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Abstract

This paper is dedicated to define and study for the first time the concept of two-fold neutrosophic group by
combining two-fold algebras with the classical concept of neutrosophic group. We study the elementary properties
of this novel concept by many related theorems and illustrated examples.
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1. Introduction

Two fold algebraic structures were proposed by Smarandache in [1] as a novel generalization of classical
structures. In [4-8], we find many related studies that used this novel approach to generate generalized structures
in both algebra and analysis. Also, two-fold structures were used in number theory and Diophantine equations
theory [2-3].

In this work, we are motivated to extend previous studies on two-fold algebras to neutrosophic groups to form a
new algebraic structure called two-fold neutrosophic group by combining two-fold algebras with the classical
concept of neutrosophic group where we study the elementary properties of this novel concept by many related
theorems and illustrated examples.
2. Main Discussion
Definition:
Let (G,.) be agroup, with: t,i, f: G — [0,1] such that:

t(xy) < min(t(x), t())

i(xy) = max(i(x), i(y)) ; X,V EQG.

f(xy) = max(f(x), f())
Then (G, ., t,i, f) is called two-fold neutrosophic group.
Remark:
The elements of Gy = (G, ., t, i, f) has the formula:
O ip) ;X €EGt=t(kx),i=i(x),f=f(x).
Definition:
Let A = ()i B = O (tinfo) € Gny We define:

A* B = (XY) 0y iGey) f ey
Theorem (1):
Let Gy = (G, ., t,i, f) be two-fold neutrosophic group, then:
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1] (*) is associative.

2] (*) has an identity (€) ((ey,ice) f(e))

314 = () eyico.ro) has aninverse (x™) 1,1 s )

4] If (G, .) is abelian, then (Gy,*) is abelian.

5]1t(x) < t(e),i(x) = i(e), f(x) = f(e) forall x € G.

Definition:

Let H be a subgroup of G, then:

Hy = {0 eeoyico fexy 3% € H} is called a two-fold neutrosophic subgroup of Gy .
Theorem (2):

Let (Gy,*) be a two-fold neutrosophic group, then:

1] If H is abelian subgroup of G, then Hy, is abelian two-fold neutrosophic subgroup of G .
2] If H is normal, then H is two-fold normal subgroup of G .

Definition:

Let H be a normal subgroup of G, and G /H be the corresponding factor group, we define:
t',i',f':G/H — [0,1] such that:

/ _(tx);x&H _(i(x);x ¢ H , _(f(x);x€eH
t(XH)_{t(e) ;x €H 'l(xH)_{i(e) ;x€€EH 2 (XH)_{f(e) ;x ¢ H

Theorem (3):
Let Hy be a two-fold normal neutrosophic subgroup of Gy, then:

Gy/Hy ={(XH)(t’(xH),i'(xH),f’(xH)) ;x € G} is a two-fold neutrosophic group. We call it the two-fold
neutrosophic factor.

Definition:

Let g: G - K be a group homomorphism, and Gy = (G,.,t,i, f), Ky = (K, ., ty,i;, f1)be the corresponding two-
fold neutrosophic groups, then: gy: Gy = Ky ; gn [(x)(t(x)_i(x)‘f(x))] = (g(x))(tl(g(x)),zl(g(x)),fl(g(x))) is called a
two-fold neutrosophic homomorphism.

If G = K, then gy is called two-fold neutrosophic isomorphism.
Theorem (4):

Let gy: Gy — Ky be a two-fold neutrosophic homomorphism, then:
1 gn [(e)(t(e).i(E).f(E))] = (e tr(e)is(e) fre))

2w G D e nieremm] = @O ¢ @ nce Dacw@eE ™
3] If Hy is a two-fold neutrosophic subgroup of Gy, then gy (Hy) is a two-fold neutrosophic subgroup of K.
4] If Hy is abelian, then gy (Hy) is abelian.
5] If Hy is normal in Gy, then gy (Hy) is normal in gy (Gy).
6] k- (gn) is normal subgroup of Gy.
71 Gy/ker(gn) = gn(Gy).
Theorem (5):
Let gy: Gy = Ky , hy: Ky = Sy be a two-fold neutrosophic homomorphisms, then:
1] hy © gy is a two-fold neutrosophic homomorphism.
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2] If hy, gy are isomorphisms, then hy © gy is an isomorphism.

Theorem (6):

Let Hy, Ky be two-fold neutrosophic subgroups of Gy, then:

1] Hy n Ky, is a two-fold neutrosophic subgroup of Gy .

2] If Hy is normal, then Hy K), is a two-fold neutrosophic subgroup of G .

Example:

Take G = (Z,7,.) = {1,2,3,4,5,6} the abelian group of integers modulo 7 under multiplication.
We define:

t:G > [0,1]suchthat: t(x) =1 ;x €G

i:G - [0,1] suchthat: i(x) =0 ;x€G

1
X EG
2

f:G - [0,1] such that: f(x) =

i = 00y D02y Baogy Daazy Oaogy oy

H = {1,6} is a subgroup of G, then:

Hy = {(1)(110%), (6)(110%)} is a two-fold neutrosophic subgroup of G .

G/H = Z;, with G/H = {H, 2H, 4H}, hence:

Gy/Hy = {(1)(1,0%)1‘1, (2)(1,0%)11. (4)(1‘0%)1'1}-

Itis clear that: |Gy| = |G| = 6,|Gy/Hy| = |G/H| = 3.

Proof of theorem (1):

1 LetA = (i B = Memionron € = @ewie.rey i %Y,2€G6.

(A*B) * C = (xY) (tey,icon.fan) * € = (V) ¢y itey), fyn) = A * (B * C).

21 A* (@ (e@iter@) = (O (tixe)itre fxe)) = O (tiorr) = A= (@ (terite () *A-
BIPUtD = (X7 (p(x1y,icx—1), fx-1y) then:

AxD = (e)(eeiterfie) =D *A.

4] (A * B) = (X¥) (t0ey),iten). fxv)) = 0 (e, f(vx)) = B * A, thus if G is abelian, then Gyis abelian.
5] t(ex) = t(x) < min(t(x), t(e)), thus:t(x) < t(e).

i(ex) = i(x) = max(i(x),i(e)), thus:i(x) = i(e).

flex) = f(x) = max(f (x), f (e)), thus:f (x) = f(e).

Proof of theorem (2):
1 Let A = (X) e i B = O amionron) € Hy, thenx,y € H and H is abelian. This means that xy = yx
and A * B = B * A,thus Hyis abelian.

A= (X)eeifo) € Hy
B =®ewioron € Gn
(y_lxy)(t(y‘1xy).i(y‘1xy),f(y_1xy)) € Hy, and Hy is normal.

2] Assume that H is normal, and: { then: y lxyeH and B~ 4B =

Proof of theorem (3):
Define 0: Gy /Hy X Gy /Hy — Gy/Hy such that:

CcH) ¢! e i” (e, £ Gerryy © (VHD (' i ). (vH)) = CVH) (¢! ey 1! ey, f (eym)
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Since Gy is a group (factor group), then Gy /Hy will be a two-fold neutrosophic group under (o).

Proof of theorem (4):

1] Since (g) is a group homomorphism, we get:

I( gle) = ey
t:(g(e)) = t1(ex)

{ i1(9(9)) =iy (ex)

fi(9(®) = filew)

Hence gy [(e)(t(e).i(e).f(e))] = (ek) ts(e)is(e)file)):

2] Since g(x™1) = (g(x))~* we get the proof.

3l gn(Hy) = (g(H))n, g(H) is asubgroup of K, thus (g(H))y is a subgroup of K.
4] It holds directly from (3).

5] It holds directly from (3).

6] ker(gn) = (ker(9)),, ker(g) is @ normal subgroup of G, therefor (k..(g)), is normal in Gy.

716 /ker(9) = g(6), thus Gy / (ker (9)),, = (9(G))y and Gy /ker(gn) = gy (Gy).

Proof of theorem (5):

The proof is similar to the classical case.

Proof of theorem (6):

It holds directly by a similar argument of the classical case in group theory.

3. Conclusion

In this paper we defined and studied for the first time the concept of two-fold neutrosophic group by combining
two-fold algebras with the classical concept of neutrosophic group. We studied the elementary properties of this
novel concept by many related theorems and illustrated examples.
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