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Abstract

We employ the Laplace Residual Power Series Method to approximate analytical solutions for differential
equations and neutrosophic differential equations with associated parameters, including non-homogeneous
equations and fractional formulas in partial differential equations (PDESs). This approach showcases the method's
simplicity, effectiveness, and robustness in deriving analytical series solutions for PDEs that involve associated
parameters, especially in the context of fractional differential equations. Several practical uses of LRPSM with an
emphasis on non-homogeneous and partial differential equations and neutrosophic equations with fractions
(PDEs). These applications are significant in a variety of scientific and engineering domains that simulate
complicated dynamic system such as anomalous diffusion in physics, viscoelastic material modeling in
engineering and signal processing.

Keywords: Effectiveness; Fractional formulas; Parameters; Analytical collection, Neutrosophic equation,
Neutrosophic differential equation, Neutrosophic transformation

1. Introduction

Multiple physical events in the fields of science and technology may be explained using differential equations with
partial derivatives. Take a look at various physical issues with non - homogeneous media, for instance [1-3]. Many
false hypotheses on integral order differential equations have previously been employed to construct systems with
storage and genetic features. By making such claims, some crucial data will be missed. Typically, without the need
for further assumptions, numerical method is an effective tool for describing storage characteristics and hereditary
traits of numerous procedures and materials. There is currently a lot of interest in the fractional differential equation
in a number of disciplines, such biology, mathematics, technology, even financial and the sociology [4,5]. You
can find many latest events in differential derivatives in [6-8]. In interdisciplinary field, the analytical serial
solutions to differential equations play a crucial role. The Adomian decomposition approach [9], the partial real
transform method [10], and the Laplace transform technique [11]are only a few of the numerical and analytical
techniques that have been suggested. Even though many approaches have been proposed, researchers are
continuously exploring for better solutions to particular issues, particularly for fractional formulas with changing
parameters.

Numerous PDE have seen the extension of RPS, particularly fractional PDE. Examples include fractional of time-
KdV-Burgers formulas [12], culturally homogenous time-fractional pulse equation [13], time-space fractional
Boussinesq formulas [14] and time-fractional diffraction PDE [15,16].
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The technique of LRPS introduced also shown in [17], has been employed recently. The Laplace transform method
and the RPS method are combined in the LRPS method that also offers precise and approximative solutions FPS
by changing a core issue into space of Laplace and producing the answers to equations of new mathematical form.
The difficulty of identifying can then be solved by reversing Laplace for the values obtained. In contrast to the
FRPS approach, which relies on the fractional derivative and requires time-consuming computation of several
fractional derivatives in stages to discover solutions, the unknown parameters in the proposed Laplace expansion
may be described to use the idea of a limits.

In this paper to solve PDEs and neutrosophic PDEs (based on neutrosophic functions, see [20-22]) involving
parameters associated, we establish solutions of approximative analytical series., such as heterogeneous equations,
2D partial formulas, and 3D partial formulas, using Laplace's residual power series approach.

2. Foundations of fractional calculus concepts

The fractional integrate with order is defined in a number of ways, and they are not all interchangeable. Riemann-
definition Liouville's and Caputo's concept are the two used most types.

Definition 2.1: [18] The given definition of Mittag-Leffler formula:

oz o)
E[;(Z):=j=20 m,ﬁ >0

Definition 2.2: [18] The integral of R-L time-fraction with &« > 0 of the multidimensional function ¢ (x,t),t > 0
is defined by:

1
T(a)

@

JEp(x, 6) = f(b4ﬂﬂwmﬂﬁ.
0

Definition 2.3 [19]: The derivative of Caputo time-fraction withm — 1 < a < m of the multidimensional function
Y (x,t) as mentioned:

ma 9" @)
¢ at—mllJ(x,t), m—1<a<m,
DP(x,t) =y gm
at—mlp(x, t), a =m.
Definition 2.4: (Hanna and Rowland, 1990) If an improper integral defined below:
@ 4
Y(x,s) =J e Sty (x, t)dt, “)

0
exists for all s, then it is Laplace transform of ¥ (x, t), and indicated as L[y (x, t)](x, s).

Definition 2.5: Using the inverse Laplace transform described below, the original function ¥(x,t) may be
recovered from the Laplace transformation W(x, s):
{+ioo (5)
W0 = [ e )ds = Re(s),

(=i

Lemma 2.6: [19] Suppose that W(x, s) = L[Y(x,t)], and Q(x,s) = L[¢p(x,t)] and n, 4, B, o are elements. The
following characteristics are thus met:

Linearity: The Laplace transform and its inverse are linear operators, that is, forn , o and 1 € R,
then

Lnp(x, ) + 2p(x, O] = nL[P(x, O] + AL[P(x, )] = n¥(x, s) + A2(x, 5).
L7 NW(x,s) + AQ(x,5)] = nL W (x, s)] + AL7Q(x, )] = np(x, t) + p(x, b).
Shifting:L[e’t¢p(x,t)] = P(s — o).

LB, pD)] = ;¥ (5.5).8 > 0.
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limg_,,s¥(x,s) = YP(x,0).

n-1

L[oMp(x,t)] = s"W(x,s) — Z sk 9k (x, 0).
%

Definition 2.7: (EI-Ajou et al,2015) A series expansion illustration of the structure:

c ©)
D RGO = )" = e+ 1t = )% + eyt — £ +

Where t > t,, referred to as a series of fractional power (FPS, for short) regarding t,, and f,,(x) are functions of
X.

Corollary 2.8: [19] Consider the ¥(x, s) = L[IIJ(X t)] is as follows fractional Laurent expansion (FLE):

)
Y(x,5) = ffl§+)1,o<as 1s>0.
n=0
Then £, (x) = (D*y)(0).
3. Constructing LRPS Solution of Period FPDEs

In this part, we provide new approach named LRPS for fractional partial differential equations FPDEs with given
formula

Dfu(x, t) + Sy, (x,t) = Q(x)ulx, t). (8)
with initial condition
u(x,0) = f(x). )
First step for that is to applying Laplace transform to system (8) to convert it to

Laplace space as follows:

L{DFux, )} + 6L{ux (x, )} — Q) L{u(x, ©)} = 0, (10)
Considering that U(x,s) = L{u(x, t)}, we obtain:
s®U(x,s) — s 1f(x) + 68U, (x,8) — Qx)U(x,s) = 0. (11)
Dividing Eq. (11) s*gives a new form to it as follows:
f(x) Q(x) (12)
U(x, )——+ Uypy (x, s)—S—aU(x,s)=0
In the next step, we assume the solution of (12), U(x, s) has expansions in fractional Lorient series form as follows:
(13)
U(x,s) = fll(+l2,0<a31,x€1,s>0,
i=0
The first coefficient of (13) following is:
(14)
U(x, )—@+ fl()0<aS1,xEI,s>0,

sl+w_'
i=1

Now, we construction the LRFs of (12) as follows:

LRes;(x,s) = U(x, )—Q+—Uxx( )—QU( s). (15)

The kth-truncated series of (14) that provided via:
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(16)
Up(x,s) = @ ?1(:2,5 >0,
the kth-LRF may be defined:
LRes,(x,s) = Uy (x,s) — Q + —(Uk)xx( ,S) — Q(:) Up(x,s) n

Itis clear that Lim,,_,.,LRes, (s) = LRes(s), LRes(s) = 0, and thus s¥LRes(s) = 0 fors > 0and k = 0,1,2,3, ....
Thus, Lim;_.(s*LRes(s)) = 0 [19]:

Lim,_,s***1LRes,(s) =0, a >0, k=1,23,.. (18)
Thelst-LRF is:

s )= L B0 L0, 3 (10, )
(19)
90 (1) | ilo)
sa S Sl+a
Multiply both sides of Eq. (19) by s**to get:
STLRes, (x,5) = fu0) + 87" () + 6 SS” 90— 2 )91 @ (20)

Taking the limit s — oo of both sides of (20) and using the fact in (18) After completing the resultant algebraic
system, we are left with:

i) = p()f (x) = 6" (). (21)
The value of next unidentified parameter can be determined in a similar manner U, (x, s) substitute kth-truncated
series of (16), U,(x,s) = f(x) +4% + e 223 a1 the kth-LRF, LRes, (%, s) of (17), to get the following:

i) o) 6 (f") ') 2 (%)
LRes, (LRes, (x,5) = o +Si+2a+s—< —+ e Sma) )
) (f(x)+f1(x)+f2(x)>
s s Sl+a Sl+2a
Again, multiply both sides of (22) by s2**1to get:
2 L Res, (x,5) = f, ( ) x )+¢( )fz(x) (23)

Taking the limit s — oo of both sides of (23) and using the fact in (18) and solvmg the resulting algebraic system,
we can get the following simplified form:

f2(0) = ) f1(x) — 61" (). (24)
Furthermore, to determine the third unidentified parameters' value U;(x,s) substitute kth-truncated series of
(16), Us(x,5) = L2 4+ 189 4 29 4 SO into the kth-LRF, LRes (x,s) of (18), to get the following:

slta T gl+2a ' g1+3a

LRes, (x,5) = fl(x)+fz(x) f3(x)

+a Sl+2a Sl+3a

+S_a<f”(x) ) f') é'(x))

S Sl+a Sl+2a Sl+3a
RO AO N AOIPAC) (25)
s s gl+a slt2a =~ gl+3a )
We can get easily:
f3(x) = p()f2(x) = 65" (). (26)

Therefore, Eq. (16) has the following numerical solutions:
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U(x,s) = f(Sx) N ¢(X)f(?1+_a 5" (x) N ¢(x)flggi)+;l5f{'(x) @7)
RETARUECIN

Using the reverse Laplace transformation of Eq. (27) yields the 4th-approximate LRPS

result for Egs. (8) and (9) in the next series structure:

_ dC)f(x) = 6f"(x) , P¢Ofi(x)—6f'(x) ,, (28)
ube ) =@+ =gy ¢ T +2a) ©
d)f2(x) = 65" (x) ,,
+ I(1+ 3a) A

4. Application
Example 4.1: Take a look at the single-dimensional linear physical equation below:
Dfu(x,t) + 2u,(x,t) =0,x e Rt =20,0 < a < 1. (29)
With initial condition:
u(x,0) = cos(5x). (30)

By comparing (29) and (30) with (8) and (9), we find that,6 = 2, ¢(x) = 0 and f(x) = cos 5x.Thus, we can
calculate the fourth-approximate LRPS solutions for (29) and (30). The first step for that is in order to use transform
of Laplace to system (29) to transfer it to the Laplace space as follows:

L{D{u(x, )} + 2L{u (x, t)} = L{0}. (31)
considering that U(x, s) = L{u(x, t)} can be expressed as follows:

s%U(x,s) — s* 1 cos(5x) + 2U,,(x,s) = 0. (32)

Dividing Eq. (32) on s*gives a new form to it as follows:

cos(5x) 3 EU (ns) =0 (33)
S“ XX ) - .

U(x,s) —

We consider the answer to (33), U(x, s) has expansions in fractional Lorient series form as following:

i) (34)

0<a<1s>0,

U6 = S
i=0

The first coefficient of (34), can be rewritten as:

cos(5x)+ - fi(0) (39)

S W,O<QS1,S>0.

i=1

U(x,s) =

Now, we construction LRPS solution is defining the LRF of the algebraic system (33) as follows:

cos(5x) 1 (36)

LRes;(x,s) = U(x,s) — + P Uy (x,8),

If we considered the kth-truncated series of Eq (35) that is given by:

18
DOT: https://doi.org/10.54216/1]NS.250302
Received: February 6, 2024 Revised: May 5, 2024 Accepted: September 8, 2024



https://doi.org/10.54216/IJNS.250302

International Journal of Neutrosophic Science (IINS) Vol 25, No. 03, PP. 14-24, 2025

Up(x,s) =

k
cos(3x (x
( )+ fl(.),0<aS1,xEI,s>0,
s sltia (37)

i=1

the kth-LRF may be defined:

cosGa) | U (x,5), (3)

LRes; (x,s) = Up(x,s) —

Therefore, the solution of (38) in a series form is:

cos(5x) cos(5x) cos(5x) cos(5x)
U4(x, S) = S —50 Sa+l + 125005211—+1 - 15625005306—+1
cos(5x)
+ 195312500 ————
S40{+1 (39)

The reverse Laplace transformation of Eq. (39) yields the 5th-approximate LRPS in the following series form:

50t%cos(5x) 12500t%%cos(5x) 1562500t3%cos(5x)  (40)

w68 =cosOX) = a STt T 20 T +30)
195312500¢*%Cos[5x]
I(1+ 4a)
The exact result is:
t%cos(5x) (41)
D T

Examine a few numerical findings of the answer established in Eq. (40), then to assess the correctness of the
approximation of the approach utilized, we will employ two types of mistakes, as follows:

Abs.Err.(x,t) = |0(x,t) — 6, (x,t)], (42)

and

0(x,t) — 0, (x,t) (43)

6(x,t)

)

Re.Err.(x,t) = ‘

where 6 (x, t) is the precise answer, while 8, (x, t) represents an approximation of the answer to type k.

Tables 4.1display Here are the numerical outcomes for Example 4.1's resolution for Eq. (40) as a = 1, together
with the accompanying absolute as well as relative errors. The findings show the correctness of the tenth-
approximate LRPS answers provided. It is clear from the results that the region of convergence varies with
different @ values so that the convergence region becomes smaller when the « value decreases. The table
demonstrate that the convergence area is R x [0,0.4] for a = 1.

Figure 4.1 display the tenth approximation LRPS results graph; u,(x, t) and solution of exact which are provided
in Eq. (39) furthermore, the precise answer when a = 1. This graph illustrates the actions for the remedies at o =
1, @ and confirm the region of convergence shown in the tables. Figure 4.1 illustrate the agreement among the
precise answer and tenth approximation at a = 1.
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Table 1: Numerical comparisons between the exact value of u(x, t) and the 10th-approximation of u(x, t) at

a=1

x t | 10th-approximation u(x,t) Re.Err. Abs. Err.

0.1 | 0.995004 0.995004 | 7.4264x 1074 5.5862x 10714
25 0.999435 0.999435 | 4.3658x 10712 3.5742x 10712
5 0.999464 0.999464 | 7.6248x 10~ 11 8.67293x 1071
0 0.2 | 0.980067 0.980067 | 9.36976x 10~ ** 7.7365% 10711
25 0.991085 0.991085 | 5.23765% 10710 4.9625x 10711
5 0.997739 0.997739 | 2.7529x 107 1° 1.76492x 10710
0 0.3 | 0.955336 0.955336 | 6.83686x 10~° 6.27531x 1071°
25 0.972833 0.972833 | 9.29763x 10~° 5.29633x 107°
5 0.986045 0.986045 | 2.86341x 1078 5.28621x 1078
0 0.4 | 0.921061 0.921061 | 5.2863x 1077 7.27536x 107°
2.5 0.94486 0.94486 | 4.6205x 107° 7.28528x 1078
5 0.964499 0.964498 | 7.28643x 107° 8.29631x 1077

@upplx, t;ax = 1)

Mdulx, t;a=1)

Figure 1. The surface graphs of the 10th approximations of u(x, t), and exact solution at a = 1.

5. Discussion and results

To delve more deeply into the efficacy of the Laplace Residual Power Series Method (LRPSM) in solving Equation
(40), particularly under varying conditions of the fractional order parameter «, it is insightful to expand upon
several critical areas of analysis:

In-Depth Analysis:
Convergence Analysis

e Influence of a on Convergence: Explore in detail how changes in a affect the region of convergence. This
analysis should include theoretical considerations of the method's stability and how fractional order variations
impact convergence rates and error magnitudes.
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e Convergence Rate Variations: Examine how the rate at which the series solution converges to the exact
solution varies with different aa values. Highlight the dynamics for ¢ = 1 and compare these with other a
values to understand rate differentials.

e  Error Analysis

e Detailed Error Insights: Delve into the absolute and relative errors presented in Table 4.1, analyzing why error
magnitudes may fluctuate with changes in a. This discussion should cover potential practical implications of
these errors when utilizing LRPSM.

e Enhanced Error Metrics: Propose integrating additional error metrics such as mean squared error (MSE) or
normalized root mean square error (NRMSE) to enrich the evaluation of approximation accuracy.

Graphical Interpretations

e Analysis of Figure 4.1: Enhance interpretation by discussing the behavior of the series solutions versus the
exact solutions graphically depicted. Emphasize notable trends or points that particularly showcase the
effectiveness of the LRPS method for a = 1.

e Visual Comparison Enhancements: Recommend the inclusion of more graphical comparisons at varying a
levels for a more intuitive grasp of a's impact on solution behavior.

e Theoretical and Practical Implications

e Theoretical Foundations: Elaborate on the mathematical rationale behind observed phenomena, especially the
dependency of convergence regions on a. Explore the characteristics of fractional differential operators and
their influence on solution stability.

e Real-World Applications: Discuss how these findings might be applied in fields such as materials science,
control theory, and signal processing, where fractional differential equations are prevalent.

Neutrosophic Application
6. Application

Example 6.1: Take a look at the single-dimensional linear physical equation below:
Dfu(x +yLt) + 2u (x +yLt) = 0,x eR,t 20,0 < a < 1. (29))
With initial condition:
u(x +yl,0) = cos(5x + 5yl). (30))

By comparing (29j) and (30j) with (8) and (9), we find that,d =2, ¢(x+yl) =0 and f(x+yl) =
cos 5(x + yI).Thus, we can calculate the fourth-approximate LRPS solutions for (29j) and (30j). The first step for
that is in order to use transform of Laplace to system (29) to transfer it to the Laplace space as follows:

LIDFu(x + yL, O} + 2L{psyrryi (x + y1, 0} = L{0}. (31))
considering that U(x + yI,s) = L{u(x + yI, t)} can be expressed as follows:
s®U(x +yls) —s* tcos(5(x + Y1) + 2Uyiyiz+yi(x +yl,s) = 0. (32))

Dividing Eq. (32) on s*gives a new form to it as follows:

cos(5(x+yl)) 2 (33))
Ulx+yls) - - < S_aUx+ylx+yl(x +ylLs)=0.

We consider the answer to (33), U(x + yl, s) has expansions in fractional Lorient series form as following:

o fi(x + yl (34))
U(x +yl,s) =ZM,O <a<ls>0,
i=0

gl+ia
The first coefficient of (34), can be rewritten as:
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cos(5(x +yI)) - filx +yD) (35))
UCx+yls) = . +Z w0 <a<1s>0
i=1
Now, we construction LRPS solution is defining the LRF of the algebraic system (33) as follows:
cos(5(x +yl 1 36j
LRes;(x +yl,s) =U(x +yls) — M + e Uy syixay1 (X +yL,5), (36)

If we considered the kth-truncated series of Eq (35) that is given by:

K
cos(3(x +yD)) filx +yD
Up(x +yls) = S +Zl Sitia 0<a=s1lxel,s>0, (37))
i=
the kth-LRF may be defined:
cos(5(x+yD)) 1 (38j)
LResy(x +yLs) = Up(x +ylLs) — — s + s (U xsyixsyi(x +yLs),
Therefore, the solution of (38j) in a series form is:
cos(5x) cos(5x) cos(5x) cos(5x)
U4(X,S) = - 50 gatl + 1250052617“— 156250053“7_‘_1
cos(5x)
+ 195312500 — = (390)

The reverse Laplace transformation of Eq. (39j) yields the 5th-approximate LRPS in the following series form:

50t%cos(5x) 12500t%*cos(5x) 1562500t3%cos(5x)  (40j)

uy(x, t) = cos(5x) —

I'(1+a) r(l+2a) I'(1+ 3a)
195312500t**Cos[5x]
1+ 4a)
The exact result is:
t*cos(5(x + yI)) (41j)
u(x + yI, t) = W

Examine a few numerical findings of the answer established in Eq. (40j), then to assess the correctness of the
approximation of the approach utilized, we will employ two types of mistakes, as follows:

Abs.Err.(x +yLt) = [0(x +yL,t) — 0, (x + yL )|, (42))
and

O(x +yLt) — 0, (x +ylt) (43))
0(x +ylt) ’

Re . Err.(x +yL,t) =
where 0 (x + yl1, t) is the precise answer, while 8, (x + yI, t) represents an approximation of the answer to type k.

7. Conclusions

We build analytical precise and approximate solutions to differential equations with unknown parameters, such as
non - homogenous equations, fractional equations, and LRPS technique to fractional equations. It illustrates that
LRPS is a straightforward, effective approach that may be broadly used to solve many different PDEs with
complex coefficients. The Laplace Residual Power Series (LRPS) method presents a powerful approach for
addressing partial differential equations (PDEs) featuring unknown parameters, non-homogeneous elements, and
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fractional dimensions. Its direct and efficient implementation across a range of complex scenarios underscores its
effectiveness. To further explore the capabilities of LRPS, it is insightful to compare this technique with other
traditional methods used in solving differential equations, including the Finite Element Method (FEM), Finite
Difference Method (FDM), and the Adomian Decomposition Method (ADM).
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