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Abstract 

In this research, we study the problem of determining the degree of approximation of functions using the Hausdorff 

method, and we can do this by proving the following results: 

If f∈ Lip(α, p)with α >
1

p
 and 

 be a continues aimost everywhere and 2m periodic function, Then the degree of approximation of f ̃using 

hausdorff means of conjugate fourier series, is given by: 

||H̃(n+λ) (f, a) − f ̃(a)||
p
= 0((n + λ)

1
p
−α
 ) 

If  f be a 2m periodic function, continues almost everywhere on [–m,m] andbelonging to the class Zα,p , p ≥

1 . then the degree of approximation of function f of fouier series using hausdorff means, is given by: 

E(n+λ)(f) =  inf(n+λ)‖H(n+λ) − f‖α,p = 0(
1

(n + λ)
∫
tα−2

v(t)
dt

m

1
n+λ

) (5) 

where  tαand v the zygmund moduli of continuity sunch that  
tα

v(t)
positive and monotonic function. 

Keywords: Degree of approximation; Zygmund class; Hausdorff method; Continuous almost everywhere, Fourier 

series 

1. Introduction 

Determining the degree of approximation of functions is done by representing them with orthogonal sequences, 

for example, the trigonometric sentence – Legendre polynomials – Jacobi polynomials and others. 

The degrees of approximation of functions depending on their belonging to one of the classes, for example, 

determining the degree of approximation of the functions of the zygmund class differs in general from determining 

the degree of approximation of the functions of the Lipschitz class, and the degrees of approximation vary 

depending on the nature of the method studied. 

The aim of this work is to determine the degree of approximation of the function f and its accompanying function 

belonging to some generalized classes, such as Lipschitz, zygmund and others, using the Hausdorff method. 

2. Main Discussion  

We mention some definitions, symbols and terms used. 

Definition (1): [1, 6] Hausdorff method. 

And we encode it with (H,𝑃𝑛(. 

Definition of the following matrix form: 
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𝑡𝑛
(𝐻,𝑃𝑛) =∑ℎ𝑛,𝑘𝑆𝑘

𝑛

𝑘=0

 

ℎ𝑛,𝑘 = {
(
𝑛

𝑘
) Δ𝑛−𝑘𝜂𝑘 ,0 ≤ 𝑘 ≤ 𝑛

0, 𝑘 > 𝑛
 

Where the effect △ is defined as follows: ∆𝜇𝑛 = 𝜇𝑛 − 𝜇𝑛+1 and Δ𝑘+1𝜂𝑛 = Δ
𝑘(Δ𝜇𝑛) and the function 𝜇𝑛 is defined 

as: 

   𝜂𝑛 = ∫ 𝑢𝑛𝑑𝛾(𝑢)
1

0
  

The Hausdorff method is regular if the condition is fulfilled:  

  ∫ 𝑑𝛾(𝑢) = 1
1

0
 

Where: γ = 𝛾1 − 𝛾2 and 𝛾2, 𝛾1 are completely increasing functions on the domain [0,1]. 

Whereas γ(𝑢) is a mass function (the gravity function) that is continuous when u=0 and belongs to the BV [0,1] 

space of all functions whose change is limited to the domain [0,1] and γ(0) = 0and γ(1) = 1 and for 0<u<1 and 

γ(𝑢) =
[𝛾(𝑢+0)]+𝛾(𝑢−0)

2
 

Definition (2): 𝐿𝑝p Space [2]: the set of all periodic functions f with a role of 2m and continuous almost 

everywhere on the domain [- m,m] then the space of all integrable functions on the domain 2m is defined as: 

𝐿𝑝 = 𝐿𝑝[−𝑚,+𝑚] = {𝑓: [−𝑚,+𝑚] → 𝑅; ∫|𝑓(𝑎)|𝑝𝑑𝑎 < ∞

𝑚

−𝑚

} , 𝑝 ≥ 1 

And the organization is given by ‖𝑓‖𝑝on the 𝐿𝑝 space, as follows: 

‖𝑓‖𝑝 =

{
 
 

 
 

(
1

2𝑚
∫|𝑓(𝑎)|𝑝𝑑𝑎

𝑚

−𝑚

)

1
𝑝

, 1 ≤ 𝑝 ≤ ∞

𝑒𝑠𝑠     𝑠𝑢𝑝−𝑚≤𝑎≤𝑚|𝑓(𝑎)|     𝑝 = ∞

 

Definition (3): [3,7] Lipschitz class Lip (α, p): let f be a periodic function with a role of 2m, then we say about the 

function f that it belongs to the Class Lip (α, p) if the following is true:  

( ∫|𝑓(𝑎 + 𝑡) − 𝑓(𝑎)|𝑝𝑑𝑎

𝑚

−𝑚

)

1
𝑝

= 𝑂(𝑡𝛼) 

Where 0 < α ≤ 1and 𝑝 ≥ 1. 

Definition (4): [2,8] zygmund's class 𝑍𝛼,𝑃  : let f be a periodic function with a role of 2m and let 1 ≤ 𝑝 < ∞, then 

we say about the function f that it belongs to the class 𝑍𝛼,𝑝 if the following is true:  

𝑍𝛼,𝑝 = {𝑓𝜖𝐿𝑝, 𝑠𝑢𝑝𝑡∈[−𝑚,+𝑚]∖{0}
‖𝑓(𝑎 + 𝑡) + 𝑓(𝑎 − 𝑡) − 2𝑓(𝑎)‖𝑝

𝑡𝛼
< ∞} 

And we know the system ∥∥𝛼,𝑝 as follows:  

‖𝑓‖𝛼,𝑝 = ‖𝑓‖𝑝 + 𝑠𝑢𝑝𝑡𝜖[−𝑚,+𝑚]∖{0}
‖𝑓(𝑎 + 𝑡) + 𝑓(𝑎 − 𝑡) − 2𝑓(𝑎)‖𝑝

𝑡𝛼
 , 𝑝 ≥ 1 

3. Discussion and results 

Let f be an almost ubiquitous continuous function on the domain [−𝑚,𝑚] and periodic with a role of 2m. The 

Fourier series of the function f is given by the form [4, 5, 12]: 

𝑓(𝑥) ∼
𝑎0

2
+ ∑ (𝑎𝑛 cos

𝑛𝜋𝑥

𝑚
+ 𝑏𝑛 sin

𝑛𝜋𝑥

𝑚
)∞

𝑛=1   
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 Where    𝑎𝑛 =
1

𝑚
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝑚
𝑑𝑥 ; 𝑛 = 0,1.2, …… .

𝑚

−𝑚
 

 And 𝑏𝑛 =
1

𝑚
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

𝑚
 𝑑𝑥                       ; 𝑛 = 1,2, ……

𝑚

−𝑚
 

The sequence accompanying the Fourier series is given as follows: [13, 14]  

∑(𝑎𝑛 sin
𝑛𝜋𝑥

𝑚
− 𝑏𝑛 cos

𝑛𝜋𝑥

𝑚
)

∞

𝑛=1

 

The corresponding companion function of the previous relation is given as: 

𝑓∼(𝑥) = −
1

2𝑚
lim
𝜀→0

∫ 𝜓𝑥(𝑡) cot (
𝑡

2
) 𝑑𝑡

𝑚

𝜀

 

Where 𝜓𝑥(𝑡) = 𝑓(𝑥 + 𝑡) − 𝑓(𝑥 − 𝑡) 

And the sequence of partial sums of a Fourier series of rank n is given as: 

𝑠𝑛(𝑓) = 𝑠𝑛(𝑓; 𝑥) =
𝑎0
2
+∑ (𝑎𝑘 cos

𝑘𝜋𝑥

𝑚
+ 𝑏𝑘 sin

𝑘𝜋𝑥

𝑚
) =∑ 𝑢𝑘

𝑛

𝑘=0
(𝑓; 𝑥)

𝑛

𝑘=1
 

And the sequence of partial sums of the Fourier series of rank n is given as: 

𝑠𝑛
∼(𝑓, 𝑥) =∑ (𝑏𝑘 cos

𝑘𝜋𝑥

𝑚
− 𝑎𝑘 sin

𝑘𝜋𝑥

𝑚
) = −∫ ψ𝑥(𝑡) {

cos (
𝑡
2
) − cos (𝑛 +

1
2
) 𝑡

2 sin (
𝑡
2
)

}𝑑𝑡
𝑚

0

𝑛

𝑘=1
 

And we will symbolize the Hausdorff method for the Fourier trigonometric series of the function f as : 

𝐻𝑛(𝑥) = 𝐻𝑛(𝑓, 𝑥) = ∑ℎ𝑛,𝑘𝑠𝑘(𝑓, 𝑥)

𝑛

𝑘=0

        , 𝑛 = 0,1,2, ……, 

And we will symbolize the Hausdorff method for the Fourier series accompanying the function f as:  

𝐻𝑛
∼(𝑓, 𝑥) = ∑ℎ𝑛,𝑘𝑠

∼
𝑘(𝑓, 𝑥) , 𝑛 = 0,1,2, … .

𝑛

𝑘=0

 

Preliminary1: [9] let 𝑔~(𝑢, 𝑡) = 𝑅𝑒 [∑ (
𝑛 + 𝜆
𝑘

)𝑢𝑘(1 − 𝑢)𝑛+𝜆−𝑘𝑒𝑖(
𝑘+1

2
)𝑡𝑛+𝜆

𝑘=0 ]  

For 0 < u < 1 and 0 ≤ 𝑡 ≤ 1, λ ≥ 1 then: 

|∫𝑔∼(𝑢, 𝑡)𝑑𝛾(𝑢)

1

0

| = {

𝑂(1) ; 0 < 𝑡 ≤
𝑚

(𝑛 + 𝜆)

𝑂 (
1

𝑡(𝑛 + 𝜆)
) ;

𝑚

(𝑛 + 𝜆)
≤ 𝑡 ≤ 𝑚

 

Preliminary2: [10] let g(𝑢, 𝑡) = 𝐼𝑚 [∑ (
𝑛 + 𝑘
𝑘

) 𝑢𝑘(1 − 𝑢)𝑛+𝜆−𝑘𝑒
𝑖(𝑘+(

1

2
))𝑡𝑛+𝑘

𝑘=0 ] 

for 0 ≤ 𝑢 ≤ 1 and 0 ≤ 𝑡 ≤ 𝑚, λ ≥ 1, then: 

|∫𝑔(𝑢, 𝑡)𝑑𝛾(𝑢)

1

0

| =

{
 

 𝑂((𝑛 + 𝜆)𝑡) 0 ≤ 𝑡 ≤
1

(𝑛 + 𝜆)

𝑂 (
1

𝑡(𝑛 + 𝜆)
)

1

(𝑛 + 𝜆)
≤ 𝑡 ≤ 𝑚

 

Preliminary 3: [10] let 𝑘𝑛+𝜆
𝐻 =

1

2𝑚sin(
𝑡

2
)
∫ 𝑔(𝑢, 𝑡)𝑑𝛾(𝑢)
1

0
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Then: |𝐾𝑛+𝜆
𝐻 (𝑡)| = {

𝑂(𝑛 + 𝜆) 0 ≤ 𝑡 ≤
1

𝑛+𝜆

𝑂 (
1

𝑡2(𝑛+𝜆)
)

1

𝑛+𝜆
≤ 𝑡 ≤ 𝑚

 

Preliminary4: [2] let 𝑓 ∈ 𝑍𝛼,𝑝 then for 0 < 𝑡 ≤ 𝑚 we have: 

‖𝜙(𝑎, 𝑡)‖𝑝 = 𝑂(𝑡𝛼)         (𝑖) 

‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝 = {
𝑂(𝑡𝛼)

𝑂(𝑦𝛼)
    (𝑖𝑖) 

‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝 = 𝑂 (𝑣(𝑦)
𝑡𝛼

𝑣(𝑡)
)               (𝑖𝑖𝑖)  

Where ϕ(𝑎, 𝑡) = 𝑓(𝑎 + 𝑡) + 𝑓(𝑎 − 𝑡) − 2𝑓(𝑎) 

Proof of theorem (1): 

 we have 𝐻𝑛+𝜆
∼ (𝑓, 𝑎) − 𝑓∼(𝑎) = ∑ℎ𝑛+𝜆,𝑘{𝑠𝑛+𝑘

∼ (𝑓, 𝑎) − 𝑓∼(𝑎)}
𝑘=0

𝑛+𝜆
 

=
1

2𝑚
∫ (

𝜓𝑎(𝑡)

sin(
𝑡

2
)
∑ ℎ𝑛+𝜆,𝑘 cos (𝑘 +

1

2
) 𝑡𝑛+𝜆

𝑘=0 )𝑑𝑡  
𝑚

0
 

=
1

2𝑚
∫ (

𝜓𝑎(𝑡)

sin(
𝑡

2
)
∑ (

𝑛 + 𝜆
𝑘

) Δ𝑛+𝜆−𝑘𝜇𝑘 cos (𝑘 +
1

2
) 𝑡𝑛+𝜆

𝑘=0 )𝑑𝑡 
𝑚

0
 

=
1

2𝑚
∫ (

𝜓𝑎(𝑡)

sin (
𝑡
2
)
∑(

𝑛 + 𝜆
𝑘

)∫𝑢𝑘
1

0

(1 − 𝑢)𝑛+𝜆−𝑘𝑑𝛾(𝑢)𝑅𝑒 {𝑒𝑖(𝑘+
1
2
)𝑡}

𝑛+𝜆

𝑘=0

)𝑑𝑡

𝑚

0

 

=
1

2𝑚
∫ (

𝜓𝑎(𝑡)

sin(
𝑡

2
)
∫ 𝑅𝑒 [∑ (

𝑛 + 𝜆
𝑘

) 𝑢𝑘(1 − 𝑢)𝑛+𝜆−𝑘𝑒𝑖(𝑘+
1

2
)𝑡𝑛+𝜆

𝑘=0 ] 𝑑𝛾(𝑢)
1

0
)𝑑𝑡 =

1

2𝑚
∫ (

𝜓𝑎(𝑡)

sin(
𝑡

2
)
∫ ∼𝑔(𝑢,𝑡)𝑑𝛾(𝑢)
1

0
)𝑑𝑡

𝑚

0

𝑚

0
 

 

Where: 𝑠𝑛+𝜆
∼ (𝑓, 𝑎) − 𝑓∼(𝑎) =

1

2𝑚
∫ 𝜓𝑎(𝑡)

cos(𝑛+𝜆+
1

2
)𝑡

sin(
𝑡

2
)

𝑑𝑡
𝑚

0
 

And therefore: ||𝐻𝑛+𝜆
∼ (𝑓, 𝑎) − 𝑓∼(𝑎)| ≤ ∫

|𝜓𝑎(𝑡)|

𝑡
|∫ 𝑔∼(𝑢, 𝑡)𝑑𝛾(𝑢)
1

0
| 𝑑𝑡

𝑚

0
  

=(∫ +          ∫
𝑚
𝑚

𝑛+𝜆

𝑚

𝑛+𝜆
0

)
|𝜓𝑎(𝑡)|

𝑡
|∫ 𝑔∼(𝑢, 𝑡)𝑑𝛾(𝑢)
1

0
| 𝑑𝑡 = 𝐼1 + 𝐼2     (10) 

And that is according to the relation 
1

sin(
𝑡

2
)
≤

𝑚

𝑡
  for O < 𝑡 ≤ 𝑚.  

Now, according to primality 1 and Holder's regression, we have : 

𝐼1 = 𝑂(1)

{
 

 

∫
𝜓𝑎(𝑡)

𝑡𝑎
𝑡𝛼−1𝑑𝑡

𝑚
𝑛+𝜆

0
}
 

 

 

=O(1) {∫ (|𝜓𝑎(𝑡)|
1

𝑡𝛼
)
𝑝

𝑑𝑡
𝑚

𝑛+𝜆
0

}

1

𝑝
× {lim

𝜀→0
∫ (𝑡𝛼−1)𝑞𝑑𝑡

𝑚

𝑛+𝜆
𝜀

}

1

𝑞
 

=O [
1

(𝑛+𝜆)
1
𝑝

(𝑛 + 𝜆)
1

𝑝 (
𝑚

𝑛+𝜆
)
𝛼

]      (11) 

Using the relations (2), (3) and 
1

𝑝
+

1

𝑞
= 1 

And: 𝐼2 = 𝑂 (∫
𝑡−𝛿−𝛼|𝜓𝑎(𝑡)|

𝑛+𝜆

𝑡𝛼−1

𝑡−𝛿+1
𝑑𝑡

𝑚
𝑚

𝑛+𝜆

) 
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 =O{
1

𝑛+𝜆
∫ (𝑡−𝛿−𝛼|𝜓𝑎(𝑡)|)

𝑝
𝑑𝑡

𝑚
𝑚

𝑛+𝜆

}

1

𝑝
× {∫ (𝑡𝛼+𝛿−2)

𝑞
𝑑𝑡

𝑚
𝑚

𝑛+𝜆

}

1

𝑞
 

= O

[
 
 
 
 

(𝑛 + 𝜆)𝛿−1 (
𝑚

𝑛 + 𝜆
)
𝛼

(
𝑛 + 𝜆

𝑚
){ ∫ 𝑡−(1−𝛿)𝑞𝑑𝑡

𝑚

𝑚
𝑛+𝜆

}

1
𝑞

]
 
 
 
 

 

 

= O[(𝑛 + 𝜆)𝛿 (
𝑚

𝑛+𝜆
)
𝛼
(𝑛 + 𝜆)

1−𝛿−
1

𝑞] 

= O[((𝑛 + 𝜆)
1−𝛼−

1

𝑞)
𝛼

]         (12) 

And so using the Preliminary 1 and the holder regression and the relation 
1

sin(
𝑡

2
)
≤

𝑚

𝑡
 for O < 𝑡 ≤ 𝑚. 

From Relations (1) and (4) and the middle value theorem of integration, and O < δ <
1

𝑝
  and summing relations 

from (10), (11) and (12), we get:  

|𝐻𝑛+𝜆
∼ (𝑓, 𝑎) − 𝑓∼(𝑎)| = 𝑂 [(𝑛 + 𝜆)

1
𝑝
−𝛼
 𝑚𝛼] 

Finally, from the previous relation and the relation (
𝑚

𝑛+𝜆
)
𝛼−1

≤ (
1

𝑛+𝜆
)
𝛼−1

,we find that: 

‖𝐻𝑛+𝜆
∼ (𝑓, 𝑎) − 𝑓∼(𝑎)‖𝑝 = 𝑂 [(𝑛 + 𝜆)

1
𝑝
−𝛼
] 

Proof of theorem 2:  

Let 𝑠𝑘(𝑓, 𝑎) − 𝑓(𝑎) =
1

2𝑚
∫ 𝜙(𝑎, 𝑡)

sin(𝑘+
1

2
)𝑡

sin(
𝑡

22
)
𝑑𝑡

𝑚

0
  

Since ∑ ℎ𝑛+𝜆,𝑘 = 1𝑛+𝜆
𝑘=0  for every 𝑛 + 𝜆 in any regular Hausdorff Matrix H, then: 

𝐻𝑛+𝜆(𝑎) − 𝑓(𝑎) =
1

2𝑚
∫ 𝜙(𝑎, 𝑡)∑ℎ𝑛+𝜆,𝑘

sin (𝑘 +
1
2
) 𝑡

sin (
𝑡
2
)

𝑑𝑡

𝑛+𝜆

𝑘=0

𝑚

0

 

1

2𝑚
∫

𝜙(𝑎,𝑡)

sin(
𝑡

2
)
∑ ∫ (

𝑛 + 𝜆
𝑘

) 𝑢𝑘(1 − 𝑢)𝑛+𝜆−𝑘𝑑𝛾(𝑢)𝐼𝑚 (𝑒𝑖(𝑘+
1

2
)𝑡) 𝑑𝑡

1

0
𝑛+𝜆
𝑘=0

𝑚

0
 = 

=
1

2𝑚
∫
𝜙(𝑎, 𝑡)

sin (
𝑡
2
)
∫ 𝐼𝑚 [∑(

𝑛 + 𝜆
𝑘

) 𝑢𝑘(1 − 𝑢)𝑛+𝜆−𝑘
𝑛

𝑘=0

𝑒𝑖(𝑘+
1
2
)𝑡] 𝑑𝛾(𝑢)𝑑𝑡

1

0

𝑚

0

 

=
1

2𝑚
∫
𝜙(𝑎, 𝑡)

sin (
𝑡
2
)
∫𝑔(𝑢, 𝑡)𝑑𝛾(𝑢)𝑑𝑡

1

0

𝑚

0

 

Suppose that: 𝑞𝑛+𝜆(𝑎) = 𝐻𝑛+𝜆(𝑎) − 𝑓(𝑎) = ∫ 𝜙(𝑎, 𝑡)𝐾𝑛+𝜆
𝐻 (𝑡)𝑑𝑡

𝑚

0
 

Then: 𝑞𝑛+𝜆(𝑎, 𝑦) + 𝑞𝑛+𝜆(𝑎 − 𝑦) − 2𝑞𝑛+𝜆(𝑎) = ∫ [𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)]𝐾𝑛+𝜆
𝐻 (𝑡)𝑑𝑡

𝑚

0
 

Using the generalized Minkowski-Minkowski Tensor [11], we obtain:  

‖𝑞𝑛+𝜆(𝑎 + 𝑦) + 𝑞𝑛+𝜆(𝑎 − 𝑦) − 2𝑞𝑛+𝜆(𝑎)‖𝑝 

= {
1

2𝑚
∫ |𝑞𝑛+𝜆(𝑎 + 𝑦) + 𝑞𝑛+𝜆(𝑎 − 𝑦) − 2𝑞𝑛+𝜆(𝑎)|

𝑝𝑑𝑎

+𝑚

−𝑚

}

1
𝑝
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= {
1

2𝑚
∫ |∫[𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)]𝐾𝑛+𝜆

𝐻 (𝑡)𝑑𝑡

𝑚

0

|

𝑝

𝑑𝑎

+𝑚

−𝑚

}

1
𝑝

 

≤ ∫ {
1

2𝑚
∫ |[𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)]𝐾𝑛+𝜆

𝐻 (𝑡)|
𝑝
𝑑𝑎

+𝑚

−𝑚

}

1
𝑝

𝑑𝑡

𝑚

0

 

= ∫(|𝐾𝑛+𝜆
𝐻 (𝑡)|

𝑝
)
1
𝑝 {

1

2𝑚
∫ |𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)|𝑝𝑑𝑎

+𝑚

−𝑚

}

1
𝑝

𝑑𝑡

𝑚

0

 

 

= ∫‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆
𝐻 (𝑡)|𝑑𝑡

𝑚

0

 

 

= ∫ ‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆
𝐻 (𝑡)|𝑑𝑡

1

𝑛+𝜆
0

  

 

= ∫ ‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆
𝐻 (𝑡)|𝑑𝑡

1
𝑛+𝜆

0

+ ∫‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆
𝐻 (𝑡)|𝑑𝑡 = 𝐼1 + 𝐼2                               (13)

𝑚

1
𝑛+𝜆

 

Hence, by priming 3 and priming 4 (iii) and from the invariance of the function 
𝑡𝛼

𝑣(𝑡)
 it results that:  

𝐼1 = ∫ ‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆
𝐻 (𝑡)|𝑑𝑡

1
𝑛+𝜆

0

 

= O

(

 
 
∫ 𝑣(𝑦)

𝑡𝛼

𝑣(𝑡)
(𝑛 + 𝜆)𝑑𝑡

1
𝑛+𝜆

0

)

 
 
=

(

 
 
(𝑛 + 𝜆)𝑣(𝑦) ∫

𝑡𝛼

𝑣(𝑡)
𝑑𝑡

1
𝑛+𝜆

0

)

 
 

 

= 𝑂

(

 
 
(𝑛 + 𝜆)𝑣(𝑦)

(
1

𝑛 + 𝜆
)
𝛼

𝑣 (
1

𝑛 + 𝜆
)
∫ 𝑑𝑡

1
𝑛+𝜆

0

)

 
 

 

= O(𝑣(𝑦)
(
1

𝑛+𝜆
)
𝛼

𝑣(
1

𝑛+𝜆
)
)         (14) 

Also by preliminary 3 and preliminary 4 (iii),we have: 

𝐼2 = ∫‖𝜙(𝑎 + 𝑦, 𝑡) + 𝜙(𝑎 − 𝑦, 𝑡) − 2𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆
𝐻 (𝑡)|𝑑𝑡

𝑚

1
𝑛+𝜆

 

 

= O( ∫ 𝑣(𝑦)
𝑡𝛼

𝑣(𝑡)

1

𝑡2(𝑛 + 𝜆)
𝑑𝑡

𝑚

1
𝑛+𝜆

) 
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= O(
1

𝑛 + 𝜆
𝑣(𝑦) ∫ 𝑣(𝑦)

𝑡𝛼−2

𝑣(𝑡)
𝑑𝑡

𝑚

1
𝑛+𝜆

)             (15) 

And so from (13), (14) and (15) we have :  

‖𝑞𝑛+𝜆(𝑎 + 𝑦) + 𝑞𝑛+𝜆(𝑎 − 𝑦) − 2𝑞𝑛+𝜆(𝑎)‖𝑝 

= O(𝑣(𝑦)
(

1
𝑛 + 𝜆

)
𝛼

𝑣 (
1

𝑛 + 𝜆
)
) 

+O(
1

𝑛 + 𝜆
𝑣(𝑦) ∫

𝑡𝛼−2

𝑣(𝑡)

𝑚

1
𝑛+𝜆

𝑑𝑡) 𝑠𝑢𝑝𝑦≠0
‖𝑞𝑛+𝜆(𝑎 + 𝑦) + 𝑞𝑛+𝜆(𝑎 − 𝑦) − 2𝑞𝑛+𝜆(𝑎)‖𝑝

𝑣(𝑦)
 

 

= O(
(

1
𝑛 + 𝜆

)
𝛼

𝑣 (
1

𝑛 + 𝜆
)
) + 𝑂(

1

𝑛 + 𝜆
∫
𝑡𝛼−2

𝑣(𝑡)

𝑚

1
𝑛+𝜆

)             (16) 

 

And by preliminaries 3 and 4 again, we obtain:  

‖𝑞𝑛+𝜆(𝑎)‖𝑝 ≤

(

 
 
∫ +      ∫

𝑚

1
𝑛+𝜆

1
𝑛+𝜆

0

)

 
 
‖𝜙(𝑎, 𝑡)‖𝑝|𝐾𝑛+𝜆

𝐻 (𝑡)|𝑑𝑡 

= O

(

 
 
(𝑛 + 𝜆) ∫ 𝑡𝛼𝑑𝑡

1
𝑛+𝜆

0

)

 
 
+ 𝑂(

1

𝑛 + 𝜆
∫ 𝑡𝛼−2

𝑚

1
𝑛+𝜆

) 

= O((
1

𝑛+𝜆
)
−𝛼

) + 𝑂 (
1

𝑛+𝜆
∫ 𝑡𝛼−2
𝑚
1

𝑛+𝜆

𝑑𝑡)         (17) 

Now, and from it by Relations (16) and (17), we get:  

‖𝑞𝑛+𝜆(𝑎)‖𝛼,𝑝 = ‖𝑞𝑛+𝜆(𝑎)‖𝑝 + 𝑠𝑢𝑝𝑦≠0
‖𝑞𝑛+𝜆(𝑎+𝑦)+𝑞𝑛+𝜆(𝑎−𝑦)−2𝑞𝑛+𝜆(𝑎)‖𝑝

𝑣(𝑦)
= O(

1

(𝑛+𝜆)𝛼
)+𝑂 (

1

𝑛+𝜆
∫ 𝑡𝛼−2𝑑𝑡
𝑚
1

𝑛+𝜆

) =

𝑂 (

1
(𝑛+𝜆)𝛼

𝑣(
1

𝑛+𝜆
)
) + 𝑂 (

1

𝑛+𝜆
∫

𝑡𝛼−2

𝑣(𝑡)
𝑑𝑡

𝑚
1

𝑛+𝜆

) = ∑ 𝑂(𝐽𝑖)        (18)
4
𝑖=1  

Now, we write 𝐽1 in terms of 𝐽3 and also 𝐽2 and 𝐽3 in terms of 𝐽4 and from the invariance of the function V(t): 

We find: 𝑡𝛼 =
𝑡𝛼

𝑣(𝑡)
𝑣(𝑡) ≤ 𝑣(𝑚)

𝑡𝛼

𝑣(𝑡)
= 𝑂 (

𝑡𝛼

𝑣(𝑡)
) 

And that's for 0 < 𝑡 ≤ 𝑚. 

So, for 𝑡 =
1

𝑛+𝜆
 We have: 𝐽1 = 0(𝐽3) and from the invariance of the function V (t) we find:  

𝐽2 =
1

𝑛 + 𝜆
∫
𝑡𝛼−2

𝑣(𝑡)
𝑑𝑡 ≤

1

𝑛 + 𝜆
𝑣(𝑚) ∫

𝑡𝛼−2

𝑣(𝑡)
𝑑𝑡 = 𝑂

𝑚

1
𝑛+λ

𝑚

1
𝑛+𝜆

(𝐽4)          (20) 

Considering that the function 
𝑡𝛼

𝑣(𝑡)
 is positive and constant, we have: 
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𝐽4 =
1

𝑛 + 𝜆
∫
𝑡𝛼−2

𝑣(𝑡)

𝑚

1
𝑛+𝜆

𝑑𝑡 ≥

1
(𝑛 + 𝜆)𝛼

𝑣 (
1

𝑛 + 𝜆
)

1

𝑛 + 𝜆
∫ 𝑡−2𝑑𝑡 =

1
(𝑛 + 𝜆)𝛼

𝑣 (
1

𝑛 + 𝜆
)

1

𝑛 + 𝜆
(𝑛 + 𝜆 −

1

𝑚
) ≥

1
(𝑛 + 𝜆)𝛼

2𝑣 (
1

𝑛 + 𝜆
)

𝑚

1
𝑛+𝜆

 

Where (
1

𝑛+𝜆
) (𝑛 + 𝜆 −

1

𝑚
) > (

1

𝑛+𝜆
) (𝑛 + 𝜆) ≥

1

2
 

Therefore: 𝐽3 = 𝑂(𝐽4) 

Adding the relations (18) and (21), we get:  

‖𝑞𝑛+𝜆(𝑎)‖𝛼,𝑝 = 𝑂(𝐽4) = 𝑂

(

 
 
(

1

𝑛 + 𝜆
) ∫

𝑡𝛼−2

𝑣(𝑡)
𝑑𝑡

𝑚

(
1

𝑛+𝜆
)

)

 
 

 

If: 𝐸(𝑛+𝜆)(𝑓) = 𝑖𝑛𝑓(𝑛+𝜆)‖𝑞(𝑛+𝜆)(𝑎)‖𝛼,𝑝 = ((
1

𝑛+𝜆
)∫

𝑡𝛼−2

𝑣(𝑡)

𝑚

(
1

𝑛+𝜆
)

𝑑𝑡) 
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