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Abstract

In this research, we study the problem of determining the degree of approximation of functions using the Hausdorff
method, and we can do this by proving the following results:

If fe Lip(a, p)with a > % and

be a continues aimost everywhere and 2m periodic function, Then the degree of approximation of f using
hausdorff means of conjugate fourier series, is given by:

e - 10, -0{ +95°)

If fbe a2m periodic function, continues almost everywhere on [-m, m] andbelonging to the class Z,,,p =
1 .then the degree of approximation of function f of fouier series using hausdorff means, is given by:
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v(t)

m
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Enan(®) = infeo o [[Henen) = fll ,, = 0 CFS] j dt | (5)
1

n+A
where t“and v the zygmund moduli of continuity sunch that %positive and monotonic function.
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1. Introduction

Determining the degree of approximation of functions is done by representing them with orthogonal sequences,
for example, the trigonometric sentence — Legendre polynomials — Jacobi polynomials and others.

The degrees of approximation of functions depending on their belonging to one of the classes, for example,
determining the degree of approximation of the functions of the zygmund class differs in general from determining
the degree of approximation of the functions of the Lipschitz class, and the degrees of approximation vary
depending on the nature of the method studied.

The aim of this work is to determine the degree of approximation of the function f and its accompanying function
belonging to some generalized classes, such as Lipschitz, zygmund and others, using the Hausdorff method.

2. Main Discussion

We mention some definitions, symbols and terms used.

Definition (1): [1, 6] Hausdorff method.

And we encode it with (H,B,).

Definition of the following matrix form:
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n
tr(zH'Pn) = Z B, S
k=0

n
n-k

By = {(k)A M 0<k<n
0, k>n

Where the effect A is defined as follows: Ap,, = p,, — 41 and A¥* 1y = A¥(Ap,,) and the function p,, is defined
as:

M = [ utdy (u)
The Hausdorff method is regular if the condition is fulfilled:
fol dy(w) =1
Where: y = y; — y, and y,, y; are completely increasing functions on the domain [0,1].

Whereas y(u) is a mass function (the gravity function) that is continuous when u=0 and belongs to the BV [0,1]

space of all functions whose change is limited to the domain [0,1] and y(0) = Oand y(1) = 1 and for O<u<1 and
y@W) = [y (u+0)]+y (u-0)
2

Definition (2): L,p Space [2]: the set of all periodic functions f with a role of 2m and continuous almost
everywhere on the domain [- m,m] then the space of all integrable functions on the domain 2m is defined as:

Ly = Ly[—m, +m] = {f: [=m,+ml = R; [ If@lPda< oo},p >1

And the organization is given by ||f||,,on the L, space, as follows:

(o o]
7l = o [l@pae) 1<p<o

tess Sup—msasmlf(a)l p=®

Definition (3): [3,7] Lipschitz class Lip (a, p): let f be a periodic function with a role of 2m, then we say about the
function f that it belongs to the Class Lip (o, p) if the following is true:

f fa+6) - f@Pda | = 0@

Where 0 < a < land p > 1.

Definition (4): [2,8] zygmund's class Z, p : let f be a periodic function with a role of 2mand let 1 < p < oo, then
we say about the function f that it belongs to the class Z, ,, if the following is true:

If(@a+t)+fla—1t) = 2f(@ll, <oo}

t(l

Za,p = {fELprsupte[—m,+m]\{0}

And we know the system |lll,,, as follows:

If(a+ )+ fla—1t) = 2f@ll, .

”f”a,p = ”f”p + SUPte[—m,+m]\{0} ta
3. Discussion and results

Let f be an almost ubiquitous continuous function on the domain [—m, m] and periodic with a role of 2m. The
Fourier series of the function f is given by the form [4, 5, 12]:

flx) ~ 112_0 + Y%, (an cosnmix + b, sin nmc)

m
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Where a, = lf_m f(x) cos%dx n=0,12,.....
And b, = —f f(x) smﬂ dx n=12,....
The sequence accompanying the Fourier series is given as follows: [13, 14]

[
Z nmx b TLT[X)
a, sin— — COS—
n n m

n=1

The corresponding companion function of the previous relation is given as:
m
£760 = ~gtim [ @ ot )
&

Where Y, (t) = f(x +t) — f(x — t)

And the sequence of partial sums of a Fourier series of rank n is given as:

a, n kmx _ kmx n
sp(f) =s,(f;x) = 5 + Zk_l (ak COSW + by, smW) = Zk_ouk (f;x)

And the sequence of partial sums of the Fourier series of rank n is given as:

n kmx cos (%) — cos (n + %) t
sy~ (f,x) = Zk—l <bk oS ——— sm— j P (t) dt

2 sin (%)

And we will symbolize the Hausdorff method for the Fourier trigonometric series of the function f as :

n
H,(x) = H,(f,x) = Z hse(f ) n=012, ...,
k=0

And we will symbolize the Hausdorff method for the Fourier series accompanying the function f as:
n
Hi(F,0) = ) s (.20 ,n =012, .
k=0

(k+1
Preliminaryl: [9] let g~ (u,t) = Re [ nid (n Z ’1) uk(1 - u)””‘_kel(T)t]

ForO<u<land0<t<1,A>1then:
1 0(1) 0<t<
f 9=, O)dy )| = ) m
0 O(t(n+/1)) "n+21) "~

m
T+

<ts<<m

Preliminary2: [10] let g(u, t) = Im[ ntk (n Z k) uk(1 - u)n+/1—kei("+(5))t]

foro<u<1land0<t<m,Az=1,then:

[ 9wy - {
0

1 Lo
L0<t(n+1)> mtp-t=m

0((n+ At) OStSm

Preliminary 3: [10] let k%, = stjn(ﬁ) folg(u, t)dy(u)
2
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O(n+d) Osts—
Then: |[K, (0| = 0( 1 ) L <ct<m
. <

t2(n+1) +1

Preliminary4: [2] let f € Z, ,, then for 0 < t < m we have:
l¢CaOll, =0 @

19+ 3.0+ pa=2.0 - 26@0l, = {g e, @

lp(a+,0 +pla—y0 - 26@0l, = 0 (ve) 1) (i)
Where ¢(a,t) = f(a+t) + f(a—t) — 2f(a)

Proof of theorem (1):

we have Hy 3 (f, @) — £~(@) = "8 hy s lsie (@) — £ (@)

0 (0 5 o (k-4 ) ) e

(S () cos (k4 2) s

o] (S0 - arone e

0 k=0 0

a(t) + A ke ikt a
=— " ("’ o Re [zt (" ) —w ke‘(’”z)f]dy(u))dt— I (‘”(”)f g(u,t)dm)dt
Where: s;,,(f, @) — f~(a) = = " wa()”s("*(‘)*) dr
2
And therefore: ||Hy, ,(f,@) — f~ (@] < [ |1”““)'| [l o™, t)dy(u)|dt
(e )@ ody@]de =1L+ (0)
And that is according to the relation % < % forO<t<m.

(D

Now, according to primality 1 and Holder's regression, we have :

nTA
I = 0(1)“ Yalt )t“ 1dtl
)

ko

=0 {7¥ (101 )" e}’ x {iim [343cy0aef'

1

|-

1 a
=o[ L (n+ )P (= ] (11)
(n+)l)% (n+/1)
Using the relations (2), (3) and 1 + 3 =1

S5—a a—1
And: I, = 0 ([ S 1balOl! dt)

oy n+i t=6+1
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z 1
:O{L frgl (t_6_a|¢a(t)|)pdt}p X {fr,nn (ta+5—2)th}q
n+a Py m |
q
m n + /1

m
= 0|+ )% 1(n+/1 ft (1=8)a gt
m

n+A

_o[(n+/1)5( ) 0 ]
:O[((n+/1) q)a] (12)

And so using the Preliminary 1 and the holder regression and the relation % < %for 0<t<m.
sin|\ -
2

From Relations (1) and (4) and the middle value theorem of integration, and O < § < % and summing relations
from (10), (11) and (12), we get:

1
Hiaa(F,0) = £ (@] = 0 [n+ 20 me]

. . . . m %1 1 \e-1 .
Finally, from the previous relation and the relation (m) < (n_-l—l) ,we find that:

1
|waxﬁ@—f%mm=okn+MP1
Proof of theorem 2:

sm(k+ )t

Let s, (f, @) — f(a)__f $(a,t) ( ) dt

Since Y12 hp+ar = 1forevery n + A in any regular Hausdorff Matrix H, then:

n+i (k+ ) .

Hpip(a) — f(a) = —f ¢(a,t) z hoiak o (t) t
sin (5

m ¢(a,t) +A n+ A k A—k i k+l ¢ B
2m Jo sm( )Zn 0 ( k )u (1 —w)™**dy(w)Im (e( z) )dt—

m 1

0 7) 0 fe=

0

[$@o j (u, O)dy (w)dt

sin (3):

Suppose that: g,,41(a) = Hpi3(a) — f(a) = f ¢(a, K, ()dt
Then: 4ps2(@,¥) + qnsa(@ = ¥) — 2qn42(@) = [ [p(a+y.6) + p(a—y,t) — 2¢(a, O]KH, , (Ddt
Using the generalized Minkowski-Minkowski Tensor [11], we obtain:

||Qn+/1(a + Y) + Qn+/1(a - Y) - ZQn+A(a)”p

1
1 +m )
= {% f |gnia(a+y) + qnia(a—y) — 2qn+l(a)|pda}

-m
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m

fww+ymy+wﬁ—yo—z¢wtn B (0dt

0

1
1 +m p 14
1

-m
?

Sf{ f [[p(a+y,t)+pla—yt)—2¢a )KL, da} dt

0

m

+m 5
1
f(l 3] )”{ oo f |¢(a+y.f)+¢(a—y,t)—2¢(a,t)|pda} dt

fHMﬁ+%O+¢w 3,6) = 26:(a, Ol | K2, 5 (0] de

—fn+l||¢(a+y,t)+¢(a—y.t)—2¢(a Oll, |KE,(©|de

1
n+i

f|wm+%o+¢m—mo—zaawn|+ﬂmm

fwm+%w+¢w—mo—zwawu|+Amm—h+e (13)

n+A
Hence, by priming 3 and priming 4 (iii) and from the invariance of the function % it results that:

1
n+i

I = ju¢m+yo+¢w 3,0 — 2@, Ol |k A (0] dt

1 1
n+i n+i

=0 kj v(y)ﬁ(n + A)dt) k(n + Dv(y) J e }

0

k(n +Dv(y) =~

cofodt)

Also by preliminary 3 and preliminary 4 (iii),we have:
m

h=_ﬁwm+%ﬂ+¢m—%w—ZMmomwﬁﬂmm

n+A

= !”(Y) O Emr ™
n+i
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=0

v() f )

n+l

(15)

n+a (t)

And so from (13), (14) and (15) we have :
lgn+a(a+y) + qnia(a —y) = 2qna(@ll,

()
=0o[ vy %
v (n + /1)
1 t® lgn+2(a +y) + quia(a —y) = 2qnia (Dl
+0 n+/1v(y) ! v(t) UPy=o v(y)
Ey)
1 \¢ m
1 ta—Z
=o[-2 +1’1) — f (16)
v ) n+A1 v(t)
n+a nLH

And by preliminaries 3 and 4 again, we obtain:

1
n+Ai

lgnsr (@I, < f i

0

16 (a, Oll, [ KE, 5 (0)]dt

‘“\s

3
+
PN

1
n+a

=0| (n+/1)f tedt |+ 0

m
1 f ta—z
A
1
n+a

=o((-%) )+0( I e Zdt) (17)

Now, and from it by Relations (16) and (17), we get:

lans+a(a+y)+qnia(a=y)—2qn42(a)ll 1 1 m _
103 (@llap = 19n52(@ll + supyy LA EN 2 0es @y _ o (L)1 (L [ ee-2de) =

v(y) n+1)« n+A 57

0 <W> +o (Lf"iﬁdo =300) (18

y(m) n+d "7 v()

Now, we write ]1 in terms of J; and also J, and J5 in terms of J, and from the invariance of the function V(t):

e L Ll
We find: t v(t) < v(m) =0 (2 (t))
And that's for 0 < t < m.

So, fort = ﬁWe have: J; = 0(J5) and from the invariance of the function V (t) we find:

1 mt“‘z - 1 mt“‘z 3
= jv(t)dt_nﬂv(m) 1%‘“‘0(’4) 20)

n+i n+i

a
Considering that the function %t) is positive and constant, we have:
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1 1

m m
1 t*2 a a 1 1 a
J, = f dt > (n+/1) J’ (n+/1) (n+/1——)2 (n+21)
n+1 J v(t) v n+l 1y ) n+A1 m 217( 1 )
1 n+ 1 n+l n+A

n+i n+i

Where(ﬁ)(n+ﬂ—%) > ( )(n+/1) >—
Therefore: J; = 0(J,)
Adding the relations (18) and (21), we get:

19ne2(@llap = 00s) = 0 (ﬁ) f ;(t) dt

n+i

a—2
It: Een (F) = infauanllamen @, = ((ﬁ) f(%) tv(t) dt)
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