [6]: 

In c-FMS (𝒰, 𝓂) 

(1)The set 𝒟 ≠ ∅ in 𝒰 is convex fuzzy bounded ( or simply CFB) if ∃ 𝛾 ∈(0, 1)  with 𝒟 ⊂ 𝔅(𝓊, 𝛾)  for some 𝓊 

∈ 𝒰.  
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(2) The  sequence (𝒹𝑘) in  𝒰 is CFB if  ∃ 𝛾 ∈(0, 1) satisfies (𝑑𝑘) ∈ 𝔅(𝓊, 𝛾), for some 𝓊 ∈ 𝒰. 

Theorem 3 [6]: 

In c-FMS (𝒰, 𝓂)  

(1)if 𝓅𝑘 → 𝓅 ∈ 𝒰 with (𝓅𝑘) ∈ 𝒰 then (𝓅𝑘) is CFB. 

(2) if 𝓅𝑘 → 𝓅 ∈ 𝒰 and 𝓅𝑘 → 𝓏 ∈ 𝒰 with (𝓅𝑘) ∈ 𝒰 as k→ ∞ then 𝓅=𝓏. 

(3) if (𝓊𝑘) ∈ 𝒰 with  𝓊𝑛 → 𝓊 and (𝒹𝑘) ∈ 𝒰 with 𝓂(𝓊𝑘, 𝒹𝑘) → 0 as k→ ∞. Then 𝒹𝑘 → 𝓊. 

Theorem 4 [6]:  

In c-FMS (𝒰, 𝓂) if 𝔇 ⊂ 𝒰 then 

(1) ∃ (𝒹k) ∈ 𝔇 satisfying 𝒹k→ 𝒹; 

(2) 𝒹 ∈ 𝔇̅; 

Are equivalent. 

Definition 10 [6]: 

If ∀ 0 < 𝛾 < 1, ∃ 0 < 𝜎 < 1, satisfying 𝓂𝒱[𝒯(𝓊), 𝒯(𝒷)] < 𝛾 as 𝒷 ∈ 𝒰 and when  𝓂𝒰(𝓌, 𝒷) < 𝜎 then the 

function 𝒯:𝒰→𝒱 is fuzzy continuous at 𝓊 ∈ 𝒰. Whenever (𝒰, 𝓂𝒰) and (𝒱, 𝓂𝒱) are two c-FMS. 

Theorem 5 [6]: 

If (𝒰, 𝓂𝒰), (𝒱, 𝓂𝒱) are two c-FMS and  𝒯:𝒰→𝒱 is a function. Then  

(1)  𝒯(𝓊k)→ 𝒯(𝓊) in 𝒱 if 𝓊k → 𝓊 in 𝒰. 

(2) 𝒯:𝒰→𝒱 is fuzzy continuous at 𝓊 ∈ 𝒰   

Are equivalent. 

Theorem 6 [6]: 

In c-FMS (𝒰, 𝓂)  if (𝓅𝑘) ∈ 𝒰 with 𝓅𝑘 → 𝓅 ∈ 𝒰 as k→ ∞ and (𝓎𝑘) ∈ 𝒰 with  𝓎𝑘 → 𝓎 ∈ 𝒰 as k→ ∞. Then 

𝓂(𝓅𝑘, 𝓎𝑘) → 𝓂(𝓅, 𝓎) as k→ ∞. 

Theorem 7 [6]: 

If (𝒰, 𝓂𝒰) and (𝒱, 𝓂𝒱) are two c-FMS and  𝒯:𝒰→𝒱 is a function. Then  

(1)𝒯−1(𝔇) is CFO in 𝒰, ∀ CFO subset 𝔇 of 𝒱; 

(2) 𝒯:𝒰→𝒱 is fuzzy continuous on  ;  

(3) 𝒯−1(𝔖) is convex fuzzy closed in 𝒰 for all convex fuzzy closed subset 𝔖 of 𝒱; 

Are equivalent. 

Theorem 8 [6]: 

If (𝒰, 𝓂𝒰), (𝒱, 𝓂𝒱) and (𝒲,  𝓂𝒲) are  c-FMS and  𝒯:𝒰→𝒱,  𝒮:𝒱→𝒲 are fuzzy continuous functions. Then 𝒮 

∘ 𝒯: 𝒰→𝒲 is a fuzzy continuous function. 

Definition 11 [6]: 

 If ∀ 0 < 𝛾 < 1, ∃ 0 < 𝜎 < 1, satisfies 𝓂𝒱[𝒯(𝓊), 𝒯(𝒷)] < 𝛾, when 𝓂𝒰(𝓌, 𝒷) < 𝜎, ∀ 𝓊, 𝒷 ∈ 𝒰 then the function 

𝒯:𝒰→𝒱 is uniformly fuzzy continuous on 𝒰. Whenever (𝒰, 𝓂𝒰) and (𝒱, 𝓂𝒱) are two c-FMS.  

Theorem 9 [6]: 

Let (𝒰, 𝓂𝒰),  (𝒱, 𝓂𝒱) be two c-FMS and 𝒯:𝒰→𝒱 is uniformly fuzzy continuous on 𝒰. If (𝓊k) is a fuzzy Cauchy 

sequence in 𝒰 then so is (𝒯(𝓊k)) in 𝒱.  

Definition 12 [6]: 

If  𝐴ℝ:ℝ →[0, 1] is a fuzzy set  fulfills  

(i) 𝐴ℝ(𝛿) ∈ [0, 1];  

(ii) 𝐴ℝ(𝛾)=0 ⟺ 𝛾=0; 
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(iii) 𝐴ℝ (𝛾) . 𝐴ℝ(𝛿) ≥ 𝐴ℝ (𝛾𝛿); 

(iv) 𝜎𝐴ℝ(𝛾) +𝜇 𝐴ℝ(𝛿) ≥ 𝐴ℝ(𝛾 + 𝛿); 

For all 0< 𝜎, 𝜇 < 1 with  𝜎 + 𝜇 =1 and ∀ 𝛾, 𝛿 ∈ ℝ. Then (ℝ, 𝐴ℝ) is convex fuzzy absolute value space ( simply 

c-FAVS). 

Example 2 [6]: 

Let 𝒰 = 𝐶[𝑎, 𝑏] where a, b ∈ ℝ, define, 𝓂(𝒽, ℓ) = 𝑚𝑎𝑥𝛼∈[𝑎,𝑏] 𝐴ℝ[𝒽(𝛼)− ℓ(𝛼)]  for all 𝒽, ℓ ∈ 𝒰. Then (𝒰, 𝓂) 

is  c-FMS. 

3. Results and Discussion 

Definition 13: 

Let (𝒰, 𝓂) be c-FMS and 𝒯:𝒰→𝒰 be a function. A point 𝓊 ∈ 𝒰 is called a fixed point (FP) for 𝒯 if 𝒯(𝓊) =  𝓊. 

Definition 14: 

Let (𝒰, 𝓂) be c-FMS then the function 𝒯:𝒰→𝒰 is a fuzzy contraction (FC) on 𝒰 if there exist 𝛼 ∈(0, 1) 

satisfying 𝓂[𝒯(𝓅), 𝒯(𝓎)] ≤  𝛼 𝓂(𝓅, 𝓎),  for all 𝓅, 𝓎 ∈ 𝒰.  

Theorem 10: 

Let (𝒰,𝓂) be c-FMS then 𝒯:𝒰→𝒰  is fuzzy continuous if 𝒯 is a FC on 𝒰 

Proof: 

If 𝒯 is fuzzy contraction function then 𝒯 is uniform fuzzy continuous function this is clear. As well as if 𝒯 is 

uniform fuzzy continuous function then 𝒯 is fuzzy continuous function this follows directly. Hence fuzzy 

contraction of 𝒯 implies fuzzy continuous of  𝒯 . █ 

Theorem 11: 

The function 𝒯: 𝒰 → 𝒰  has exactly one fixed point if 𝒯 is a fuzzy contraction where (𝒰,𝓂) is fuzzy complete c-

FMS as well as 𝒰 ≠ ∅. 

Proof: 

Step 1: Existences   

Choose  𝑢0 ∈ 𝒰 and define  

                               𝒯(𝑢0)= 𝑢1, 𝒯(𝑢1)= 𝒯2(𝑢0)= 𝑢2,…, 𝒯𝑘(𝑢0)= 𝑢𝑘.                  (1) 

Notice that 

𝓂(𝑢𝑘+1, 𝑢𝑘) = 𝓂[𝒯(𝑢𝑘), 𝒯(𝑢𝑘−1)]  ≤ 𝛼 𝓂(𝑢𝑘, 𝑢𝑘−1) =𝛼 𝓂[𝒯(𝑢𝑘−1), 𝒯(𝑢𝑘−2)] 

≤ 𝛼2 𝓂(𝑢𝑘−1, 𝑢𝑘−2) =𝛼2 𝓂[𝒯(𝑢𝑘−2), 𝒯(𝑢𝑘−3)]. 

We have 

                         𝓂(𝑢𝑘+1, 𝑢𝑘) ≤ 𝛼𝑘 𝓂(𝑢1, 𝑢0).                                                  (2) 

Hence when 𝑘 > 𝑗 ≥ 𝑁 with N ∈ ℕ, we get 

𝓂(𝑢𝑗, 𝑢𝑘) ≤ 𝜎𝑗𝓂(𝑢𝑗, 𝑢𝑗+1) + 𝜎𝑗+1𝓂(𝑢𝑗+1, 𝑢𝑗+2) + … +𝜎𝑘−𝑗 𝓂(𝑢𝑘−1, 𝑢𝑘), 

Where 

𝜎𝑗+ 𝜎𝑗+1+ … +𝜎𝑘−𝑗=1, with 𝜎𝑗, 𝜎𝑗+1, … 𝜎𝑘−𝑗 𝛼 ∈(0, 1). 

Thus 

𝓂(𝑢𝑗, 𝑢𝑘) ≤ [𝜎𝑗𝛼𝑗+𝜎𝑗+1 𝛼𝑗+1+ … +𝜎𝑘−𝑗 𝛼𝑘−𝑗] 𝓂(𝑢1, 𝑢0), 

𝓂(𝑢𝑗, 𝑢𝑘) ≤ [𝜎𝛼𝑗+𝜎 𝛼𝑗+1+ … +𝜎 𝛼𝑘−𝑗] 𝓂(𝑢1, 𝑢0), where 𝜎=max {𝜎𝑗, 𝜎𝑗+1, … ,𝜎𝑘−𝑗} 

                 𝓂(𝑢𝑗, 𝑢𝑘) ≤ [𝜎𝛼𝑗 
(1−𝛼𝑘−𝑗)

(1−𝛼)
 ]𝓂(𝑢1, 𝑢0).                                        (3) 
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Now choose 𝛾 ∈(0, 1), so that [𝜎𝛼𝑗 
(1−𝛼𝑘−𝑗)

(1−𝛼)
 ]𝓂(𝑢1, 𝑢0)  < 𝛾. 

Thus 𝓂(𝑢𝑗, 𝑢𝑘) < 𝛾, ∀ 𝑛 > 𝑗 ≥ 𝑁. Therefore, (𝑢𝑛) is a fuzzy Cauchy . ∃ 𝓊 ∈ 𝒰 satisfies 𝑢𝑘 → 𝓊. 

 Using 

𝓂(𝓊, 𝒯(𝓊)) ≤ 𝛿𝓂(𝓊, 𝑢𝑘) + 𝛽𝓂(𝑢𝑘, 𝒯(𝓊)) [where  , 𝛽 ∈ [0, 1] with 𝛿 + 𝛽=1] 

≤ 𝛿𝓂(𝓊, 𝑢𝑘) + 𝛽𝓂(𝑢𝑘, 𝒯(𝓊)) 

  ≤ 𝛿𝓂(𝓊, 𝑢𝑘) + 𝛼 𝛽𝓂(𝑢𝑘−1, 𝓊). 

Thus 

lim
k→∞ 

𝓂(𝓊, 𝒯(𝓊)) ≤ 𝛿 lim
k→∞ 

𝓂(𝓊, 𝑢𝑘) + 𝛼 lim
k→∞ 

𝓂(𝑢𝑘, 𝒯(𝓊)) 

                                    ≤ 𝛿(0) + 𝛼(0)=0. 

Hence 𝓂(𝓊, 𝒯(𝓊))=0, we get  𝒯(𝓊) = 𝓊. 

Step 2: The uniqueness 

 If 𝒯(𝓅) = 𝓅 and 𝒯(𝓏) = 𝓏 then 

𝓂(𝓅, 𝓏)= 𝓂(𝒯(𝓅), 𝒯(𝓏)) ≤ 𝛼 𝓂(𝓅, 𝓏). 

Hence 𝓂(𝓅, 𝓏)= 0⟹ 𝓅 =  𝓏  since 𝛼 ∈ (0, 1).                                                     █ 

 

Corollary 1: 

In Theorem 11, if 𝒯(𝓊)  =  𝓊, then 𝑢0 → 𝓊. Thus the error estimates are the prior 

                                  𝓂(𝑢𝑗, u) ≤ [
𝜎𝛼𝑗

1−𝛼
 ] 𝓂(𝑢0, 𝑢1).                                        (4) 

And the posterior estimates 

                                 𝓂(𝑢𝑗, u) ≤ [
𝜎𝛼

1−𝛼
 ] 𝓂(𝑢𝑗−1, 𝑢𝑗)                                      (5) 

Proof: 

From Eq. (3), 

𝓂(𝑢𝑗, 𝑢𝑘) ≤ [𝜎𝛼𝑗 
(1−𝛼𝑘−𝑗)

(1−𝛼)
 ]𝓂(𝑢1, 𝑢0). 

Using 𝛼 ∈(0, 1) implies (1 − 𝛼𝑘−𝑗) ∈(0, 1), thus using 𝑘 → ∞ getting Eq. (4) 

𝓂(𝑢𝑗, u) ≤ [
𝜎𝛼𝑗

(1−𝛼)
 ] 𝓂(𝑢0, 𝑢1), where 𝜎=max {𝜎𝑗, 𝜎𝑗+1, … ,𝜎𝑘−𝑗}. 

Thus Eq. (5) becomes with 𝑗 = 1 and putting 𝑦0 for 𝑢0 and 𝑦1 for 𝑢1, then Eq. (4) implies, 

𝓂(𝑦1, u) ≤ [
𝜎𝛼

(1−𝛼)
 ] 𝓂(𝑦0, 𝑦1). 

Taking 𝑦0=𝑢𝑗−1 implies 𝑦1= 𝒯(𝑦0)= 𝑢𝑗, and hence Eq. (5) is achieved.                            █      

Theorem 12: 

If 𝓂(𝑢0, 𝒯(𝑢0)) <(1−𝛼)𝜇 and for 𝛼 ∈(0, 1) with 𝓂[𝒯(𝓊), 𝒯(𝓌)] ≤ 𝛼 𝓂(𝓊, 𝓌)  for all 𝓊, 𝓌  ∈ 𝔅̅(𝑢0, 𝜇) then 

(𝑢𝑘) → 𝓊 ∈ 𝔅̅(𝑢0, 𝜇), where 𝒯(𝓊) = 𝓊 and 𝓊 is the unique FP of 𝒯 in 𝔅̅(𝑢0, 𝜇). When 𝒯:𝒰→𝒰 is a function as 

well as (𝒰, 𝓂) is c-FMS. 

Proof: 

In Eq. (3) put 𝑗 = 0 and use 𝓂(𝑢0, 𝑇(𝑢0))  < (1 − 𝛼)𝜇 we have 

𝑚(𝑢0, 𝑢𝑛)  ≤  [𝜎/((1 − 𝛼)) ] 𝑚(𝑢0, 𝑢1)  < [𝜎/((1 − 𝛼))] (1 − 𝛼)𝜇 <  𝜎𝜇 < 𝜇. 

Hence (𝑢𝑘) ∈ 𝔅̅(𝑢0, 𝜇) also, 𝓊  ∈ 𝔅̅(𝑢0, 𝜇), since (𝑢𝑘) → 𝓊 and 𝔅̅(𝑢0, 𝜇) is CFC. Thus Theorem 11 implies 𝓊 is 

the only FP of 𝒯 in 𝔅̅(𝑢0, 𝜇).                                       █     
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Corollary 2: 

Let (𝒰, 𝓂) be fuzzy complete c-FMS and 𝒯:𝒰→𝒰 be a function. If  𝓂[𝒯𝑘(𝓅), 𝒯𝑘(𝓎)] ≤  𝛼 𝓂(𝓅, 𝓎), for all 

𝓅, 𝓎 ∈ 𝒰, and some k∈ ℕ. Then 𝒯 has only one FP.. 

Proof: 

Put 𝒯𝑘=ℒ,  we have 𝓂[ℒ(𝓅), ℒ(𝓎)] ≤  𝛼 𝓂(𝓅, 𝓎), for all 𝓅, 𝓎 ∈ 𝒰, using Theorem 11,  ℒ(𝓌)=𝓌. Therefore 

ℒ𝑛(𝓌)=𝓌.  

Again using Th. 11, ∀ 𝓊 ∈ 𝒰,  ℒ𝑛(𝓊) → 𝓌 when n→ ∞.  

Specially, 𝓊= 𝒯(𝓌) because ℒ𝑛= 𝒯𝑛𝑘 implies  

𝓌= lim
𝑛→∞

ℒ𝑛𝒯𝓌 = lim
𝑛→∞

𝒯ℒ𝑛𝓌 = lim
𝑛→∞

𝒯𝓌= 𝒯𝓌. 

Thus 𝒯(𝓌)= 𝓌.  

But if 𝒯(𝓌)= 𝓌  implies ℒ(𝓌)= 𝓌 hence 𝓌 is the only fixed point of  𝒯.                            █   

Theorem 13: 

If 𝓂: ℝ2 →I defined by 𝓂(𝑠, 𝑡)= Aℝ(𝑠 − 𝑡) ∀ 𝑠, 𝑡 ∈ ℝ, then (ℝ, 𝓂) is c-FMS. 

Proof: 

(1) 𝓂(𝑠, 𝑡) ∈I, ∀ 𝑠, 𝑡 ∈ ℝ since Aℝ(𝑠 − 𝑡) ∈I. 

(2) 𝓂(𝑠, 𝑡)=0 ⟺  Aℝ(𝑠 − 𝑡)=0 ⟺ 𝑠 − 𝑡=0 ⟺ if 𝑠 = 𝑡. 

(3) 𝓂(𝑠, 𝑡) =Aℝ(𝑠 − 𝑡) =Aℝ(𝑡 − 𝑠) =  𝓂(𝑡, 𝑠). 

(4) 𝓂(𝑠, 𝑡)= Aℝ(𝑠 − 𝑡)= Aℝ(𝑠 − 𝓏 + 𝓏 − 𝑡) ≤ 𝛽Aℝ(𝑠 − 𝓏) + 𝛾Aℝ(𝓏 − 𝑡) 

                 ≤ 𝛽𝓂(𝑠, 𝓏) +𝛾 𝓂(𝓏, 𝑡), 

where 𝛽, 𝛾 ∈ [0, 1] with 𝛽+ 𝛾=1. 

Hence (ℝ, 𝓂) is c-FMS.                                            █ 

Theorem 14: 

If 𝓂(𝑠, 𝑡)= Aℝ(𝑠 − 𝑡), ∀ 𝑠, 𝑡 ∈ ℝ then c-FMS, (ℝ, 𝓂) is a fuzzy complete. 

Proof: 

If (𝛼k ) is a fuzzy Cauchy sequence in ℝ, then 𝐴ℝ (𝛼m −  𝛼k) ≤ 𝜇, ∀ m, k ≥N and some 𝜇 ∈(0, 1) as well as (𝛼k ) 

has a monotonic subsequence (𝛼𝑘j
) but (𝛼k ) is a CFB. Hence (𝛼𝑘j 

) is a CFB and thus 𝛼𝑘j
→ 𝛼 ∈ ℝ that is  there 

is N ∈ ℕ with 𝐴ℝ (𝛼𝑘j  
−  𝛼) ≤ 𝜇.  

Thus for 𝑛 ≥ 𝑁, 𝐴ℝ (𝛼𝑘n  −  𝛼n) ≤ 𝜇.  

Hence ∀ 𝑛 ≥ 𝑁 

𝐴ℝ (𝛼𝑛 − 𝛼 ) ≤  𝐴ℝ (𝛼𝑛 − 𝛼𝑘n  +  𝛼𝑘n  − 𝛼) ≤  𝛽 𝐴ℝ (𝛼𝑛 −  𝛼𝑘n  ) +𝛾 𝐴ℝ (𝛼𝑘n  − 𝛼) 

                          ≤ 𝛽𝜇 +𝛾 𝜇=(𝛽 + 𝛾)𝜇 = 𝜇.  

Therefore, 𝛼𝑛 → 𝛼 ∈  ℝ. Thus (ℝ, 𝓂) is a fuzzy complete.                                                █ 

Theorem 15: 

If 𝓂: ℝ𝑛  →I is defined by 𝓂(𝓅, 𝓆)= 𝑚𝑎𝑥𝑘 Aℝ(𝜎𝑘 −𝜌𝑘) for all 𝓅 =(𝜎1, 𝜎2, …, 𝜎𝑛), 

𝓆 =(𝜌1, 𝜌2, …, 𝜌𝑛) ∈ ℝ𝑛. Then (ℝ𝑛, 𝓂) is  c-FMS. 

Proof: 

(1) 𝓂(𝓅, 𝓆) ∈I for all 𝓅, 𝓆 ∈ ℝ𝑛. 

(2) 𝓂(𝓅, 𝓆)=0 ⟺ 𝑚𝑎𝑥𝑘 Aℝ(𝜎𝑘 −𝜌𝑘)=0  ⟺ Aℝ(𝜎𝑘 −𝜌𝑘)=0, 

 ∀ k=1, 2, …,n ⟺ 𝜎𝑘 − 𝜌𝑘=0, ∀ k=1, 2, …,n ⟺ 𝜎𝑘 = 𝜌𝑘, ∀ k=1, 2, …,n ⟺ 𝓅 = 𝓆. 
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(3) 𝓂(𝓅, 𝓆) =𝑚𝑎𝑥𝑘 Aℝ(𝜎𝑘 −𝜌𝑘) =𝑚𝑎𝑥𝑘 Aℝ(𝜌𝑘 −𝜎𝑘) = 𝓂(𝓆, 𝓅). 

(4) 𝓂(𝓅, 𝓆)= 𝑚𝑎𝑥𝑘   Aℝ(𝜎𝑘 −𝜌𝑘)  = 𝑚𝑎𝑥𝑘  Aℝ(𝜎𝑘 − 𝜇𝑘 + 𝜇𝑘 −𝜌𝑘)  

                 ≤ 𝑚𝑎𝑥𝑘 𝛽 Aℝ(𝜎𝑘 − 𝜇𝑘)  + 𝑚𝑎𝑥𝑘 𝛾 Aℝ(𝜇𝑘 −𝜌𝑘) 

                 =𝛽 𝑚𝑎𝑥𝑘  Aℝ(𝜎𝑘 − 𝜇𝑘)  +𝛾 𝑚𝑎𝑥𝑘  Aℝ(𝜇𝑘 −𝜌𝑘) 

                 ≤ 𝛽 𝓂(𝓅, 𝓏) +𝛾 𝓂(𝓏, 𝓆), 

where 𝓏 =(𝜇1, 𝜇2, …, 𝜇𝑛) ∈ ℝ𝑛. Hence (ℝ𝑛, 𝓂) is c-FMS.                                           █ 

Theorem 16: 

If m: ℝ𝑛 →I, is defined by 𝓂(𝓅, 𝓆)= 𝑚𝑎𝑥𝑘 Aℝ(𝜎𝑘 −𝜌𝑘) for all 𝓅 =(𝜎1, 𝜎2, …, 𝜎𝑛),  𝓆=  

(𝜌1, 𝜌2, …, 𝜌𝑛) ∈ ℝ𝑛 then the c-FMS (ℝ𝑛, 𝓂) is fuzzy complete  

Proof: 

Let (𝑢𝑘)  be a fuzzy Cauchy sequence in ℝ𝑛 and let 𝑢𝑘=(𝜇1𝑘, 𝜇2𝑘, …,𝜇𝑛𝑘), for 𝑘 = 1,2, ⋯. Using (𝑢𝑘) is fuzzy 

Cauchy then for all 𝜎 ∈ (0, 1), there exist N∈ ℕ with 

   𝓂(𝑢𝑘, 𝑢𝑗) =  𝑚𝑎𝑥𝑖  𝐴ℝ(𝜇𝑖𝑘 − 𝜇𝑖𝑗)  <  𝜎                             (6) 

For all 𝑘, 𝑗 ≥ 𝑁 and 𝑖 = 1, 2, … , 𝑛. It follows Aℝ(𝜇𝑖𝑘 − 𝜇𝑖𝑗) < 𝜎. 

Thus for 𝑖=1,2,… the sequence (𝜇𝑖1, 𝜇𝑖2, … ) is a fuzzy Cauchy sequence in (ℝ, 𝓂). Using ℝ  is fuzzy complete 

by Theorem 14, then   𝜇𝑖𝑘 → 𝜇𝑖 ∈ ℝ as k→ ∞.  

Now, put 𝑢 = (𝜇1, 𝜇2, …, 𝜇𝑛) this implies 𝑢 ∈  ℝ𝑛. From Eq. (6) by letting𝑗 → ∞, we have  

𝓂(𝑢𝑘, u)= 𝓂(𝑢𝑘, lim
j→∞

𝑢𝑗)= 𝑚𝑎𝑥𝑖  Aℝ(𝜇𝑖𝑘 − 𝜇𝑖) < 𝜎 

Thus 𝑢𝑘 → u. Therefore (ℝ𝑛, 𝓂) is fuzzy complete.       █ 

Theorem 17: 

If 𝑈 = 𝐶[𝑎, 𝑏],  then (U, 𝓂) is fuzzy complete where  𝓂(ℊ, 𝒽) = 𝑚𝑎𝑥𝑡∈[𝑎,𝑏] Aℝ[ℊ(t) – 𝒽(t)] 

Proof: 

Consider a fuzzy Cauchy sequence (ℓ𝑘) in 𝐶[𝑎, 𝑏], therefore ∀ 0< 𝜇 <1, there exist 𝑁 ∈  ℕ satisfying for 𝑘, 𝑛 ≥
𝑁   

𝓂(ℓ𝑘, ℓ𝑛) = 𝑚𝑎𝑥𝑡∈[𝑎,𝑏] Aℝ[ℓ𝑘(t) – ℓ𝑛(t)] < 𝜇.                    (7) 

Thus for fixed = 𝑡0 ∈ [𝑎, 𝑏], Aℝ[ℓ𝑘(𝑡0) – ℓ𝑛(𝑡0)] < 𝜇. Hence (ℓ1(𝑡0), ℓ2(𝑡0), … ) is fuzzy Cauchy sequence in (ℝ, 

𝓂). Using (ℝ, 𝓂) is fuzzy complete by Theorem 14, then ℓ𝑘(𝑡0) → ℓ(𝑡0). Hence ∀ 𝑡 ∈ [𝑎, 𝑏] ∃ a unique ℓ(𝑡)  ∈
 ℝ. Hence ℓ : [a, b] → ℝ and to prove ℓ ∈ 𝐶[𝑎, 𝑏] and ℓ𝑘 → ℓ. From Eq. (7) with 𝑛 → ∞ we have 𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 

Aℝ[ℓ𝑘(t) – ℓ(t)] < 𝜇, ∀  𝑘 ≥ 𝑁. Thus ∀ 𝑡 ∈ [𝑎, 𝑏],  Aℝ[ℓ𝑘(t) – ℓ(t)] < 𝜇, ∀ 𝑘 ≥ 𝑁. 

Therefore ℓ𝑘(t)→ ℓ(t) uniformly on [𝑎, 𝑏]. Because all (ℓ𝑘) ∈  𝐶[𝑎, 𝑏], hence ℓ ∈ 𝐶[𝑎, 𝑏]. As well as ℓ𝑘 → ℓ. 

Therefore the prove is complete.    █ 

4. Applications  

Definition 15:  

If (ℝ, Aℝ) is  c-FAVS and Aℝ[𝒽(𝜏) – 𝒽(𝜌)] ≤  𝑘 Aℝ(𝜏 – 𝜌),  ∀ 𝜏 , 𝜌 ∈ ℝ then the function 𝒽: ℝ → ℝ is said to be 

satisfying a fuzzy Lipschitz condition.  

Theorem 18: 

Let 𝒽:D→ ℝ2 be fuzzy continuous function where 𝐷 = {(t, u): |𝑡 − 𝑡0| ≤ 𝛼, |𝑢 − 𝑢0| ≤ 𝜀}and Aℝ(𝒽(t, u))≤ 𝜇 

for all (𝑡, 𝑢) ∈ 𝐷. If  Aℝ[𝒽(t, u) – 𝒽(t, v)] ≤ 𝑘 Aℝ(𝑢 –  𝑣), ∀ (𝑡, 𝑢), (𝑡, 𝑣) ) ∈ 𝐷 then the initial value problem 
𝑑𝑢

𝑑𝑡
= 𝒽(𝑡, 𝑢), u(𝑡0)= 𝑢0 has only one solution in [𝑡0 – 𝛿,𝑡0 + 𝛿] where 𝛿 <min{𝛼, 

𝜀

𝜇
, 

1

𝑘
}. 

Proof: 
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Consider the c-FMS 𝐶(𝐽) be the c-FMS when 𝐽 =[𝑡0 – 𝛿, 𝑡0 + 𝛿] with 𝓂(𝒻, ℊ)= 𝑚𝑎𝑥𝜏∈𝐽Aℝ[𝒻(𝜏)−ℊ(𝜏)]. Then by 

Theorem 16 and Theorem 17, (C(J), 𝓂) is fuzzy complete c-FMS. Let 𝐶́ ={  ∈ 𝐶(𝐽): Aℝ(u(t)− 𝑢0) ≤ 𝜇𝛿 }⊆ 𝐶(𝐽), 

as well as 𝐶́ is convex fuzzy closed in 𝐶(𝐽). 𝐶́ is fuzzy complete. 

  
𝑑𝑢

𝑑𝑡 
= 𝒽(𝑡, 𝑢) after integration is 𝑢 = 𝒯(𝑢) with 𝒯: 𝐶́ → 𝐶́, 𝒯(𝑢(𝑡)) = 𝑢0 + ∫ 𝒽(𝜏, 𝑢(𝜏))𝑑𝜏

𝑡

𝑡0
. Hence 𝒯 is defined 

∀ 𝑢 ∈ 𝐶́ because  < 𝜀, therefore, if 𝑢 ∈ 𝐶́ then 𝜌 ∈ 𝐽 and (𝜌, u(𝜌)) ∈  𝐷.  

Since Aℝ[𝒯(u(t))− 𝑢0]≤  Aℝ[∫ 𝒽(𝜏, 𝑢(𝜌)𝑑𝜌
𝑡

𝑡0
] ≤ 𝜇Aℝ[t−𝑡0] ≤ 𝜇𝛿. Then, 𝒯: 𝐶́ → 𝐶́.  

And  

Aℝ[𝒯(u(t))− 𝒯(v(t)] = Aℝ[∫ [𝒽(𝜌, 𝑢(𝜌)) − 𝒽(𝜌, 𝑣(𝜌)]𝑑𝜌
𝑡

𝑡0
 

                                 ≤ Aℝ[t−𝑡0] 𝑚𝑎𝑥𝜌∈𝐽𝑘 Aℝ[𝑢(𝜌) −  𝑣(𝜌)] 

                                                          ≤ 𝑘𝛽𝓂(𝑢, 𝑣). 

Taking the maximum on the left, we get 𝓂[𝒯(𝑢), 𝒯(𝑣)] ≤ 𝜆 𝓂(𝑢, 𝑣) where 𝜆 = 𝑘𝛽. By Theorem 11,  𝒯 has one 

FP  ∈ 𝐶́, 𝑢 =  𝒯(𝑢). Which means that  

                                            𝑢(𝑡) = 𝑢0 + ∫ 𝒽(𝜏, 𝑢(𝜏)𝑑𝜏
𝑡

𝑡0
                                                 (8) 

Because (𝜌, 𝑢(𝜌)) ∈ 𝐷, then from Eq. (8) we have 
𝑑𝑢

𝑑𝑡
= 𝒽 (t, u), 𝑢(𝑡0)= 𝑢0. 

For the converse any solution of  
𝑑𝑢

𝑑𝑡
= 𝒽(𝑡, 𝑢), u(𝑡0)= 𝑢0 must satisfy Eq. (8).                       █ 

Theorem 19: 

If  𝑢 = 𝐶𝑢 +  𝑑,  (𝐶 = (𝑐𝑖𝑘)), 𝑑 is given) the system of 𝑛 linear equations in 

 𝛼1, 𝛼2, …, 𝛼𝑛, ( 𝑢=(𝛼1, 𝛼2, …, 𝛼𝑛)) full fits  

∑ Aℝ
𝑛
𝑘=1 (𝑐𝑖𝑘) <1 (𝑖 = 1, 2, … , 𝑛). 

Then it has unique solution 𝑢 when 𝑢(𝑖) → 𝑢 and 𝑢(𝑖+1)= 𝐶𝑢(𝑖)+ 𝑑, ( 𝑖 = 0, 1, … ). 

where 

𝓂(𝑢(𝑖), 𝑢) ≤ [(
𝜎𝛼

1−𝛼
 )] and 𝓂(𝑢(𝑖−1), 𝑢(𝑗))  ≤ [(

𝜎𝛼𝑖

1−𝛼
 )]𝓂(𝑢(0), 𝑢(1)) 

are error bounds. 

Proof: 

Let 𝓅=(𝜇1, 𝜇2, …, 𝜇𝑛), 𝓆=(𝜎1, 𝜎2, …, 𝜎𝑛) ∈ ℝ𝑛. From Theorem 15 and Theorem 16, we get (ℝ𝑛, 𝓂) is fuzzy 

complete c-FMS. Let us defined 𝒯: ℝ𝑛 → ℝ𝑛 by 𝓅 = 𝒯(𝑢) = 𝐶𝑢 + 𝑏 where 𝐶 = (𝑐𝑗𝑘) ∈ 𝑀𝑛(ℝ) and 𝑑 ∈ ℝ𝑛.  

To prove 𝒯 is a FC, 𝜇𝑖=∑ 𝑐𝑖𝑘
𝑛
𝑘=1 𝛼𝑖+ 𝜏𝑖 where 𝑑 = (𝜏1, 𝜏2, …, 𝜏𝑛). Take 𝑆(𝓌)=𝓏 with 𝓏 =(𝛿1, 𝛿2, …, 𝛿𝑛).  

Now 

𝓂(𝓅, 𝓏)=  𝓂(𝒯(𝑢), 𝒯(𝓌))=𝑚𝑎𝑥𝑗Aℝ(𝜇𝑗 − 𝛿𝑗) = 𝑚𝑎𝑥𝑗Aℝ(∑ 𝑐𝑗𝑘
𝑛
𝑘=1 (𝛼𝑗 − 𝛿𝑗) 

≤ 𝑚𝑎𝑥𝑗Aℝ(𝛼𝑗 − 𝛿𝑗) 𝑚𝑎𝑥𝑗(∑ Aℝ(𝑐𝑗𝑘)𝑛
𝑘=1 ). 

Thus 𝓂(𝓅, 𝓏) ≤ 𝛼 𝓂(𝑢, 𝓌) where 𝛼=𝑚𝑎𝑥𝑗(∑ Aℝ(𝑐𝑗𝑘)𝑛
𝑘=1 ). 

Hence, the other steps holds by applying Theorem 11.                                             █ 

Theorem 20: 

If 𝑣 in Volterra integral equation 

                                      𝑣(𝑡)  = 𝑢(𝑡) –  𝜆 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑡

𝑎
                                              (9) 

𝑣 : 𝐽 → ℝ where 𝐽 = [𝑎, 𝑏] is fuzzy continuous and 𝑘: 𝑅 → ℝ2 where 𝑅={(t, 𝜏): 𝑎 ≤ 𝜏 ≤ 𝑡, 𝑎 ≤ 𝑡 ≤ 𝑏} is fuzzy 

continuous. Then Eq. (9) has one solution 𝑢 on 𝐽 for every 𝜆. 
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Proof: 

At first, let us rewrite Eq. (9) by 𝑢 = 𝒯(𝑢) with 𝒯: 𝐶(𝐽) → 𝐶(𝐽) defined by  

𝒯(𝑢(𝑡)) = 𝑣(𝑡) + 𝜆 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑡

𝑎
. 

Due to 𝑘 is fuzzy continuous on ℝ and ℝ is convex fuzzy closed also,  Aℝ(𝑘(t, 𝜏)) ≤ 𝜀 for all (𝑡, 𝜏)  ∈ ℝ. Thus 

∀ 𝑢, 𝑣 ∈ 𝐶(𝐽)   

Aℝ[𝒯𝑢(𝑡) − 𝒯𝑣(𝑡)] = Aℝ(𝜆) Aℝ[∫ 𝑘(𝑡, 𝜏)(𝑢(𝜏) − 𝑣(𝜏))𝑑𝜏
𝑡

𝑎
] 

                          ≤ Aℝ(𝜆) 𝜀 𝓂(u, v) ∫ 𝑑𝜏
𝑡

𝑎
= Aℝ(𝜆) 𝜀 𝓂(𝑢, 𝑣) (𝑡 − 𝑎)                            (10) 

By induction, we can prove that  

                       Aℝ [𝒯𝑘𝑢(𝑡), 𝒯𝑘𝑣(𝑡)] ≤ Aℝ(𝜆) 𝑘𝜀𝑘 
(𝑡−𝑎)𝑘

𝑘!
 𝓂(𝑢, 𝑣)                                 (11) 

When putting 𝑘 = 1 in the equation above, we can get Eq. (10).  

Assume that the equation (11) holds for any 𝑘 we obtain 

Aℝ [𝒯𝑘+1𝑢(𝑡), 𝒯𝑘+1𝑣(𝑡)]= Aℝ(𝜆) Aℝ[∫ 𝑘(𝑡, 𝜏)(𝒯𝑘𝑢(𝜏) − 𝒯𝑘𝑣(𝜏))𝑑𝜏
𝑡

𝑎
] 

≤ Aℝ(𝜆) 𝜀 ∫ 𝐴ℝ(𝜆) 𝑘𝜀𝑘  
(𝑡−𝑎)𝑘

𝑘!
𝑑𝜏

𝑡

𝑎
 𝓂(𝑢, 𝑣) 

≤ Aℝ(𝜆) 𝑘+1𝜀𝑘+1 
(𝑡−𝑎)𝑘+1

(𝑘+1)!
 𝓂(𝑢, 𝑣). 

 Then 

𝓂(𝒯𝑘𝑢, 𝒯𝑘𝑣) ≤ 𝑟𝑘𝓂(𝑢, 𝑣) where 𝑟𝑘=Aℝ(𝜆) 𝑘𝑐𝑘 
(𝑡−𝑎)𝑘

𝑘!
. 

Follows by taking the maximum over 𝑡 ∈ 𝐽 on the left we obtain from Eq. (11) 

For 𝜆 fixed and  𝑘  large implies 𝑟𝑘 < 1. Thus  𝒯𝑘 is a FC on 𝐶(𝐽). The other steps of the proof holds by Theorem 

11.                                              █ 

Theorem 21: 

Let 𝑘: 𝐽 × 𝐽 → ℝ and 𝑣 : 𝐽 × 𝐽 → ℝ in the Fredholm integral equation 

                                 𝑣(𝑡)  =  𝑢(𝑡) − 𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑏

𝑑
                                              (12) 

 be fuzzy continuous where 𝐽 = [𝑑, 𝑏] and let 𝜇 satisfies 

                                 Aℝ(𝜇) < 
1

𝜀(𝑏−𝑑)
,                                                                              (13) 

Where 

                                  Aℝ(𝑘(𝑡, 𝜏)) ≤ 𝜀, ∀ (𝑡, 𝜏)  ∈ 𝐺.                                                      (14) 

This implies that Eq. (12) has one solution 𝑢 on 𝐽, where (𝑢0, 𝑢1, …)→ 𝑢, when 𝑢0 : 𝐽 → ℝ is any fuzzy continuous 

for 𝑛 = 0, 1, …. 

                                    𝑢𝑛+1(𝑡)  =  𝑣(𝑡) +𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢𝑛(𝜏)𝑑𝜏
𝑏

𝑑
                                   (15) 

Proof: 

Let 𝑣 ∈ 𝐶[𝑑, 𝑏]  rewriting Eq. (12) by 𝒯(𝑢) = 𝑢 where 

                              𝒯(𝑢) =  𝑣(𝑡) + 𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑏

𝑑
                                                  (16) 

Hence 

                        𝓂(𝒯(u), 𝒯(y)) = 𝑚𝑎𝑥𝑡∈𝐽 Aℝ[𝒯𝑢(𝑡) – 𝒯𝑦(𝑡)] 

                                                 = Aℝ(𝜇) 𝑚𝑎𝑥𝑡∈𝐽Aℝ[∫ 𝑘(𝑡, 𝜌)[𝑢(𝜌) − 𝑦(𝜌)]𝑑𝜌
𝑏

𝑑
 

https://doi.org/10.54216/IJNS.250306


 

International Journal of Neutrosophic Science (IJNS)                                            Vol. 25, No. 03, PP. 60-69, 2025  

69 
DOI: https://doi.org/10.54216/IJNS.250306  
Received: February 11, 2024 Revised: May 10, 2024 Accepted: September 15, 2024 

 

                              ≤ Aℝ(𝜇) 𝑚𝑎𝑥𝑡∈𝐽 ∫ Aℝ{𝑘(𝑡, 𝜌)[𝑢(𝜌) − 𝑦(𝜌)]}𝑑𝜌
𝑏

𝑑
 

                                     ≤ Aℝ(𝜇) 𝑚𝑎𝑥𝑡∈𝐽 ∫ Aℝ{𝑘(𝑡, 𝜌)}Aℝ{[𝑢(𝜌) − 𝑦(𝜌)]}𝑑𝜏
𝑏

𝑑
 

                 ≤ Aℝ(𝜇) 𝜀 𝑚𝑎𝑥𝜃∈𝐽  Aℝ[𝑢(𝜃) –  𝑦(𝜃)] ∫ 𝑑𝜌
𝑏

𝑑
 

                                               ≤ Aℝ(𝜇) 𝜀 𝓂(𝑢, 𝑦)(𝑏 − 𝑑). 

Rewrite this by 𝓂(𝒯(u), 𝒯 (y)) ≤ r 𝓂(𝑢, 𝑦) where 𝑟 = Aℝ(𝜇) 𝜀(𝑏 − 𝑑). Thus 𝒯 becomes a fuzzy contraction 

from Eq. (13). Using Theorem 11, 𝒯 has a one FP 𝑢 on 𝐽.    Where the iterative sequence (𝑢0, 𝑢1, …) converge to 

𝑢 where 𝑢0 is any initial solution on 𝐽 for 𝑛 = 0, 1, …   

𝑢𝑛+1(t) = v(t) +𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢𝑛(𝜏)𝑑𝜏
𝑏

𝑑
. 

5. Conclusion 

Here we have proved that the fixed point theorem for a single valued function in the convex fuzzy metric space. 

We also applied this theorem to find the solution for Fredholm integral equation and Volterra integral equation. 

For future work the authors can be prove the fixed theorem for multi-variable function in this space.  
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