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ABSTRACT

In this research, we study the problem of determining the degree of approximation of functions using the Hausdorff
method, and we can do this by proving the following results. If f € Lip(a, p) with oc > 1/p is a continuous almost
everywhere and 2m-periodic function, then the degree of approximation of fusing Hausdorff means of the conjugate
Fourier series is given by

| Hy2.(f5a) *f(a)Hp = 0((n+l)%*“> '

If f is a 2m-periodic function, continuous almost everywhere on [—m,m|, and belongs to the class Zq ,, p > 1, then

the degree of approximation of f by the Hausdorff means of its Fourier series is given by

1 m 2
_0<n+7t/n+ll1 (1) dt)’ )

where % /v(r) is a positive and monotonic function and v is the Zygmund modulus of continuity.

En+7L (f) = rg}gHHfH‘l 7f”05,p
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1. INTRODUCTION

Determining the degree of approximation of functions is done
by representing them with orthogonal sequences, for example,
the trigonometric sequence, Legendre polynomials, Jacobi
polynomials, and others.

The degrees of approximation of functions depend on their
belonging to one of the classes. For example, determining the
degree of approximation of functions of the Zygmund class
differs in general from determining the degree of approxima-
tion of functions of the Lipschitz class, and the degrees of
approximation vary depending on the nature of the method
studied.

The aim of this work is to determine the degree of approxima-
tion of the function f and its conjugate function belonging to
some generalized classes, such as Lipschitz, Zygmund, and
others, using the Hausdorff method.

2. MAIN DISCUSSION

We mention some definitions, symbols, and terms used.

Definition 1 [1, 6] (Hausdorff method). We denote the
method by (H,P,). It has the following matrix form:

n
H,Py
i) = Y huiSi,
k=0
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where
(Z) Ay, 0<k<n,
0, k> n.

hn,k =

The difference operator A is defined by Ay, = u,, —
A1, = A¥(Au,), while

Hnt1 and

1
us =/0 u"dy(u).

The Hausdorff method is regular if

[ v =

Here ¥ = 71 — 7, where 7, and 7, are completely increasing
functions on [0, 1]. Moreover, ¥(u) is a mass function that is
continuous at u = 0, belongs to BV|0, 1], satisfies y(0) =0
and y(1) =1, and, for0 <u < 1,

_ Y(u+0)+y(u—0)
Y(u) = 5 :

Definition 2 [2] (L, space). Let f be a 2m-periodic function
that is continuous almost everywhere on [—m,m]. The space
of all p-integrable functions is

[*mam] — Ra

P @pda<e(r PEY

The norm on L, is

1 m I/p
151 (an L rarac) = 1spee
p= m

esssup |f(a)l,

—m<a<m

p = oo.

Definition 3 [3, 7] (Lipschitz class Lip(c, p)). Let f be a
2m-periodic function. We say that f belongs to Lip(a, p) if

m l/P
([ 1@+~ r@raa) o)
where 0 < a <land p>1.

Definition 4 [2, 8] (Zygmund class Z, ;). Let f be a 2m-
periodic function and let 1 < p < co. We say that f belongs
to Zy, p if

sup
ref-m, m]\{O}
Ifla+t)+fla—1t)—

t(X

Za_’p: fGL

2/ (@)l

< oo

The corresponding norm is

Hf”mp = ||pr+ sup

1€[—m,m]\{0}
Vart) Sl s,

3. DISCUSSION AND RESULTS

Let f be a continuous almost everywhere function on [—m, m|
and periodic with period 2m. The Fourier series of f is given
by [4, 5, 12]

d d . nmx
L4y o, —)
~ 5 L (ancos sin

where
1 m T
Z*/ f(x)cosudx7 n=0,1,2,...,
m.J—m m
1 m T
:f/ f(x)sinudx, n=12,....
mJ—m m

The conjugate Fourier series is [13, 14]

o nmwx
Z (a,,sm——b cos— .
- m

The corresponding conjugate function is

f(x) :——hm/ W, (1 cot

2m e—0

where Y, (t) = f(x+1) — f(x—1).

The sequence of partial sums of the Fourier series of order n
is

sn(f) =sa(fix) = > +Z (akcoskerksink::;)

n
= Z ur(f;x).
k=0
The partial sums of the conjugate Fourier series are

u k
Su(f,x) Z (bkcos—aksin:f>

dt.

m cos(t/2) —cos((n+3)t)
_/0 V() 2sin(t/2) :

We denote the Hausdorff means of the Fourier series of f by
Hy(x) = Hy(f,x)

n
=Y hus(fx), n=0,12,...,
k=0

and the Hausdorff means of the conjugate Fourier series by

nf7 Zhnkskf, n=0,1,2,....

Preliminary 1 [9]. Let

n+A
i (”J]:)L>u"(1 _u)n+xkei(k+;)t] _

k=0

g(u,t) =Re

ForO<u<1,0<t<m,and A >1,

\ [ gt ane)| =

m

o(1),
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Preliminary 2 [10]. Let

n+2 A
g(u,) =Im [ ) (n Z A) k(1 - u)"”ke’(k%)t] .

k=0

For0<u<1,0<t<m,and A > 1,

[ etwnaro] -

Preliminary 3 [10]. Let

K /
wia () = 2msin( t/2 g(u,1)dy(u).

O((n+A)), P
<m

1 1
<
0(t(n+l))’ na =t

Then
1

O(n+A), OSIS
‘KrIL-IJr?L(t”: o 1 1 <
2(n+1))’ n+2a

\A+

Preliminary 4 [2]. Let f € Zy . For 0 <t < m, we have

AS9(at) == p(a+y,1) +9(a—y1) —20(a,1).
19 (a,0)]l, = O%), (i)
o(t%), .
n£¢mep{0g%, G
ool =o(v ). G
where
¢(a,t) = fla+t)+ fla—t)—2f(a).
3.1 Proof of Theorem 1
‘We have
H,,5(f,a) — f(a)
n+A "
=Y huas{Suni(fra) — fla)}
k=0

L) N .
" 2m Jo sin(t/2)kgtoh”lvkcos((k"*'z)t)df

_ L Va(t) nil n+A
~2mJo sin(t/2) =\ k
x Ak cos((k+ 1)) dt.

Using the moment representation, this becomes
ﬁrH»)L (f7a> _f(a)
1 m t) ndd AR
- Wﬂ( ) Z (n+ )/ uk(l —u)nJrlikd}/(u)
0

2m Jo sin(t/2) =\ k
x Re (ei(“%)t) dt

L)
7%/0 sin(t/Z)/o g(u,t)dy(u)dt.

Also,
cos (n+2+3))
n—‘r?L (f7 2m/ sin l‘/2) dt.
Therefore,
HI_NIn+7L(f7a) _f(a)H

|Wa (u7t) dy(u)|dt

_/M
+/'" Iwu l'/

n+A

=1L +15. (10)

dt

Here we used 1/sin(z/2) <m/t for 0 <t <m.
By Preliminary 1 and Holder’s inequality,

I = 0(1)/0m Yolt) a1 4,

t(l

- D1\ 1/p
o {7 (1)
m 1/q
«{im [y

(&) -

This uses the relations (2), (3),and 1/p+1/g=1.
Similarly,

12:0 /m t767a|llja(t)|ta+672dt
n«’:’l n+)~
1/p
= {n—l—l o= *ya(t) |)pdt}
m 1/q
« {/ (ta+82)th}
s m \* 5-1/
_ o 1-0—-1/q
O[(n—i—l) <n+l> (n+A) ]

=0((n+2)=o 1) = 0((n+/1)%*°‘) . (12

Here 0 < 6 < 1/p. Using Preliminary 1, Holder’s inequality,
the middle-value theorem for integration, and the relations
(1) and (4), the sum of (10)—(12) gives

| n+A f7 | - ( n+k ) .
Finally, since (m/(n+A))*"" < (1/(n+1))*"', we obtain
1osa(f.0) = Fl@), = 0((n+ 2)7 ).
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3.2 Proof of Theorem 2 t%/v(t),
Let L P
n+.
a0 =5, [ otan ™ o[ e
4 " 2m sin t/2) ’ o .
. =0 (n iy SLERDE 75
Since Y370 b,y 5 x = 1 for every n+ A in any regular Haus- v(1/(n+2))
dorff matrix H, we have < ( )(1/(n+7t))
=0(v(y ) (14)
Hypa (@)~ fla) = - [ 200 1/ n+4))
mead Y™ 2m o sin(z/2) Also,
n+A
X Z Byipgsin((k+3)t) dt m s 1
k=0 L=0 / V(y)—— ————dt
1l SRAVARLITOREoY
- 2m /o sin(t/2) 0 V() /m a2 " s
/ tm| ntA )L )
0
f (n+/1) y It follows from (13)~(15) that
k
k=0
x (1— u)nJr?Lfk ||A§C]n+/l (a)Hp
X e"(k““%)’}d}/(u) dt y#0 V)
(1/(n+7L))°‘) 1 m o2
m ¢at :0( +0 dt|. (16
o sin(r / g(u,1)dy(u) v(1/(n+A)) n+A JLov(t)
Put By Preliminaries 3 and 4 again,
n+i
dn12.(@) = Hyiz(a / o0k, ”+’1 (r)dt gnsa(@)llp < </ " +/ > o (a,t)],l n+)L( )|dt

For compactness, write

A qni2(a) = Guia(a+Y) +qunia(a—y) —2¢u2(a).

anJr)L /

Using the generalized Minkowski inequality [11], we obtain

Then

Cl t Kn+/’l( )d

||A§CIn+)L (a)Hp

) P 1/p
{Zm/_m/ Ay atKnJrl()dt da}

1/p
< [ [ oot oraa) a
_ /0’”||A§¢<a,z>||p|1<£’+l

Splitting the last integral yields

(t)|dr.

||A261n+l( )Hp

n+l
= [ 1830 @0l KL 0]dr

I\A§¢(a,t)||p\Kn
nti

=1L +15h.

(1) dt
(13)

By Preliminaries 3 and 4(iii), and the monotonicity of

((n—&—l)/”M ad:)
0
+0 ! " 1% 2 dt
n+A L

=0((n+2)"%)

1 " a2
+O<”+’l/nlzt d[). 17
Thus, from (16) and (17),
HA§%+A(“)HP
nia @) llo.p = ||qnea@)|lp +SUp ————
1gn+2.(@)ler.p = llgn+2 (@)l ?}5 )
1
—0
(n+
oc 2
/ dt
(’Il—i_;L n+i )
(1/(n+2))%
1/ n—|—l
+ [ S
I’l+l n+?L
4
=Y o). (18)

i=1

We now write J; in terms of J3, and J, and J3 in terms of J4.




Neutrosophic and Information Fusion (NIF)

Vol. 04, No. 02 - 2024

From the monotonicity of v(z),
0<t<m.
Fort =1/(n+A), this gives J; = O(J3). Moreover,

m m +0—2
! / t“‘zdtgm/ ! dr = 0(Jy).
n+A L n+A L v(t)
(20

D=

Since t*/v(t) is positive and monotonic,

1 mpa=2
n+7t/n+1l )

()« 1
_v(l/(n—l—l))n—&-?t/’ﬁllt K
(n+2)" 1 I
W/t A) nt A (””‘m)
(n+ 1)@
= (1 A))

Jy =

2n
Here

1 1 1 1
- S - >
ntA (”” m> > arantA) z 3

Therefore J3 = O(J4). Adding (18) and (21), we obtain

1 m tocfz
19+ (@)lla.p = O(s) = O M/ o )

Consequently,

, 1 m 2
En+l(f):;E£|Qn+l(a)”a.,p:0<n+l/1 dl‘) .
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