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ABSTRACT

In this research, we study the problem of determining the degree of approximation of functions using the Hausdorff
method, and we can do this by proving the following results. If f ∈ Lip(α, p) with α > 1/p is a continuous almost
everywhere and 2m-periodic function, then the degree of approximation of f̃ using Hausdorff means of the conjugate
Fourier series is given by ∥∥H̃n+λ ( f ,a)− f̃ (a)

∥∥
p = O

(
(n+λ )

1
p−α
)
.

If f is a 2m-periodic function, continuous almost everywhere on [−m,m], and belongs to the class Zα,p, p ≥ 1, then
the degree of approximation of f by the Hausdorff means of its Fourier series is given by

En+λ ( f ) = inf
n+λ

∥∥Hn+λ − f
∥∥

α,p = O

(
1

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

)
, (5)

where tα/v(t) is a positive and monotonic function and v is the Zygmund modulus of continuity.

Keywords: Degree of approximation Zygmund class Hausdorff method Continuous almost everywhere Fourier
series

1. INTRODUCTION

Determining the degree of approximation of functions is done
by representing them with orthogonal sequences, for example,
the trigonometric sequence, Legendre polynomials, Jacobi
polynomials, and others.

The degrees of approximation of functions depend on their
belonging to one of the classes. For example, determining the
degree of approximation of functions of the Zygmund class
differs in general from determining the degree of approxima-
tion of functions of the Lipschitz class, and the degrees of
approximation vary depending on the nature of the method
studied.

The aim of this work is to determine the degree of approxima-
tion of the function f and its conjugate function belonging to
some generalized classes, such as Lipschitz, Zygmund, and
others, using the Hausdorff method.

2. MAIN DISCUSSION

We mention some definitions, symbols, and terms used.

Definition 1 [1, 6] (Hausdorff method). We denote the
method by (H,Pn). It has the following matrix form:

t(H,Pn)
n =

n

∑
k=0

hn,kSk,
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where

hn,k =


(

n
k

)
∆

n−k
ηk, 0 ≤ k ≤ n,

0, k > n.

The difference operator ∆ is defined by ∆µn = µn −µn+1 and
∆k+1ηn = ∆k(∆µn), while

ηn =
∫ 1

0
un dγ(u).

The Hausdorff method is regular if∫ 1

0
dγ(u) = 1.

Here γ = γ1 − γ2, where γ1 and γ2 are completely increasing
functions on [0,1]. Moreover, γ(u) is a mass function that is
continuous at u = 0, belongs to BV [0,1], satisfies γ(0) = 0
and γ(1) = 1, and, for 0 < u < 1,

γ(u) =
γ(u+0)+ γ(u−0)

2
.

Definition 2 [2] (Lp space). Let f be a 2m-periodic function
that is continuous almost everywhere on [−m,m]. The space
of all p-integrable functions is

Lp = Lp[−m,m] =

 f :
[−m,m]→ R,∫ m

−m
| f (a)|p da < ∞

 , p ≥ 1.

The norm on Lp is

∥ f∥p =


(

1
2m

∫ m

−m
| f (a)|p da

)1/p

, 1 ≤ p < ∞,

esssup
−m≤a≤m

| f (a)|, p = ∞.

Definition 3 [3, 7] (Lipschitz class Lip(α, p)). Let f be a
2m-periodic function. We say that f belongs to Lip(α, p) if(∫ m

−m
| f (a+ t)− f (a)|p da

)1/p

= O(tα),

where 0 < α ≤ 1 and p ≥ 1.

Definition 4 [2, 8] (Zygmund class Zα,p). Let f be a 2m-
periodic function and let 1 ≤ p < ∞. We say that f belongs
to Zα,p if

Zα,p =

 f ∈ Lp :

sup
t∈[−m,m]\{0}

∥ f (a+ t)+ f (a− t)−2 f (a)∥p

tα
< ∞

 .

The corresponding norm is

∥ f∥α,p = ∥ f∥p + sup
t∈[−m,m]\{0}

∥ f (a+ t)+ f (a− t)−2 f (a)∥p

tα
, p ≥ 1.

3. DISCUSSION AND RESULTS

Let f be a continuous almost everywhere function on [−m,m]
and periodic with period 2m. The Fourier series of f is given
by [4, 5, 12]

f (x)∼ a0

2
+

∞

∑
n=1

(
an cos

nπx
m

+bn sin
nπx
m

)
,

where

an =
1
m

∫ m

−m
f (x)cos

nπx
m

dx, n = 0,1,2, . . . ,

bn =
1
m

∫ m

−m
f (x)sin

nπx
m

dx, n = 1,2, . . . .

The conjugate Fourier series is [13, 14]

∞

∑
n=1

(
an sin

nπx
m

−bn cos
nπx
m

)
.

The corresponding conjugate function is

f̃ (x) =− 1
2m

lim
ε→0

∫ m

ε

ψx(t)cot
( t

2

)
dt,

where ψx(t) = f (x+ t)− f (x− t).

The sequence of partial sums of the Fourier series of order n
is

sn( f ) = sn( f ;x) =
a0

2
+

n

∑
k=1

(
ak cos

kπx
m

+bk sin
kπx
m

)
=

n

∑
k=0

uk( f ;x).

The partial sums of the conjugate Fourier series are

s̃n( f ,x) =
n

∑
k=1

(
bk cos

kπx
m

−ak sin
kπx
m

)
=−

∫ m

0
ψx(t)

cos(t/2)− cos
(
(n+ 1

2 )t
)

2sin(t/2)
dt.

We denote the Hausdorff means of the Fourier series of f by

Hn(x) = Hn( f ,x) =
n

∑
k=0

hn,ksk( f ,x), n = 0,1,2, . . . ,

and the Hausdorff means of the conjugate Fourier series by

H̃n( f ,x) =
n

∑
k=0

hn,k s̃k( f ,x), n = 0,1,2, . . . .

Preliminary 1 [9]. Let

g̃(u, t) = Re

[
n+λ

∑
k=0

(
n+λ

k

)
uk(1−u)n+λ−kei(k+ 1

2 )t

]
.

For 0 < u < 1, 0 ≤ t ≤ m, and λ ≥ 1,

∣∣∣∣∫ 1

0
g̃(u, t)dγ(u)

∣∣∣∣=


O(1), 0 < t ≤ m
n+λ

,

O
(

1
t(n+λ )

)
,

m
n+λ

≤ t ≤ m.

2
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Preliminary 2 [10]. Let

g(u, t) = Im

[
n+λ

∑
k=0

(
n+λ

k

)
uk(1−u)n+λ−kei(k+ 1

2 )t

]
.

For 0 ≤ u ≤ 1, 0 ≤ t ≤ m, and λ ≥ 1,

∣∣∣∣∫ 1

0
g(u, t)dγ(u)

∣∣∣∣=


O
(
(n+λ )t

)
, 0 ≤ t ≤ 1

n+λ
,

O
(

1
t(n+λ )

)
,

1
n+λ

≤ t ≤ m.

Preliminary 3 [10]. Let

KH
n+λ

(t) =
1

2msin(t/2)

∫ 1

0
g(u, t)dγ(u).

Then

|KH
n+λ

(t)|=


O(n+λ ), 0 ≤ t ≤ 1

n+λ
,

O
(

1
t2(n+λ )

)
,

1
n+λ

≤ t ≤ m.

Preliminary 4 [2]. Let f ∈ Zα,p. For 0 < t ≤ m, we have

∆
2
yφ(a, t) := φ(a+ y, t)+φ(a− y, t)−2φ(a, t).

∥φ(a, t)∥p = O(tα), (i)

∥∆
2
yφ(a, t)∥p =

{
O(tα),

O(yα),
(ii)

∥∆
2
yφ(a, t)∥p = O

(
v(y)

tα

v(t)

)
, (iii)

where
φ(a, t) = f (a+ t)+ f (a− t)−2 f (a).

3.1 Proof of Theorem 1

We have

H̃n+λ ( f ,a)− f̃ (a)

=
n+λ

∑
k=0

hn+λ ,k
{

s̃n+k( f ,a)− f̃ (a)
}

=
1

2m

∫ m

0

ψa(t)
sin(t/2)

n+λ

∑
k=0

hn+λ ,k cos
(
(k+ 1

2 )t
)

dt

=
1

2m

∫ m

0

ψa(t)
sin(t/2)

n+λ

∑
k=0

(
n+λ

k

)
×∆

n+λ−k
µk cos

(
(k+ 1

2 )t
)

dt.

Using the moment representation, this becomes

H̃n+λ ( f ,a)− f̃ (a)

=
1

2m

∫ m

0

ψa(t)
sin(t/2)

n+λ

∑
k=0

(
n+λ

k

)∫ 1

0
uk(1−u)n+λ−k dγ(u)

×Re
(

ei(k+ 1
2 )t
)

dt

=
1

2m

∫ m

0

ψa(t)
sin(t/2)

∫ 1

0
g̃(u, t)dγ(u)dt.

Also,

s̃n+λ ( f ,a)− f̃ (a) =
1

2m

∫ m

0
ψa(t)

cos
(
(n+λ + 1

2 )t
)

sin(t/2)
dt.

Therefore, ∥∥H̃n+λ ( f ,a)− f̃ (a)
∥∥

≤
∫ m

0

|ψa(t)|
t

∣∣∣∣∫ 1

0
g̃(u, t)dγ(u)

∣∣∣∣dt

=
∫ m

n+λ

0

|ψa(t)|
t

∣∣∣∣∫ 1

0
g̃(u, t)dγ(u)

∣∣∣∣dt

+
∫ m

m
n+λ

|ψa(t)|
t

∣∣∣∣∫ 1

0
g̃(u, t)dγ(u)

∣∣∣∣dt

= I1 + I2. (10)

Here we used 1/sin(t/2)≤ m/t for 0 < t ≤ m.

By Preliminary 1 and Hölder’s inequality,

I1 = O(1)
∫ m

n+λ

0

ψa(t)
tα

tα−1 dt

= O(1)
{∫ m

n+λ

0

(
|ψa(t)|

tα

)p

dt
}1/p

×
{

lim
ε→0

∫ m
n+λ

ε

(tα−1)qdt
}1/q

= O
((

m
n+λ

)α)
. (11)

This uses the relations (2), (3), and 1/p+1/q = 1.

Similarly,

I2 = O

(∫ m

m
n+λ

t−δ−α |ψa(t)|
n+λ

tα+δ−2 dt

)

= O

{
1

n+λ

∫ m

m
n+λ

(
t−δ−α |ψa(t)|

)pdt

}1/p

×

{∫ m

m
n+λ

(
tα+δ−2)qdt

}1/q

= O
[
(n+λ )δ

(
m

n+λ

)α

(n+λ )1−δ−1/q
]

= O
(
(n+λ )1−α−1/q

)
= O

(
(n+λ )

1
p−α
)
. (12)

Here 0 < δ < 1/p. Using Preliminary 1, Hölder’s inequality,
the middle-value theorem for integration, and the relations
(1) and (4), the sum of (10)–(12) gives∣∣H̃n+λ ( f ,a)− f̃ (a)

∣∣= O
(
(n+λ )

1
p−α mα

)
.

Finally, since (m/(n+λ ))α−1 ≤ (1/(n+λ ))α−1, we obtain∥∥H̃n+λ ( f ,a)− f̃ (a)
∥∥

p = O
(
(n+λ )

1
p−α
)
.

3
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3.2 Proof of Theorem 2

Let

sk( f ,a)− f (a) =
1

2m

∫ m

0
φ(a, t)

sin
(
(k+ 1

2 )t
)

sin(t/2)
dt.

Since ∑
n+λ

k=0 hn+λ ,k = 1 for every n+λ in any regular Haus-
dorff matrix H, we have

Hn+λ (a)− f (a) =
1

2m

∫ m

0

φ(a, t)
sin(t/2)

×
n+λ

∑
k=0

hn+λ ,k sin
(
(k+ 1

2 )t
)

dt

=
1

2m

∫ m

0

φ(a, t)
sin(t/2)

×
∫ 1

0
Im
[

n+λ

∑
k=0

(
n+λ

k

)
uk

× (1−u)n+λ−k

× ei(k+ 1
2 )t
]
dγ(u)dt

=
1

2m

∫ m

0

φ(a, t)
sin(t/2)

∫ 1

0
g(u, t)dγ(u)dt.

Put

qn+λ (a) = Hn+λ (a)− f (a) =
∫ m

0
φ(a, t)KH

n+λ
(t)dt.

For compactness, write

∆
2
yqn+λ (a) := qn+λ (a+ y)+qn+λ (a− y)−2qn+λ (a).

Then

∆
2
yqn+λ (a) =

∫ m

0
∆

2
yφ(a, t)KH

n+λ
(t)dt.

Using the generalized Minkowski inequality [11], we obtain

∥∆
2
yqn+λ (a)∥p

=

{
1

2m

∫ m

−m

∣∣∣∣∫ m

0
∆

2
yφ(a, t)KH

n+λ
(t)dt

∣∣∣∣p da
}1/p

≤
∫ m

0

{
1

2m

∫ m

−m
|∆2

yφ(a, t)KH
n+λ

(t)|pda
}1/p

dt

=
∫ m

0
∥∆

2
yφ(a, t)∥p|KH

n+λ
(t)|dt.

Splitting the last integral yields

∥∆
2
yqn+λ (a)∥p

=
∫ 1

n+λ

0
∥∆

2
yφ(a, t)∥p|KH

n+λ
(t)|dt

+
∫ m

1
n+λ

∥∆
2
yφ(a, t)∥p|KH

n+λ
(t)|dt

= I1 + I2. (13)

By Preliminaries 3 and 4(iii), and the monotonicity of

tα/v(t),

I1 = O

(∫ 1
n+λ

0
v(y)

tα

v(t)
(n+λ )dt

)

= O

(
(n+λ )v(y)

(1/(n+λ ))α

v(1/(n+λ ))

∫ 1
n+λ

0
dt

)

= O
(

v(y)
(1/(n+λ ))α

v(1/(n+λ ))

)
. (14)

Also,

I2 = O

(∫ m

1
n+λ

v(y)
tα

v(t)
1

t2(n+λ )
dt

)

= O

(
v(y)

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

)
. (15)

It follows from (13)–(15) that

sup
y̸=0

∥∆2
yqn+λ (a)∥p

v(y)

= O
(
(1/(n+λ ))α

v(1/(n+λ ))

)
+O

(
1

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

)
. (16)

By Preliminaries 3 and 4 again,

∥qn+λ (a)∥p ≤

(∫ 1
n+λ

0
+
∫ m

1
n+λ

)
∥φ(a, t)∥p|KH

n+λ
(t)|dt

= O

(
(n+λ )

∫ 1
n+λ

0
tα dt

)

+O

(
1

n+λ

∫ m

1
n+λ

tα−2 dt

)
= O

(
(n+λ )−α

)
+O

(
1

n+λ

∫ m

1
n+λ

tα−2 dt

)
. (17)

Thus, from (16) and (17),

∥qn+λ (a)∥α,p = ∥qn+λ (a)∥p + sup
y̸=0

∥∆2
yqn+λ (a)∥p

v(y)

= O
(

1
(n+λ )α

)
+O

(
1

n+λ

∫ m

1
n+λ

tα−2 dt

)

+O
(
(1/(n+λ ))α

v(1/(n+λ ))

)
+O

(
1

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

)

=
4

∑
i=1

O(Ji). (18)

We now write J1 in terms of J3, and J2 and J3 in terms of J4.

4
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From the monotonicity of v(t),

tα =
tα

v(t)
v(t)≤ v(m)

tα

v(t)
= O

(
tα

v(t)

)
, 0 < t ≤ m.

For t = 1/(n+λ ), this gives J1 = O(J3). Moreover,

J2 =
1

n+λ

∫ m

1
n+λ

tα−2 dt ≤ v(m)

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt = O(J4).

(20)
Since tα/v(t) is positive and monotonic,

J4 =
1

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

≥ (n+λ )−α

v(1/(n+λ ))

1
n+λ

∫ m

1
n+λ

t−2 dt

=
(n+λ )−α

v(1/(n+λ ))

1
n+λ

(
n+λ − 1

m

)
≥ (n+λ )−α

2v(1/(n+λ ))
. (21)

Here

1
n+λ

(
n+λ − 1

m

)
>

1
n+λ

(n+λ )≥ 1
2
.

Therefore J3 = O(J4). Adding (18) and (21), we obtain

∥qn+λ (a)∥α,p = O(J4) = O

(
1

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

)
.

Consequently,

En+λ ( f ) = inf
n+λ

∥qn+λ (a)∥α,p = O

(
1

n+λ

∫ m

1
n+λ

tα−2

v(t)
dt

)
.
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