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Abstract

We introduce the concept of complex cubic () neutrosophic subbisemiring (CCQNSBS) is a new extension
of cubic () neutrosophic subbisemiring. We examine the characteristics and homomorphic features of CC-
QNSBS. We communicate the CCQNSBS level sets for bisemirings. A cubic complex () neutrosophic subset
I of bisemiring .# if and only if each non-empty level set R(“*), where R = (07 - ¢iTO7 0% €'TO7 0% -
¢iTO7 , 9% eim07 , @7{ . e”@;, @% . e”@?) is a CCQNSBS of .. We show that the intersection of all CC-
QNSBSs yields a CCQNSBS of .7. If ©1, Oo, ..., ©,, be the finite collection of CCQNSBSs of .1, S, ..., S,
respectively. Then ©1 X O2 x ... X ©,,is a CCQNSBS of 1 x S X ... x S, If F: 1 — S is ahomo-
morphism,then F(© g, ) is a subbisemiring of CCQNSBS (2 of .#3. Examples are provided to show how our
findings are used.

Keywords: CCQNSBS; CCNQNSBS; SBS; Homomorphism

1 Introduction

Algebraic structures are used extensively in theoretical physics, computer science, control engineering, in-
formation sciences, coding theory, topological spaces, combinatorics, functional analysis, graph theory, Eu-
clidean geometry, probability theory, commutative and non-commutative ring theory, optimization theory,
discrete event dynamical systems, automata theory, mathematical modeling of quantum physics, parallel com-
putation systems, and other fields. The complexity of systems grows by the day, making it more difficult for
decision-makers to make the proper option. Achieving a single goal is challenging, but it is doable. Many firms
struggled to motivate employees, define goals, and form opinions. As a result, whether individual or committee
decisions are made, a variety of objectives must be addressed concurrently. Based on this assessment, it appears
that the criteria are answered flexibly, making it difficult for each decision maker to find an optimal solution
in each of the criterion concerned. To find the optimal choice, decision-makers must establish trustworthy and
acceptable techniques. Historically, crisp procedures have been ineffective when dealing with ambiguity and
uncertainty in decision making. Zadeh' developed fuzzy set (FS) theory, which excels at addressing ambiguity
and uncertainty. An element in an FS is considered a member if it includes a single value from the interval.
However, because resistance might exist in real-world settings, the degree of non-membership does not always
equal one minus the degree of membership. As FS theory improves, an increasing number of hybrid fuzzy
models are generated. Uncertainty has led to the development of several theories, such as FS ! intuitionistic
FS (IFS),? Pythagorean FS (PFS),? and spherical FS (SFS) Sets with grades ranging from 0 to 1, known as
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MG, make up an FS. IFS is classified as MG, notwithstanding Atanassov’s~ statement that non-membership
grades (NMG) can only have a value of 1. There is a potential that during the decision-making process, the
sum of MGs and NMGs will occasionally exceed 1. Yager” used PFS logic to create the generalized MG and
NMG logic, which is determined by the square of the MGs and NMGs and has a value of no more than 1.
These views fail to describe the neutral condition, which is neither positive nor negative. Cuong® shared the
image with associates. FS used three grading points: positive, neutral, and negative. These grades combined
could not be greater than 1. For some uses, it outperforms PFS and IFS. It is an independent generalization of
three models that address the truth, indeterminacy, and falsity of FS and IFS.

Smarandache® invented the neutrosophic set (NS) to handle ambiguous and contradictory data. This reasoning
determines the degree to which a statement is true, ambiguous, or false. Ramot et al” introduce the concept
of a complex fuzzy set (CFS). The membership functions of CFSs transactions can take many different val-
ues. The unit circle of the complex plane is extended to [0, 1], whereas the unit circle of a fuzzy membership
function remains fixed. The CFS X is distinguished by a membership function 1 x (x) that extends to the unit
circle in the complex plane rather than only [0, 1]. px(z) is a complex-valued function that awards a grade
of membership of the type nx () - 7% (*) where i = v/—1, to any element z of the discourse universe. The
value of p1x () is determined by two real-valued variables, nx (z) and 7x (x), where nx (z), 7x (z) € [0, 1].
Golan® pioneered the use of semiring logic. Hussian and colleagues® explored the concept and applications of
bisemirings. Lee!V discusses bipolar-valued FSs and their related techniques. Ahsan et al. studied fuzzy semir-
ings in' Sen et al'? introduced bisemirings. Palanikumar et al'> proposed an intuitionistic fuzzy normal
subbisemiring for bisemiring. Palanikumar et al''* proposed bisemiring using bipolar-valued neutrosophic
normal sets. Several authors have lately published on innovative ideas such as the fuzzy extension set, neu-
trosopic set, and specific fuzzy set'>- 2% He studied their properties on the parellel lines to set theory. In 1971,
Rosenfeld?? defined fuzzy subgroups and gave some of its properties. Kuroki?® introduced fuzzy semigroups
as a generalized of classical semigroups. Mordeson® obtained some characterization of fuzzy semigroups.
We will study several aspects of the concepts of SBS and CCQNSBS and draw some conclusions. The follow-
ing five sections comprise the article. Section [I] describes semirings and SBS. Section [2] discusses semiring
and SBS preparation. The characteristics of CCQNSBS are listed in Section[3] Section[d]describes the homo-
morphism of a complex cubic () neutrosophic subbisemiring. It is recommended to evaluate CCQNSBS with
numerical examples.

2 Preliminaries

Definition 2.1. 12 An algebraic structure (., W, ©, ®) is a bisemiring,if (.7, ¥, ©) and (., ©, ®) are semir-
ings, ie.,(7, ), (¥, ©) and (., ®) are semigroups and

L. 0, © (¢ pn) = (0 © 9c) © (90 © op),

= ( )

2. (pc W py) © pv = (9¢ © o) W (9 © Po),

3. 90 O (¢ © ) = ( )

4. (pc© o) © 9o = (¢ © 90) © (90 © Pu)s Y 9o, 9¢, oy € .

Definition 2.2. A NS v in the universe U is v = {z,u (z),u; (),u7 (z)|z € U},where u (z),u;” (2)

» v » v v v

u (x) represents the TD,ID and FD of v respectively. Consider the mapping u.” : U — [0,1],u : U —
[0,1],u7 : U —[0,1] and 0 < v (z) + v (z) + v/ (z) < 3.

0 © 9¢) © (v © 9p),

Definition 2.3. © Let ¢y = (u ,u; ,ul )bo = (u,u,,ul,) and o3 = (w7 ,u;,,u7,) be the three
neutrosophic numbers over U. Then

1. o Uahg = <max(X;i,uq‘Z),min(Xﬁ,uﬁ),min(xi,ui»,

2. ¢2 m '(/}3 = <min(x;/ivuqi)amaX(Xffzvuqﬁ)?maX(szvui)>’
3. ¢y > g iffu, > anduy, <w andw] <ul,
4. wgzwgiffu;Z:u;ZandufZ:u;fg)andu;i:u;i.
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Definition 2.4.  For any NS ¢ = {z,x7 (v),x; (x),x7 (x)} of U. Then ({,7)-cut is defined as {z €
Ul (2) = 6 x/ (2) = ¢ x (2) < 7}

Definition 2.5. “Let V and Y be two NSs of .#. Then Cartesian product of V and Y is definedas V x Y =
I v 06 ) X sy 06 0) XV oy (6 9| for alll x, ) € 7}, where

ey (06 ) = min{x (), x5 ()} Xy (s ) = SDDEW 2 (v ) = max{x{ (2) x5 ()}

Definition 2.6. A fuzzy subset v of a bisemiring (., O1, Oz, 3) is represents a fuzzy SBS of .77 if x, (x O1

g) 2 min{x,(2), xv(€)}, xo(x Oz €) = min{xuv(2), xo(€)}, Xo(x Os ) = min{x,(z), xv(€)}.for all
X, € € .7.

3 Complex cubic ) neutrosophic SBS

Here follows that . denotes bisemiring unless other stated, R denotes for real part and Z denotes for imaginary

part and ™2™ = M.

Definition 3.1. The complex cubic Q NS (CCQNS) © in universal set ¥,
= {0, 07 (@, 0)- MOZ (9 0F (0, 0)- MO7 | 0F (1, 0)- MO7 "

M@ﬁ(a B @9(0z 0)- M®z Fow) ca € UY,

where 07 (o, 0) = [@%L,@W},@T”’(a 0) = [047,04Y1,0Z (a,0) = [0ZL,0ZY] and ©F (a, o) -

MOz ) 0% (o, 0)- M®7 " [ ©F (o, 0) - MOZ " 1 W = D[0,1] and ©Z (av, 0) - M7 " 04 (av, 0) -

M®z , 07 (a,0) - M®z : U — [0,1] represents the truth degree,indeterminacy degree and false

degree respectively.

,07 (a, 0)-M®7 (29 0 (a, 0)-

F(a,0) F (o, 9)

o7 (a,0)

For 0,607,067 is CCQNS © = {a, 07 (o, 0) - M®Z " 07 (o, 0) - MO ™,

@(a,g)M@f(ayg),@g( 0)- M7 , 0% (a, 0)- MOz @%(a,g)~M®I( @ € TUlandp € Q,
@ is a non-empty set.
Definition 3.2. Let © = {a 07 (a,0)- MOZ " 0% (a,0)- MOZ " 02 (0, 0) - MOZ " 07 (a, 0) -

MO7™ 0 (a,0) - MOZ " OF (a,0) - MOT' g>} and E = {a,zg(a,g) MEZ Y 2 (0, 0) -
M= 27 (a,0) - MEZ Y 2 (a, 0) - MEZ T 24 (0, 0) - MEZ Y 2Z (1, 0) - MEZ )}betwo
CCQNSs of . Then
= ={ (o, min{0F (a,0)- M2 " EZ (0, 0) - M= "} min{OF (e, 0) - MO " EZ (0, 0) -
M:%(a 9)} max{@i/( ) Mef(a,9)7%( ) M:?(a 9)}’
min{07 (a, ) - Meg(a g),:g(a 0) - ME7 } min{0% (a, o) - MOz 9),:7{(04 0) - MEE g)},
max{07 (a, o) - MOz 9)7:%(04 o) - sz(a'g)}>’a € \I/}
(i)OUE = {(a max{@g(a 0)- MOz 9)7:g(a 0)- MEZe } max{@‘](a 0)- M@y(a m,:%(a 0)-
=7, . oZ (@ = =7 (@0
M me{@%(ﬁa(’ Q)> Mo 7Hg(0§ 2 M=), 7 (a.0) S (a0)
7 (o, 0 —_ = ,0 —_ = o, 0
maX{@g(av Q) 'M@ 7‘—'7%(01 Q) M=z }7maX{@7{(aa Q) M@ 7‘—'7{(04 Q) M=z }7
fOF o7 —g g7 (o
min{0% (a, 0) - M ,E2% (o, 0) - M=z }) ’a € \I/} and ¢ € @, ) is a non-empty set.
Definition 3.3. For any CCQNS © = { 07 (a,0)- M7 "7 07 (a, 0)- MOZ " OZ (a, 0)- MO " 07 (v, 0)-
Qo7 L0 (a, 0) - MOz
07 (a,0) - MOz ? } of a universal set ¥. Then (¢,b)-cut is defined as {a € \P|@(a, 0) - M@ma .
Z,@(a, ).M@](a‘g) = Z,@ (o, 0) - M®z 7 =< 5,07 (a, 0) - Moz = 0,0% (a, 0) - Moz ? >
F @5—"(‘1 2)
0,0%(a,0)- M <b}.
Definition 3.4. The Cartesian product of © and Z is defined as
OxEZ= {e % 27 (0, @), 0) - MO*EZ " 0 x B ((a, @), o) - MO¥EZ
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@xing{T((a,w)'M@XEf((a'W)’m,@ « 22 (o, ), Q).M@ngm(a,w),g)
—7 ((a,),0)

MO*Ez \foralla,weS},
where © and = be the CCQNS of ¥, where

,0 X E5 ((o, @), 0)-MO*E

— min {87 (a,0)- M7 " E (w,0) - M5 7}

22 (@=).0)

O x Eg((a,w),g)-Mg

—7 m W(a Q)-M@f(a‘@ +E7(w Q)-]Mgfhvyg)
O x Ex ((o,w), 0) - MO*=z = B R
W((a,w% Q) . M@ng((a,W)ye) — max {@77%(047 Q) . Mzg(a,g)’%(w’ Q) . ME?(W,Q)}

=7 ((a,@),0)
pa

O x Eg ((a, ), 0) - MO*=

T (a,0)

:min{@g(a,g)'MIe 7Eg(w7g)'M5£ ’ }

T
R
o7 (a,0) I (w,0)
= oxzf (=)o) 0Ff(a,0)M°T " +ES (w,0) M7Z
O x 25 (o, w), 0) - M z = 5
F
R

=7 ((a,@),0)
z

R ((a, @), 0) - MO*=

F(a0) g

:Inax{@%(a,g)~MIé 22 (w,0) - MEz }
Definition 3.5. For any CCQNS O of .# is said to be a CCQNSBS of . if

(w,0) - MOZ (=0)}
(. 0) - MO7 (=)}
(. 0) - MO7 (=)}

OF (a1 @), 0) - MO7 (°1=):0) 1= min{67F (o, 0) - MO7 (),
OF (a2 @), 0) - MO7 (°922):0) = min{67F (o, 0) - MO7 (),

(—)g((a ®3 w)’ Q) . M@((O‘@SWLQ) t Inin{@(af7 Q) . M@((a,g)’

o O @
=) 2 &

B

0% ((a @1 @), 0) - MO7 (a01).0)
OR

— — o7 0 (o) 57, 97 ((w.0)
0% (0 @2 w), p) - MOZ (022w).0) » O (0:0) M2 109465 (w.0)- M2

= 2
OR

— oF — oF
% (0,00 MO7 (29 467 (w,0)- MOZ (=0
2

— v 67 (a,0)-MOZ (0 { &7 (. p). MOZ (=:0)
67 (0 03 @), 0) - MOF (xCum)0) - OEleve) o

(a0 @1 @), 0) - MO7 (a@12):0) < max{OZ (a, o) - MOZ (0:0) ©F (z, ¢) - MO (@:0)}
((a @2 w)7 Q) . M@((a@ym),g) j max{@ig(ch Q) . M@((aag)7%(w’ :Q) . M@((wi))}
(0 @3 @), 0) - MO (°99=):0) < max{©F (o, 0) - MOZ (0), 6F (e, 0) - MOZ (=)}

O O @
K| & &

0Z ((a @ ), p) - MOZ (0@19).0) = min{O7 (a, g) - MOZ (40 O (e, g) - MO7 (=)}
OF ((a @2 @), g) - MO7 (@22):0) = min{©F (a, ¢) - MO7 (%9, 0F (am, g) - MO7 (=)}
07 (0 @3 ), 0) - MOZ (€2359).0) » 1min{OF (a, g) - MO7 (@0), ©F (. g) - MOT (=0}

4 o7 (a, ~JVI@{((‘”9>+®] , MOZ (w,0)
0Z ((a @1 w), g) - MO7 (0@1).0) - Orle.0) O ()

OR

o7 07 (a,0)-MOF (40 L8 (5 0).MOF (=:0)
0% ((a @2 @), 0) - M7 (0@2m).0) - Oxl(00) +07 (.0)

OR

7 0% (a,0)- MOZ (20 107 (w,9)- MOZ (=0
0% ((a 03 @), 0) - MOF (0@3).0) - O (@) MZ B 4O (w,0) M2

@g((a D1 w)’ Q) . M@zg((OZ@lW)aQ) < max{@;’%(a’ Q) . M@f((a,9)7 @g(w, Q) . M@Ig((w,g)}
0Z ((a @3 @), 0) - MOZ (2@2%).0) < max{OF (a, ) - MO7 (@0 ©F (w7, p) - MOT (=)}
07 (e 23 @), 0) - MO7Z (a0sw),0) < max{0Z (a, o) - M@i@((a,g)’ 0Z (@, 0) - M@f((w,g)}

forall a, w € .7.
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Example 3.6. Consider the bisemiring . = {1, p2, i3, pt4 } With the Cayley table:

D1 | M1 | M2 | H3 | pa || D2 | p1 | M2 | M3 | Ha || D3 | p1 | P2 | 13 | M4
Hi | M1 | M1 | M1 | M1 M1 | H1 | M2 | B3 | K4 M1 | M1 | H1 | B | M1
K2 | M1 | H2 | H1 | K2 Ko | Ho | H2 | M4 | K4 Mo | 1 | P2 | B3 | M4
M3 | M1 | M1 | M3 | M3 M3 | M3 | M4 | M3 | M4 M3 | M4 | P4 | B4 | M4
Ha | H1 | K2 | B3 | M4 Ha | B4 | Ha | B4 | M4 Ha | Ha | Hg | Ha | B4
o (W) =m (w) = po
0£,07)(w) | [0.85¢27(01 0.95¢727(0-8)] | [0.75¢727(0-6) 0.85¢27(0-1)]
(0%,07)(w) | [0.55¢"7O0-D 0.65¢27(0-5)] | [0.45¢27(0:3) 0.55¢727(0-1)]
@%, 07 )(w) [0.65¢727(0-5) O.75ei2”(0'6)] [0.75ei2”(0'6), O.85ei2”(0'65)]
- (w) = ps (w) = pa
(07,07 )(w) | [0.45¢27(0-3) 0.55¢"27 (-] | [0.65¢/27(0-5) 0.75¢27(0-6)]
(02,07 )(w) | [0.25¢"27(0-2) 0.35¢27(0-3)] | [0.35¢727(0-2) 0.45¢"27(0-3)]
(@7%“7 @If)(w [0.9561'2#(0.8)7 0.85€i27r(0'7)] [O.9€i2ﬂ(0'75)7 0.95€i2ﬂ(0‘8)]
(w) = (w) = pa
(@%7 @g)(w) 0.86127‘-(0'65) 0.7612‘”(0'55)
(@7%7 @Iﬁ)(w) 0.561'271'(0.35) 0.462'277(0.25)
(@%7 @I?)(w) 0.6€i27r(0'45) 0.76i2ﬂ(0'55)
(w) = p3 (w) = pa
(@%7 @Ig)(w) 0.4622ﬂ-(0'25) 0.661271'(0.45)
(@1?7 6;)(10) 0.262'2#(0.15) 0.362'277(0.15)
(@%7 er)(w) 0.96i27r(0.75) 0.85€i27r(0'7)
Hence, © is a CCQNSBS of ..
Theorem 3.7. The intersection of all CCONSBSs is a CCONSBS of ..
Proof. Let {€); : i € I} be the collection of CCQNSBSs of .# and © = ﬂﬁ, Leta,w € 7.
il
Now,
07 ((a @1 ), 0) M7 (0@1w).0) — A Q7 (@ @), 0)- M7 (e@1w),0)
iel
= A\ min{Q:F (0,00 M0, 0.7 (w, ) - MW (=0
iel
— min {/\ Qig(cu 0) .Mﬂ(mg)’ /\ Qig(w7 0) - M@(w,g)}

el el

= min{0F (a, 0) - MO7 @9 O (w7, g) - MO7 (=)}

Similarly, o o o
67 (0 @2 @), 0) - MO7 (0222):0) = min{67 (o, o) - MO7 40 OF (w, ) - MOZ (=)},

67 ((a @3 @), 0) - MOZ (230 = min{OF (v, 0) - MOZ (40), 67 (w3, 0) - MOZ (=0)}.
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Now,

0% ((a 01 w),0) - MOZ (a01m).0) /\ Qip ((a @1 @), 0) . MO7 (a@1%).0)

el
a Q.7 (w
>_ /\ 7{ MQZI( ’Q) +QZR(W Q) MQ‘I( 79)
2
el
N Qi (a,0) - M¥Z (@0 4 N\ Q7 (m, o) - M7 (=:0)
= i€l el
2

07 (a,0) - M®7 (:0) 4 67 (e, ) - MO (=0)
2

Similarly,
7 oF . of (a,0) 57 .0 o (w,0)
67 (0 03 @), 0) - MOF (02sm0) - SRl ML O (m ) D) g
67 (0 03 @), 0) - MOF (@0am)0) - OF (0} ML D467 (e, g)-11°F (=0
) — 2 .
Now,
%((a @1 ’w) ) MG?((‘X@YW ,0) \/ Q'LR a @1 ) ) . M@((a@rw),g)
i€l
=\ max{Q% (a,0) - MHT 0, 0.7 (w, 0) - MOT (=)}
i€l
_max{\/ an a, 0) MQtz (a,0) \/ 7%‘ 1\491I 2 9)}
icl icl
= max{%(a, 0)- M7 (e0) @% (w, 0) - MeZ (@.0)}
Similarly,

@((a @2 ), 0) - MO7Z (0@2w).0) = max{%(a, o) - Mg(“’g),@(zm 0) - Mﬁ(w’g)} and
@((a @3 ), 0) - MO7 (e@s@)0) < max{%(a, o) - M@?(“’Q),@(zm 0) - M@i?(w’g)}.
Let {Q; : i € I} be the family of CCQNSBSs of . and © = sz Leta, w € ..

iel
Now,
@g((a 1 w) ) M@y((lX@Mﬂ)xQ) /\ QlR a0, @ ) ) . M@g((a®1w),g)
el
- /\ min{Q;7 (a, ) ~M9ig(0‘79),§2ig(w7 0) .Mﬂi‘;}(ma)}
iel
= min {/\ Qig(a, 0) .Mﬂiiy(oa@)’ /\ Qig(w, 0)- Mﬂif(w,g)}
iel i€l
. T (o 7
= min{O3F (a, g) - MOz (%0 7 (w, o) - MO7 (#:0)}
Similarly,

07 ((a 02 @), 0) - MOZ (°22%):0) - min{OF (o, 0) - MOZ (49, OF (w0, 9) - MOZ (=)},
07 ((a @3 @), g) - MOZ (0@:9).0) = min{OF (av, ) - MOZ (@0, 07 (m, ) - MOZ (=)},
Now,

0% (0 01 @), p) - MO7 (e@1).0) =N\ Q% (a0 ), 0) - MO (021@).0)

el
0% (a, 0) - MUE (@) 4 Q.7 (w, 9) - MUZ (=:0)
=N\
2
el
/\ Qm{(a, 0) - ME () + /\ Qm{(w7 0) - M7 (@,0)
— &l icl
2
_ 04(a,0) - MO7 (9 4 ©f (w, ) - MO7 (=:0)
2
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Similarly,
2 o . g @,0
O ((a @3 ), o) - MOF (002).0) - OR ek MPE 407 () MILTZY) g

Z ((a@: 07 (a,0)- MO (:0) 1 8 (. 0). MOF (=:0)
0% ((a 03 @), o) - MO (023@).0) = Ol:0) of (m0) .

Now,

OF (a1 w), o) MO? (220 = \/ 0T (0 @1 w), ) - MO (2210

i€l
= \/ max{%7% (o, 0) - MT (@0 7 (@, 0) - Mz (@0}
icl
:max{\/ Q7 (a,0) - M¥E 0 \/ 0,7 (e, Q).Mnifw,g)}

el iel
= max{0Z (a, o) - M®7 (=9 07 (7, p) - MO7 (#:0)}
Similarly,
0Z ((a @3 @), 0) - MO7 (a@2w).0) < max{0Z (a, g) - MO (@.0) 0Z (=, 0) .MG?(w,g)} and

0Z ((a @3 ), p) - MO7 ((@@:@).0) < max{OZ (av, ) - MOZ (@0) ©F (1w, o) - MOZ (=)},
Thus,® is a CCQNSBS of ..

Theorem 3.8. If © and = be the CCONSBSs of .1 and % respectively, then we prove that © X Zis a
CCQNSBS Ofyl X S.

Proof. Let ay, g € % and wy, wy € S5. Then (a1, 1) and (ag, ws) are in . X . Now

6 x ZZ [((a1, @1) @1 (2, 2), 0)] - MO*EZ (a1, =1)@1(02,2).0)
W((al 01 g, w1 D1 @2), 0) - MO*EZ (012102,21012),0)
min{@f%((al 21 a2),0) - 1©7 (1010a2),0) %((W1 01 @2), 0) - Mﬁ((wl@m),m}
min{min{6F (a1) - M7 @), 67 (az) - MO7 *2} min{ZF (1) - M

min{min{©F (a1) - MO7 (1), ﬁ( 1) MOZ 1)} min{OF (as) - MO7 (@) Z7 () - MO7 (=)}

min{0 x 27 (a1, @1), o) - MO*EZ (07):0) @ x B7 ((ag, @3), 0) - MO*E7 (02.m2).0)}

Y

MOZ () EF () - MO7 (=)}

Also © x 27 [((a1, 1) @2 (02, @2), 0) )] M@)x 7 [((0,71)@2(a2,2),0)]
= mln{@ X Eg((alvwl)v Q) : M@X 7 (e,m1), @ X = ((a27w2)7 Q)MGXEIQ((OQ)W&)’Q)}

and © x =2 [((a1,@1) @3 (a2, @2), 0)] - MOXEZ [((a1,21)@s(az,2).0)]
t mln{@ X Eg((al?wl)a Q) : Mexug((ahwl) g)’ O x Eg((a%w2)7 Q) : MeXEg((az’WQ)MQ)}'
Now,

W[((Oﬂ, @1) @1 (a2, @3), 0)] - MO*EZ [((e1,21)01(02,2),0)]
= 0xZ{((01 01 02,1 01 ) ) - MO (02 mO=)0)

@((al 01 az), 0) - MOXEL (m@102).0) 4 Q((wl 01 @2), 0) - MOXEZ (@101%2).0)

2
" } _@(O‘l) . M@f(al) + @(OZQ) . M@f(az) + %(wl) . MEg(wl) + %(w2) . ME%(‘ZDQ)
- 2 2 2
1 (07 (a1) - MOZ (@) £ B () - M7 (@) . 07 (a3) - MO7 (42) 4 B (zy) - MZ7 (2)
2 2 2
lr——7 ow=7 e
= 5 O x E%((ahwl), 0) - MO*EZ ((a1,m1),0) +0x E}?((ag,wQ) 0) - MOXHI ((a2,@2), 9)}
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Also -
© x E% [((on, @1) @2 (0, @), 0)]- MO*EZ (01,7 02(02,22).0)] - %[@ x Z4 (a1, 1), 0)- MOXEZ (er,@1).0) ¢
O x 57{((042,722) 0) - MOXEL ((az,m2), a)]

and

(a1, w1)23(02, 2), )].Mefo[((a1,w1)®3(a2,w2),9)] = %[@ X E%((Oélﬂm) 0)- MOXEL ((o1,@1),0) 1

7
R
0 x 2% (a2, w2), 0) - MO*E7 ((aza%)@)]

6 x EZ[((a1,®1) 1 (o, w2), 0)] - MOXEZ [(1,91)21(a2,72).0)]

O X T (01 01 2,1 01 w3), ) - MOV (010010100

max{0Z ((a1 @1 ap), ¢) - MO*ZZ (010102).0) EZ (1) 0 wy), o) - MO*ZZ (m1@172).0}

< max{max(6F (a1) - M7 (), 07 (05) - MO7 )} max(ZF (1) - M7 =), ZF () - M7 (=2)})
= max{max{0F (a1) - Mﬁ(al);%(wl) 'Mf(wl)},max{g(az) . Mg(az’),ﬁ(wz) - ME7 (=21

= max{O x Z% ((a1, 1), 0) - MO*EZ (1,@1).0) g =7 (a2, @2), 0) - M@XEIg((ag,w2)7g)}

1

Also @ X HR [((al,wl) D2 (ag,zUQ) )] M®><~ [((a1,@1)@2(a2,@2),0)]

j max{@ X '—'g((alawl>7 Q) : MQXHI?((QMW])’Q)aG X E%((OQ)W?% Q) : MGXEI?((O‘27w2)7 Q)}a
O x % [((a1, 1) @3 (2, 2), 0)] - Meng[((al’wl)%(az’%)’@)]

< max{0 x ZZ (a1, @1), 0) - MO*EZ (@1:%1):0) @ x ZZ ((vg, w3), 0) - MOXE7 ((az@2).0)},

Let ay, e € .9 and w1,y € %. Then (a1, wy) and (a9, w2) are in ) X %%. Now

0 x ZZ[((a1, 1) @1 (2, w2), 0)] - MO*EZ [(@1,m1) 01 (a2,2) 0)]

© x Eg((al 01 (g, ™ D1 W), 0) - MOXEZ (110102,m101%2) 0)

min{07 ((a; 1 as), o) - MOZ (212102).0) =7 (51 &) 1), o) - MEZ (F101%2).0)

min{min{0F (a1) - M7 (1), 07 (ap) - MO7 ()} min{=Z () - MOZ =) 27 () - MOZ (=) 1)
min{min{0Z (a1) - M7 (1), 27 () - MOZ =1)} min{OZ (ap) - MOZ (©2) =7 (cz,) - MOZ (=2)}}

min{© x g((al,wl), 0)- MO*EZ ((er,m1).0) @ Eg((ag,wg, 0) - M@XEg((awm),g)}

(1 o |

Also © x Eg[((al, wl) D2 (Ozg, WQ), Q)] . M@XE?[((a17w1)®2(a2,wQ),g)]
= min{© x =7 ((a1,@1), 0) - MO*EZ (1=0):0) @ x ZF ((ag, @), ) MO*Z7 ((0z.2).0)}

and © x 27 [((a1, 1) O3 (a2, w3), g)] . MQXEg[((alaw1)®3(azﬂw),g)]
= min{® x 2 (a1, 1), 0) - MO (@100, 6 x 27 (g, @2), 0) - MO*ZZ (am2)0)},
Now,
0 x ZZ[((ar, 1) @1 (a2, @2), 0)] - MO*EZ (a1, @1)@1 (a2.2).0)]
— O X EZ (1 O1 ag, @1 @1 @), 0) - MO*ZZ (12102 @121%2).0)

0Z (a1 @1 az), ) - MOXEZ (m@102).0) L B () @1 w3), 0) - MO*EZ (101%2).0)

2
o 1 -97{(a1) . MG'{(m) + @%(QZ) . Mef(az) N E%(wl) . MEé’(wl) + E%(wg) . MEf(v—&)
- 2 2 2
1 -@ﬁ(al) . MO7 (1) + 24 (w1) - MEZ (=1) N 04 (az) - MO (a2) = (w3) - MEL (@2)
2 2 2
17 = -
_ 5 O x E%((al,wﬁ, 0)- M(—)x:g((al,wﬂv@) +0Ox 57{((02’@2)7 o) M@x;?((amwz),g)}
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Also
(a1, 1) @a(2, @2, 0)] MOXEZ [((a1,@1)@2(a2,@2),0)] %[@ x 24 ((ay, 1), 0)- MO*EZ ((er:@1)s0) 4

((042; WQ) ) MQXHI ((a2,2), g)]

(a1, 1) @3(2, 2), 0)] MOXEZ [((01,21) @5 (a2,@2),0)] = %[@ x 2% ((ay, 1), 0)- MOXEZ (er@1)0) 4

B4
R
O x Zx ((az, @), 0) - M@Xﬁé’((az,wﬁ,g)]

O x ZZ (o1, 1) @1 (2, @2), 0)] - MO*EZ (a1, 1)1 (2.2).0)]

=27 (1 @1 g, @1 @1 @2), 0) - MO*EZ (a@102,@1012).0)

max{0% (a1 01 az), ¢) - MO*Z7 (121020 =7 (39} 0 wy), g) - MO*E7 (F121m2).0)}
max{max{0Z (a) - MO7 ) 0Z (a3) - MOZ ®)} max{ZZ () - M=Z @) 27 (wmy) - MZZ (=)}
max{max{@%(al) . Mefg("l), Eg(wl) . ME?(wl)},max{@g(ag MO7 (a2) :g(wQ) . Maf(wz)}}

)-
max{0 x T2 (a1, @1), 0) - MO*ZZ (1:20):0) @ x =7 ((arg, @), 0) - MO*ZZ ((022),0)}

(1 N
@
X
[1
S

Also © x E%[((al,wl) (%D} (a27w2) )] MOXHZ [((a1,1)@2(az2,@2),0)]

= max{@ X Eg((alﬂ wl)v Q) : MG)XHI (e1@1).0) ;O % :‘R ((a27 w2)7 Q) : MGXE?((Q%WQ)» 9)}’
O x Eg[((al,wl) @3 (()427 W2)7 Q)] . MeXEg[((al7W1)®3(@27W2)70)]

< max{O x E% (a1, @1), 0) - MO*EZ (1:21):0) @ x TZ ((vg, ), ) - MOXFZ (@2:2).0)},
Thus, © x = is a CCQNSBS of .¥.

Corollary 3.9. If ©1, 0., ..., 0, be the finite collection of CCONSBSs of %1, Ss, ..., Sy respectively. Then
prove that ©1 X O3 X ... X O, is a CCONSBS of ) X So X ... X S

Definition 3.10. Let © C ., we define the strongest CCQN relation on . is defined as follows:

Q7 ((a, @), 0) - M (2.0 — min{67 (v, 0) - MO7 (0 O (ww, o) - MO7 (=:0)}

I — wa o7 (a0) \ 5 F o7
QZ ((a, w), 0) - MO (@=)0) = 0% (,0)-M°Z ¢ M-Qei(w,gw"z (w,0)
OF (0, @), 0) - MOZ ()0) = maz{OF (a, 0) - MOZ (9, OF (w, o) - MOZ (=0}

Theorem 3.11. Let © be a CCONSBS of .7 and 2 be the strongest complex cubic () neutrosophic relation of
. Then © is a CCONSBS of . x . if and only if Q is a CCONSBS of . x ..

Proof. Suppose © is a CCQNSBS of . x . and () be the strongest complex cubic ) neutrosophic relation
of 7.
For any a = (a1, a9), @ = (w1, @2) € S X . Now,

Q7 ((a 01 @), 0) - M (e@1w).0)
= QZ[((((a1, a2), 0) @1 (w1, @2), 0)] - MY [(((e1.02).0)01 ((=1.2).0)]
OF (0 @1 @1, a3 @y ) - M (@1011,0201%2)
min{07 (a1 1 1), 0) - MO7 (12120:0) §F (01 0y w3), p) - MO7 (e2212).0)}
min{min{@(al) . M@(m%@(wl) . M@(wl)},
min{OF (az) - MO7 (2 07 () - MOZ (=)}}
= min{min{@(al) . M@(al)’@(aﬂ . M@(QZ))}’
min{0F (@) - MO7 @), 07 (w,) - MO7 (=)}
= min{@((al, @z),0) - M@((O‘lm)’@),@((wh ws), 0) - M@((Wl@z)’@)}
= min{@(a7 0) -M@(‘W),@(w7 0)- M@(w,g)}

1Y
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Also QZ (o 03 @), o) - M (0222).0) = min{QF (av, o) - M (@0 07 (c, o) - MY (=0},

Q7 (0 @3 @), 0) - M (025%).0) = min{QF (v, 0) - MY (*:0) Q7 (w, 0) - M ,e>}
Now, @(a 1 w) . M9 (c01w)

QL ((((er, a2), 0) @1 (w1, w2), 0)] ML [(((01,02),0) 01 ((w1,2),0))]
77{((041 @1 @1, 2 D1 W2), 0) - MO (@101m1,02012) )

7% (a1 @1 @1), 0) - MO7 (12120.0) 1 OF ((a @1 w2), 0) - MOF (a2 @1 w2), 0)
2
@(O&l) . MO7 (o) Jr@(wl) . MO (@) i @(az) . MO7 (@2) +@(WQ) 'M@‘Ig(WQ)‘|

I
@DD

—
- 2 2

2 2

07 (1) - M®7Z (@) 4 ©F (ay) - MO (o2) ) 07 (w1) - MPZ=) 1 07 (ws) - M@{m)]

OZ (o1, a2), 0) - M (01,02):0) 4 QF (a1, @), 0) - M (F1.72).0)
2
QF (o, 0) - MY (@0 4+ OF (m, o) - MO (@0)
2

- Q7 (a,0) 27 (w,0)
Also OF (0 03 @), 0) - M7 (@22m),0) - DR () MIL 405 (w0) M7

- Q7 (a,0) QF (w,0
and QO (0 03 w), o) - M (0@sw).0) - P (2.0 M| )W’“ﬂ o) M7Z (7
Similarly,Q7 (0 01 @), 0) - M (2120 < max{QF (o, o) - M?Z (0 Qf(w 0) - M9 (=)},
Qg((a @9 @), 0) - M7 (a@2w),0) < max{gg(m 0) - MQ‘}( ,0) Q%( 0) - MO (@, a)} and

OF (0 03 @), 0) - MOZ (©@5):0) < max{QF (o, 0) - M7 @0 OF (w, 0) - MOZ =},
For any o = (a1, a2), @ = (w1, w2) € S x .. Now,

Q7 ((a @1 @), 0) - MOZ (2@1).0)

= Q%[((((alg a2)7 Q) @1 ((wla ’ZUQ), Q)] . MQIy[((((al;a2)79)®1((w17w2),g)}
) .Mﬂiy(m@ﬂm’az@uﬂz)

QF (01 @1 @1, 00 01 W
= min{0F (a1 @1 @1),0) ]\/lelg((m@lwl)’@)7 0F ((ag @1 @2), 0) - M@zg((a2®1w2)19)}
min{min{©F (a1) - MOZ @), 07 () - MOZ (=)},

min{O3F (az) - Meg(%), 0F (ws) - M@)‘z?(wu)}}

min{min{O3F (ay) - MOZ (1) 07 (az) - M@‘z(y(az)},

min{OF (@) - MO7 (%), OF (c0) - M7 (=)}

min{Qg((al, as), 0) - Mﬂg((al’w)’@),Qg((wl, ws), 0) - Mﬂzg((m,w),@)}

= min{Q3F (a, 0) ~M919(O"9), QF (w, o) - Mﬂzg(w,e)}

Y

Also QF ((a @2 @), o) - M7 (4222):0) = min{Q7 (a, 0) - M7 (0, Q7 (a, ) - M”z (0)},
07 ((a 03 @), 0) - M (4232).0) = min{Q7 (a, 0) M7 (@0, 0F (@, 0) - MY (=0},
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Now, Q% (a @1 @) - MO (@01@)

— QZ[(((a1,0) ) 21 (1, 72), )] - MOF Lonea) 0n( (=) 0)
= QF (a1 @1 @1, a2 @1 @2), 0) - MOZ (1@191,02012) 0)

_ 0% (01 @1 %), 0) - MOZ (4120):0) 4 ©F (0 21 @3), 0) - MO (2 @1 3), 0)
2
O (01) - MOZ () + O (1) MOZ(=) 6 (a2) - MO7(*2) + OF () - MO7 W]

1
2 2 2

R [9%1) MOZ() + OF (ay) - MOT) | OF () - M) + OF (o) 'M@{(m)]
T2 2 2

QF ((aq, az), 0) - M (01:02),0) 4 OF (1, w3), ) - MY (@1:%2).0)
2
_ fi(a,0) - M (@0 1+ Of (w, ) - MO (0
2

£ (o o 4 < w,0
Also Q%((Ot @2 @), 0) - MO (0@2w),0) Q% (a,0)- M7 (= )+Qy(w10)'MQI( )

and Q7 ((a @3 @), 0) - M7 (a@5@).0) - QF (a,0)- ML (= ")J;QJ(W@)M“{‘W’Q)‘

Similarly,QZ (o 01 @), o) - M7 (0219).0) < max{QF (a, ) - M7 (40 QF (i, ) - MO (=0},
OF (a0 @2 ), 0) - MOZ (222)0) < max{QF (o, 0) - M2 (*0) OF (0, 0) - M2 (=)} and

Q7 (0 03 @), 0) - M7 (a@s@).0) < max{QZ («, o) - M (@0) QZ (w, o) - Mﬂé’(w},
Therefore,{2 is a CCQNSBS of . x .&.

Conversely, suppose that Q is a CCQNSBS of . x .. Let o« = ((a1, a2), 0), @ = ((w1,@2),0) € S X Z.
Now,

min{OF (a1 @1 @1), 0) - MOZ (221=0:0 ©T ((ay 01 @), 0) - MOF ((2212).0)y

Qg(ofl 01 w1, 0 01 W) - M9 (1@11,0201%2)
@[((ah a2)7 Q) D1 ((wl, w2)7 Q)} . Mz'ug[((al7(¥2)79)®1((w1:w2)a9)]

7 a0y ) M7 (=)

I
[O

Y

min{QZ (a, o) - MOZ (0 07 (w, g) - M7 (=0}
= min{@((ala Oég), Q)} . MQZ?((OCMOQ)’Q)},@((wh w2>7 Q) . MQZg((whwz)yQ)}

= min{min{0Z (a1) - M7 @) 07 () - MO7 ®2)} min{OF (1) - MO7 (&) 07 (wmp) - MO7 (=2)}}

—

f7®7§((0¢1®1wl) ).Megﬁl@m),g) < @7;,?((@2®£2)’Q).M@g((oé2®1w2)vg)’the@(al).Mg(al) <

(ag) - MO7(®2) and ©F (wy) - MOZ (=) < 07 (wy) - MOZ(®2). We get OF ((a; @1 @1),0) -
07 (1@1®1).0) = min{OF (ay) - MOZ () 07 (wwy) - MOZ (=)} forall ay, @, € .7 ,and

mm{@g((cn@gwl) ) . MO7 ((a1@2w1),0) @?((a2®2w2) o) M@‘q((&2®2w2)79)} imin{min{@ig(al)-

M97 a1 7@?(052) M@ Otg)} mm{@?(wl) M(—)?(wl @ ( ) 99 = }}

IfOF (a1 @2t01), 0)- M MOZ (102@1).0) 4 @7((0@@2732) 0)- M®7 ((4202%2).0) then 0F ((a1@2t1), 0)-

MO (@02222):0) = min{OF (1) - MOZ (), OF (1) - MO7 (=)},

min{O7 ((aq @3w1), 0)- M®7 (1@3w1).0) 0F (a2 @3w2), 0 MOT (205%2).0)} min{min{@ig(aﬁ-

MOZ (), 0F (as) - MOZ (*2)}, min{W(wl) MOZ (=), 07 (wa) - MOZ (=2}

IfOF (a1 @31), 0)- M MOZ (10sm1).0 <@q((042®3w2),é’)'1\4@;((’12®3‘W")’9)Jhﬁn@?Z((%Q%wl),Q)'

M@"I{?((Ot1®3w1)79) bt mln{@ig(oq) ) ]\/[Oy 041), @%(wl) . M@g(wl)}.

Now,

%N

,_.

7 (@
)
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Loz o7 (1@1®1).0) o 9F (@207
5 [6Z (@1 0101), 0) - MOF@21=0:0) 1 BF (03 01 w3), 0) - MOF 7]
= @(al @1 w1, 00 Q1 W2) - MO (101@1,02012)
= @[((ala a2)7 Q) D1 ((w1, WQ)’ Q)] . Mﬂg[((0‘17a2),9)®1((w1,w2))g)]
= Qf (0 01 @), o) - M (001 ).0)
(0 0) ML 4 0 (,g) - MOTED
B 2
_ OF (a1, az), 0) - M (01:02):0) 4 OF (w1, w3), 0) - MO
2
1 (—)7 «q) - M@(al) + @] ) - M@(ag) 67 w M@ (wl) + @'] - M%
2 2 5

110 ((01211), 0)- MOZ (12120:0) X OF ((a201), 0)- MOF (220172)0) then OF (a1)-MOZ (*1) <
0F (ag) - MO7(22) and ©F (wy) - MO7 (®1) < ©F () - MO7 (%2),

o _ — o7 () =5 o7 (o)
We get 07 (a1 @1 1), ) - MOF (1011),0) - O (o) MOz 1>+@J’<w1>‘M°z( D

- B — o (o ) o"(w )
Similarly, 8% (a1 @3 1), ¢) - MOZ (@ @rmi)0) 5 ORlan) MO ) 16 ()17 (=

and ©F (a1 @3 w1), 0) - MOZ (125=1).0) - ?(““'MGII(M)ZQ(W”'MGI S

Similarly to prove that

max{0Z (a1 011 ), 0)-MOZ (12191).0) OF (301 w03), 0)- M OZ (222192).0)} < max{max{OF (o)
M7 (@) ©F (ay) - MO7 (@2)}, max{@7(w1) MOT (1), 0F (wmy) - MO7 (=2)}}

It 0F (01011, 0)-MO7 (c101%1),0) @9((042@1122),g)-M@g((0‘2®1w2)79),then@(al)'Mg(al) =
07 (arz) - M7 (%2) and ©F (wl)-M@g’ﬁm = O (wy) - MO7 (=2),

We get ©F (a1 @1 @1), 0) - MOZ (121%0.0) < max{OF (ay) - MOZ () ©F (wmy) - MOZ (=1)},
max{@((al 2 @1), 0) - MO7Z (a102w1),0) @9((042 Q2 w3), ).MG ((2@2w2),0 )}

< max{max{OZ (o) - M7 (@1) @9(0@) MO7 (@2} max{0Z (w;) - MOZ (&), 07 (w,) - MO7 }}
If%((Oq@le) 0)- . MO7 (1@2w1),0) » @3}((o¢2®2w2),g)~M@¥((a2®2w2) o) then @((OLl@le)’g).
MO7 (0122%1).0) < max{OZ (ay) - MOZ (a1) ,0Z (wy) - MOZ (=)},

max{0Z (a1 03w ), 0)-MOZ (1@5%1).0) OF ((y03w), 0)- MOF (22@5%2).0)} < max{max{OF (o)
MO7 (@), 0F (a) - MOZ °2)} max{©F (w1) - MO7 (7)), ©F () - MO7 (=2)}}

If OZ (0 03 1), )~MWEG a2 @33), 0)- MOZ (2203%2).0) then ©F ((oy ©31), 0)-
MO (1@3%1).0) < max{OF (ay) - MO7 (@) OF (wwy) - MOZ (=1)},

VRN

Leta = ((a1, @2), 0), @ = ((w1, @2),0) € S x .. Now,

min{0% (a1 @1 @1), 0) - MOZ (a@rm1).0), 07 ((an 01 2), 0) - M@Iy((az@lwz),g)}

= O (a1 @1 w1, a2 O1 wg) - MO (10171,0201%2)

= 07 [((a1, a2), 0) O1 (w1, @2), 0)] - MT [((a1.02).0)21(@1.2).0)]

= Q% (a0 @) - MO (@01=)

= min{Q3F (a, o) ~MQ¥(O"€’), QF (w, 0) .Mﬂ'z?(w,g)}

= min{QF (a1, 02), 0)} - MU (1020} OF (1, 23), 0) - MY (=1:72).0))

= min{min{OF (o) - Me?(al)a OF (az) - Mefﬂ(a?)},min{@%(wl) ~M@Iﬁ(wl), 07 (ws) - MG?(m)}}
107 (101@1), 0)-MO7 (12121):0) < OF ((a901%03), 0)-MO7 (422122).0) then OF (a)-MOZ (1) <
07 (az) - M®7 (@2) and 07 (wy) - MO7 (=) < 07 (w2) - MOZ (@2) We get 0% (a1 @1 @1),0) -
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MO7 (101%1),0) = min{0F (ay) - MO7 (), 07 (1) - MOZ (@)} for all oy, wwy € .7,and

min{OZ (a1 @2w1), 0)- MOZ (122%1).0) OF (3 @y 3), 0)- MOZ (2222%2).0)} = min{min{OF (ry)-
MOZ (@) 07 (ay) - MO7 ()} min{OF (w1) - MOZ (=), 07 (zy) - MOZ (=2)}}

If 0F ((a; @2w1), 0) MO7 (1@2m1).0) < 07 (a2 @2w2), Q).Meg((fh@??”?)’?),then 0F ((a1@2w1), 0)-
MO7 (102%1).0) = min{0F (o) - MO7 () 07 () - MOZ (1)},

min{O07 (o1 @3w1), Q)'M@Ig((m@e‘wl)’g)» 0% (a2 @3w2), Q)-M@?((‘X?%w?)@)} > min{min{03F (a;)-
M@)f(al)’@g(%) ) Meé"(az)},min{@g(m) ) M@f(w1)7@g(W2) ) M@fwz)}}

If 07 (0 @31), 0)- MOZ (21@:%1).0) < O.F (i D3703), 0)- MOZ (4223%2).0) then O ((ay @31 ), 0)-
MO7 (105%1).0) = min{0F (o) - MOZ (), 07 () - MOZ (1)},

Now,

o

~5‘((02®1w2)vg):|

B2
(a1 @1 @1), 0) - MO (1@191):0) L ©F ((ay 01 w2), 0) - MO

N |

a1 01 @1, Qs D1 w2) A Mﬂf(a1®1w17a2®1w2)
(01, 02),0) @1 (@1, 2), 0)] - M (10200001 (=172 )]
01 @), 0) - M (0@1).0)

[
Q0 Q0 2
AN AN AN AN

Q

—~ — o~~~
— o~

I (a,0)

a,0) - M%"" £ QF (w, 0) - MO (=:0)
2
_ Q’l{((al,QQ)a Q) : MQ{((O(l,OéQ),Q) + Q%((wl,wﬂ’ Q) . MQIJ
B 2
1[0F () - MO?() + OF (az) - MO?(%2) | O (1) - MO¥ (=) + O () - MOF (=)
2 2 B

1Y
)
AN

If@%((Oq@l@l)’ 0)-MO7 (1@171).0) ; 0% ((aa01@2), Q).]\i@{((a2®1w2),g)’ then ©F (ay)-MO7 (1) <
O () - MOz (22) and ©F () - MOz (1) < OF (wwy) - MOz (72),

7 A0 (a1) I (o
We get OF (o @1 @1), 0) - MOZ (@1@121).0) o OR()MF V107 (1)

7 07 (a1) T (1) o (wq)
Similarly. 0% (0 @2 1), g) - MOF ((0102m1).0) o O& (1) MOT 0405 (1) MOZ (=

.M@)Ig(tm)

'} [e3 o j W
and 6%((011 @3 @1),0) - MOZ (a1@3%1).0) = O (o) M2 | 1>+2®7§(W1).M@I — :
Similarly to prove that
max{OF (a1 @1 1), 0) - MOZ (2:121%1):0) ©F (a3 01 w2), p) - MO7 (2201%2).0)}
=< max{max{O0% (a;) -M;?(al), 0% (ag) - M@?(‘”)}, max{@%;wl) -Meig(wl), 0% (w2) - Mei(w2)}}
If@%((a1®1g1)’ 0)-M®z ((O‘l@lwl)’g); OF ((a201m2), Q)'Z\fzef ((2201%2).0) then ©F (ay)- Mz (1) =
07 (az) - M®7 (°2) and ©F (wwy) - MO7 (#1) = ©F (wwy) - MOz (72),
We get OF (o @1 @1), 0) - MOZ (12191).0) < max{OF (ay) - MOZ (), ©Z (wmy) - MOZ (=1},
max{OZ ((a; Oy @1), 0) - MO7 (1029100 OF ((q1y @y ), o) - MOF (0202%2).0)}
< max{max{©Z (o) - Mji‘ (@), 0F (ag) - MO7 (@2)} max{©F (1) MO7 (=) 0F (w,) - MOT }}
If 0F (a1 @a1), 0)- MOz ((2102%1):0) = @F (g @9 w2), 0) - MOT ((2202%2):0) then ©F ((a; @201 ), 0)-
MO7 (c1@2w1).0) < maX{@é(m) - MO7 () 0F () - M@f(wl);.
max{OZ ((a; @31 ), 0)- MO7 (12:%1).0) OF ((a0315), 0)- MO7 ((222372).0} < max{max{OZ (a;)-
M®§‘(m),@%(a2) . M@Ig(o‘z)},max{@%(wl) - MOZ (=) OZ (ws) - M®7 (=2)}}
1t OZ ((an @31), 0)- MOZ (1@s=1).0) 0Z ((ap033), 0)- MO7 (@2252),0) then 0Z (a1 03w1), 0)-
MO7 (012:%1).0) < max{OZ () - MOZ (@) ©F () - MO7 (=1},
Therefore, © is a CCQNSBS of .7.

Theorem 3.12. Suppose that © is a subset of . Then R = (@ . M@, @ . Meifﬁ : M@, @7‘% -
M®7 0% . M®7 ,©Z - MO7 ) is a CCONSBS of . if and only if R\“*) is a SBS of . for all £, € DI[0,1].

Proof. Assume that R is a CCQNSBS of .. For each £,b € D[0,1] and a1, s € RED. Now,07 (ay) -
MO7 (o) = £,07 (o) - MO7 (ag) = £ and O (1) - MO7 () = £,0 (o) - M7 (ag) »= £ and
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(ag) - M®7 (a) < b. Now,0Z (a1 @1 as), 0) - M%( o @1 a2),0)

(
(a2) - MGIy(az)} = Land OF (a1 @1 a2), 0) - MO7 (o1 @1 a2), 0)
@2) o L — fand ©F ((a1®1a2)7g)-Mg((m@lag),g) = max{@ig(al)-

07 (1) - M®7 () = b,

min{OF (a1) - M7 (a 0.0

6% (01)- M®7 (01)+ 0% (a2)-M
2

®\
2%

=
=

i““m‘

MO7 (041),@(042) . M®7 (a2)} = b. Th1s implies that oy @1 g € RED), Similarly,c; @2 as € REP) and
a1 @3 ag € REP) . Hence, R(“?) is a SBS of . for all £,b € D0, 1].

For each £,b € [0,1] and a1, a2 € R, Now,037 (ay) - MO7 (1) = £,0F (az) - MO7 (a2) > ¢ and
0% (1) - MO7 (ay) = £,0% (az) - MO7 (a3) = £ and OF (ay) - MO (1) = b, 07 (a3) - MO7 (i) < b.
Now,07 (a1 @1 ), 0) - M7 ((a1 @1 @2),0) = min{OF (1) - MOZ (a1), OF (a) - MO (az)} = ¢

; 4 . 7
and OF (a1 @1 a2),0) - MO (0 Oy az), g) = ORMZ(OLMT ) o L _ g ang
0% (a1 @1 az), 0) - MO7 ((a @1 a2),0) < max{OF (o) - M®z (a1)7®73§(a2) MO7 (az)} = b. This
implies that a1 @1 s € REP). Similarly,a; @2 s € REP) and oq @3 as € REP) . Hence,R(?) is a SBS

of S forall £,b € DI[0,1].

Conversely, assume that R(¢?) is a SBS of .7 and ¢,b € DI0, 1]. Suppose if there exist a1, ap € . such that
07 (a1 @1 a2) 0)- M97 ((a1 1 az), 0) < min{OF (ay) ﬂgy(al)@y(%) M®Z (02)},0% (01 @1

02), ¢) - MO (a1 @1 ), ) < SEMT (@1 OL) MO (02) 404 §F (g 21 a2), 0) - MOF (a1 21
) 0) >~ max{@‘?(al) M7 (1), @y(c)@) MG?(OQ)} For /,b € DI0,1] such that ©7 ((a1 ©1 a2), 0) -
((a1 @1 a2),0) < £ = mln{@g(al) M@r](al) @‘7(a2) MO7 (a2)} and @‘] (a1 @1 a2),0) -
o7 (

of . ey e [0} (03
(Oll o Oéz) ) <0< @ﬁal)M 7 ( 1)-56’(1M I( 2) and @7%((041 o1 ag),g) . M@z ((041 o1
a2), 0) = b = max{0Z (a1)- MO7 (1), 0 (avz)- MOZ (rg)}. Thus,ay, ag € RE?) but vy 0y vy ¢ RED).
This contradicts,R(“*) is a SBS of .. Therefore @9((041 1 02), 0)- MO7 ((ay @1 asz),0) = min{@(al)o

MO7 (1), 67(042) M7 (a2)}, © ((a1®1a2) )M@ ((cn@102), 0) = ei(al)Meg(al);eé(w)'M@g(%)
and OF ((10102), 0)-M®7 (01 @102), 0) < max{OZ (a1)-MO7 (a1), OZ (ar2)-M®7 (a)}. Similarly,2,
and @3 cases. Hence R = (03 - MQ,@ . Mg, 07 Mg) is a CCQNSBS of .77
Let us assume that R(“”) is a SBS of . and ¢,b € [0,1]. Suppose if there exist ai,as € .7 such that
OF (o1 @1 a2), 0) - M7 ((an ©102),) < mn{OF (a1 MO (a1), 0F (a2) - M7 (02)}.0% (o1 @1
02), 0)- MO (01 01 03), ) < ORI L 1L @M (@) 4o 6 () 0 7). 0)- MO (o1 1
ag),0) - max{@%(alyMef (1), @%(QQ)'MGI (a2)}. For £,b € D0, 1] such that © ((a; @1 a2), 0) -
M@z (1 @1 a2),0) < £ < min{OF (a;) - MO7 (a,),07 (a2) - MO (az)} and O% (a1 @1 az), 0) -
M7 (a1 @1 az),0) < £ = 9%(0‘1)'1\49{(al);re'f{(az)'Meg (@2) and @7‘%((041 01 ), 0) - M@?((Oél o1
a2),0) b= max{@%(al)-M@f (o), 9%(@2)~M®f(a2)}. Thus,a;, g € REP) but ay @1 g ¢ REP),
This contradicts, R (“*) is a SBS of .. Therefore ©F (1 @1 av2), ) - MOZ ((al @10a3), 0) = min{OF (a)-

B B2
MO (1), 0 (a2)- MO (a3)}, O ((010102), 0)- M7 ((a1@105), g) = DR M2 (a1)+0% (a2) MO (a)

and O (01 0102), 0)-MO7 ((a1@1012), 0) < max{@y (a1)-MO7 (1), 0Z (ap)-MO7 (ag)} Similarly,®2
and O3 cases. Hence R = (0 - M©7 .0 - M®7 ,©Z - M®7 ) is a CCQNSBS of ..

4 Homomorphism of complex cubic () neutrosophic SBS

Definition 4.1. Let (%1, A1, A2, A3) and (S, V1, V2, V3) be any two bisemirings. The mapping F :
1 — S and © be any CCQNSBS in .1, 2 be any CCQNSBS in F (1) = . If Ox - M®z =
[©F - M®7 04 . M®7 ,0Z - M®7 ,0x - MO, 07 - M97 |04 - M®7 |0F - M®7 isa CCQNS in.#,
then 5 is a CCQNS in .%5,defined by

0 otherwise

0Z (w,0) - MO7 (w,0) = { VO7Z(a,0) - M®7 (a,0) if a € Flw
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I 7 BYEH : -1
Q%(w, Q) . J\4®fr (w7 Q) — V@R(aa Q) M I‘(O‘, Q) lf aef w
0 otherwise

— =7 07 (o, 0) - M®7 (0, 0) if ac Flw
O (@,0)- M (w,g) = § NOR(*0) (o) i
1 otherwise

V OZ (a,0) - M®7 (o, 0) if o€ Flw

QF (w, 0) - M®7 (w, 0) =
= (@, 0) (=, 0) 0 otherwise

\V ©%(a,0) - M7 (a,9) if a€ Flw

0 otherwise

Qﬁ(m@)-M@IJ(mg):{

AOZ (a,0) - M7 (a,0) if o€ Flw

F
OF (w,0) - M7 (w, ) = .
1 otherwise

forallao € % and w € Y5 is represents the iﬂage of Rg under F.

Similarly,If Qr - M7 = [Q7-M®7 QL - M QF M |, Qr-M2 QZ.MO7 Qf-MY% QZ MY is

a CCQNS in.%,then CCQNS O = FoQdy in.¥] ie,the CCQNS defined by O% (av, 0)- M O%(:0) Qp (F(a, 0))-
MOT(F(@0) Qrp = F o Qg in . [iethe CCQNS defined by Ox (o, o) - MOZ(*0) = Qp(F(a, o)) -
MOz(F(.0)) js represents the preimage of Q under F.

Theorem 4.2. Let (1, A1, Do, A3) and (S5, 571, V2, V3) be any two bisemirings. To prove that all homo-
morphic image of CCONSBS is also a CCONSBS.

Proof. The mapping F : .7 — .2 be any homomorphism. Now, F((a A w),0) = F(o,0) Vi
]:(w7 Q),.F((Oé éQ ’CU)7Q) = ]:(a7 Q) V2 ]:(wa Q) and ]:((Oé A?) ’ZU)7Q) = ]:(OZ, Q) V3 ]:(w7 Q) for all
a,w € .. Let Q = F(0),0 is any CCQNSBS of .71 Let F(a, 0), F(w, 0) € S. Leta € uF ' (F(ev, 0))

and @ € F~1(F(w,p)) be such that 0 (a, ¢) - MO7 (@:0) = Y; 07 (a, ) - M®7 (@0 and
a€F 1Y F(a,0))

07 (w,0) - MO7 (=) = \V 07 (a, 0) - MO7 (@0),
aE]—'_l(}'(w,gL

Now, OF ((F(a, 0) V1 F(w,0))) - MOZ (F(:)v1F ()

- \/ @(a') . MOZ (@)
(") eF~H(F(a,0)V1F(w,0))
- V 0Z(a')- MPZ ()
(@ YeF-L(F((aliw),0)
= @((Of N w), ) - 07 (al1),0)
= min{O2 (a, 0) - M7 0 67 (w0, g) - MOZ (=:0)}

= min{@}'(a, 0) -M@}—(Q’Q%@}"(w, 0) - M@F(w’g)}.

Thus,QZ ((F(a, 0) V1 F(w, 0))) - MOZ (Fe.0) V1 F(w,0)) min{Q7 F(a, o) - M@F(a,@%@}‘(w’ 0)-
MOZF (=0},

Similarly,QZ ((F(a, 0)v2F (@, 0)))- M7 (Fle.0)va2F(=.0) min{@}"(a, g)~MQ‘I?}-(“’9),@]:(w, 0)-
M@f(w’g)} and

@((}-(O@ 0)VsF (@, 0)))- M7 (Fle.0)vsF(=.0)) min{@]—'(a, Q).Mﬂzgf(mg)’@]:(w, Q)ﬁﬂff(w,a)}.

Leto € F~1(F(a, 0) and w € F~1(F(w, p)) be such that O (a, o)- M (:0) = \/ 0 (a, 0)-
a€F 1 (F(e,0))

M9Z (@:0) and ©F (w, 0) - MY (=) = vV 07 (a, o) - MO Fleo),
a€F 1 (F(w,0))
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Now, O ((Fla, 0) v1 Flw, 0))) - MY (F@:0v17(w.))

- V 87 (a") - MOT )
(&)eF~1(F(a,0)v1F(w,0))
- V 07 (o) MOZ ()

(@YeF-Y(F((aliw),0)
= @((a A w), 0) - MO7 (@li@),0)
0% (a, 0) - M7 (40 1 ©F (, 9) - MOF (=:0)
2
@}'(a, 0) - M9Z 7(2:0) —l—@]—"(w, 0) - Mz F(=.0)
2 .

Y

of — oF
)- ML T 4 QF F(e,0)- ML (=0

2 _
.MQIj}'(a,Q)JrQ%]:(w’Q)_MQfF(w,g)
2

Thus, 0 (F(0, ) 71 F(, 0))) - MO (P01 7o) - BTl

Similarly, Q% (F(a, 0) V2 F (w, 0)))- M7 (Fl@0)v2F(@0) - 2a7(e0)
and — —
- — OF Fla.o)- ML F(:0) L 0F Fw o). MO F(@:0)
OF (Flar 0) Vs F(,0))) - M (Flo:0)9s7(=.0) . TZ o) ML "0 07 F ) E 70
Let F(a, 0), F(w,0) € 2. Leta € F Y F(a,p) and w € Ffi]:(w,g)) be such that ©7 (a, o) -

MO7 (a0) — A o7 (, 0) - MOZ (@.0) and 0Z (@, 0) - MO7 (=) = A 0% (a, 0) -
L a€F 1 F(a,0)) a€EF-1(F(w,0))
MOZ (o), o
Now, QZ ((F(e, 0) V1 F(w, 0))) - M7 (F(@0)v1F(=.0)))
., 57
= /\ 0Z (a') - MOZ ()
(2 )eF~1(F(a0) V1 F(w.0))
= A 0F (o) - MOT()

(& )eF~1(F((aL1w),0)
=02 ((a A m), 0) - MO (@29%).0)
< max{6F (o, 0) - M7 @9, 07 (w, o) - MO7 (%)}

= max{@}"(a, 0) M@f(a’g),@}"(w, 0) - M@F(w’g)}.

Thus, Q7 ((F(e, 0) v1 F(w, 0))) - MOF (Fedv1F@0) < max{QZ F(a, o) - MEF@0 OF F(w, ) -

MOZ F(=.0)},

Similarly.QZ ((F(ov, 0) V2 F (@, 0)))- M (F@:0v27(=.0) < max{QF F(a, 0)- M 70 QF F(w, o).
Mﬁ}‘(wi))} and (2%((]:(047 Q)v3f(w7 Q)))MQ?((.F(OA,Q)V1F(W,Q))) j max{@]-—(aj Q)Mﬂgf(wvg)797gf(w7 Q)
MOZF(.0)},

The mapping F : .4 — .%2 be any homomorphism. Now, F((a A w), 0) = F(a, 0) V1 F (@, 0), F((a Do
w),0) = Fla,p0) Vo F(w,p) and F((a A3 w),0) = Fla,0) Vs F(w,o) for all a,w € 7. Let
Q = F(0),0 is any CCQNSBS of .#4. Let F(a, o), F(w,0) € S2. Leta € F1(F(a,p)) and w €
F~Y(F(w, o)) be such that ©F (av, o) - MOZ (@:0) = \ 0Z (a, p) - MO7 () and ©Z (w, o) -
a€F 1 (F(a,0))
MO7 (w0) — v 0Z (a, p) - MO7 (@:0),
a€F~1(F(w,0))
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Now, Q7 (F(a, 0) V1 F(w, 0))) - MOZ (F(.0)v17(.0)))

= V 07 (a') - MO7 ()
(@) eF~1(F(a,0)V1F(w,0))
= \/ 07 (a') - M®7 (@)

(& YeF~YF((aLri1w),0)
=07 ((a A @), ) - MOZ (@21%).0)
= min{OF (o, 0) - MO7 9,07 (2, 0) - MO7 (=)}
= min{QF F(a, o) - M¥ 70 0F F(w, o) - M¥ T (=)},

Thus,QZ (F(a, 0) V1 F(w, 0))) - M (F@v1F@.0) > min{QZ F(a, o) - M F@0) 07 F(w, o) -
ML F(@o),
Similarly,QZ ((F(a, 0)VaF (@, 0)))- M7 (F(@veF(.0) = min{QF F(a, g)- M 70 Q7 F(w, o)-
M7 F(=.0)} and
QO (F(a, 0)VsF(w, 0)))- M (F@0VaF(@.0) = min{QZ F(a, 0)- M F(@:0) OF F(w, o). MY F(=:0)},
Leta € F~H(F(a,0)) and w € F~(F(w, 0)) be such that OF («, g)oMQg(O"Q) = V 0% (a, 0)-
a€F Y (F(a,0))

M7 (@0 and ©F (w, g) - M7 (@:0) = V 0F (o, 0) - MOZ Flevo),

a€F 1 F(w,0))

Now, Q% ((F(, 0) V1 F(w@, 0))) - M2 (Fle@)v17(=.0))

= V OF (o) - MOF ()
(a"YeF~H(F(a,0) V1 F(w,0))
= \/ 0% (o) - MO7 (@)

(Y eF-YF((aL1w),0)
= 04 ((a Ay ), p) - MOZ (a1).0)
_ O%(0,0)- MO7 (@0 + ©F (w,9) - MO7 (=)
B 2
Q4 F(a,0) M F@0) £ QF F(w, o) - MO F(0)
_ 2 .

7 AL Fla,e) L oF ©.0)- o F(w,o)
Thus, Q% ((F(, 0) V1 F(w@, 0))) - M2 (Fle@)v1F(=.0)) o QrF(0) MZ % F(.0) M2 ’

ML F(w.0)

Similarly,% ((F(a, 0) 2 F (w, 0))) MO (Fle0)v2F(@.0) » 2%F (c.0)-M7F f<“=9>+29£f<w,g>
and

QL (Flo, 0) Vs F(w,0))) - M (Fla0)vaF(=.0) 0F Fla.g)- ML f<">‘-’>+297€f(w,a)~1w“? 7=

Let F(a, 0), F(w,0) € S. Leta € F~1(F(a,p)) and w € F~L(F(w, o)) be such that ©F (a, 0) -

MOZ (a0) — A 0Z (a, 0) - MO7 (0) and ©F (w, o) - MOZ (=:0) — A 0% (o, 0) -
- a€F~1(F(a,0)) Q€F-1(F(w,0))
M@I (OL,Q).
Now, QF ((F(a, 0) V1 F(w, 0))) - ML (Fa,0)ViF(w,0)))
- A e e
(a")eF1(F(a,0)V1F(w,0))
T e

(@"YeF-UF((ab1w),0)
= 0Z((a Ay @), 0) - MO7 (@21=).0)
< max{0F (a, ) - M7 (*9) 67 (w, p) - MOT (70}
— max{QZ F(a, g) - M2 F(0) QF F(w, ) - MOZF(=:0)}.

Thus,QZ (F(a, 0) V1 F(w@, 0))) - M (F@0v1F@.0)) < max{QZ F(a, o) - MO F(@:0) QF F(w, o) -
MO F@0Y,
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Similarly, Q7 ((F(«, 0)vVaF (=, Q)))~MQI?((}-(0‘79)V2f(w79))) =< max{Q7% F(a, g)-MQiy]:(o"@)7 Q% F(w,0)
MQ?}—(W*Q)} and

OZ ((Fla, 0)V3F (@, 0)))-M¥% (FeviF@0) < max{QZ F(a, o) M F=0) OF F(w, o)- M F(@0)},
Thus, €2 is a CCQNSBS of ..

Theorem 4.3. Let (1, A1, Do, A3) and (S, 571, Va2, V3) be any two bisemirings. To prove that homomor-
phic preimage of CCONSBS is also a CCONSBS.

Proof. The mapping F : .7 — % be a homomorphism. Now,F ((«A1w), 0) = F(a, o)1 F (w, 0), F((als
@), 0) = F(a, 0)VaF(w, 0) and F((aA3w), 0) = F(a, 0)V3F(w, o) foralla, w € 7. Let Q = F(0),Q

is a CCQNSBS of .. Let a,w € ;. Now, 6§((a Ay w),0) - MOZ (=) — Qg(}'((a VAN
@), 0)) - M F(@24):0) = QT (F(a, 0) V1 F(w, 0))) - MO (F@0V:17(@0)) win{OF Fla o)
MO ), Q7 F(w, 0)- MO F (=00} = min{0©F (a, 0)-M®Z (49,07 (w, 0)- MO7 ()} Thus,0F ((alr;
@), 0) - MO7 (4212):0) = min{OF (a, ) - MOZ (), 07 (w,0) - MOZ (=9}, Now.0% (o &y @), 0) -
MOZ (2100 = OF (F((aliw), 0))- MOZ (x241%):0) = QF (F(a, 0) V1 F(w, 0)))- M (28100 1=

Q%f(oz,g)MQIJF(a’Q)Jrﬂ‘é]:(w,g)-MQ F(w,0)
2

—F o7 —F oF
@%(Q,Q)AMOI (a»9)+9£(w79)‘MOI (w,0)
D) .

(a,0)- M@{(O“Q)-ﬁ-@%(w,g)~M®i¢(w’9)

Thus @‘]((a A @), 0) - MOZ (@lam).0) d

Now.67 ((a &1 @), 0) - MOF (2109 = QF (F((a 8 ), 0)) - MY Flleba):0) = QF (F(a, 0) v
Flw, o)) - MOZ (F@0viF(@0) < max{QZ F(a, g) - M (@0 QF F(w, o) MY F (=0} =
max{0Z (, o) - Meii’(o«e),%(w? 0) - MOZ (=0)},

Thus,0Z ((a Ay @), 0) - MOZ (@219).0) < max{O©F (a, o) - MO7 (40), ©F (w, p) - MOZ (=0}

The mapping F : .4 — % be a homomorphism. Now,F ((a A1 w), 0) = F(a, 0) V1 F(w,0), F((a Ao
w),0) = F(a, 0)VaF(w, o) and F((aAsw), 0) = F(a, 0)VsF(w, o) foralla,w € #. LetQ = F(0),02
is a CCQNSBS of .%. Let a,@ € . Now,OZ((a Ay @), ) - MO7 (@b1=)0) — QF (F((a £y
@), 0)) - ML F(aba=),0)) — QZ ((F(o, 0) V1 F(w@, 0))) - MO (F(e.0)v1F(w,0))) min{QZ F(a, o) -
MO F(a0) QF F(w, o) - MQIgf(w’g)} =min{O%F (a, ) - MOZ (), 07 (w, 0) - M@‘Z(w,g)}.
Thus,0F ((a &y @), 0) - MO7 (abim)0) min{O7 (a, o) - MO (@) 03 (w,0) - MO7 (=)},

Now,0% ((a £y @), o) - MO7 (@la=)0) — O (F((o Ay @), 0)) - MY (@a=)0) — OF ((F(av, 0) V1
Flw, 0))) - M (@01m).0) o G (g ML 705 F(e g MUEZ

of 7 of
0% (a,0)- MOF (2 40 (w,0)- MOF (=)
2 :

Thus,0% (e A @), o) - MOZ (e21%).0) 9‘7?(%9)-1\/16{(‘*’”-;@-;(w,g).M@%’(w,e).
Now,07% ((a Ay @), 0) - MO7 (ab1w),0) — = QZ(F((a Ly @), 0)) MO (F(atiw).0) —
O (F(o, 0)v1 F (@, 0))- M7 (F0V17(=0) < max{QF Flo, o) MOZ 70, OF F (e, 0)- MU T(=:0)} =
max{07 (a, o) - MO7 (a:0), 0Z (w, 0) ,M@f(mg)}.

Thus,0Z (o Ay @), 0) - MOZ (021):0) < max{OZ (a, o) - MO7 (%) ©F (w, o) - MO7 (=:0)},

Theorem 4.4. Let (71, A1, Do, A3) and (F2,5/1, /2, V3) be any two bisemirings. If F : /1 — S isa
homomorphism,then F (O y ) is a SBS of CCONSBS ) of 7.

Proof. The mapping F : .4 — .%2 be ahomomorphism. Now,F ((aA @), 0) = F(a, 0)V1F (w, 0), F (a2
W),Q) = ‘F(a7 Q) V2 ]:(w7 Q) and I((a A3 w)vg = ./—"(Ck,g) V3 .F(’(D,Q) for all o, € S. Let

) = F(0),0 is a CCQNSBS of .#;. By Theorem , Q) is a CCQNSBS of .%. Let ©(¢,») be any SBS
of ©. Suppose that a,@w € ©(y). Then a Ay w,a Ay w and a Az @w € O ). Now,@(]—'(a, 0)) -
MO (Flae) = @(a, o) - MOZ (0) 5,@(}'(@, 0)) - M7 (F(=.0) — @(w’g) - MOZ (@0) = ¢
Thus.Q7 ((F(a, 0) V1 F(w,0))) - M@((f(a’e)vj(w,e))) = 0Z ((a & w),gLM@((“AWW) - 0.
NOW’@(]:(Q, 0)) - M9Z (F(2.0) = 97 (a, g)~M@é(”"9) - E,@(}'(w, 0)) - Mz (F(=.0) — @(w, 0)-
MO7 (@.0) = ¢, Thus’Q](( (v, 0) V1 F(w, 0)))- M (Fla0) V17 (w.0))) @((aalw),g).M@f((QAW%@) -
0. Now.QZ (F(a, p))- M F(@0) = §F (a 0)-M®Z (@0 < OF (F(w, 0))- MY F (=) = 6F (w, o)-
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MOZ (@) <. Thus,QZ (F(e, 0)V1F (@, 0)))- M (F@aviF(=.0) < 6F (aLw), 0)-MO7 (@b1=).0) <
b.for all F(cv, 0), F(w, o) € . Similarly other operations,F (O y,,)) is a SBS of CCQNSBS (2 of .%5.

The mapping F : .7 — % be a homomorphism. Now,F ((a Ay @), 0) = Fla, 0) V1 F(w@, 0), F((a La
w),0) = Fla,0) Ve F(w,p0) and F((a Az @),0) = Fla,0) V3 F(w,o) for all o, € . Let

Q = F(©),0 is a CCQNSBS of .. By Theorem. 4.2 2 is a CCQNSBS of .%5. Let Oy, b) be any SBS

of ©. Suppose that o, @ € O, 5)- Then o Ay w, a0 Ag w and o Az @ € Oyp). Now,Q7% (F(a, 0)) -

ML (Fla,0) — @7‘%(0@ 0) - MOZ (a0) = AQ%(]:( w@,0)) - ML (F(w.0) — @g(w, 0) - MO7 (w.e) = /.
Thus,QZ ((F(a, 0) V1 Flw, 0))) - MOZ (FviF@0) = 07 (o &) w), o) - MO7 (@212).0) » ¢,
Now,Q (F(a, 0)) - M (F(@0) = 0 (v, o) - MOZ (@0) = £, QF (F(w, 0)) - M F(=:0) = 0 (w, g) -

MO7 (w.0) = 0. Thus’Q%((]—‘(a 0)vV1F(w@,0)))- MO (F(a,0)viF(w,0))) = @%((aAleQ).MG{((@ANW),Q) =
0. Now,QZ (F(av, 0))- M2 (F(@:0) = ©F (a, 9)-MOZ (0 <b QF (F(w, 0))- M F(=0) = 0F (w, 9)-

MOZ (@:0) <, Thus,QZ ((F(a, 0)v1.F (e, 0)))- M9 (Flao)viF(=.e) < 0Z ((alyw), 0)- MOz (al1=).0) <
b.for all F(a, 0), F(w, 0) € /2. Similarly other operations,F (O )) is a SBS of CCQNSBS 2 of .5.

Theorem 4.5. Let (1, A1, Do, AN3) and (S, 571, V2, V3) be any two bisemirings. If F : 1 — S5 is any
homomorphism,then © ) is a SBS of CCONSBS © of 1.

Proof. The mapping F : #; — %, be any homomorphism. We have F((a A1 w),0) = F(a,0) V1
‘F(wv Q),.F((Ck Awa)vQ) = ‘E(av Q) V2 ‘F(wv Q) and f((Oé AL’» w)v 0) = f(Ol, Q) V3 ]:(w7 Q) for all
a,w € S1. Let Q = F(0),8 is a CCQNSBS of 5. By Theorem 4310 is a CCQNSBS of .#;. Let
F(O(e,)) be a SBS of 2. Suppose that F(a, 0), F (@, 0) € F(O(p)). Now,F((a Ay @), 0), F((a Aoy w), 0)

and F((a/\gw), 0) € F(O(ry))- Now,0Z (o, 0)- MO7 (@:0) = QT (F(a, 0))- MY (F(@:0) - ¢, 67 (wm, 0)-
MO7 (=:0) — QF (F(w, 0))- ML (F(@.0) ¢, Thus,07 (A @), 0)-M®7 (al1).0) min{@(a, 0)
MO7 (@0) 7 (w, g) - MOZ (=0} = . Now,0 (a, ) - MOZ () = QF(F(a, p)) - MO (Fl@.0) -
g7@( o) - MO7 (w.0) — Qﬂ(}-( 0)) - M9z (F(@.0) = ¢,

0% (,0)- MOL (o g)+@y(w 0)-M®Z (=:0)

Thus,0% (o A @), ) - MOZ (at1m)0) » = L. Now,0Z (a, 0) -
MO% (0 — QF(F(a, 0)) - M F(20) < b, 67 (=, 9>-M@? (=:0) = QF (F(w, 0))- MU (F(=0) <,
Thus,0Z (e @), 0)-MO7 (@21%):0) — OF ((F(a, 0)v1F (w0, 0)))-M2Z (F(.0)v1F(=.0)) < max{0Z (a, 0)-

Meiﬁz(‘”@), @7%?(@, 0) - M@(w’g)} = b,forall o, w € .#1. Similarly other operations,O ;) is a SBS of CC-
QNSBS O of .7;.

The mapping F : . — % be any homomorphism. We have F((a«A1w@), 0) = F(a, 0)V1.F (@, 0), F((al s
w),0) = F(a, 0)VaF(w,0) and F((aAsw), 0) = F(a, 0)V3F (w, ) foralla, w € #. LetQ = F(0),Q
is a CCQNSBS of .#;. By Theorem G) is a CCQNSBS of .1. Let F(©)) be a SBS of Q2. Suppose
that F(av, 0), F (@, 0) € F(O(e,)). Now,.F ((a &y @), 0), F((a L2 @), 0) and F((a Az @), 0) € F(Oeyp))-
Now@%(a, 0) - MO7(2:0) = Q7 (F(a,p)) - M F(20) = 07 (w, g) - MOZ =0 = QZ (F(w, p)) -
MO (F(@,0) = ¢,

Thus,07 ((a Ay @), 0) - MOZ (@21%):0) = min{OF (a, ) - MOZ (0, 07 (w,9) - MOZ (=0} = /.
Now,OF (a, 0) - MO (0 = Of (F(a, 0)) - MO F(00) = 1,0 (w,0) - MO? (=:0) = OF (F(w,0)) -
MO (F(w,0)) - Thus’@%((a A1 @), 0) - MO7 (aLiw),0) - O% (a,0)-MT (* ")+® (w,0)-M®T (=:0) -
Now,0Z (q, g) - MOZ (@0 = QF (F(a, ) - MO F(@0) <b 0F (w, p) - MOT (=0 — = QZ(F(w,0)) -
MOF (F.0) <,

Thus,0Z (el @), 0)-MO7 (@219).0) = OF ((F(a, 0)v1 F(w, 0)))- M (F@viF(#.0) < max{O©Z (a, 0)-
MPO7 (a:0), 0% (=, o) - M®7 (=9} < forall a, @ € .%. Similarly other operations,0 g ) is a SBS of CC-
QNSBS O of ..
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