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Abstract

In this paper, we introduce the notion of b, {-neutrosophic subsemigroup (NSS), neutrosophic left ideal(NLI),
neutrosophic right ideal(NRI), neutrosophic ideal (NI), neutrosophic bi-ideal(NBI), (¢, € V ¢)-neutrosophic
ideal, neutrosophic bi-ideal of an ordered I'-semigroups and discuss some of their properties. The concept of
b, £-neutrosophic ideal is a new extension of neutrosophic ideal over ordered I'-semigroups Z. A non-empty
subset &, is a (b, £)-NSS (NLL, NRI, NBI, (1,2)-ideal) of Z. Then the lower level set A, is an subsemi-
group (LI, RI,BI,(1,2) —ideal) of Z, where A, = {p € Z|A(p) > b}, ¥, = {p € Z|A(p) > b} and
U, = {0 € Z|A(p) < b}. Asubset{ = [A, U, U]isa (b,¢) — NSS[NLI,NRI,NBI, (1,2) — ideal]
of Z if and only if each non-empty level subset &; is a subsemigroup [LI, RI, BI, (1,2) — ideal] of Z for
all t € (b,]. Every (e,e V ¢)NBI of Z is a (b, /)NBI of Z, but converse need not be true and examples are
provided to illustrate our results.

Keywords: Ordered I'-semigroups; neutrosophic ideals; bi-ideals; (b, £) bi-ideals; (e, € V ) bi-ideals

1 Introduction

Theoretical physics, computer sciences, control engineering, information sciences, coding theory, topological
spaces, combinatorics, functional analysis, graph theory, Euclidean geometry, probability theory, commutative
and non-commutative ring theory, optimization theory, discrete event dynamical systems, automata theory,
mathematical modeling of quantum physics, parallel computation systems, and other fields all heavily rely on
algebraic structures. Zadeh! created fuzzy set (FS) theory, which works best at handling ambiguity and uncer-
tainty. An element in an FS is considered a member if it contains a single value inside the interval. However,
since resistance can exist in real-world situations, the degree of non-membership might not necessarily equal
one minus the degree of membership. As FS theory advances quickly, more and more hybrid fuzzy models
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are being developed. Numerous uncertain theories, including FSY intuitionistic FS (IFS),? Pythagorean FS
(PFS),% and spherical FS (SFS),Z have been developed as a result of the uncertainties. Sets with grades ranging
from 0 to 1, referred to as MG, comprise an FS. IFS is classified as MG, despite Atanassov? stating that non-
membership grades (NMG) can only have a value of 1. There is a chance that, in a decision-making process,
the sum of MGs and NMGs will sometimes exceed 1. The generalized MG and NMG logic, which has a value
not exceeding 1 and is determined by the square of the MGs and NMGs, was constructed by Yager” using
PFS logic. These ideas are unable to explain the neutral state, which is neither positive nor negative. Recently
Palanikumar et al. discussed many new research

He studied their properties on the parellel lines to set theory. In 1971, Rosenfeld® defined fuzzy subgroups and
gave some of its properties. Kuroki” introduced fuzzy semigroups as a generalized of classical semigroups.
Mordeson!¥ obtained some characterization of fuzzy semigroups. Sen et al'1*12 have introduced I'-semigroups
and their properties. Ordered I'-semigroup was studied by Kehayopula'® Somsak Lekkoksung discussed Q-
fuzzy ideals in ordered semigroups!® Kehayopula et al'l initiated the study of fuzzy ordered semigroups.
Faiz Muhammad Khan et al 1% introduced the concepts of (A1, Ao )-fuzzy bi-ideal and (A1, \2)-fuzzy subsemi-
group. Jun et al' provided some results on ordered semigroups characterized by their (¢, €V ¢)-fuzzy bi-ideals.
Bhakat et al'® introduced the concepts of (e, € \V ¢)-fuzzy subgroups using the notion “belongingness (€)”.
Kazanci et al!® introduced the concept of a generalized fuzzy bi-ideal in semigroup and established some
properties of fuzzy bi-ideals in terms of (e, € VV ¢)-fuzzy bi-ideals. Smarandache?” created the neutrosophic set
(NS) to handle contradictory and unclear data. Recently, Palanikumar et al %' introduced an intuitionistic fuzzy
normal subbisemiring of bisemiring. By using bipolar-valued neutrosophic normal sets, Palanikumar et al />
established the concept of bisemiring. We discuss that (b, £)- neutrosophic ideals and (e, € V ¢) neutrosophic
ideals of ordered I'-semigroup and discuss some properties with examples.

2 Preliminaries

Definition 2.1. An ordered I'-semigroup Z together with an order relation < such that x < y implies zyz <
yvz and zyx < zyy forall z,y,z € Zandy € T'.

Definition 2.2. Let M and N be two non empty subsets of Z. We denote

. M]={te Z|t<hforsomehe M},
2. MI'N ={ayb:a € M,be N and v € T},
3. My ={(y,2) € Zx S|z <yyz}.

Definition 2.3. Let £ be a fuzzy subset of Z and ¢ € [0,1]. The set & = {x € Z|¢(x) > t} is called the level
subset of £. Clearly &; C & whenever t > s.

Definition 2.4. Let £ be a fuzzy subset of Z. A mapping £ : Z — [0, 1] is called a fuzzy subsemigroup of Z
if £(zy) > min{&(x),&(y)} forall z,y € Z.

Definition 2.5. A fuzzy ¢ subset of Z is called a fuzzy bi-ideal of Z if

I.a<b = £(a) > £(b) and
2. {(xyz) > min{&(x),&(z)} forall z,y, z € Z.

Definition 2.6. A (b,¢) fuzzy subsemigroup £ of Z is called (1,2)-ideal of Z if max{{(priq(rs)),b} >
min{¢(p),&(r), &(s), L}, forall p, g, r, s € Z.

Definition 2.7. A fuzzy subset 4 of an ordered I'-semigroup .S is called a fuzzy right (resp. left) ideal of S if

l. 2 <y=p(x) > ply) forallz,y € S,

2. p(xry) > p(x) (resp. p(xry) > p(y)) forallz,y € Sand 7 € T,
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3. A fuzzy subset p of an ordered I'-semigroup S is called a fuzzy ideal of .S, if it is both fuzzy left ideal
and fuzzy right ideal.

Definition 2.8. Let A be a fuzzy set,if x, is the characteristic function of A, then (x,)? is defined as

| BifxeA,
() @) = {f i

Corollary 2.9. " If Z is regular if and only if every RI M and every LI N of Z, then (M N N] = (M or N].

3 (b, ¢) neutrosophic ideals

In this section Z denotes the ordered I'-semigroup. In what follows that (b, £) € [0, 1] be such that 0 < b <
¢ < 1both (b, £) are arbitrary fixed.

Definition 3.1. A fuzzy subset(FS) { = [An, U, Un]| of Zis called a (b, £) neutrosophic subsemigroup(NSS)
of Z if it satisfies the following conditions:

1. 0 < o= Ap) > A(o).
2. max{A(o70),b} > min{A(p), A(0), ¢}
3. max{¥(p70),b} > min{¥(p), ¥(0), ¢}
4. min{U(p70),b} < max{U(p),V(0),¢} forall p,0 € Z,7 €T.

Example 3.2. Let Z = {e1, €2, €3,€4}, and I' = {7} where 7 is defined on Z with the following Cayley table:

T €1 €2 €3 €4
€1 | €1 | €1 | €1 | €1
€2 | €1 | €2 | €3 | €4
€3 | €1 | €3 | €3 | €3
€4 | €1 | €3 | €3 | €3

<i= {(Gla 61)a (Ela 62)a (61763)7 (61’ 64)’ (62’ 62)7 (627 53)7 (627 64)7 (€3v 63)a (€4a 63)’ (E4a 64)}'
Define the mapping N = [An, Uy, Upn] : Z2xT' x Z2 = [0,1].

0.85 if e =€ 0.60 if e =€ 0.55 if e=¢
0.65 if e = 040 if e = 0.60 if € =
INCEE DO TOFS Sl TR St
0.35 if e =¢€3 0.15 if e =€3 0.70 if e =€3
045 if e=¢4 0.20 ¢f €e = €4 0.65 if € =€y

Then N is a (0.75,0.9) NSS of Z.
Definition 3.3. A subset £ of Z is called a (b, £)-NBI of Z if it satisfies the following conditions:

I If 0 < 0. then A(g) > A(0), ¥(g) > ¥(0) and B(o) < B(o),

2. max{A(p710),b} > min{A(p), A(o), L}, max{¥(o710),b} > min{¥(p), ¥(0), £}, min{G(omr0),b} <
max{U(¢), U(c), {},

3. max{A(priomew@),b} > min{A(p), A(w), £}, max{¥(pri0mw),b} > min{¥ (), ¥(w), £}, min{U(priomw),b} <
max{U(p), O(w), ¢}, for p,0,w0 € Z,71,72 € and .

Example 3.4. Let S = {¢1,¢€9,¢3,¢4} and ' = {71, 72} where 71,7 is defined on Z with the following
Cayley tables:
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71 €1 €2 | €3 | & T2 | €1 | €2 | €3 | &4

€1 €1 €1 €1 €1 €1 €1 | €1 | €1 | €1

€2 | & €2 | €3 | &4 €2 | €1 | €2 | €3 | &4
€3 | & €3 | €3 | €3 €3 | €1 | €3 | €3 | €3
€4 | €1 | €3 | €3 | €3 €4 | €1 | €2 | €3 | &

<i= {(e1,€1), (€1, €2), (e1,€3), (€1, €a), (€2, €2), (€2, €3), (€2, €4), (€3, €3), (€4, €3), (€4, €4) }. The mapping § =
[A, U, 0]: ZxT x Z—=[0,1]

0.92 if e =¢€ 0.90 if e=¢ 0.75 if e=¢
0.73 ¢ = 0.71 ¢ = 0.80 ¢ =
INCEE SO TOFS S O St
0.45 if e =e€3 0.43 if e =e€3 0.90 if € =e€3
0.54 if e=¢4 0.52 if e =€y 0.85 if e =¢4

Then ¢ is a (0.78,0.93) NBI of Z.

Theorem 3.5. A non-empty subset §, is a A, is a (b,£)-NSS (NLI, NRI, NBI, (1,2)-ideal) of Z. Then the
lower level set A, is an subsemigroup (LI, RI, BI, (1,2) — ideal) of Z, where A, = {0 € Z|A(0) > b},
W, = {0 € Z|A(0) > b} and U, = {0 € ZIA(0) < b}

Proof. Suppose that &, is a (b, ¢)-NSS of Z. Let g,0 € Z and 7 € T such that 9,0 € A,. Then A(p) >
b, A(c) > b. Therefore max{A(p70),b} > min{A(p), A(c),¢} > min{b,b, ¢} =b. Hence A(prc) > b. It
shows that p7o € A,,. Therefore A, is a subsemigroup of Z. Let 9,0 € Z and 7 € T" such that 9,0 € U,.
Then ¥(p) > b, ¥(o) > b. Therefore max{¥(g70),b} > min{¥ (o), ¥(0),¢} > min{b,b,¢} = b. Hence
U(o7o) > b. It shows that p7o € W,. Therefore U, is a subsemigroup of Z. Let p,0 € Z and 7 € T such
that 9,0 € U,,. Then U(p) < b, (o) < b. Therefore min{U(o70),b} < max{U(o), (o), ¢} < max{b,b, ¢}
= /. Hence U(p70) < b. It shows that oo € U,. Therefore U, is a subsemigroup of Z. Therefore &, is a
subsemigroup of Z.

Theorem 3.6. A non-empty subset M of Z is a SS [L1, RI, BI, (1,2) — ideal] of Z if and only if the neutro-
sophic subset ¢ = [A, U, U] of Z is defined as

) >t forall o (M] ) >t forall o€ (M] ) <tforall o€ (M]
Ale) {bforallg%(M] \Ij(){bforallggé(M] 6lo) {bforallg%(M]

isa (b,0)NSSINLI, NRI, NBI, N(1,2) — ideal] of Z

Proof. Suppose that M is an subsemigroup of Z. Let p,0 € Z be such that p,0 € (M] then p70 €

(M] and 7 € T. Hence A(pro) > ¢, ¥(pro) > £ and U(pro) < £. Thus max{A(p70),b} > ¢ =
min{A(p), A(0), ¢}, max{¥(o70),b} > ¢ = min{¥(p), ¥(0), ¢} and min{UG(g70),b} < ¢ = max{U(p), (o), (}.
If o ¢ (M]oro ¢ (M], then min{A(p), A(o), £} =b, min{¥(p), ¥(0), ¢} = b and max{U(p), (o), ¢} =

¢. Thatis max{A(g70),b} > min{A(p), A(c), £}, max{¥(g7c),b} > min{¥(p), ¥(r), £} and min{U(e70),b} <
max{U(p), (), £}. Therefore & is a (b, £) NSS of Z.

Conversely assume that £ = [A, ¥, U] is a (b, £)-NSS of Z. Let p,0 € (M]. Then A(p) > ¢,A(0) > ¢,

U(p) > £, V(o) > L and U(p) < ¢,U0(0) < L. Now & = [A,U,U] is a (b,£)-NSS of Z. Therefore
max{A(g70),b} > min{A(p), A(c),£} > min{l,¢,¢} = £, max{¥(g7r0),b} > min{¥(p), ¥(0),{} >
min{¢, ¢, ¢} = ¢ and min{U(p70),b} < max{U(p),V(0), ¢} < max{{, ¢, ¢} = L. It follows that p7o € (M]

. Therefore M is a subsemigroup of Z.

Theorem 3.7. A subset £ = [A, ¥, U] isa (b,) — NSS[NLI, NRI,NBI,(1,2) — ideal] of Z if and only
if each non-empty level subset & is a subsemigroup [LI, RI, BI, (1,2) — ideal] of Z forall t € (b,{].

Proof. Assume that &, is a subsemigroup of Z for each t € [0,1]. Let ¢t = min{A(g1), A(g2)}. Then g1, 02 €

A, for each g1, 02 € Z. Thus max{A(g70),b} >t = min{A(o1), A(02),(}. Let t = min{¥(o1), ¥(02)}.
Then 91,00 € W for each g1,02 € Z. Thus max{¥(p70),b} > ¢t = min{¥(p1), ¥(02),¢}. Lett =
max{U(01),0(02)}. Then g1, 02 € U, foreach g1, 02 € Z. Thus min{U(g70),b} <t = max{U(01),V(02),¢}.
This shows that &% is NSS of Z.
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Conversely, assume that £! is aNSS of Z. Foreacht € [0, 1] and 01, 02 € A;. We have A(01) > t,A(g2) > t.
Since A is a subsemigroup of Z, max{A(g1702),b} > min{A(p1),A(02),¢} > t. This implies that
01702 € Ay We have ¥(p1) > ¢, U(p2) > t. Since VU is a subsemigroup of Z, max{W¥(p1702),0} >
min{¥(p1), ¥(g2), ¢} > t. This implies that 1702 € ¥;. We have U(p1) < t,U(p2) < t. Since U is a sub-
semigroup of Z, min{U(01702),v} < max{U(p1),(02),¢} < t. This implies that 91792 € U;. Therefore
&; is a subsemigroup of Z for each ¢ € (b, £]. Similar proofs holds.

Example 3.8. Every NSS ¢ of Z is a (b, £)-NSS of Z, but converse is not true.

For the Example[3.2] we define subset £ by

0.80 if e =€ 0.45 if e=¢ 0.65 if e=¢
0.73 if e = 0.38 if e= 0.70 if e =
INCEE SO TOFS Sl O S,
0.63 if e =¢3 0.28 if € = €3 0.80 if € = €3
0.68 if e =¢4 0.33 if e=¢€4 0.75 if e=¢€4

Then ¢ isa (0.71,0.85)-NSS of Z, but not a NSS. SInce A(e47e4) = 0.63 # min{A(eq,q), Aleq, q)} = 0.68,
U(eg7eq) = 0.28 2 min{A(es, q), A(es,q)} = 0.33 and U(eq7e4) = 0.80 £ max{U(eyq,q),V(es,q)} =
0.75.

Example 3.9. Every NBI £ = [A, U, Q)] of Z is a (b, £)-NBI of Z, but converse need not be true by the
following Example.

For the Example [3.4] we define subset £ by,

0.94 if e =€ 092 if e=¢ 0.60 if e =€
0.75 ¢ = 0.73 ¢ = 0.75 1 =
ORI (O R S O E S
0.47 if e = €3 0.45 if e =€3 0.85 if e =e€3
0.56 if e =¢4 0.54 if e =¢4 0.80 if € =€y

Then £ is a (0.70,0.95)NBI, but not a NBL. Since A(esm1e4m2€4) = Aez) = 0.47 2 min{A(eq), A(eq)} =
0.56, U(esT1€472€64) = U(ez) = 0.45 2 min{A(eq), Aeq)} = 0.54 and U(egm1€472€4) = U(ez) = 0.85 £
max{A(eq), Aleq)} = 0.80.

Definition 3.10. If y,, is the characteristic function of M, then (x,, )f is defined as
7oy ) Lifee (M] rye oy Jlifoe (M] e _ ) bifoe (M]
), (0) {bz’fg¢(M] (X v (0) {bifﬁé(m (Xar )5 (0) {mfgé(M]

Theorem 3.11. A non empty subset M of Z is a subsemigroup [L1, RI, BI| of Z if and only if subset X a B
a(b,0)-NSS[NLI,NRI,NBI| of Z.

Proof. Assume that M is a subsemigroup of Z. Then x,,, is a NSS of Z and hence x,,, is an (b, £)-NSS of
Z.
Conversely, Let x,,, is an (b,£)-NSS of Z. Let o,0 € Z be such that o,0 € (M]. Then X?;W](g) =/{ =

b,
X(TM] (o) = ¢ Since X(TM] is a (b, )NSS. Consider

max{x(TM] (o70),b} > min{x(TM] (0), X(TM] (o), L}

= min{¢, ¢, ¢}
=/

as b < £, this implies that x(TM] (or0) > L. Thus g7o € (M]. Thus pro € (M].
Let o,0 € Z be such that 9,0 € (M]. Then x!

(0]

(o) =¢=x! (o) =~¢ Since x! isa (b,/)NSS. Consider

(M) (M]

max{x/,, (¢e70),b} > min{x!  (0),x/,, (o)}
= min{/, ¢, (}
=/
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as b < {, this implies that x;, (or0) > (. Thus oo € (M]. Thus oro € (M].
Let 9,0 € Z be such that 9, € (M]. Then x,, (0) =b = X[}, (¢) =b. Since [}, isa (b,()NSS. Consider

(M (M

min{xﬁﬂ (o10),b} < max{fo] (9)7)(5” (0),¢}

= max{b,b, ¢}
=/

as b < {, this implies that x (¢70) <b. Thus o7o € (M]. Thus 7o € (M].
Therefore M is a subsemigroup of Z.
Let 9,0 € Z be such that o, o ¢ (M]. Then x© ](g) =b=xT ](0’) =b. Since X?;W] is a (b, /)NSS.

(M (M

max{x/,, (er0),b} > min{x{,, (0),x],, (o)}

= min{b, b, £}
=b

L T
as b < /£, this implies that X oy (oT0) > b. Thus o7 & (M]. ]
Let 9,0 € Z be such that 9,0 ¢ (M]. Then x|, (0) =b = x/,, (o) =b. Since x’ , isa (b, {)NSS.

(M) (M] M)

max{x/,, (¢e70),b} > min{x!  (0),x!,, (o).}
= min{b, b, £}
=b

as b < ¢, this implies that X(IM] (oT0) > b. Thus oo & (M].
Let ¢, € 2 be such that , o ¢ (M]. Then x|, (o) = £ = X, (¢) = ¢. Since XNF( isa (b, /)NSS.

(M (M] M]

min{xfjm (o70),b} < max{fo] (Q)7X5M] (o), L}

=max{/, ¢, ¢}
=/

as b < /, this implies that XfM [(e70) < L. Thus g7o & (M]. Therefore M is a subsemigroup of Z. Similar to
proof holds.

Definition 3.12. For two neutrosophic subsets £ and A of Z, their product £ o A is defined as

€0 xT)0) = | 5By, [ NN N M2
o 0) = s,t o
0 otherwise

€ oy (g = | B, 1IN M2
o 0) = s, o
0 otherwise

inf {&F(s)VAE(t)} if M, #0
F [¢] )\F = (Svt)eM.Q
« () 1 otherwise

Definition 3.13. Let ¢ be subset of Z, we define the subset (A){(0) = {A(0) AL}V, (¥)(0) = {T(0)AL}VD
and (O){(0) = {U(0) V £} Ab, forall p € Z.

Lemma 3.14. Let M and N be non-empty subsets of Z. Then the following hold:

1. (X(M] /\f X(N]) = (X(MﬁN])f;

2. (X Vb Xewy) = (X(uun)js
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3 (X orgx(v)) = (X(mra))s-

Proof. (i) and (ii) Straightforward.
(iii) Let g € Z. If g € (MTN], then (x(arra)(0) = L.
Since ¢ < atb for some a € (M],b € (N]and 7 € I', we have (a,b) € M, and M, # 0.

(), or x[y)(@) = sup min{x[ (v),x],(2)}
0=YTZz

> minfy”, (a),x",, (5)}
=/

(X1, OF Xiy)(0) = Sup. min{x/,, (v), X/, (2)}

> min{x’,, (a), ", ()}
=/

(X{ory or X3 (@) = i max{x{, () X(,, (2)}

< max{x/,, (@), x/,,(b)}
=b
Therefore (X(M] or X(N])(Q) = (X(MFN])(Q)-

If o ¢ (MTN] then (x(jpnp)(0) = b, (X{aray)(0) = b and (x(ypn)(0) = £ Since o < arb for some
a¢ (M],b¢ (N]and T € T'. We have

(X{y, or X3 (0) = sup min{x/,, (v),x/y,(2)}

=yTz
mm{x(M] (a), Xy, (0)}
=5

Y

(Xar, OF Xiyy)(0) = sup min{x{, (¥), X, (2)}
0=YT=Zz

> min{x{,, (), x/,, (b)}
=b

(X or X()(0) = inf max{xd, (4), x(y, (=)}

< max{x", (a), X", ()}
=/
Hence (X, or X)) (0) = (x(rrny)(0)-
Theorem 3.15. For M, N C Z and {M;|i € I} be a family of subsets of Z then
(i) (M] C (N]ifand only if (x(an))f < (x(v))5-
(ii) (Nierx(a,)y = (Xries (a1))j-
(iii) (Uierx(ar,))s = (XUser (13))5e
Theorem 3.16. If M is a (>, £)-NLI[NSS, NRI] of Z, then (M)! is a NLI[NSS, NRI] of Z.

Proof. Assume that M is a (b, /)NLI of Z. If there exist 9,0 € Z and 7 € T'. Now

max{(A)f(or0),b} = max{({A(ora) AL} Vb),b}
={A(oTo) AL} VD
={A(gro) Vd} A{lV b}
={(A(gro) Vh) VD} AL
> {(A(g) NO) VDAL
={(A(e)ANO) AL}V (DAL)
={(A(@) NONLFVD
> (A)(o) AL
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max{(0){(o70),b} = max{({¥(oro) AL} Vb),b}
{U(oTo) AL} VD
{T(oro) Vb} A{lV Db}
={(V(oro) VD) VD} AL
(o) NO)VDIAL
()N NLFV (DAL
\I/(a)/\é) ALYV D
)5 (@) A
min{(U){(o70),b} = min{({G(o7a) V £} Ab),b}
={U(gpr0) VL} AD
= {U(gro) Ab} V {LAD}
{(B(oTa) AD) Ab} VD
{(B(e) VL) Ab} VD
{(O(c )\/E)\/E}/\b
(©)j(o) v

> {(¥
{(w
{(
(W

AV

<
<

Hence M = [(A){, (®){, (U){]is a NLIL of Z.

Theorem 3.17. Let M be an (b, ()NRI and N be an (b, {)NLI of Z then ((M o pN]){ C (M N{ N].

Proof. Let M = [Aps, Uy, O] be an (b, )NRIand N = [An, Uy, Un] be an (b, )NLI of Z. Let (9,0) €
I,. X I, # 0, then @ < p7o. Thus Ay (w) > Apy(ero) > Ap(0), Uar(w) > War(oro) > War(o) and
UM(’W) S 61\4(@’7’0’) S UM(Q) Slmllarly AN(W) 2 AN(QTO') Z AN(Q), \I/N(w) Z \I/N(QTU) 2 \I/N(Q)
and Uy (w) < Un(o70) < Upn(p). We have

(A(MOFN])f(w) = (Aorn)(@) ANE) VD
= |[ sup {An(0) /\AN(U)}/\K]} Vb

w<To

|
_ [ sup {Anr(0) A An(0)} MM} Vh
|

sup {(Anr(0) A O) A (An(a) ADFAL] VD

{(A (@) VD) A (An(w) VD)}AL) VD
((Apr(w) ANAN(@)) VD) ALY VD
(A ANAN) (@) ALY VD

= (Apngn) (@)

(Y (a10r3))s (@) = (¥ (asop ) (@) A L) VD
[ sup {¥ar(0) N¥n(o)} A 6]} Vb

w<pTo

[
— [ sup {Ws(0) AUn (o)} AL /\4 Vb
[

sup {(War(o) A0 A (U (o) AOY AL Vo

{(Tp (@) VD) A (TN(m) VD)L AL) VD
(Tpr(w) AU N(w)) VD) ALY VD
={((Tpy ANUN) (@) AL} VD
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(Oator N (@) = (B(arorny (@) V £) Ab
inf {Unr(o vzsN(o—)}vz]}Ab

w<pTo

inf {Up(0) VUn (o)} v€v4 Ab

-
o,
= |

inf {(Uae ve)v(UN(a)w)}ve} Ab

w

UM< ) Ab)V (U (@) Ab)}V £) Ab
UOp(w) VOn(w)) AD)VLEAD
={((Bm VON)(w) VL} AD
—<UMUgN>< )

Let o, 0 ¢ I, . If I, = (0, then (AM or AN)(ZU) =0, (\I/M or \IJN)(ZU) =0and (UM or UN)(W) = 1and
7 € I' such that w < p70.

(Aarorn))s (@) = (Aaror vy (@) A L) Vb

(Y (nor NDb (@) = (¥ (aropn) (@) AL) Vb
=0Vb
S (quﬁN(w) A\ E) V b
= (\I/MQN(W) A f)

> (Opun(w) VL) AD
= (Omun (@) V1)
Therefore (M o rN])f € (M N NJ.

Theorem 3.18. An ordered I'-semigroup Z is regular, M be an (b, {)NRI and N be an (b, {)NLI of Z if and
only if (M o pN]){ = (M N{ NJ.

Proof. Let Z be an ordered I'-regular semigroup and M be an (b,¢)NRI and N be an (b, ¢)NLI of Z.
Let (0,0) € In. If I, # 0, then w < pro. Thus Ay (w) > Ap(oro) > An(o), Yy(w) >
Upr(oro) > Up(e) and Up(w) < Up(pro) < Upr(e). Similarly Ay (w) > An(ero) > An(o),
Un(w) > Un(or0) > Un(0) and Uy (w) < Upn(p70) < Un(p). For w € Z, there exists © € Z such that
w < (wrz)fw. Then (wrz), w € I,. We have

(A aror N (@) = (A(asopny (@) A L) VD
sup {An(e AAN(a)}M]]vb

w<pTo

sup {Anr(0) A An(o )}MM}W

w<pTo

sup {(Anr(o A@A(AN(U)M)}M} Vb

{(AM(WTSU)\/I?) (An(@)VD)}AL) VD
(Am (@) V) A (An(w) V) AE) VD
(
(

(AVARLYS Il

(A (@) A An () Vb) AL} Vb
(Anr A AN (@) ALYV D

MﬂﬁN)( )

all
all
L
(
(
(
(
~(a
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(\II(MOFN})Z( ) = (Y(morny (@) AL) VD
sup {\PM(@)A\PN(a)}M]} Vb

[w<g7'a
[

sup {\I/M(Q)/\\I/N(U)}/\K/\d Vb

w<oTo

[ sup {(¥ar(0) A 0) A (Ux(o) AD}AL] VD

|
|
|

> ({(iM(wm) VO)A (Tn(wm) VD) AL VD
> (T (@) VD) A (T () VD) AL) Vb
— {(r (@) A Uy ()) V) ALY VD
— {(Tar AN (@) AL} VD
= (‘I’MmfN)(w)
(Baror N (@) = (B(arorny(@) VL) Ab
- [[wglgf (O (o )vUN(o—)}vz]} Ab
- {[wglgf {Oa (o )vUN(o)}vae] Ab
- [[wiéngfw{(UM(g) VOV (Bx (o) V) ve] Ab

IN A

)
{(Op(wrz) AD)V (On(w) AD)F VL AD
(Op (@) AD)V (On(w) AD) VL AD
={((UOp(w) VUN(m)) AD)V L} AD
={((Oy VOpN)(w) V L} AD

= (Uprren) (@)

Thus ((M o pN])! 2 (M nf N] and by Theorem [3.17]and hence ((M o rN])! = (M nf N].

Conversely assume that (M o rN])! = M n{ N. Let M = (Ap, Upr,Upy) be an (b, ()NRI and N =
(AN, Uy, Un) be an (b, /)NLI of Z. Then by Theorem |3.11{ x s is a (b, E)NRI and y be a (|7 ¢)NLI of Z.
By Lemmaand Theorem 5L (x(ren))h = (Xar N8 Xv) = (Xar o0 X)E = (X(MorN)5- This implies
(M N{ N] = ((M or N])t. Hence by Corollary 9l Z is regular.

Theorem 3.19. An ordered I-semigroup Z is regular, M be an (b, {)NBI and N be an (b, £)NLI if and only if
(M orN]); = (M N NJ.

Proof. Let Z be an ordered I'-regular semigroup and M be an (b,/)NBI and N be an (b, ¢)NLI of Z.
Let (0,0) € Ip. If I, # 0, then w < pro. Thus Ay (w) > An(oto) > Anm(o), Yy(w) >
Upr(oro) > Up(e) and Up(w) < Up(oro) < Ups(o). Similarly Ay (w) > An(oro) > An(o),
Un(w) > Un(pro) > Upn(p) and Uy (w) < Un(o7o) < Un(p). For w € Z, there exists z € Z such that
w < wnanw = wn(znw) < (wnzrw)r (xrw). Then (wnamnw), (x1ew) € I,. We have

(Anorn)s (@) = (Anrorn (@) A ) VD
sup {Au( al)/\AN(ag)}/\E]] Vb

w<aiTaz

-
[ sup  {Anr( al)AAN(@)}AW}vb
-

w<aiTas

sup {(Anr(ar) A£) A (AN(aQ)M)}M}vb

<ajTasz

8

—_
—

Ay (wriarew) V) A (An(zew) VD) AL) VD
(Ap(@) VD) A (An(m) VD) AL VD
Ay (w )/\AN(w))vb)/\E}vb
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(Untorn )5 (@) = (Uasorn (@) AL) VD
sup {mM(al)wN(ag)}Ae]} Vb

w<aiTas

=
[ sup  {War(ar) AW (as)} A LA z] Vb
[

w<ajTaz

sup  {(War(ar) A6) A (\IJN(@)M)}M} Vb

{(\I/M(WTlegw) VD) A (Un(zeww) VD)}AL) VD
(Uar (@) VD) A (W () VD) AL) VD

(P (@) AU N () VD) AL VD

(Tar ANUN) () ALYV D

AV

(
(
{
{

mren) (@)
UMOFN( )\/f)/\b
inf  {Up( al)qu(ag)}ve]] Ab

w<aiTas

inf  {Ga( al)qu(aQ)}veve} Ab

w<aiTaz

=i
[
[ inf  {(Oar(ar) VOV (UN(aQ)VE)}\/ﬂ}/\b
(
(
{
{

= (¥
(Onrorn)s(@) = (

<aiTasz

IAIA

{(Op(wrzmew) Ab)V (On(zmew) Ab)} VL) A
(Bum (@) AD)V (On (@) AD) VE) AD

((Oam(w) VON(@)) Ab) VEFAD
(Om VON) (@) VL AD
= (UMﬁfN)(w?))
Thus ((M o rN])! 2 (M N N] and by Theorem [3.17]and hence ((M o rN])! = (M nf N].

Conversely assume that ((M o rN])f 2 (M N N]. Let M be an (b, /)NBI and N be an (b, )NLI of Z. Since
every (b, /)NRI of Zis a (b, /)NBI of Z. By Theorem [3.18] Z is regular.

Theorem 3.20. Let M be an (b, £)NRI and N be an (b, {)NLI of Z is weakly regular if and only if (M o
rN); 2 (Mg N].

Proof. Straightforward.
Theorem 3.21. Let M be an (b, £)NBI and N be an (b, {)NLI of Z is weakly regular if and only if ((M o
rN)); 2 (M Ny N].

Proof. Straightforward.

4 (e, eV q) Fuzzy ideals

Corollary 4.1. A non-empty subset M of Z is an subsemigroup [L1, RI, BI, (1,2) — ideal] of Z if and only
if the & of Z defined as

0 forall o¢ (M] 0 forall o¢ (M] 0 forall o¢ (M]

is a (e, e \V q)NSS[NLI,NRI,NBI(1, 2)-ideal]

A(9)2{20.5f07“all 0 € (M] w( ):{20.5f07“all 0 € (M] (Q):{§0.5forall 0 € (M]

Proof. The proof follows from Theorem taking b = 0,4 = 0.5.

Corollary 4.2. Every (¢,¢ V q)NSS of Z is a (b, £)NSS of Z, but converse need not be true by the following
Example.
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For the Example[3.2] define the subset{ by,

0.45 if e =€ 0.44 if e=¢ 0.30 if e=¢
041 if e= 0.42 if e = 0.33 if e=
INCEE SO TOFS St A RS St
0.29 if e = €3 0.30 if € = €3 0.40 if € = €3
0.33 if e=¢4 0.34 if e=¢4 0.36 if e =¢€4

Then ¢ is a (0.38,0.48) F'SZ, but not a (e,e V q) F'SZ of Z, since A(es7es) = A(es,q) = 0.29 #
min{A(es, q), Ales,q)} = 0.33, U(eaTes) = U(es,q) = 0.30 2 min{¥(eq,q), V(e4,q)} = 0.34 and
U(estey) = U(es, q) = 0.40 £ max{U(eq, q),U(es4,q)} = 0.36.

Corollary 4.3. Every (e,¢ V q)NBI of Z is a (b, {)NBI of Z, but converse need not be true by the following
Example.

For the Example we define the subset £ by,

0.46 if e=¢€ 0.48 if e =€ 0.35 if e=¢€;
041 if e= 043 if e= 0.37 if e=
INCEE DA TORS St bl O S
0.28 if e=¢€3 0.30 if e =¢€3 041 if e =€3
0.33 if e=¢4 0.35 if e =¢4 0.39 if e=¢4

Then ¢ is a (0.45,0.49) FBI of Z, but not a (e,¢ V q) FBI, A(esTesBes,q) = Ales,q) = 0.28 #
min{A(eq,q), Ales, q)} = 0.33, U(es7esfes,q) = V(es,q) = 0.30 2 min{¥(eq,q), V(eq,q)} = 0.35
and U(eq7eqsfBeq, q) = U(es, q) = 0.41 £ max{U(eq, q), U(eq,q)} = 0.39.

Corollary 4.4. Let M be an (e,€V q)NRI and N be an (¢,€ V q)NLI of Z, then ((M o rN]) C (M U N].

Proof. Taking b = 0,¢ = 0.5 in Theorem

Corollary 4.5. Let M be an (e,¢ V q)NBI and N be an (e,e V q)NLI of Z. Then Z is regular if and only if
(MorN] 2 (MnN{N].

Corollary 4.6. Let M be an (e,¢ V q)NRI and N be an (¢,e V q)NLI of Z. Then Z is weakly regular if and
only if ( MorN] D (M ﬁf N].

Corollary 4.7. Let M be an (e,e V q)NBI and N be an (e,e V q)NLI of Z. Then Z is weakly regular if and
only if (M o rN] 2 (M n{ NJ.

5 Conclusion and future direction

we introduced the notion of b, £-neutrosophic subsemigroup, neutrosophic left ideal, neutrosophic right ideal,
neutrosophic ideal, neutrosophic bi-ideal, (¢, € V g)-neutrosophic ideal, neutrosophic bi-ideal of an ordered
I"-semigroups and discuss some of their properties. Furthermore, an analysis of the properties of various
transformations is conducted. We are attempting to handle cubic and interval valued new fuzzy structures.
Therefore, in the future, we should think about utilizing complex, soft set.
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