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Abstract

This paper uses finite difference methods to study the numerical solution for neutrosophic Sine-Gordon system in
one dimension. We use the explicit method and Crank-Nicholson method. Also, an effective comparison between
the results of the two methods has been made, where we obtain the result that Crank-Nicholson method is more
accurate than the explicit method, but the explicit method is easier. We also study the stability analysis for each
method by using Fourier (Von-Neumann) method and get that Crank-Nicholson method is unconditionally stable

while the Explicit method is stable under the condition 7% < Ciz andr? < 1.

Keywords: Neutrosophic Sine-Gordon system; Crank-Nicholson method; Fourier (Von-Neumann) method;
Nonlinear differential equations

1. Introduction

Most physical phenomena, whether in the field of fluid flow, electricity, optics, heat transfer or wire vibration, can
generally be described by partial differential equations, and the most realistic models in physics, biochemistry,
biology and the like are of a non-linear nature, such as cracks in crystals, the movement of DNA stimuli and the
transmission of nerve impulses through axons and how to calculate the partial weight of a macroscopic Silicon
molecule. In general, many nonlinear problems have no known analytical solutions, so they must be solved by
numerical methods [2].

Most of the wave equations and nonlinear evolution equations are special varieties of nonlinear differential
equations that describe a physical quantity exhibiting different types of propagation or assembly properties. One
of the important physical explanations is to solve the Partial Differential Equation by the method of solitary or
traveling wave solutions. for the difficulty of these problems, there are few traveling wave solutions obtained by
specific methods [10,11,12,13,14,15,16,17,18,19,20,21,22-27]. The Klein-Gordon equation was developed by the
scientists Klein and Gordon in the twenties as a model of the nonlinear wave equation, and the scientist Kruskal
was the first to name the Sine-Gordon to the Klein - Gordon Equation [1].

In (2003) S. Griffths, Grimshsw and Khusnutdinova used the system of binary Sine-Gordon equations for the study
of certain solutions for the generalization of the continuity of periodic Energy Exchange in a dual system of
pendulums. In (2004) S. Griffiths, Grimshaw and Khusnutdinova studied the instability of a pair of waves
generated using the Sine-Gordon system and the energy exchange between the components of the system [6].

In this research, we will deal with a physical phenomenon, which is a generalization of sine-Gordon wave system
(neutrosophic generalized version) based on neutrosophic numbers and functions [28-30], which is a system of
neutrosophic nonlinear partial differential equations of the Hyperbola type. We will study the numerical solution
of the Sine Gordon system in one dimension using two numerical methods, the explicit method and the Crank-
Nicholson method, and compare them, then we will study the stability of the numerical solution of each of the two
methods and compare them.
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2. The Mathematical Model

The Sine-Gordon system has the following formula:

o*u  0%*u ) \

ﬁ—ﬁz—S Sln(u—W)

’w  0*w ' M
W_C Wzsm(u—w)

With elementary conditions. [9]:

ou(x,0)

u(x,0) = f(x)and T 0, 0<x<2m,
ow(x,0)

w(x,0) = g(x)and o = 0, 0<x<2m.

And boundary conditions:
u(0,t) =u(2m,t) =0,
w(0,t) = w(2m,t) = 0.

Whereas 62 represents the ratio of the density of the particles of the medium, and c¢? represents the ratio between

the speed of wave u and wave w.
We define the neutrosophic version of it as:

’u+1 0d*u+l
= —§2%sin(u —w)

otz ox?
dPw+l L Pw+I
5z T T = sin(u —w) )
With elementary conditions:
du(x,0)
(u+D(x,0) = f(x)and T =0, 0<x<2m,
ow(x,0)
w4+ D(x,0) =gx)and BT 0, 0<x<2m.

And boundary conditions:
(wu+0DO,t) =w+NH2mt)=0,
w+D0,t)=w+DH(2m,t)=0.

Whereas 62 represents the ratio of the density of the particles of the medium, and c¢? represents the ratio between

the speed of wave u and wave w and 7 represents the indeterminacy element.

3. Derivation of the formula of the Explicit Scheme of the system (Sine-Gordon)

In this method, we will calculate the value of uy ;41 and wy, 44 at time (¢,,,1.1) based on the known values of

Unm+1> Unm> Wntims Wn,mand Wn-1,m at time tm~

We divide the rectangle R = {(x,t):0 < x < 2m,0 < t < b} into (¢-/) and (j-1) rectangles whose side lengths

At = k and Ax = h [8]:

The numerical approximation of the first and second partial derivatives of the function (u) relative to (x) and (¢)

obtained by us using Tyler's screwdriver is as follows [4]:

(a_u) _ Un+1i,m — Unm (2)
0%/ nm h ’
(6_u> — Upm+1 — Unm (3)
0x/) nm k ’
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0%u _ Unt1im — 2un,m tUp_1m 4
) = 2 W
nm

0%u _ Unm+1 — zun,m + Upm-1 5
o) = 2 - ®
nm

Using equations (4) and (5) for the variables u and w, System (1) becomes:

Upm+1 — 2un,m + Upm-1 Un+1m — 2un,m + Un—1,m

(6)

- = —52gij -
2 e =-6 sm(umm wn‘m) ,
Wnm+1 — 2Wn,m + Wnm-1 2 [Wn+1m — 2Wn,m +Wno1m .
2 -c % = sm(un‘m - wn,m) .
2
— 29245
Unm+1 — 2un,m + Upm-1 = —k“5 Sln(un,m - Wn,m) + ﬁ(urwl,m - 2un,m + un—l,m)'

2

— Ir2ci 2
Wnm+1 — 2Wn,m + Wnm-1~= k Sln(un,m - Wn,m) +c P(Wn+1,m - 2Wn,m + Wn—l,m)-

Letber = k/h

Unm+1 = _kZSZSin(un,m - Wn,m) — Upm-1 + (2 - 2‘rz)un,m + rz(un+1,m + un—l,m) ’

Wnm+1 = szin(un,m - Wn,m) —Wpm-1t (2 - 2(:27'2)Wn,1n +c?r? (Wn+1,m + Wn—l,m) .

(7

®)

€))

Equations (8) and (9) represent the approximation of the ending differences using the explicit method of the
Gordon system, and equations (8) and (9) are used to calculate the first row m+1 of the network using the known
values of the rows m,m-1,as we note that this method explicitly calculates the unknown values u;, 11, Wy m+1 i

the indication of the known values Uy, 1, , Un—1.m » Un+1m » Unm—1>Wnm » Wn—1m » ¢ Wnt1,m » Wnm—1 -

In order to find the calculations for these values, we need to find the values for the second line at t = ¢,.

Putting m = [ in equations (8) and (9) we get:
Unp = —k28%sin(upy — Wn1) — Uno + (2 = 2r)up s + 72 (Upy1q + Un_11)

Wpo = /’czsin(uw1 - Wn,l) — Wno + (2 = 2c*1H)wy; + c*r? (WML1 + Wn—l,l) .

Taking the central differentials of the initial condition as

ou 0 aw 0
at ot
we get:
Unp2 —Uno _
ok 0=up, =uyyg,
Wn2 — Wno _ _
T—():)Wn.z—wn.o-

Substituting equations (10) and (11), we get:

1
Unz =5 [—kzdzsin(un1 - Wnyl) + (2 - 2r)uy,, +r? (un+1_1,un_1,1)],

1
Wiz = [kzsin(uw1 - Wn‘l) + (2 - 22wy + czrz(wnﬂ‘l,wn_l‘l)] .
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From equations (12) and (13) we calculate the second row after we calculated the first row of the elementary
condition, then from equations (8) and (9) we calculate the third row, the fourth, and so on.

By substituting every u and w by u + I and w + I, we get the corresponding neutrosophic formulas.
4. Derivation of the formula of the Crank-Nicholson method for the Sine-Gordon system

In this method, the second partial derivative u,., is replaced by the cloud rate of approximations of the central
differences at time m+1 and m-1 ([8], [4]):

2
(a u) _ Unm+1 — 2un,m + Unm-1
nm

o k2 (15)
Substituting equations (14) and (15) for each of the variables u, w in System (1), we obtain:

Unm+1 — 2un,m + Unm-1

k2

— 244
=-6 sm(unm — wn,m)
1 Un+1,m+1 — 2un,m+1 + Upn-1,m+1 , Un+1,m-1 — 2un,m—l + Up—-1,m-1
P 2 + 2
2 h h
Wnm+1 — 2Wn,m + Wnm-1
k2

= sin(un‘m — Wn_m)

2
+C_ [Wn+1,m+1 - 2Wn,m+1 + Wn—1,m+1 + Wn+1im-1 — 2VVn,m—l + Wn—l,m—l]

2 h? h?

— 29245
Unm+1 — 2un,m tUpm-1 = —k*6 Sln(un,m - Wn,m)

k2

+ 2h2 [un+1,m+1 - 2un,m+1 + Up-1,m+1 + Un+1m-1 — 2un,m—l + un—l,m—l]
— 2G5
Wnm+1 — 2Wn,m + Wnm-1~= k Sln(un,m - Wn,m)

c?k?
+ 2h2 [Wn+1,m+1 - 2Wn,m+1 + Wn—1,m+1 + Wn+1im-1— 2Wn,m—l + Wn—l,m—l]

2 - 27"2)“/L'rz,'rn+1 - rz(un+1,m+1 + un—l,m+1) = —2k25zsin(un‘m - Wn,m) -@2- 2'rz)un,m—l + 4'un,m +
Tz(un+1,m—1 + un—l,m—l) ) (16)
2 - 26'27"2)Wn,m+1 - CZrZ(Wn+1,m+1 + Wn—l,m+1) = 2kZSi‘n(un,m - Wn,m) -@2- 2Cz'rz)wn,m—l + 4w +
CZTZ(Wn+1,m—1 + Wn—l,m—l) ' (17)

Equations (16) and (17) are approximations of the differences ending with the Crank-Nicholson method for the
Sine-Gordon system, and in this method, we need to calculate the three unknown values on the three unknown
side on the left side of equations (16) and (17) Uy,_1 141 and Uy 141 and Upypq 41 for equation (16) wy,_q 141 and
Wy m+1 and Wy i1 m 44 for equation (17) since all the terms on the right side of equations (16) and (17) are known,
and lead to the formation of a linear algebraic system of three diagonals.

AX=B, VX=C.

A and V are the Crank-Nicholson matrices of three diagonals, X is a vertical vector containing the values of the
unknowns on the left side, and B and C are two vertical vectors containing the known values on the right side.

Boundary conditions are used only in the first and last equations.

Uim-1 = Uym+1 = 0, Upm-1 = Upm+1 = 0,

Wim-1 = Wim+1 = 0, Wnm-1 = Wnm+1 = 0.

The algebraic system resulting from the application of the Crank-Nicholson method to the Sine-Gordon system
for the variable U is preferably expressed in the following form:
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(2 + 212

—r?

—r2

2+ 2r?

2 4 2r?

—r?

-r

2+ 2r?

As for the variable w, The Matrix is in the following form:

[2 + 2r2
_rz

_TZ
2+ 2r?

—r?

2+ 2r?

—r?

-r

2 + 212
—7"2

—r2

F Uzm+1 ]

2 + 212

—2k?8%sin(Ugm — Wam) — 2+ 212Uy + 4Upm + T2 U3 g
T2 Uy o — 2k26zsin(u3,m - w3,m) — (24 2r®)ug ;g + 4ug gy + T U

2 29245 2 2
T Uy -1 — 2k°6 sm(unm — Wp‘m) =2+ 2r)upmq + Aupm + T Up 1M1

2 29827 2 2
" Up-3m-1 — 2k=6 Sln(un—z,m - Wn—2,m) - (2 +2r )un—z,m—l + 4'un—z,m + 71U 2 m-1

2 2921 2
Up—2m-1— 2k=6 Sln(un—l,m - Wn—l,m) - (2 +2r )un—l,m—l + 4un—1,m

—r?

2 + 2r?

2k2sin(upm — Wam) — (2 + 2¢2 )Wy g + 4wy + 2125 4

22wy g + 2k2sin(usm — Wam) — (2 + 2¢272) W3 g + 4Ws  + 2 12Wy 4
22wy _y oy + 2k2sin(upm — Wy m) — (2 + 262T)Wy 1oy + AWy + €T Wiy oy

2,.2 245 2,.2 2,.2
Criwy_3m-1 + 2k sm(un_z_m - wn_z_m) — @2+ 2 r)Wn_am-1 +A4Wp_om + T Wy o

2,.2 244 2..2
CT* Wpn_am-1 + 2k sm(un_Lm — Wn_l‘m) -2+ 2 )Wy -1 AW,

U3 m+1

up,m+1 =

un—2,m+1

—un—l,m+1—

r Wom+1 7
W3 m+1

Wpm+1 | =

Wn—2,m+1
[Wn—1,m+14

The above linear system is solved by one of the direct methods or by iterative methods.
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5. Stability analysis of the explicit method using the Fourier (Von-Neumann) method

The general principle of this method is to replace the solution by the method of differences ending at Time (t) by
the amount ™ e#"4% for u,, , and the amount y ™e$™2* for w,, ,where i = V=18 > 0 >0 <k = At <h = Ax
[11].

To apply the Von-Neumann method to System (1), we need to neglect the nonlinear limit of it, and we get the
following [7]:

0%u  0%u \

- = 0

atz  0x2
0°w 5 0%w } (18)
oz ¢ oz 0

Using the explicit method, we obtain:

Upm+1 = “Unm-1 + (2 - 27'z)un,m + 7"z(u'n+1,m + un—l,m) ’ (19)
Winm+1 = “Wnm-1 + (2 - 2Czrz)un,m + C2r2 (Wn+1,m + Wn—l,m)- (20)

By substituting u,, ,, = & meiﬁ"Ax,Wn‘m = y™e!BnA%in equations (19) and (20) in order, we obtain:
EMH1QIBNAY — _gm=1gifndx | (3 _ 2p2)EmoiBnAY 4 2 (gmoiB(n+DAX | gmif(n-1)Ax)
ymHlgifndx — _ym-1gifndx 4 (3 _ c2pZ)ymeibndx 4 (2p2(ymeiB(nHDX 4 ymeif(n-1)ax)
By dividing the above two equations by £™e#"4*and y™e#"Axin order, we get:
§=—814(2—2r%) +1r%(efr 4 1P,
Y= =y L+ (2 — 2¢%r2) + cPr2(eiBix 4 giBx)
=>&+&1=2-2r +12(2cos(BAX)),
Sy+yt=2-2c%?+ c*r?(2cos(BAx)),

Ax
SE&E+E1=2-2r2+2r2 [1 — 2sin? (%)],
Ax
Sy+yt=2-2c%r?+2c%*r? [1 — 2sin? ('BT>] ,

Ax
=&+ &1 =2 4risin? ('BT),

Ax
>y +y ! =2—4c?*r?2sin? ('BT) ,

= 41 =2 [1 — 2r%sin? <ﬁ¥)],

¢
241 Ax
= Y =2 [1 — 2¢%r?sin? <—ﬁ )] ,
y 2

Ax
A= [1 — 2r%sin? (ﬂ—>],
2
Ax
B = [1 — 2¢?r?sin? (%)],
S 41=28A28 —246+1=0>y2—2By+1=0,

SE=A+JA2-1=>y=B+B2—1.

In order to be [¢| < 1 and |y| < 1, it is necessary to be |A| < 1 and |B| < land in order |[A] < 1
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A
|1 — 2r2sin? ([)’Z_x>| <1,

Ax
—1<1-—2r?sin? (BT) <1.

Taking the right-hand side of the inequality:

Ax Ax Ax
= 1 — 2r?sin? <ﬁT) <1 = —2risin? <ﬁT) < 0 = 2r?sin? (%) >0

For some values of B, let sin? (Bzﬂ) = 1= r? > 0, which is always true.

Taking the left-hand side of the inequality:
Ax
—1<1-2r%sin? (%),

A
—2 < =2r?sin? (,Bz_x>,

Ax
1 > r?sin? <ﬁ—) ,

2
1
rts P2 (ﬂ)
sin? (=
Thus, the method is stable under the condition.
r? <1,
Bl <1,
Ax
1 — 2c r?sin? <ﬁT>| <1,
Ax
—-1<1-2c%r?sin? ([%) <1.

Taking the right-hand side of the inequality:
Ax
= 1 — 2c?r?sin? <BT) <1,

Ax Ax
= —2c%r?sin? (IBT) <0 = 2c?%r?sin? <BT) >0.

For some values of §, sin? (Bzﬂ) = 1= c?r? > 0, which is always true.

And by taking the left end of the inequality:

Ax
—1<1-2c?r?sin? ('BT>,

Ax
—2 < —=2c%r?sin? (%),

A
1 > c?r?sin? <_/)’2x)'

1
r: <

" c2sin2 (&) '
2
Therefore, the method is stable under the condition:
1
2
r< < C_z
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6. Stability analysis of the Crank-Nicholson method using the Fourier (Von-Neumann) method
Using the Crank-Nicholson method of System (1) after neglecting the nonlinear limit of it, we obtain:

(1 + rz)un,m+1 - 2un,m
= _(1 + 7ﬂz)u'n,m—l

TZ

+ 7 [un+1,m+1 + Un—1,m+1 + Un+1,m-1 + un—l,m—l] ’ (21)

1+ Czrz)Wn,m+1 = 2Wnm

c?r?

= _(1 + Czrz)wn,m—l + T [Wn+1,m+1 + Whn—1m+1 + Whnit1,m-1 + Wn—l,m—l] . (22)

ifnAx

By substituting u, , = ¢ Mmeifnix Wom =v"e in equations (21) and (22) in order, we obtain:

(1 + r2)§m+leiﬁnAx _ meeiﬁnAx
- _(1 + rZ)fm—lei[?nAx
2

+ 7"_ [€m+1eiﬁ(n+1)Ax + €m+1ei,8(n—1)Ax + Em—leiﬁ(n+1)Ax + Em—leiﬁ(n—l)Ax]
2 )

(1 + CZTZ)ym+1eiﬁnAx _ zymeiﬁnAx
- _(1 + CZTZ)ym—leiﬁnAx
c?r?
2

By dividing the above two equations by §™e#"4% and y™

+ [ym+1eiﬁ(n+1)Ax + ym+1eiﬁ(n—1)Ax + ym—leiﬁ(n+1)Ax + ym—leiﬁ(n—l)Ax] .

e!PnX in order, we get:

2
A+r)E+E—2= % [€2cos(BAx)) + €1 (2c0s(BAX))],

c?r?

2

A+c2rHy+yH-2= [y (2cos(BAX)) + v~ (2cos(BAX))],

(1 +72)(E +§7) =2 = = [2005(BANE +§7)],
2T2

2

(1 + ) +y™) =2 = = [2cos (BN +7 7],

A+r)E+EDH -2 =1 (1 ~ 2sin® (ﬁzﬂ» G+,

A+ +y 1) —2 = c?r? (1 — 2sin? (%ﬂ)) +r™,

2
§+¢7Y
BAx 2
1+22_22+222-2( >= ,
A+ c*r?) —c*r cirisin® | = =
2
§+&Y
Ax 2
1+ 2c%r?sin? ('B—) = ,
2 y+y™?!
2
2cin2 ﬂﬂ ’
1+ 2r?sin (2)

Ax
(14 7?%) —7r? + 2r?sin? (—'82 ) =

A
1 + 2r?sin? (ﬂTx) =

f+Et=

32
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y+y = ’ :
1+ 2c?r2sin? (%)
Z+1 2
& 1 + 2r2sin? (ﬁzﬂ) ,
yi+1 2

Y1 + 2c?risin? (ﬁzﬂ) .

Then
D= 1
- 22 (BAXY’
14 2r?sin (—2)
1
E_

1+ 2¢2r?sin? (ﬁﬂ),
2
§2-2DE+1=0,
y2—2Ey+1=0.

In order foritto be |§] < 1and |y| < 1, it mustbe |[D| < 1 and |E| < 1, respectively.

1
1 + 2r2sin? (ﬁzﬂ) B

1
1+ 2c¢?r?sin? (%) =

Then the Crank-Nicholson method will be unconditionally stable.

7. Numerical results

For the purpose of numerical solution, we take the Sine-Gordon system in one dimension represented by the
System (1):

02u+1 0d*u+l
- = —§%sin(u —w),

at? dx?
dPw+l L Pw+l
Froam c Fp sin(u —w).

Initial and boundary conditions [9]:

d(u+D(x,0)

— =0, 0<«x
at

d(w +1(x,0)

—~ T,
at

(u+D(,t) =u2r,t) =0,

(w+D(0,t) =w(2m,t) =0.

(u+1(x,0)=f(x) and

(w+D(x,0) = g(x)and

If we used two methods of finite difference methods in one dimension, the first method is the explicit Scheme and
the second is the Crank-Nicholson method, and the two methods were compared when:

(u+ D(x,0) = sin(x),
(w + D(x,0) = sin(x).
33
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Table 1: Comparison of the Explicit and Crank-Nicholson methods

Explicit Method | Crank-Nicholson Method
x=1.884955592 , h=0.314159265 | x=1.884955592 , h=0.314159265
k=0.314159265, c=0.5, 6 =1 k=0.314159265, c=0.5,d 6 =1
u(x, t) w(x, t) ulx, t) w(x, t)

0 0 0 0

0.2912 0.2998 0.2915 0.3052
0.5540 0.5703 0.5544 0.5805
0.7625 0.7849 0.7631 0.7990
0.8964 0.9227 0.8971 0.9393
0.9425 0.9702 0.9432 0.9877
0.8964 0.9227 0.8971 0.9393
0.7625 0.7849 0.7631 0.7900
0.5540 0.5730 0.5544 0.5805
0.2912 0.2998 0.2915 0.3052

0 0 0 0

-0.2912 -0.2998 -0.2915 -0.3052
-0.5540 -0.5703 -0.5544 -0.5805
-0.7625 -0.7849 -0.7631 -0.7990
-0.8964 -0.9227 -0.8971 -0.9393
-0.9425 -0.9702 -0.9432 -0.9877
-0.8964 -0.9227 -0.8971 -0.9393
-0.7625 -0.7849 -0.7631 -0.7900
-0.5540 -0.5730 -0.5544 -0.5805
-0.2912 -0.2998 -0.2915 -0.3052

0 0 0 0

By observing Table (1), we conclude that the Crank-Nicholson method is better than the explicit method in one
dimension, and the numerical solution is periodic and symmetrical, the solution is the same for each period,
therefore, we need less calculations and therefore less time.

8. Conclusions

By comparing the solution of the neutrosophic Sine-Gordon system in one dimension of the explicit method and
the implicit method (Grank-Nicholson), it turned out that the explicit method is faster and easier to use than the
implicit method, while the implicit method is more accurate than the explicit method and that the solution in both
methods is a corresponding solution, which leads to calculations and saves a lot of time and effort, and the
consistency of each of the two methods used to solve the Sine-Gordon system in one dimension and using the
Fourier (von-Neumann) shows that an explicit method is stable if 72 < 1 so, (At)? < (Ax)?. It is conditionally
stable while the implicit method is stable For all values were 72 so, It is unconditionally stable.

34
DOT: https://doi.org/10.54216/1]NS.250303
Received: February 7, 2024 Revised: May 5, 2024 Accepted: September 10, 2024



https://doi.org/10.54216/IJNS.250303

International Journal of Neutrosophic Science (IINS) V0l 25, No. 03, PP. 25-36, 2025

References

[1] Pelloni and D. A. Pinotsis. (2010).The elliptic sine-Gordon equation in a half plane, Nonlinearity, 23, 77—
88.

[2] M. Jaworski and D. Kaup, Direct and inverse scattering problem associated with the elliptic sinh-Gordon
equation, Inverse Problems 6 (1990) 543-556.

[3] ARODZ, H. and KLIMAS, P., (2005),"Chain of impacting pendulums as non-analytically perturbed

Sine-Gordon system", Acta Phys polonica B, No.3, Vol.36.

[4] Gordon D. Smith (1965);"Numerical Solution of Partial Differential Equations: Finite Difference
Methods", second edition, Oxford University press.

[5] Griffiths, S.D., R.H.J. Grimshaw, K.R. Khusnutdinova, D.E. Pelinovsky. (2003).Energy exchange in
coupled Sine-Gordon equations and the influence of modulational instability, Geophysical Research
Abstracts, Vol.5, 00471.

[6] Griffiths,S.D., R.H.J. Grimshaw, K.R. Khusnutdinova.(2003).The influence of modulational instability on
energy exchange in coupled Sine-Gordon equations, Theor. Math. Phys. 137, 1446-1456.

[7] A. S. Fokas, A Unified Approach to Boundary Value Problems, CBMS-NSF regional conference series in
applied mathematics, SIAM 2008

[8] Mathewes, J.H. and Fink K.D. (2004); “Numerical Method using Matlab", Prentice-Hall, Inc.

[9] A. S. Fokas. (2000). on the integrability of certain linear and nonlinear partial differential equations, J.
Math.Phys. 41,4188-4237.

[10] Scott, A. C. (2003). Nonlinear Science: "Emergence and dynamics of coherent structures",Second
Edition, Oxford and New York :Oxford University Press.

[11] Shanthakumar , M. (1989); "Computer Based Numerical Analysis", Khanna Publishers.

[12] Heilat, A.S., Batiha,B ,T.Qawasmeh ,Hatamleh R.(2023). Hybrid Cubic B-spline Method for Solving A
Class of Singular Boundary Value Problems. European Journal of Pure and Applied Mathematics, 16(2),
751-762. (DOI: https://doi.org/10.29020/nybg.cjpam.v16i2.4725).

[13] Ayman Hazaymeh, Ahmad Qazza, Raed Hatamleh, Mohammad W Alomari, Rania Saadeh.(2023).0On
Further Refinements of Numerical Radius Inequalities, Axiom-MDPI, 12(9), 807.

[14] T.Qawasmeh, A. Qazza, R. Hatamleh, M.W. Alomari, R. Saadeh. (2023). Further accurate numerical
radius inequalities, Axiom-MDPI, 12 (8), 801.

[15] Ayman Hazaymeh, Rania Saadeh, Raed Hatamleh, Mohammad W. Alomari, Ahmad Qazza. (2023). A
Perturbed Milne’s Quadrature Rule for n-Times Differentiable Functions with Lp-Error Estimates,
Axioms- MDPI, 12(9), and 803.

[16] T.Qawasmeh,R.Hatamleh,(2023).A new contraction based on H-simulation functions in the frame of
Extended b-metric spaces and application, International Journal of Electrical and Computer
Engineering,13 (4),4212-4221.

[17] R.Hatamleh. (2024). On the Compactness and Continuity of Uryson's Operator in Orlicz Space,
International Journal of Neutrosophic Science, 24 (3), 233-239.

[18] Hatamleh, R. (2003). On the Form of Correlation Function for a Class of Nonstationary Field with a Zero
Spectrum, Rocky Mountain Journal of Mathematics, 33(1)159-173.
(DOl:https://doi.org/10.1216/rmjm/1181069991).

[19] Heilat, A.S., Batiha,B ,T.Qawasmeh ,Hatamleh R.(2023). Hybrid Cubic B-spline Method for Solving a
Class of Singular Boundary Value Problems, European Journal of Pure and Applied Mathematics, 16(2)
751-762. (DOI: https://doi.org/10.29020/nybg.ejpam.v16i2.4725).

[20] Abdallah Shihadeh, Khaled Ahmad Mohammad Matarneh, Raed Hatamleh, Randa Bashir
Yousef Hijazeen, Mowafag Omar Al-Qadri, Abdallah Al-Husban.(2024). An Example of Two-Fold
Fuzzy Algebras Based On Neutrosophic Real Numbers, Neutrosophic Sets and Systems,vol.67, pp. 169-
178 . (DOI: 10.5281/zen0d0.11151930)

[21] Batiha, B., Ghanim, F., Alayed, O., Hatamleh, R., Heilat, A. S., Zureigat, H., & Bazighifan, O. (2022).
Solving Multispecies Lotka—Volterra Equations by the Daftardar-Gejji and Jafari Method. International

Journal of Mathematics and Mathematical Sciences, 2022, 1-7.
(DOl:https://doi.org/10.1155/2022/1839796).

[22] F. Y. Kamsu, C. K. Issa, and T. Z. Ngo, "Numerical solutions for singular boundary value problems using
Chebyshev collocation method," Mathematics and Computers in Simulation, vol. 181, pp. 49-60, 2021,
doi: 10.1016/j.matcom.2021.02.012.

[23] Hamadneh, T., Abbes, A., Falahah, I. A., Al-Khassawneh, Y. A., Heilat, A. S., Al-Husban, A., & Ouannas,
A. (2023). Complexity and chaos analysis for two-dimensional discrete-time predator—prey Leslie—
Gowermodel with fractional orders. Axioms, 12(6), 561.

35

DOT: https://doi.org/10.54216/1]NS.250303
Received: February 7, 2024 Revised: May 5, 2024 Accepted: September 10, 2024


https://doi.org/10.54216/IJNS.250303

International Journal of Neutrosophic Science (IINS) V0l 25, No. 03, PP. 25-36, 2025

[24] Heilat, A. S., Karoun, R. C., Al-Husban, A., Abbes, A., Al Horani, M., Grassi, G., & Ouannas, A. (2023).
The new fractional discrete neural network model under electromagnetic radiation: Chaos, control and
synchronization. Alexandria Engineering Journal, 76, 391-409.

[25] Abu Falahah, I., Hioual, A., Al-Qadri, M. O., Al-Khassawneh, Y. A., Al-Husban, A., Hamadneh, T., &
Ouannas, A. (2023). Synchronization of Fractional Partial Difference Equations via Linear
Methods. Axioms, 12(8), 728.

[26] Alsayyed, O., Hioual, A., Gharib, G. M., Abualhomos, M., Al-Tarawneh, H., Alsauodi, M. S., &
Ouannas, A. (2023). On Stability of a Fractional Discrete Reaction—Diffusion Epidemic Model. Fractal
and Fractional, 7(10), 729.

[27] Hamadneh, T., Hioual, A., Alsayyed, O., AL-Khassawneh, Y. A., Al-Husban, A., & Ouannas, A. (2023).
Local stability, global stability, and simulations in a fractional discrete glycolysis reaction—diffusion
model. Fractal and Fractional, 7(8), 587.

[28] MB Zeina, M Abobala, On The Refined Neutrosophic Real Analysis Based on Refined Neutrosophic
Algebraic AH-1sometry, Neutrosophic Sets and Systems, 2023.

[29] Bal, M. D., K. Ali, R. (2022). A Review Study on Neutrosophic AH-Algebraic Structures. Journal of
Neutrosophic and Fuzzy Systems, (), 40-60. DOI: https://doi.org/10.54216/INFS.020105

[30] Salama, A. Dalla, R. Al, M. Ali, R. (2022). On Some Results About The Second Order Neutrosophic
Differential Equations By Using Neutrosophic Thick Function. Journal of Neutrosophic and Fuzzy
Systems, (), 30-40. DOI: https://doi.org/10.54216/IJNFS.040104

36

DOT: https://doi.org/10.54216/1]NS.250303
Received: February 7, 2024 Revised: May 5, 2024 Accepted: September 10, 2024


https://doi.org/10.54216/IJNS.250303
https://scholar.google.com/scholar?oi=bibs&cluster=16077024522933086634&btnI=1&hl=ar
https://scholar.google.com/scholar?oi=bibs&cluster=16077024522933086634&btnI=1&hl=ar
https://doi.org/https:/doi.org/10.54216/JNFS.020105
https://doi.org/https:/doi.org/10.54216/JNFS.040104

