Journal of Neutrosophic and Fuzzy Systems (INFS) V70l 09, No. 01, PP. 19-27, 2024

ASPG

American Scientific Publishing Group

On the Classification of 3-Cyclic Refined Real Vector Spaces and
Related Inner Products

Mohammad Abobalal”", Hasan Sankarit

!Department of Mathematics, Faculty of Science, Tishreen University, Latakia, Syria

Emails: Mohammadabobala777@gmail.com; Hasan2sankari@gmail.com

Abstract

This paper is concerned with the study of the classification of 3-cyclic refined real vector spaces by semi-module
isomorphisms, where we use this algebraic technique to find the algebraic relationship between real 3-cyclic
refined vector spaces and classical vector spaces. Also, we define the inner products on these spaces and prove
many related inequalities.
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1. Introduction

The concept of n-cyclic refined neutrosophic algebraic structure was proposed in [12] as a novel generalization of
classical structures, especially rings and modules. Many related substructures were studied by many different
authors, where we can find in the literature many good results about Diophantine equations and the group of units
in n-cyclic refined neutrosophic rings [1-4, 6-8]. On the other hand, n-cyclic refined neutrosophic sets were used
in the study of groups and vector spaces [13, 18-19]. In [5], authors have proposed many open research questions
that concerning the properties of n-cyclic refined neutrosophic vector spaces and matrices in general. Some of
these problems were solved for 3-cyclic and 4-cyclic refined neutrosophic matrices with real entries [20].

In this work, we study of the classification of 3-cyclic refined real vector spaces by semi-module isomorphisms,
where we use this algebraic technique to find the algebraic relationship between real 3-cyclic refined vector spaces
and classical vector spaces. Also, we define the inner products on these spaces and prove many related inequalities.

2. Main Discussion
Definition [12, 13]

Let V be a vector space over the real field R or a complex field C, the corresponding 3-cyclic refined vector space
is defined as follows:

Vs() = (Vo + Zi Vili 5 Vi €V}
Theorem (1): [12, 13]
(V5(I), +,7) is a module over R5(I)(not a space) or C5(I),with:

{(+): V(1) x V3(I) = V(1)
(): R3 (1) x V5(I) = V3(I)

Vo + T Vily) + (Vg + X3 Vi ) = (Vo + Vo) + X3, (Vi + V) I,

(mo + Z?=1 mil;) - (Vo + Z?=1Vi I;) =myV, + (Zi+j51(mod 3) miVj)I1 + (Zi+j§2(mod 3) miVj)Iz +
(Zi+j53(mod 3) miVj)I3 ;

v,V eV,m; € R

such that:
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Remark:

If V3(1) is defined over C5(I), then m; € C and:

(): G(1) x V3(1) - V3(1).

Definition:

Let V be a vector space over R, we denote by V (C) to corresponding vector space defined over C.
Example:

Consider V = R2as a vector space over R, then:

V(C) ={(x,y);x,y € Ctwith: ():CxV(C) - V(C).

Theorem (2): [17]

The mapping g: R;(I) » R X R X C such that:

9: (o + X35, 1) = (X0, oo i, %o + %3 + xest 4 xze%n") is a ring isomorphism.
Theorem (3):
Let V5 (1) be a 3-cyclic refined vector space over R5(1), then there exists a semi-module isomorphism:
h:Vs(I) = V(R) X V(R) x V(C).
Proof:
Define h: V5(I) = V(R) X V(R) x V(C) with:
R(Vo + TEea Vili) = (Vo, Bhuo Vi Vo + Vs + Vies ' + Vpe'30).
First, we mention that V(C) = {v + iw;v,w € V}.
Vo + X Vil =Vg+ X, Vi LthenV, =V/forall0 <i<3,andh(Vo + X Vil;) = h(Vg + X3, V/I;).
ForX =W+ X, Vi)Y =Wy + Yo w; ;) €V3(I),andm = mg + Yo, m; I; from Ry(I), we get:
h(X+Y) = h[(V, +w0) + XL Vit w) 1= Vo +we, YoV +w) Vo +wy + Vs +ws + (V, +
Wl)e s+ (U, + Wz)e ) = h(X) + h(Y).
h(m-X) = h[a + bl, + cl, + dI;]; where:
a =myxe, b = myVy + mVy + m{Vs + myV; + m,V,

¢ = myVy, + myVy + miV; + myV; + myl,

d = myV; + msVy + m3V; + myV, + m,V;
Thus h(mX) = (a,a+b+c+d,a+d+ bezTni + ce43_ni),
We have:
a+b+c+d=Clom)Ci, V),
a+d+ bez?ni + Ce4ji = (moVy + myVs + mgVy + myVs + mV, + m,V;) + ezs_ni(mon +m,Vy + mVs +
m3V; + m,V,) + 3 (myVy + myVy + myVy + myVs + m3ly),
Also, (mo +m; + mlez?ni + mze%i) (VO +V;+ Vlez?ni + Vze%ni) =myVy + myVs + mgVy + myVs + myV, +
m,V; + e 3 (m1V0 +m Vs + m,V, + mgV; + m3V;) + e 3 (m0V2 +m,Vy + mVy + myVs +msVy) =a+
d+ be sl 4cest
So that: h(mX) = (mo,Z?zo m;,mg +ms + mlez?ni + mze%7r ) (VO, oVi Vo + V5 + Vle R Vze%ni) =
g(m) - h(X).
Assume that: h(X) = (0,0,0), then:

20

DOT: https://doi.org/10.54216/JNFS.090102
Received: December 25, 2023 Revised: March 22, 2024 Accepted: July 16, 2024



https://doi.org/10.54216/JNFS.090102

Journal of Neutrosophic and Fuzzy Systems (INFS) V70l 09, No. 01, PP. 19-27, 2024

V0=0
V1+V2+V3 =0
amam
V3+V1€3L+V263L=0
V1+V2+V3 =0
-1 1
This means that:{ V3 + (V1 —;V2) =0
1 1
EVl_EVZ =0

There for vV, =V, = V; = 0, and k,,.(h) = {0}.

For each (V,,Vy,V, + V5i) € V(R) X V(R) x V(C), there exists:

1 1 1 1 1 1
X=Vo+L(GN-3Ve+5V)+LGVi-3—%
h(X) = (Vo, V1, V5 + V3i), hence (h) is a bijection and then it is a semi-module isomorphism.

V3) +1, G vV, =V, +§V2) € Vs(D).

Theorem:

Let V be a finite- dimensional vector space over R, with E = {ey, ..., ,,} as a basis, i.e. dim(V) = n, then:
1] E is a basis of V(C) over C.

2] the basis of V5 (I) overR5(I) is:

{h (e, e, e) k5,1 €{1,..,n}}

3] dim( V(1)) = n3.

Proof:

1] assume that v + wi € V(C) ;v,w €V, then:

n
(
|v=Zaiei

{ 1711 ;eiEE,ai,biER
IW = Zbiei
U &

Sothat: V +wi =Y, a;e; +i Y-, bie; = (X (a;+ib;))e;, hence E generates VV(C) over C.
If Y1~ (a;+ib;)e; = 0, then a; = b; = 0 and E is a basis of V(C) over C.

2LetX = (Vo + X3, Vi l;) € Vy(I), then:

R(X) = (Vo, X320 Viusy + 530) 5 5p 45,0 = Vo + Vs + VleZTni + Vze%ni,

Thus h(X) = (Xi; aiei, Xiq biey, Xizi(c; + idy)e)) 5 ag by ¢ di €R.

Hence, h(X) = X% s1m=1(ax, bs, c; + dpn i) - (ex, s, €;), then:

X =Y im=19 (ap bs, ¢, + dpi) R ey, e5,€), thus k ={h~'(ey, e5,€) ;ks,lE€{L, ..,n}} generates
V(D).

Assume that X = Y| T,E; € V5(I) such that:

T; € R;(I) ,E; € K, then:

h(X) = Xi=1 g(THR(E;) = 0, thus:

n n n
(Z a;e; ,Z biel' ,Z(CL' + idi)ei> = (0,0,0)
i=1 i=1 i=1
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Yae; =0
And:{zbiei =0 Thus a;=b;=c;=d; =0 andX = 0.

Yce =0
kZ die; =0
Thus K is a basis of V5(I).
3] dim(V5(1)) = [dim(V)]3 = n®.
Definition:
LetX =xo + X0, x 1 ,Y =y, + X, yi I; € V5(I) with:

3

(

h(X) = (xo,zxi,x{ + x30) 2m, am,
=0 X1+ x50 =x9 + x5 +x,3 + x,€3
3 where o on, am)

Lh(y):(yozy_ v+ i) Vit Yyl =Yo+Yyst+yes +yes
y i
i=0

assume that (-): V' X V — R is an inner product on V, we define ¢: V3(I) x V5(I) — R3(I) such that:

PX,Y) = g7 [(x0, Yo) (Tizo X, Do vids x1, y1) + (x5, y3) + i({x5, y1) — (x1, 3] i-e - (X, Y) =
97 (R, (D).

We say that (¢) is a 3-cyclic refined real inner product.
Example:

For V = R?,{(, )be the ordinary Euclidean inner product defined on V. Let V5(I)be the corresponding 3-cyclic
refined vector space over R;(I).

X=12)+ 0L + (1,1, + (0,1)I;

xO = (1,2) ’Z?:O xi = (4,4)
yO = (_1’1) ’Z?=0 yi = (_113)

Consider: {

Then: {

27, 4T, _
Xo 2+ xe3 0650 = (13) +(2,0) - (F+ 2

G T D) =G DT -T) =x i

Yot vst e s 36t = 02+ O (Z2+L) + 10 (Z-Zi) = 02 +(0.2) + (0.5 i +

2 2
G0)+ (L) ()29 i

2’2 2’2

D+ (F- B i) = (13) + (-1,0) + (+3,0)i +

2

On the other hand, we have:

! ! 14 7 ! ! ! ! ! ! \/5 .
(X0, o) = L(Z?:oxi' ?:o%‘) =8,(x;,y1) = >3 Ax2,¥2) = 0,(x1,y3) = ‘/§'(x2'Y1) =—7 S0 that:

_ 7 =3v3 . 1 7 1 ,-3V3 1 7 1 ,-343. 8
o) =g7 (185,57 1) =144 [;(8-3) + 5G]+ [5(8-2) - 5] + R -1+
2 ,7.] _ 3 3 3,3 15 _
20| =1+ L - +LC+)+ L (2-1) =143, + 45,
Definition:
Letm = my + X3, m; I; € Ry(I), we define:
am, 2m,

m=gt (mO,Z?zomi ,My + M3 + me3" +myes l).
Example:

Takem =141, + 21, — 415, we have:
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myg=1
Pomi=0
i=0 "t — .
27T 4T
—i —i 9 V3. 9 V3 9 V3.
mo+ms +mes +myes =—-—=i , —o— 1= —-+ i

me g (103090 = 10 [ 04 15 (D] 1B 0+ 5] B0 -1+ -
144 (G43)+ L (=) +(-1-3) =1+ 2L, + I, - 41,.
Remark:
For m=my + Y3, m; [;, thenm = my + myl; + myl, + myl;.
Definition:
Letm=my+ Y, ml;,n=ne+ Yi,n; I; €Rs(I), we define that:
gim),gm) ERXRXR
m > n if and only if: my =ng, Niom; = Nion

2m; am; 2m; am;
mg+ms +mues +myes =ng+n;+nes +nyes

Remark:
m=mg+ Yi, m;I; >0 ifand only if:
gm ERXRXR

3
mOZO, ZmLZO

| i=0
4

kmo +ms + mlezTni + mzeTni >0

Theorem:

Letm =my + Y3, m;I; € R;(I), theng(m) e Rx R x R ifand only if m; = m,.
Proof:

gm) e Rx R xR ifandonlyif: my, + ms + mlez?ni + mze%ni € R, there for: m; —m, = 0, and m; = m,.
On the other hand, we get g(m) = (my, my + ms + 2my, my + my — my).

Theorem:

(=) is partial order relation on C(R5(1)), where C(R5 (1)) is the set of m € R;(I) such that m; = m,.
C(R3(I)) = {my + mI; + myI, + myl;; my, my, my € R}

Proof:

Letm=my+ Yo, ml;,n=ng+ Yo, nI;,t =ty+Ys,t;I; €C(Rs(I))then we have:
my < my
m < mthat is because:{mo +2my + my < mg + 2my + my
m0+m3_m1 Smo +m3 —m1
mo = no
If (m < n)and (n <m), then:{mo +2my + m3 =ny+2n, +ng
m0+m3 —m1 =n0 +Tl3 _n1
m1 = Tl1

Thus {m3 —p, S M=N

If m <nandn <t, then:
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my S ng <tp
my+2my +ms <ng+2ny +n3 <ty + 2t +t;
m0+m3—m1Sn0+n3—n1St0+t3—t1

Thusm < t.
Example:

2>1
m = n, that is because:y 7 >1
-2=>-2

Theorem:

Let (V5(I), ) be a 3-cyclic refined real inner product space, then:
1] ¢(X,X) € C(Rs(D)),and (X, X) = 0

2] If(X,X) =0,thenX =0

e, Y) = o(Y,X)

NeX+Y,2)=90X,2)+ ,Z2)

51p(m-X,Y) =meX,Y) ,p(X,mY) =me(X,Y)

6leX, Y +2) =X, )+ 90X, Z) ;X,Y,Z € V5(I).

Proof:

Consider X = xo + Y3, x; ;; x; €V, then:
2 ! !
(h(X), h(V)) = (llxo I, || 230 2| 11 112 + Nz 112,

9 (X, X) = g7 (RGO, RGOY) = Ixoli? + Iy [5 (1= il = 12 = Nl 12)] + 12 [5 (1250 261" — Dl 12 =
x5 112)] + I [5 1280 21" = o 12 + 2 112 + llx3112)| € C(Rs (1)), that is because the coefficients of Iyand I,
are equal.
lIxolI? = 0
On the other hand:{  my +m; + 2m, = |[2,x;[|* = 0
my +mz —my = |lxi]1? + llxz]|? = 0

Thus (X, X) = 0.

”3x0”:0 Xo =0 X] = Xo +x3—%(x1 +X2)
2] for o(X,X) = 0, we get:{ ||Zioxi||=0 sothat{ x{==x3=0 where 7
llxll? + llxzll? = 0 X1+t x+x=0 X = (X1 = x3)
xo = 0
X1 = 0
Thus: _ and X = 0.
x, =0
X3 = 0
31 (h(X),h(Y)) = (a,b,c + di) ;where: Y =y, + X, y; I; € V(D)
3 3
a={(xo,¥0),b=() x;, ) yi},c=xp,y1) +(x2,¥3),d = (x3,¥1) — (x1,¥3)
i=0  i=0

Also, (h(Y), (X)) = (a, b, c — di)
Sothat (X, Y) = g7 ((h(X), h()) = g7 ((h(V), h())) = (¥, X).

41ForZ = zo+ Yi_,z; I;; z; € V, we can write:
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p(X +Y,2Z) = g ((h(X + V), h(Z))) = g~ (h(X) + h(Y), h(2))) = g7 ((h(X), h(Z) + h(Y), h(D))) =
g7 (RGO, R(2)) + g7 H(R(Y), R(D)) = ¢(X, 2) + @Y, 2).

5] ] p(m-X,Y) = g ' (h(m - X),h(Y))) = g"*({(g(m) - h(X), h(Y))) = g~ (g(m) - (h(X),h(Y))) =
gt (g(m)) - g~ ((h(X),h(Y))) = m p(X,Y).

pX,m-Y) = g7 (h(X),h(m - Y))) = g7 (h(X), g(m) - h())) = g~ (g(M)(h(X),h())) = M p(X, ).
6] It is similar to [4].

Definition:

Let X,Y € V;(1), then we say:

11X LY ifandonlyif o(X,Y) = 0.

21 IX1I? = (X, X).

Theorem:

LetX =xo+ Yo x 1, ,Y =y, + X,y I; € V5(I), then:

xo Lyo, Xicoxi LYoy
11X LYifandonlyif:q (xi{,y1)+(x3,y3)=0
(x1,¥2) —{x2, 1) = 0
21 1f X LY, then ||X + Y|1? = [|IX|I? + ||[Y]|%
Proof:
11X LY ifandonly if (X,Y) = 0, so that:
(X0, ¥0) = 0= x4 Ly,
(Z‘3=oxi, ‘3=0)’i) =0= 23=0 x 1 2'3=0}’i
(h(X), h(Y)) = (0,0,0), hence: { <! =07 , '
( ) (x1,y1) +{x3,¥3) =0
\ (x1,y2) = {x2,y1) =0
(x1 = X0+ x3 _%(9& + x2)
,; V3
X2 = ?(xl — X3)
Where § 1
Y1=Yo+y3 =501 +2)
, V3
l Y2=75 1 —2)

X +YIP =X +Y,X+Y) =X, X) + X, V) + X, V) + 0¥, V) = |IX|I* + IV

Remark:

X1 = g7 (o, 1220 3l T T2 T 11Z) = ol + Iy [2 (850 2:]| — IR TZ + T 117) | +
L [5 (1250 il = VTIZ +TGI2)| + 1 [ 180 xil| = lxoll + 2T 2 + 5172

Example:

Consider V = R?,and X = (1,0) + (0,1)I; + (0,0)I, + (0,2)I; € V5(I), we have:

{ %o = (1,0), Il = 1 x = (1), g2 =2
o = W [Zonill =VID "1y = (0,2), g = 2
2

T4

Xl =1+ 1 [F(VI0 - 2)] + & [F(VIO - 2)| + 1 [FVI0 - 1 + 2@ = 1+ 22 4002, 4 Y20

Consider Y = (0,1) + (—1,&) L+ (—1,%) I + (—1,‘?2) Is,

. Yo = (0,1),(x0,¥0) =0
we have.{ =0y = (=31, (Eioxi, Zioyi) =0
25
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v = (—1&) - %(—22) = (‘1%) - (‘1'5) = (0.0)
3

v =2(0,0) = (0,0)

And:

(x1,y1) +(x3,¥2) = 0,(x1,¥3) — {x3,¥1) = 0, hence X LY.
Definition:

Letm = my + X5, m; I; € R5(I), we define:

2T, 41T,
|m| = g_l(|mo|' |Z?=o mi|, |m0 +m3 + m1e?L + mze?L ).
Remark:
. 2m; am;
Since m; € R, then |mgy| = /my?, |Z§=0 ml-| = [(Zi,m)?, |m0 +mg+mues +myes | =|my+imy| =

J @i+ im5) - (my — im).

So that:|m| = \/g‘l[(moz, X3 ,m)? (m} +im}) - (m] —im}y))] = Vm xm.

From this point of view, we can get the following results:

1lml=0&m=0

2] Iml? =mxm

Bl ml2=1=m=—

4 m+n| <|m|+|n| ,Im-n| =|m|-|n|] ;n € R;().

Theorem:

LetX =xo+ Yo x 1 , Y=y, + i,y I; €Va(),m=my+ Y32, m[; € Ry(I), then:
1 llm - Xl = [m] - X1l

2lx + Yl < 11X+ 1Yl

BlleX, VI < lIXII - lIYl

Proof:

1 lm-X|? = p(m-X,m-X) =m-m oX,X) = [m|?- |X]I* = |Im - X|| = Im| - |IX]|.
21X + Y12 = X7 + Y1 + (X, V) + (X, V) < X112+ Y12 + 20X - Y

Thus [IX + Y112 < (X1 + IYID?, and [1X + Y| < [IX] + [IY]].

3] According to classical Caushy-Shwartz inequality, we have:

3

( [{x0, Yol < llxoll - [lyoll
ZJ’i

3 3 3
! (Z xi'z yi)
i=0 i=0 i=0

PR
L =0

|1 + x50, y1 + 20 < llxg + x5l - llyg + il
There for, (X, V)| < [IX]I - IY]].

<
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