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Abstract 

This paper is concerned with the study of the classification of 3-cyclic refined real vector spaces by semi-module 

isomorphisms, where we use this algebraic technique to find the algebraic relationship between real 3-cyclic 

refined vector spaces and classical vector spaces. Also, we define the inner products on these spaces and prove 

many related inequalities. 

Keywords: 3-cyclic refined neutrosophic vector space; Semi-isomorphism, Orthogonality, Inner product 

1. Introduction 

The concept of n-cyclic refined neutrosophic algebraic structure was proposed in [12] as a novel generalization of 

classical structures, especially rings and modules. Many related substructures were studied by many different 

authors, where we can find in the literature many good results about Diophantine equations and the group of units 

in n-cyclic refined neutrosophic rings [1-4, 6-8]. On the other hand, n-cyclic refined neutrosophic sets were used 

in the study of groups and vector spaces [13, 18-19]. In [5], authors have proposed many open research questions 

that concerning the properties of n-cyclic refined neutrosophic vector spaces and matrices in general. Some of 

these problems were solved for 3-cyclic and 4-cyclic refined neutrosophic matrices with real entries [20]. 

In this work, we study of the classification of 3-cyclic refined real vector spaces by semi-module isomorphisms, 

where we use this algebraic technique to find the algebraic relationship between real 3-cyclic refined vector spaces 

and classical vector spaces. Also, we define the inner products on these spaces and prove many related inequalities. 

2. Main Discussion 

Definition [12, 13]  

Let V be a vector space over the real field ℝ or a complex field 𝐶, the corresponding 3-cyclic refined vector space 

is defined as follows: 

𝑉3(𝐼) = {𝑉0 + ∑ 𝑉𝑖
3
𝑖=1 𝐼𝑖    ;  𝑉𝑖 ∈ 𝑉}. 

Theorem (1): [12, 13] 

(𝑉3(𝐼), +,∙) is a module over 𝑅3(𝐼)(not a space) or 𝐶3(𝐼),with: 

{
(+): 𝑉3(𝐼) × 𝑉3(𝐼) → 𝑉3(𝐼)

(∙): 𝑅3(𝐼) × 𝑉3(𝐼) → 𝑉3(𝐼)
     such that: 

(𝑉0 + ∑ 𝑉𝑖
3
𝑖=1 𝐼𝑖 ) + (𝑉0

′ + ∑ 𝑉𝑖
′3

𝑖=1 𝐼𝑖 ) = (𝑉0 + 𝑉0
′) + ∑ (𝑉𝑖 + 𝑉𝑖

′)3
𝑖=1 𝐼𝑖 , 

(𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 ) ∙ (𝑉0 + ∑ 𝑉𝑖

3
𝑖=1 𝐼𝑖 ) = 𝑚0𝑉0 + (∑ 𝑚𝑖𝑉𝑗𝑖+𝑗≡1(𝑚𝑜𝑑 3) )𝐼1 + (∑ 𝑚𝑖𝑉𝑗𝑖+𝑗≡2(𝑚𝑜𝑑 3) )𝐼2 +

(∑ 𝑚𝑖𝑉𝑗𝑖+𝑗≡3(𝑚𝑜𝑑 3) )𝐼3 ; 

 𝑉𝑖 , 𝑉𝑖
′ ∈ 𝑉 ,𝑚𝑖 ∈ ℝ. 
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Remark: 

If 𝑉3(𝐼) is defined over 𝐶3(𝐼), then 𝑚𝑖 ∈ ℂ and: 

(∙): 𝐶3(𝐼) × 𝑉3(𝐼) → 𝑉3(𝐼). 

Definition: 

Let V be a vector space over ℝ, we denote by 𝑉(ℂ) to corresponding vector space defined over 𝐶. 

Example: 

Consider 𝑉 = ℝ2as a vector space over ℝ, then: 

𝑉(ℂ) = {(𝑥, 𝑦) ; 𝑥, 𝑦 ∈ ℂ} with:      (∙): C × 𝑉(ℂ) → 𝑉(ℂ). 

Theorem (2): [17] 

The mapping 𝑔: 𝑅3(𝐼) → 𝑅 × 𝑅 × 𝐶 such that: 

𝑔: (𝑥0 + ∑ 𝑥𝑖
3
𝑖=1 𝐼𝑖 ) = (𝑥0, ∑ 𝑥𝑖

3
𝑖=0 , 𝑥0 + 𝑥3 + 𝑥1𝑒

2𝜋

3
𝑖 + 𝑥2𝑒

4𝜋

3
𝑖) is a ring isomorphism. 

Theorem (3): 

Let 𝑉3(𝐼) be a 3-cyclic refined vector space over 𝑅3(𝐼), then there exists a semi-module isomorphism: 

ℎ: 𝑉3(𝐼) → 𝑉(ℝ) × 𝑉(ℝ) × 𝑉(ℂ). 

Proof: 

Define ℎ: 𝑉3(𝐼) → 𝑉(ℝ) × 𝑉(ℝ) × 𝑉(ℂ) with: 

ℎ(𝑉0 + ∑ 𝑉𝑖
3
𝑖=1 𝐼𝑖 ) = (𝑉0, ∑ 𝑉𝑖

3
𝑖=0 , 𝑉0 + 𝑉3 + 𝑉1𝑒

2𝜋

3
𝑖 + 𝑉2𝑒

4𝜋

3
𝑖). 

First, we mention that 𝑉(ℂ) = {𝑣 + 𝑖𝑤 ; 𝑣, 𝑤 ∈ 𝑉}. 

If 𝑉0 + ∑ 𝑉𝑖
3
𝑖=1 𝐼𝑖 = 𝑉0

′ + ∑ 𝑉𝑖
′3

𝑖=1 𝐼𝑖 then 𝑉𝑖 = 𝑉𝑖
′ for all 0 ≤ 𝑖 ≤ 3, and ℎ(𝑉0 + ∑ 𝑉𝑖

3
𝑖=1 𝐼𝑖 ) = ℎ(𝑉0

′ + ∑ 𝑉𝑖
′3

𝑖=1 𝐼𝑖 ). 

For 𝑋 = (𝑉0 + ∑ 𝑉𝑖
3
𝑖=1 𝐼𝑖 ), 𝑌 = (𝑤0 + ∑ 𝑤𝑖

3
𝑖=1 𝐼𝑖 )  ∈ 𝑉3(𝐼) , and 𝑚 = 𝑚0 + ∑ 𝑚𝑖

3
𝑖=1 𝐼𝑖  from 𝑅3(𝐼), we get: 

ℎ(𝑋 + 𝑌) = ℎ[(𝑉0 + 𝑤0) + ∑ (𝑉𝑖 + 𝑤𝑖)
3
𝑖=1 𝐼𝑖 ] = (𝑉0 + 𝑤0, ∑ (𝑉𝑖 + 𝑤𝑖) ,

3
𝑖=0 𝑉0 + 𝑤0 + 𝑉3 + 𝑤3 + (𝑉1 +

𝑤1)𝑒
2𝜋

3
𝑖 + (𝑉2 + 𝑤2)𝑒

4𝜋

3
𝑖) = ℎ(𝑋) + ℎ(𝑌). 

ℎ(𝑚 ∙ 𝑋) = ℎ[𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3]; where: 

{

𝑎 = 𝑚0𝑥0, 𝑏 = 𝑚0𝑉1 +𝑚1𝑉0 +𝑚1𝑉3 +𝑚3𝑉1 +𝑚2𝑉2
𝑐 = 𝑚0𝑉2 +𝑚2𝑉0 +𝑚1𝑉1 +𝑚2𝑉3 +𝑚3𝑉2
𝑑 = 𝑚0𝑉3 +𝑚3𝑉0 +𝑚3𝑉3 +𝑚1𝑉2 +𝑚2𝑉1

 

Thus ℎ(𝑚𝑋) = (𝑎, 𝑎 + 𝑏 + 𝑐 + 𝑑, 𝑎 + 𝑑 + 𝑏𝑒
2𝜋

3
𝑖 + 𝑐𝑒

4𝜋

3
𝑖), 

We have: 

𝑎 + 𝑏 + 𝑐 + 𝑑 = (∑ 𝑚𝑖
3
𝑖=0 )(∑ 𝑉𝑖

3
𝑖=0 ), 

𝑎 + 𝑑 + 𝑏𝑒
2𝜋

3
𝑖 + 𝑐𝑒

4𝜋

3
𝑖 = (𝑚0𝑉0 +𝑚0𝑉3 +𝑚3𝑉0 +𝑚3𝑉3 +𝑚1𝑉2 +𝑚2𝑉1) + 𝑒

2𝜋

3
𝑖(𝑚0𝑉1 +𝑚1𝑉0 +𝑚1𝑉3 +

𝑚3𝑉1 +𝑚2𝑉2) + 𝑒
4𝜋

3
𝑖(𝑚0𝑉2 +𝑚2𝑉0 +𝑚1𝑉1 +𝑚2𝑉3 +𝑚3𝑉2), 

Also, (𝑚0 +𝑚3 +𝑚1𝑒
2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖) (𝑉0 + 𝑉3 + 𝑉1𝑒

2𝜋

3
𝑖 + 𝑉2𝑒

4𝜋

3
𝑖) = 𝑚0𝑉0 +𝑚0𝑉3 +𝑚3𝑉0 +𝑚3𝑉3 +𝑚1𝑉2 +

𝑚2𝑉1 + 𝑒
2𝜋

3
𝑖(𝑚1𝑉0 +𝑚1𝑉3 +𝑚2𝑉2 +𝑚0𝑉1 +𝑚3𝑉1) + 𝑒

4𝜋

3
𝑖(𝑚0𝑉2 +𝑚2𝑉0 +𝑚1𝑉1 +𝑚2𝑉3 +𝑚3𝑉2) = 𝑎 +

𝑑 + 𝑏𝑒
2𝜋

3
𝑖 + 𝑐𝑒

4𝜋

3
𝑖
, 

So that: ℎ(𝑚𝑋) = (𝑚0, ∑ 𝑚𝑖
3
𝑖=0 , 𝑚0 +𝑚3 +𝑚1𝑒

2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖) ∙ (𝑉0, ∑ 𝑉𝑖

3
𝑖=0 , 𝑉0 + 𝑉3 + 𝑉1𝑒

2𝜋

3
𝑖 + 𝑉2𝑒

4𝜋

3
𝑖) =

𝑔(𝑚) ∙ ℎ(𝑋). 

Assume that: ℎ(𝑋) = (0,0,0), then: 
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{

𝑉0 = 0 
𝑉1 + 𝑉2 + 𝑉3 = 0

𝑉3 + 𝑉1𝑒
2𝜋
3
𝑖 + 𝑉2𝑒

4𝜋
3
𝑖 = 0

 

This means that:{

𝑉1 + 𝑉2 + 𝑉3 = 0

𝑉3 + (
−1

2
𝑉1 −

1

2
𝑉2) = 0

1

2
𝑉1 −

1

2
𝑉2 = 0

 

There for  𝑉1 = 𝑉2 = 𝑉3 = 0, and 𝑘𝑒𝑟(ℎ) = {0}. 

For each  (𝑉0, 𝑉1, 𝑉2 + 𝑉3𝑖) ∈ 𝑉(ℝ) × 𝑉(ℝ) × 𝑉(ℂ), there exists: 

𝑋 = 𝑉0 + 𝐼1 (
1

3
 𝑉1 −

1

3
𝑉2 +

1

√3
𝑉3) + 𝐼2 (

1

3
 𝑉1 −

1

3
𝑉2 −

1

√3
𝑉3) + 𝐼3 (

1

3
 𝑉1 − 𝑉0 +

2

3
𝑉2) ∈ 𝑉3(𝐼). 

 ℎ(𝑋) = (𝑉0, 𝑉1, 𝑉2 + 𝑉3𝑖), hence (ℎ) is a bijection and then it is a semi-module isomorphism. 

Theorem: 

Let V be a finite- dimensional vector space over ℝ, with 𝐸 = {𝑒1, … , 𝑒𝑛} as a basis , i.e. dim(𝑉) = 𝑛, then: 

1] E is a basis of 𝑉(ℂ) over ℂ. 

2] the basis of 𝑉3(𝐼) over𝑅3(𝐼) is: 

{ℎ−1(𝑒𝑘 , 𝑒𝑠, 𝑒𝑙) ; 𝑘, 𝑠, 𝑙 ∈ {1, … , 𝑛}} 

3] dim(𝑉3(𝐼)) = 𝑛
3. 

Proof: 

1] assume that 𝑣 + 𝑤𝑖 ∈ 𝑉(ℂ)  ; 𝑣, 𝑤 ∈ 𝑉, then: 

{
 
 

 
 𝑣 =∑𝑎𝑖𝑒𝑖

𝑛

𝑖=1

𝑤 =∑𝑏𝑖𝑒𝑖

𝑛

𝑖=1

    ;  𝑒𝑖 ∈ 𝐸, 𝑎𝑖 , 𝑏𝑖 ∈ ℝ 

So that: 𝑉 + 𝑤𝑖 = ∑ 𝑎𝑖𝑒𝑖
𝑛
𝑖=1 + 𝑖 ∑ 𝑏𝑖𝑒𝑖

𝑛
𝑖=1 = (∑ (𝑎𝑖+𝑖𝑏𝑖

𝑛
𝑖=1 ))𝑒𝑖, hence 𝐸 generates 𝑉(ℂ) over ℂ. 

If ∑ (𝑎𝑖+𝑖𝑏𝑖
𝑛
𝑖=1 )𝑒𝑖 = 0, then 𝑎𝑖 = 𝑏𝑖 = 0 and 𝐸 is a basis of 𝑉(ℂ) over ℂ. 

2] Let 𝑋 = (𝑉0 + ∑ 𝑉𝑖
3
𝑖=1 𝐼𝑖 )  ∈ 𝑉3(𝐼), then: 

ℎ(𝑋) = (𝑉0, ∑ 𝑉𝑖
3
𝑖=0 , 𝑠1 + 𝑠2𝑖)   ;  𝑠1 + 𝑠2𝑖 = 𝑉0 + 𝑉3 + 𝑉1𝑒

2𝜋

3
𝑖 + 𝑉2𝑒

4𝜋

3
𝑖
, 

Thus ℎ(𝑋) = (∑ 𝑎𝑖𝑒𝑖
𝑛
𝑖=1 , ∑ 𝑏𝑖𝑒𝑖

𝑛
𝑖=1 , ∑ (𝑐𝑖 + 𝑖𝑑𝑖)𝑒𝑖

𝑛
𝑖=1 )   ;   𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 ∈ ℝ. 

Hence, ℎ(𝑋) = ∑ (𝑎𝑘 , 𝑏𝑠, 𝑐𝑙 + 𝑑𝑚𝑖) ∙ (𝑒𝑘, 𝑒𝑠, 𝑒𝑙)
𝑛
𝑘,𝑠,𝑙,𝑚=1 , then: 

𝑋 = ∑ 𝑔−1(𝑎𝑘, 𝑏𝑠 , 𝑐𝑙 + 𝑑𝑚𝑖) ℎ
−1(𝑒𝑘 , 𝑒𝑠, 𝑒𝑙)

𝑛
𝑘,𝑠,𝑙,𝑚=1 , thus 𝑘 = {ℎ−1(𝑒𝑘 , 𝑒𝑠, 𝑒𝑙)   ; 𝑘, 𝑠, 𝑙 ∈ {1, … , 𝑛}} generates 

𝑉3(𝐼). 

Assume that 𝑋 = ∑ 𝑇𝑖𝐸𝑖
𝑛
𝑖=1   ∈ 𝑉3(𝐼) such that: 

𝑇𝑖 ∈ 𝑅3(𝐼) , 𝐸𝑖 ∈ 𝐾, then: 

ℎ(𝑋) = ∑ 𝑔(𝑇𝑖)ℎ(𝐸𝑖) = 0𝑛
𝑖=1 , thus: 

(∑𝑎𝑖𝑒𝑖

𝑛

𝑖=1

,∑𝑏𝑖𝑒𝑖

𝑛

𝑖=1

,∑(𝑐𝑖 + 𝑖𝑑𝑖)𝑒𝑖

𝑛

𝑖=1

) = (0,0,0) 

https://doi.org/10.54216/JNFS.090102


 

Journal of Neutrosophic and Fuzzy Systems (JNFS)                                             Vol. 09, No. 01, PP. 19-27, 2024 

22 
DOI: https://doi.org/10.54216/JNFS.090102 
Received: December 25, 2023 Revised: March 22, 2024 Accepted: July 16, 2024 

 

And:

{
 

 
∑𝑎𝑖𝑒𝑖 = 0
∑𝑏𝑖𝑒𝑖 = 0
∑𝑐𝑖𝑒𝑖 = 0
∑𝑑𝑖𝑒𝑖 = 0

      Thus      𝑎𝑖 = 𝑏𝑖 = 𝑐𝑖 = 𝑑𝑖 = 0  and X = 0. 

Thus 𝐾 is a basis of 𝑉3(𝐼). 

3] dim(𝑉3(𝐼)) = [dim(V)]
3 = 𝑛3. 

Definition: 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
3
𝑖=1 𝐼𝑖  , 𝑌 = 𝑦0 +∑ 𝑦𝑖

3
𝑖=1 𝐼𝑖 ∈ 𝑉3(𝐼) with: 

{
 
 

 
 ℎ(𝑋) = (𝑥0,∑𝑥𝑖

3

𝑖=0

, 𝑥1
′ + 𝑥2

′ 𝑖)

ℎ(𝑌) = (𝑦0,∑𝑦𝑖 , 𝑦1
′ + 𝑦2

′ 𝑖)

3

𝑖=0

        where {
𝑥1
′ + 𝑥2

′ 𝑖 = 𝑥0 + 𝑥3 + 𝑥1𝑒
2𝜋
3
𝑖 + 𝑥2𝑒

4𝜋
3
𝑖

𝑦1
′ + 𝑦2

′ 𝑖 = 𝑦0 + 𝑦3 + 𝑦1𝑒
2𝜋
3
𝑖 + 𝑦2𝑒

4𝜋
3
𝑖
 

assume that 〈∙〉: 𝑉 × 𝑉 → ℝ is an inner product on 𝑉, we define 𝜑:𝑉3(𝐼) × 𝑉3(𝐼) → 𝑅3(𝐼) such that: 

𝜑(𝑋, 𝑌) = 𝑔−1[〈𝑥0, 𝑦0〉, 〈∑ 𝑥𝑖
3
𝑖=0 , ∑ 𝑦𝑖

3
𝑖=0 〉, 〈𝑥1

′ , 𝑦1
′ 〉 + 〈𝑥2

′ , 𝑦2
′ 〉 + 𝑖(〈𝑥2

′ , 𝑦1
′〉 − 〈𝑥1

′ , 𝑦2
′ 〉)], 𝑖 ∙ 𝑒 ∙ 𝜑(𝑋, 𝑌) =

𝑔−1(〈ℎ(𝑋), ℎ(𝑌)〉). 

We say that (𝜑) is a 3-cyclic refined real inner product. 

Example: 

For 𝑉 = ℝ2, 〈, 〉be the ordinary Euclidean inner product defined on 𝑉. Let 𝑉3(𝐼)be the corresponding 3-cyclic 

refined vector space over 𝑅3(𝐼). 

Consider: {
𝑋 = (1,2) + (2,0)𝐼1 + (1,1)𝐼2 + (0,1)𝐼3

𝑌 = (−1,1) + (0,1)𝐼1 + (−1,0)𝐼2 + (1,1)𝐼3
 

Then: {
𝑥0 = (1,2) , ∑ 𝑥𝑖

3
𝑖=0 = (4,4) 

 𝑦0 = (−1,1) , ∑ 𝑦𝑖
3
𝑖=0 = (−1,3)  

 

𝑥0 + 𝑥3 + 𝑥1𝑒
2𝜋

3
𝑖 + 𝑥2𝑒

4𝜋

3
𝑖 = (1,3) + (2,0) ∙ (

−1

2
+

√3

2
𝑖) + (1,1) (

−1

2
−

√3

2
𝑖) = (1,3) + (−1,0) + (√3, 0)𝑖 +

(
−1

2
,
−1

2
) + 𝑖 (−

√3

2
, −

√3

2
) = (

−1

2
,
5

2
) + 𝑖 (

√3

2
, −

√3

2
) = 𝑥1

′ + 𝑥2
′ 𝑖. 

𝑦0 + 𝑦3 + 𝑦1𝑒
2𝜋

3
𝑖 + 𝑦2𝑒

4𝜋

3
𝑖 = (0,2) + (0,1) ∙ (

−1

2
+

√3

2
𝑖) + (−1,0) (

−1

2
−

√3

2
𝑖) = (0,2) + (0,

−1

2
) + (0,

√3

2
) 𝑖 +

(
1

2
, 0) + (

√3

2
, 0) 𝑖 = (

1

2
,
3

2
) + 𝑖 (

√3

2
,
√3

2
) = 𝑦1

′ + 𝑦2
′ 𝑖. 

On the other hand, we have: 

〈𝑥0, 𝑦0〉 = 1, 〈∑ 𝑥𝑖
3
𝑖=0 , ∑ 𝑦𝑖

3
𝑖=0 〉 = 8 , 〈𝑥1

′ , 𝑦1
′〉 =

14

4
=

7

2
  , 〈𝑥2

′ , 𝑦2
′ 〉 = 0 , 〈𝑥1

′ , 𝑦2
′ 〉 = √3 , 〈𝑥2

′ , 𝑦1
′〉 = −

√3

2
, so that: 

𝜑(𝑋, 𝑌) = 𝑔−1 (1,8,
7

2
,
−3√3

2
 𝑖) = 1 + 𝐼1 [

1

3
(8 −

7

2
) +

1

√3
(
−3√3

2
)] + 𝐼2 [

1

3
(8 −

7

2
) −

1

√3
(
−3√3

2
)] + 𝐼3 [

8

3
− 1 +

2

3
(
7

2
)] = 1 + 𝐼1 (

3

2
−

3

2
) + 𝐼2 (

3

2
+

3

2
) + 𝐼3 (

15

3
− 1) = 1 + 3𝐼2 + 4𝐼3. 

Definition: 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 ∈ 𝑅3(𝐼), we define: 

𝑚̅ = 𝑔−1 (𝑚0, ∑ 𝑚𝑖
3
𝑖=0 , 𝑚0 +𝑚3 +𝑚1𝑒

4𝜋

3
𝑖 +𝑚2𝑒

2𝜋

3
𝑖). 

Example: 

Take 𝑚 = 1 + 𝐼1 + 2𝐼2 − 4𝐼3, we have: 
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{

𝑚0 = 1

∑ 𝑚𝑖
3
𝑖=0 = 0

𝑚0 +𝑚3 +𝑚1𝑒
2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖 = −

9

2
−

√3

2
𝑖     , −

9

2
−

√3

2
𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
=  −

9

2
+

√3

2
𝑖

. 

 

𝑚̅ = 𝑔−1 (1,0, −
9

2
+

√3

2
𝑖) = 1 + 𝐼1 [

1

3
(0 +

9

2
) +

1

√3
(
√3

2
)] + 𝐼2 [

1

3
(0 +

9

2
) −

1

√3
(
√3

2
)] + 𝐼3 [

1

3
(0) − 1 +

2

3
(
−9

2
)] =

1 + 𝐼1 (
3

2
+

1

2
) + 𝐼2 (

3

2
−

1

2
) + 𝐼3(−1 − 3) = 1 + 2𝐼1 + 𝐼2 − 4𝐼3. 

Remark: 

For  𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 , then 𝑚̅ = 𝑚0 +𝑚2𝐼1 +𝑚1𝐼2 +𝑚3𝐼3. 

Definition: 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 , 𝑛 = 𝑛0 + ∑ 𝑛𝑖

3
𝑖=1 𝐼𝑖  ∈ 𝑅3(𝐼), we define that: 

𝑚 ≥ 𝑛 if and only if: {

𝑔(𝑚), 𝑔(𝑛) ∈ ℝ × ℝ × ℝ   

𝑚0 ≥ 𝑛0  ,   ∑ 𝑚𝑖
3
𝑖=0 ≥ ∑ 𝑛𝑖

3
𝑖=0

𝑚0 +𝑚3 +𝑚1𝑒
2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖 ≥ 𝑛0 + 𝑛3 + 𝑛1𝑒

2𝜋

3
𝑖 + 𝑛2𝑒

4𝜋

3
𝑖

 

 

Remark: 

𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 ≥ 0 if and only if: 

{
 
 

 
 

𝑔(𝑚) ∈ ℝ × ℝ × ℝ      

𝑚0 ≥ 0 ,   ∑𝑚𝑖

3

𝑖=0

≥ 0

𝑚0 +𝑚3 +𝑚1𝑒
2𝜋
3
𝑖 +𝑚2𝑒

4𝜋
3
𝑖 ≥ 0

 

Theorem: 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 ∈ 𝑅3(𝐼), then 𝑔(𝑚) ∈ ℝ × ℝ × ℝ   if and only if 𝑚1 = 𝑚2. 

Proof: 

𝑔(𝑚) ∈ ℝ × ℝ × ℝ   if and only if: 𝑚0 +𝑚3 +𝑚1𝑒
2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖 ∈ ℝ, there for: 𝑚1 −𝑚2 = 0, and 𝑚1 = 𝑚2. 

On the other hand, we get 𝑔(𝑚) = (𝑚0, 𝑚0 +𝑚3 + 2𝑚1, 𝑚0 +𝑚3 −𝑚1). 

Theorem: 

(≤) is partial order relation on 𝐶(𝑅3(𝐼)), where 𝐶(𝑅3(𝐼)) is the set of 𝑚 ∈ 𝑅3(𝐼) such that 𝑚1 = 𝑚2. 

𝐶(𝑅3(𝐼)) = {𝑚0 +𝑚1𝐼1 +𝑚1𝐼2 +𝑚3𝐼3 ;  𝑚0, 𝑚1, 𝑚3 ∈ ℝ}. 

Proof: 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 , 𝑛 = 𝑛0 + ∑ 𝑛𝑖

3
𝑖=1 𝐼𝑖 , 𝑡 = 𝑡0 + ∑ 𝑡𝑖

3
𝑖=1 𝐼𝑖  ∈ 𝐶(𝑅3(𝐼)),then we have: 

𝑚 ≤ 𝑚 that is because:{

𝑚0 ≤ 𝑚0 
𝑚0 + 2𝑚1 +𝑚3 ≤ 𝑚0 + 2𝑚1 +𝑚3

𝑚0 +𝑚3 −𝑚1 ≤ 𝑚0 +𝑚3 −𝑚1

 

If (𝑚 ≤ 𝑛) and (𝑛 ≤ 𝑚), then:{

𝑚0 = 𝑛0 
𝑚0 + 2𝑚1 +𝑚3 = 𝑛0 + 2𝑛1 + 𝑛3
𝑚0 +𝑚3 −𝑚1 = 𝑛0 + 𝑛3 − 𝑛1

 

Thus {
𝑚1 = 𝑛1
𝑚3 = 𝑛3

  ⟹ 𝑚 = 𝑛. 

If 𝑚 ≤ 𝑛 and 𝑛 ≤ 𝑡, then: 
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{

𝑚0 ≤ 𝑛0 ≤ 𝑡0 
𝑚0 + 2𝑚1 +𝑚3 ≤ 𝑛0 + 2𝑛1 + 𝑛3 ≤ 𝑡0 + 2𝑡1 + 𝑡3
𝑚0 +𝑚3 −𝑚1 ≤ 𝑛0 + 𝑛3 − 𝑛1 ≤ 𝑡0 + 𝑡3 − 𝑡1

 

Thus 𝑚 ≤ 𝑡. 

Example: 

For 𝑚 = 2 + 3𝐼1 + 3𝐼2 − 𝐼3, 𝑛 = 1 + 𝐼1 + 𝐼2 − 2𝐼3, we have: 

𝑚 ≥ 𝑛, that is because:{
2 ≥ 1
7 ≥ 1

−2 ≥ −2
 

Theorem: 

Let (𝑉3(𝐼), 𝜑) be a 3-cyclic refined real inner product space, then: 

1] 𝜑(𝑋, 𝑋) ∈ 𝐶(𝑅3(𝐼)), and 𝜑(𝑋, 𝑋) ≥ 0 

2] If 𝜑(𝑋, 𝑋) = 0, then 𝑋 = 0 

3] 𝜑(𝑋, 𝑌) =  𝜑(𝑌, 𝑋)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

4]𝜑(𝑋 + 𝑌, 𝑍) = 𝜑(𝑋, 𝑍) + 𝜑(𝑌, 𝑍) 

5] 𝜑(𝑚 ∙ 𝑋, 𝑌) = 𝑚 𝜑(𝑋, 𝑌)  , 𝜑(𝑋,𝑚𝑌) = 𝑚̅ 𝜑(𝑋, 𝑌) 

6] 𝜑(𝑋, 𝑌 + 𝑍) = 𝜑(𝑋, 𝑌) + 𝜑(𝑋, 𝑍)  ; 𝑋, 𝑌, 𝑍 ∈ 𝑉3(𝐼). 

Proof: 

Consider 𝑋 = 𝑥0 + ∑ 𝑥𝑖
3
𝑖=1 𝐼𝑖 ;   𝑥𝑖 ∈ 𝑉, then: 

〈ℎ(𝑋), ℎ(𝑌)〉 = (‖𝑥0‖
2, ‖∑ 𝑥𝑖

3
𝑖=0 ‖

2
, ‖𝑥1

′‖2 + ‖𝑥2
′‖2), 

𝜑(𝑋, 𝑋) = 𝑔−1(〈ℎ(𝑋), ℎ(𝑋)〉) = ‖𝑥0‖
2 + 𝐼1 [

1

3
(‖∑ 𝑥𝑖

3
𝑖=0 ‖

2
− ‖𝑥1

′‖2 − ‖𝑥2
′‖2)] + 𝐼2 [

1

3
(‖∑ 𝑥𝑖

3
𝑖=0 ‖

2
− ‖𝑥1

′‖2 −

‖𝑥2
′‖2)] + 𝐼3 [

1

3
‖∑ 𝑥𝑖

3
𝑖=0 ‖

2
− ‖𝑥0‖

2 +
2

3
(‖𝑥1

′‖2 + ‖𝑥2
′‖2)] ∈ 𝐶(𝑅3(𝐼)), that is because the coefficients of 𝐼1and 𝐼2 

are equal. 

On the other hand:{

‖𝑥0‖
2 ≥ 0

𝑚0 +𝑚3 + 2𝑚1 = ‖∑ 𝑥𝑖
3
𝑖=0 ‖

2
≥ 0

𝑚0 +𝑚3 −𝑚1 = ‖𝑥1
′‖2 + ‖𝑥2

′‖2 ≥ 0

 

Thus 𝜑(𝑋, 𝑋) ≥ 0. 

2] for 𝜑(𝑋, 𝑋) = 0, we get:{

‖𝑥0‖ = 0

‖∑ 𝑥𝑖
3
𝑖=0 ‖ = 0

‖𝑥1
′‖2 + ‖𝑥2

′‖2 = 0

 so that:{

𝑥0 = 0

𝑥1
′ = 𝑥2

′ = 0
𝑥1 + 𝑥2 + 𝑥3 = 0

 where {
𝑥1
′ = 𝑥0 + 𝑥3 −

1

2
(𝑥1 + 𝑥2)

𝑥2
′ =

√3

2
(𝑥1 − 𝑥2)

 

Thus:{

𝑥0 = 0
𝑥1 = 0
𝑥2 = 0
𝑥3 = 0

    and 𝑋 = 0. 

3] 〈ℎ(𝑋), ℎ(𝑌)〉 = (𝑎, 𝑏, 𝑐 + 𝑑𝑖) ; where: 𝑌 = 𝑦0 + ∑ 𝑦𝑖
3
𝑖=1 𝐼𝑖 ∈ 𝑉3(𝐼)  

𝑎 = 〈𝑥0, 𝑦0〉 , 𝑏 = 〈∑𝑥𝑖

3

𝑖=0

,∑𝑦𝑖

3

𝑖=0

〉 , 𝑐 = 〈𝑥1
′ , 𝑦1

′〉 + 〈𝑥2
′ , 𝑦2

′ 〉 , 𝑑 = 〈𝑥2
′ , 𝑦1

′〉 − 〈𝑥1
′ , 𝑦2

′ 〉 

Also, 〈ℎ(𝑌), ℎ(𝑋)〉 = (𝑎, 𝑏, 𝑐 − 𝑑𝑖) 

So that 𝜑(𝑋, 𝑌) = 𝑔−1(〈ℎ(𝑋), ℎ(𝑌)〉) = 𝑔−1(〈ℎ(𝑌), ℎ(𝑋)〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) = 𝜑(𝑌, 𝑋)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 

4] For 𝑍 = 𝑧0 + ∑ 𝑧𝑖
3
𝑖=1 𝐼𝑖 ;   𝑧𝑖 ∈ 𝑉, we can write: 
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𝜑(𝑋 + 𝑌, 𝑍) = 𝑔−1(〈ℎ(𝑋 + 𝑌), ℎ(𝑍)〉) = 𝑔−1(〈ℎ(𝑋) + ℎ(𝑌), ℎ(𝑍)〉) = 𝑔−1(〈ℎ(𝑋), ℎ(𝑍) + ℎ(𝑌), ℎ(𝑍)〉) =
𝑔−1(〈ℎ(𝑋), ℎ(𝑍)〉) + 𝑔−1(〈ℎ(𝑌), ℎ(𝑍)〉) = 𝜑(𝑋, 𝑍) + 𝜑(𝑌, 𝑍). 

5] ] 𝜑(𝑚 ∙ 𝑋, 𝑌) = 𝑔−1(〈ℎ(𝑚 ∙ 𝑋), ℎ(𝑌)〉) = 𝑔−1(〈𝑔(𝑚) ∙ ℎ(𝑋), ℎ(𝑌)〉) = 𝑔−1(𝑔(𝑚) ∙ 〈ℎ(𝑋), ℎ(𝑌)〉) =
𝑔−1(𝑔(𝑚)) ∙ 𝑔−1(〈ℎ(𝑋), ℎ(𝑌)〉) = 𝑚 𝜑(𝑋, 𝑌). 

𝜑(𝑋,𝑚 ∙ 𝑌) = 𝑔−1(〈ℎ(𝑋), ℎ(𝑚 ∙ 𝑌)〉) = 𝑔−1(〈ℎ(𝑋), 𝑔(𝑚) ∙ ℎ(𝑌)〉) = 𝑔−1(𝑔(𝑚̅)〈ℎ(𝑋), ℎ(𝑌)〉) = 𝑚̅ 𝜑(𝑋, 𝑌). 

6] It is similar to 4 . 

Definition: 

Let 𝑋, 𝑌 ∈ 𝑉3(𝐼), then we say: 

1] 𝑋 ⊥ 𝑌 if and only if 𝜑(𝑋, 𝑌) = 0. 

2] ‖𝑋‖2 = 𝜑(𝑋, 𝑋). 

Theorem: 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
3
𝑖=1 𝐼𝑖  , 𝑌 = 𝑦0 +∑ 𝑦𝑖

3
𝑖=1 𝐼𝑖 ∈ 𝑉3(𝐼), then: 

1] 𝑋 ⊥ 𝑌 if and only if :{

𝑥0 ⊥ 𝑦0 , ∑ 𝑥𝑖
3
𝑖=0 ⊥ ∑ 𝑦𝑖

3
𝑖=0

〈𝑥1
′ , 𝑦1

′ 〉 + 〈𝑥2
′ , 𝑦2

′ 〉 = 0
〈𝑥1
′ , 𝑦2

′ 〉 − 〈𝑥2
′ , 𝑦1

′〉 = 0

. 

2] If 𝑋 ⊥ 𝑌, then ‖𝑋 + 𝑌‖2 = ‖𝑋‖2 + ‖𝑌‖2. 

Proof: 

1] 𝑋 ⊥ 𝑌 if and only if 𝜑(𝑋, 𝑌) = 0, so that: 

〈ℎ(𝑋), ℎ(𝑌)〉 = (0,0,0), hence: 

{
 

 
〈𝑥0, 𝑦0〉 = 0 ⟹ 𝑥0 ⊥ 𝑦0

〈∑ 𝑥𝑖
3
𝑖=0 , ∑ 𝑦𝑖

3
𝑖=0 〉 = 0 ⟹ ∑ 𝑥𝑖

3
𝑖=0 ⊥ ∑ 𝑦𝑖

3
𝑖=0

〈𝑥1
′ , 𝑦1

′〉 + 〈𝑥2
′ , 𝑦2

′ 〉 = 0
〈𝑥1
′ , 𝑦2

′ 〉 − 〈𝑥2
′ , 𝑦1

′ 〉 = 0

 

Where 

{
  
 

  
 𝑥1

′ = 𝑥0 + 𝑥3 −
1

2
(𝑥1 + 𝑥2)

𝑥2
′ =

√3

2
(𝑥1 − 𝑥2)

𝑦1
′ = 𝑦0 + 𝑦3 −

1

2
(𝑦1 + 𝑦2)

𝑦2
′ =

√3

2
(𝑦1 − 𝑦2)

 

2] ‖𝑋 + 𝑌‖2 = 𝜑(𝑋 + 𝑌, 𝑋 + 𝑌) = 𝜑(𝑋, 𝑋) + 𝜑(𝑋, 𝑌) + 𝜑(𝑋, 𝑌)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝜑(𝑌, 𝑌) = ‖𝑋‖2 + ‖𝑌‖2. 

Remark: 

‖𝑋‖ = 𝑔−1(‖𝑥0‖, ‖∑ 𝑥𝑖
3
𝑖=0 ‖, √‖𝑥1

′‖2 + ‖𝑥2
′‖2) = ‖𝑥0‖ + 𝐼1 [

1

3
(‖∑ 𝑥𝑖

3
𝑖=0 ‖ − √‖𝑥1

′‖2 + ‖𝑥2
′‖2)] +

𝐼2 [
1

3
(‖∑ 𝑥𝑖

3
𝑖=0 ‖ − √‖𝑥1

′‖2 + ‖𝑥2
′‖2)] + 𝐼3 [

1

3
‖∑ 𝑥𝑖

3
𝑖=0 ‖ − ‖𝑥0‖ +

2

3
√‖𝑥1

′‖2 + ‖𝑥2
′‖2]. 

Example: 

Consider 𝑉 = ℝ2, and 𝑋 = (1,0) + (0,1)𝐼1 + (0,0)𝐼2 + (0,2)𝐼3 ∈ 𝑉3(𝐼), we have: 

{
𝑥0 = (1,0), ‖𝑥0‖ = 1

∑ 𝑥𝑖
3
𝑖=0 = (1,3), ‖∑ 𝑥𝑖

3
𝑖=0 ‖ = √10

         , {
𝑥1
′ = (1,

3

2
) , ‖𝑥1

′‖2 =
13

4

𝑥2
′ = (0,

√3

2
) , ‖𝑥1

′‖2 =
3

4

. 

‖𝑋‖ = 1 + 𝐼1 [
1

3
(√10 − 2)] + 𝐼2 [

1

3
(√10 − 2)] + 𝐼3 [

1

3
√10 − 1 +

2

3
(2)] = 1 +

√10−2

3
𝐼1 +

√10−2

3
𝐼2 +

√10+1

3
𝐼3. 

Consider 𝑌 = (0,1) + (−1,
1

3
) 𝐼1 + (−1,

1

3
) 𝐼2 + (−1,

−2

3
) 𝐼3, 

We have:{
𝑦0 = (0,1), 〈𝑥0, 𝑦0〉 = 0

∑ 𝑦𝑖
3
𝑖=0 = (−3,1), 〈∑ 𝑥𝑖

3
𝑖=0 , ∑ 𝑦𝑖

3
𝑖=0 〉 = 0
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And: {
𝑦1
′ = (−1,

1

3
) −

1

2
(−2,

2

3
) = (−1,

1

3
) − (−1,

1

3
) = (0,0)

𝑦2
′ =

√3

2
(0,0) = (0,0)

 

〈𝑥1
′ , 𝑦1

′〉 + 〈𝑥2
′ , 𝑦2

′ 〉 = 0 , 〈𝑥1
′ , 𝑦2

′ 〉 − 〈𝑥2
′ , 𝑦1

′〉 = 0, hence 𝑋 ⊥ 𝑌. 

Definition: 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖
3
𝑖=1 𝐼𝑖 ∈ 𝑅3(𝐼), we define: 

|𝑚| = 𝑔−1(|𝑚0|, |∑ 𝑚𝑖
3
𝑖=0 |, |𝑚0 +𝑚3 +𝑚1𝑒

2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖|). 

Remark: 

Since 𝑚𝑖 ∈ ℝ, then |𝑚0| = √𝑚0
2 , |∑ 𝑚𝑖

3
𝑖=0 | = √(∑ 𝑚𝑖

3
𝑖=0 )2 , |𝑚0 +𝑚3 +𝑚1𝑒

2𝜋

3
𝑖 +𝑚2𝑒

4𝜋

3
𝑖| = |𝑚1

′ + 𝑖𝑚2
′ | =

√(𝑚1
′ + 𝑖𝑚2

′ ) ∙ (𝑚1
′ − 𝑖𝑚2

′ ). 

So that:|𝑚| = √𝑔−1[(𝑚0
2, (∑ 𝑚𝑖

3
𝑖=0 )2, (𝑚1

′ + 𝑖𝑚2
′ ) ∙ (𝑚1

′ − 𝑖𝑚2
′ ))] = √𝑚 × 𝑚̅. 

From this point of view, we can get the following results: 

1] |𝑚| = 0 ⟺ 𝑚 = 0 

2] |𝑚|2 = 𝑚 × 𝑚̅ 

3] |𝑚|2 = 1 ⟹ 𝑚 =
1

𝑚̅
  

4] |𝑚 + 𝑛| ≤ |𝑚| + |𝑛|  , |𝑚 ∙ 𝑛| = |𝑚| ∙ |𝑛|   ; 𝑛 ∈ 𝑅3(𝐼). 

Theorem: 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖
3
𝑖=1 𝐼𝑖  , 𝑌 = 𝑦0 +∑ 𝑦𝑖

3
𝑖=1 𝐼𝑖 ∈ 𝑉3(𝐼),𝑚 = 𝑚0 +∑ 𝑚𝑖

3
𝑖=1 𝐼𝑖 ∈ 𝑅3(𝐼), then: 

1] ‖𝑚 ∙ 𝑋‖ = |𝑚| ∙ ‖𝑋‖ 

2] ‖𝑋 + 𝑌‖ ≤ ‖𝑋‖ + ‖𝑌‖ 

3] |𝜑(𝑋, 𝑌)| ≤ ‖𝑋‖ ∙ ‖𝑌‖ 

Proof: 

1] ‖𝑚 ∙ 𝑋‖2 = 𝜑(𝑚 ∙ 𝑋,𝑚 ∙ 𝑋) = 𝑚 ∙ 𝑚̅ 𝜑(𝑋, 𝑋) = |𝑚|2 ∙ ‖𝑋‖2 ⟹ ‖𝑚 ∙ 𝑋‖ = |𝑚| ∙ ‖𝑋‖. 

2] ‖𝑋 + 𝑌‖2 = ‖𝑋‖2 + ‖𝑌‖2 + 𝜑(𝑋, 𝑌) + 𝜑(𝑋, 𝑌)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ≤ ‖𝑋‖2 + ‖𝑌‖2 + 2‖𝑋‖ ∙ ‖𝑌‖  

Thus ‖𝑋 + 𝑌‖2 ≤ (‖𝑋‖ + ‖𝑌‖)2, and ‖𝑋 + 𝑌‖ ≤ ‖𝑋‖ + ‖𝑌‖. 

3] According to classical Caushy-Shwartz inequality, we have: 

{
 
 

 
 

|〈𝑥0, 𝑦0〉| ≤ ‖𝑥0‖ ∙ ‖𝑦0‖

|〈∑𝑥𝑖

3

𝑖=0

,∑𝑦𝑖

3

𝑖=0

〉| ≤ ‖∑𝑥𝑖

3

𝑖=0

‖ ∙ ‖∑𝑦𝑖

3

𝑖=0

‖

|〈𝑥1
′ + 𝑥2

′ 𝑖, 𝑦1
′ + 𝑦2

′ 𝑖〉| ≤ ‖𝑥1
′ + 𝑥2

′ 𝑖‖ ∙ ‖𝑦1
′ + 𝑦2

′ 𝑖‖

 

There for, |𝜑(𝑋, 𝑌)| ≤ ‖𝑋‖ ∙ ‖𝑌‖. 
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