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ABSTRACT

In this paper, a new two-parameter estimator was proposed to estimate the parameters of the linear regression model
that has the ability to face the problem of multicollinearity based on the previous information about the parameters
to be estimated. This estimator was compared with the two-parameter estimator of the linear regression model
of Kaciranlar and the two-parameter estimator of the linear regression model of Lokman et al. using the mean
square error criterion (MSE) for each model by conducting a Monte-Carlo simulation to study the behavior of the
proposed estimator. It was concluded that the proposed method is better than the rest of the estimation methods
because it achieved the lowest comparison criteria, and in the case of high multicollinearity between the explanatory
variables, the proposed method was very effective in solving this problem. Data representing 100 observations of the
number of women with Irritable Bowel Syndrome (IBS) for the years 2020–2023 from the Karbala Holy Health
Department were used. The number of women represents the dependent variable, and nineteen variables represent
factors affecting the incidence of the disease. It was concluded that irritable bowel syndrome among women is
decreasing, as the predictive values according to the proposed method are appropriate for the estimated values during
the next five years.

Keywords: Linear Regression Model Mean Square Error Criterion (MSE) Irritable Bowel Syndrome (IBS)

1. INTRODUCTION

Regression analysis is a fundamental tool for understand-
ing and modeling relationships between variables and is a
cornerstone of statistical methodology, providing a powerful
framework for exploring relationships and making informed
decisions in the face of uncertainty. It is increasingly impor-
tant across the scientific community in a variety of fields, in-
cluding economics, sociology, psychology, biology, medicine,
industry, agriculture, and more. At its core, regression analy-
sis seeks to uncover underlying patterns within data, allowing
us to make predictions, test hypotheses, and derive mean-
ingful insights. The essence of regression analysis lies in
its ability to explore the extent to which one variable (the

dependent variable) depends on one or more other variables
(the independent variables). By fitting a regression model to
the observed data, we aim to measure the strength and nature
of these relationships.

One of the key features of regression analysis is its flexibility.
It accommodates a wide range of data types and can han-
dle both continuous and categorical variables. Regression
models can take many forms, from simple linear models to
complex nonlinear models, providing a versatile toolkit for
data analysis. However, regression analysis is not without
challenges and problems, as multicollinearity can arise when
there is a strong correlation between the explanatory vari-
ables. This, in turn, leads to an increase in the variance of
the regression coefficient estimates, which makes the OLS
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method unreliable. Several methods have been proposed to
address multicollinearity, including ridge regression, which
has shown considerable diversity in avoiding the problem.

Ordinary least squares (OLS) estimators have a set of as-
sumptions that must be met according to the Gauss–Markov
theorem: samples representing the population are drawn ran-
domly; estimated parameters are the best linear unbiased
estimates (BLUE) and have the least variance among all other
estimators; there is no linear relationship between indepen-
dent variables in the model; random errors are not related to
the independent variables; and the variance of the errors is
constant. However, these assumptions are rarely met in prac-
tical life, and variables may be linked by multicollinearity.
This violates the assumptions of the Gauss–Markov theorem
and produces estimators that are unstable and do not represent
the phenomena accurately.

Therefore, it is necessary to find an estimator able to con-
front and deal with this problem in order to reach accurate
estimates of the model parameters. One such phenomenon is
irritable bowel syndrome in women. From a statistical point
of view, studying this phenomenon is complex because of
multicollinearity among the various factors that affect the
disease, such as age, weight, insulin levels, and blood pres-
sure. Accordingly, it is necessary to study the effect of multi-
collinearity on the analysis of the factors affecting irritable
bowel syndrome and to extract accurate results about these
factors.

This research proposes a new two-parameter estimator for the
parameters of the linear regression model. It is designed to
confront multicollinearity based on prior information about
the parameters to be estimated and is compared with the
two-parameter estimator of Kaciranlar and that of Lokman et
al. [1], using the MSE criterion for each model.

In 2010, Yang and Chang [2] proposed a new two-parameter
estimator that includes the OLS estimator, ridge regression
(RR) estimator, and Liu estimator as special cases. Neces-
sary and sufficient conditions for the superiority of the new
estimator over the OLS, RR, Liu, and the two-parameter esti-
mator proposed by Ozkale and Kaciranlar [3] were derived
using the mean square error matrix (MSEM). Bias coefficient
estimates were also obtained, and the proposed estimator
achieved higher performance than the other estimators [3].

In 2019, Lukman et al. [4] proposed a new modified bi-
parameter estimator based on prior information about the
parameter vector to circumvent multicollinearity. It included
the special cases of OLSE, RRE, LE, MRE, MLE, and the bi-
parameter estimator proposed by Özkale and Kaçıranlar [5].
Simulation experiments using the MSEM criterion showed
that the new estimator outperformed the alternatives [4]. In
the same year, Olasunkanmi [6] proposed a modified Liu
ridge estimator, called Liu–Dawoud–Kibria, instead of OLS
for estimating the parameters of the general linear model.
Theoretical comparisons and a simulation study showed that
the estimator outperformed others under some conditions.

In 2022, Owolabi et al. [20] proposed a new two-parameter
estimator to address multicollinearity in the linear regression
model. Theoretical comparisons, Monte-Carlo simulations,
and a real-data application showed that the estimator can
achieve a lower mean square error than several established al-

ternatives. Dorugade [8] proposed an efficient two-parameter
alternative estimator in 2014 and examined its properties.
Monte-Carlo simulation experiments showed that the pro-
posed estimator performed more efficiently than OLS and
ORR under the MSE criterion. Also in 2022, Akram et
al. [21] proposed a Liu estimator for the Conway–Maxwell–
Poisson regression model under multicollinearity. Their simu-
lation and application results demonstrated improved estima-
tion performance relative to maximum likelihood estimation.

2. GAUSS–MARKOV THEOREM

The linear regression model can be expressed as follows [10]:

Yi = β0+β1Xi1+β2Xi2+ · · ·+βpXip+ui, i= 1,2, . . . ,n.
(1)

Here, β0,β1, . . . ,βp are regression coefficients, p is the num-
ber of explanatory variables, ui is the random error, and Xip
denotes an explanatory variable [11]. The model can be writ-
ten in matrix form as

Y = Xβ +U, (2)

where Y is an n×1 vector, X is the n× p matrix of indepen-
dent variables, β is the p×1 coefficient vector, and U is the
n× 1 error vector. The model parameters are estimated by
OLS as

β̂ OLS = (X′X)−1X′Y. (3)

The estimated regression equation that gives n values of the
mean response is

ŷ = Xβ̂ . (4)

Under the ordinary least squares assumptions, β̂ is the best lin-
ear unbiased estimator (BLUE) of the model parameters [12].
“Best” means that it has minimum variance while remaining
unbiased. There is no guarantee that a nonlinear method
will not be better for particular data under another measure,
but when an unbiased linear model is required and the OLS
assumptions hold, OLS is the appropriate estimator.

3. MULTICOLLINEARITY PROBLEM

Ragnar Frisch introduced the concept of multicollinearity
in 1934 and described it as the existence of a complete or
incomplete linear relationship among all or some of the ex-
planatory variables in a regression model. It violates an OLS
assumption and makes it difficult to separate the effects of
variables, leading to inaccurate estimates of the regression pa-
rameters [13]. The term consists of multi, meaning multiple,
co, meaning common, overlapping, or linked, and linearity,
meaning linear [14].

Multicollinearity can also be described through orthogonality.
When a perfect linear relationship exists between two or
more explanatory variables, the information matrix X′X loses
full rank. Its determinant becomes zero, making (X′X)−1

impossible to obtain [15,16].
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4. BAYESIAN RIDGE REGRESSION

Ridge regression has proved effective in dealing with multi-
collinearity, but its estimates are biased. Prior information
can be introduced into the ridge regression model to reduce
this bias. The method adds a constant k to X′X before taking
its inverse [17]. Swindel [18] suggested introducing prior in-
formation into the ridge regression formula by including k
with the vector b and X′Y. When k = 0, the OLS estimate is
recovered. Bayes’ theorem is summarized by

Posterior distribution ∝ Prior probability×Likelihood.

Let b represent the prior-information vector. Under the linear-
model assumptions, ui ∼ N(0,σ2In), and the least-squares es-
timates have mean β and variance σ2(X′X)−1 [19]. Assume
that b ∼ N(β ,V), where V is a full-rank variance–covariance
matrix. The convex estimator is [20]

β̂ (C,b) = Cβ̂ OLS +(I−C)b. (5)

For a convex real-valued function and any two points x and y
in its domain,

B(C,b) = c f (x)+(1− c) f (y). (6)

Here, c f (x) = f (x), I is a p× p identity matrix, and C is a
p× p matrix. To find the unknown matrix C, the mean sum
of squared errors is written as

MSE
(

β̂ (C,b)
)
= E

[(
β̂ (C,b)−β

)′(
β̂ (C,b)−β

)]
.

(7)
Substitution of β̂ OLS and Y = Xβ +U gives

β̂ (C,b) = C(X′X)−1X′(Xβ +U)+(I−C)b

= Cβ +C(X′X)−1X′U+(I−C)b,

β̂ (C,b)−β = C(X′X)−1X′U+(I−C)b. (8)

Squaring the last relationship yields(
β̂ (C,b)−β

)′(
β̂ (C,b)−β

)
= C(X′X)−1X′UU′X(X′X)−1C′

+U′X(X′X)−1C′(I−C)b

+b′(I−C)′C(X′X)−1X′U+b′(I−C)′(I−C)b. (9)

Taking expectations and assuming U ∼ N(0,σ2In) gives

E(·) = σ
2C′(X′X)−1C+V(I−C)′(I−C)

= σ
2C′(X′X)−1C+V(I−C′−C+CC′). (10)

Thus,

MSE = tr
[
σ

2C′(X′X)−1C+CVC′−CV−VC′+V
]
.

(11)

Differentiating with respect to C gives

∂ MSE
∂C

= 2Cσ
2(X′X)−1 +2CV−2V = 0,

C =
V

σ2(X′X)−1 +V
. (12)

Considering β̂ OLS ∼ N(β ,Σ) and b ∼ N(β ,V), the matrix
is [21]

C =
V

V+Σ
. (13)

Therefore, the convex estimator is

β̂ (C,β 0) = Cβ̂ OLS +(I−C)β 0. (14)

The estimated value of C is

C =
V0β̂ OLS +β 0σ2(X′X)−1

V0 +σ2(X′X)−1 . (15)

The Bayesian ridge-regression estimator is

β̂ BaysRR =
(
X′X+σ

2V−1
0
)−1 (X′Y+σ

2V−1
0 β 0

)
. (16)

5. TWO-PARAMETER REGRESSION MODEL ESTI-
MATOR OF KACIRANLAR

The main idea of the two-parameter Kaciranlar estimator is
to derive an estimator that combines the advantages of ridge
regression and shrinkage. Since the distance between β̂ OLS
and β increases in the presence of multicollinearity, the goal
is to minimize the distance between the true and estimated
parameters for a given residual sum of squares. Many esti-
mators may give the same residual sum of squares, so the
estimator with the smallest squared distance is selected. A
point can be chosen based on prior information. Using a fixed
non-random vector b, as in Swindel, may cause important
properties of the original model to be lost.

With multicollinearity, OLS produces coefficient estimates
that are large in absolute value, so ∥β∥< ∥β̂ OLS∥ [22]. RR
and shrinkage estimators have shorter lengths than OLS. A
preferred point is therefore β̂ SH(d) because it confines the
estimator to a suitable parameter space and is a linear func-
tion of d, making the calculations simpler. The estimator is
obtained from the following minimization problem [23]:

Q(β ) = (Y−Xβ )′(Y−Xβ ),

β̂ SHRR(k,d) = min
β

Q(β ),

(β − β̂ SH(d))
′(β − β̂ SH(d))≤ c.

(17)

Considering the shrinkage estimator as a constraint gives

β̂ SHRR(k,d) = min
β

{
(Y−Xβ )′(Y−Xβ )

+ k[(β − β̂ SH(d))
′(β − β̂ SH(d))− c]

}
.

(18)

Since c does not affect the solution and k ≥ 0 is the bias
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parameter, this becomes [24]

β̂ SHRR(k,d) = min
β

{
(Y−Xβ )′(Y−Xβ )

+ k(β − β̂ SH(d))
′(β − β̂ SH(d))

}
.

(19)

The model estimates minimize the penalized residual sum of
squares [25]:

(Y−Xβ )′(Y−Xβ )+ k(β − β̂ SH(d))
′(β − β̂ SH(d)). (20)

Differentiating and equating to zero gives

β̂ SHRR(k,d) = (X′X+ kIp)
−1(X′Y− kβ̂ SH(d))

= (X′X+ kIp)
−1(X′X+ kdI)β̂ OLS = Tkd β̂ OLS.

(21)

6. TWO-PARAMETER REGRESSION MODEL ESTI-
MATOR OF LOKMAN ET AL.

Lokman et al. [1] proposed a two-parameter linear regression
estimator based on the modified Liu estimator β̂ MLE(d) and
the modified ridge estimator β̂ MRR, which are convex combi-
nations of prior information b and β̂ OLS. The modified Liu
estimator is

β̂ MLE(d) = (X′X+ I)−1
[
(X′Y+dI)β̂ OLS +(1−d)b

]
.

(22)
Let

Tk = (X′X+ kI)−1X′X = I− k(X′X+ kI)−1. (23)

The modified ridge estimator becomes

β̂ MRR(k,b) = (X′X+ kIp)
−1(X′Y− kb)

= Tkβ̂ OLS +(I−Tk)b. (24)

Let
Td = (X′X+ I)−1(X′X+dI). (25)

Then

Tkd = (X′X+ kIp)
−1(X′X+ kdI)

= I− k(1−d)(X′X+ kIp)
−1. (26)

Consequently,

β̂ LOKRR(k,d,b) = Tkd β̂ OLS − (I−Tkd)b

= (X′X+ kI)−1[(X′X+ kdI)

× β̂ OLS + k(1−d)b
]
. (27)

7. SUGGESTED TWO-PARAMETER REGRESSION
MODEL ESTIMATOR

A new two-parameter estimator based on the ridge-regression
perspective is proposed using the Bayesian ridge-regression
estimator as a constraint. It is intended to address multi-
collinearity while remaining unbiased and is obtained as the

solution of [26]

Q(β ) = (Y−Xβ )′(Y−Xβ ),

β̂ SURR(k,b) = min
β

Q(β ),

(β − β̂ RRBayes)
′(β − β̂ RRBayes)≤ c.

(28)
Considering the Bayesian ridge estimator as a constraint gives

β̂ SURR(k,b) = min
β

{
(Y−Xβ )′(Y−Xβ )

+ k(β − β̂ RRBayes)
′

× (β − β̂ RRBayes)− c
}
.

(29)

Since c does not affect the solution,

β̂ SURR(k,b) = min
β

{
(Y−Xβ )′(Y−Xβ )

+ k(β − β̂ RRBayes)
′(β − β̂ RRBayes)

}
.

(30)

The corresponding penalized residual sum of squares is

(Y−Xβ )′(Y−Xβ )+k(β − β̂ BaysRR)
′(β − β̂ BaysRR). (31)

Differentiating with respect to β and equating to zero gives

β̂ SURR(k,b) = (X′X+ kIp)
−1(X′Y− kβ̂ BaysRR). (32)

8. SIMULATION STUDY

Simulations are computer experiments that generate data by
taking pseudo-random samples from known probability dis-
tributions. They are important in statistical research, partic-
ularly for evaluating new methods and comparing alterna-
tives. A sound understanding of simulation studies enables
researchers to conduct them carefully and to evaluate pub-
lished studies critically. Simulation studies are experiments,
so knowledge of experimental design and analysis must be
applied to their conduct. Shortcomings in design, analysis,
and reporting may lead to uncritical use and interpretation.
A better understanding of the rationale, design, implementa-
tion, analysis, and reporting of simulation studies is therefore
essential.

The assumed regression models used in the simulation exper-
iments are summarized in Table 1.

Table 1. Default parameters of the studied models.

Model ρ n p
1 0.3 50, 100 10
2 0.9 50, 100 10

Here, p is the number of explanatory variables, n is the sample
size, and ρ is the correlation coefficient that determines the
degree of association among the explanatory variables.

The explanatory variables were first generated from the nor-
mal distribution using X = randn(n, p). Multicollinearity
was then added through the covariance matrix Σ = ρ11′ +
(1− ρ)Ip. Correlation coefficients ρ = 0.1 and 0.9 were
selected. The amount of multicollinearity among explana-
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tory variables was obtained by the Cholesky decomposi-
tion L = chol(Σ, lower). Cholesky decomposition analyzes
positive-definite symmetric matrices and is important in linear
algebra, solving systems of equations, calculating inverses,
and statistical modeling [27]. It transforms a positive-definite
symmetric matrix A into the product of a lower triangular
matrix L and its transpose: A = LLT.

Bayesian ridge regression was estimated using the hyperpa-
rameter b = 2 for the prior distribution and σ2 = 0.9. The
prior mean and covariance were calculated as

A = X′X+ kIp, design matrix plus regularization term,
(33)

V0 = (A+bIp)
−1, covariance matrix of weights, (34)

β 0 = Σ(X′y), posterior mean of weights. (35)

The regularization parameter was chosen empirically with
an initial value k = 0.1. The Kaciranlar, Lokman et al., and
suggested estimators were calculated using d = (1+ρ)−1 at
each value of ρ , with b = 2.

In the first experiment, the regression model was applied with
p = 10, sample sizes n = 50,100,200, and correlation values
ρ = 0.1,0.9:

Yi =
10

∑
j=1

β jXi j +ui, i = 1,2, . . . ,n. (36)

Table 2. Estimates of regression model coefficients at n = 50, p =
10, and ρ = 0.3.

Estimate Bay RR KACRR LOKRR SURR

β̂1 1.960 1.721 1.660 3.052
β̂2 2.177 2.131 2.103 1.557
β̂3 -0.340 -0.036 0.031 -2.027
β̂4 0.215 0.225 0.233 0.889
β̂5 3.220 2.909 2.818 3.937
β̂6 1.481 1.377 1.344 1.495
β̂7 1.404 1.436 1.432 0.657
β̂8 3.357 2.846 2.711 4.812
β̂9 5.416 4.638 4.437 8.415
β̂10 1.068 0.869 0.820 1.808

Table 3. Comparison criteria at n = 50, p = 10, and ρ = 0.3.
Criteria MSE AIC BIC HNQ Best
Bayesian 12.47597 288.08406 307.20429 295.36516 Suggested
Kaciranlar 21.59494 315.51681 334.63704 322.79791
Lokman 24.54630 321.92190 341.04213 329.20300
Proposed 0.24979 92.53670 111.65693 99.81779

Table 4. Estimates of regression model coefficients at n = 100,
p = 10, and ρ = 0.3.

Estimate Bay RR KACRR LOKRR SURR

β̂1 2.418 2.236 2.185 2.934
β̂2 1.417 1.394 1.386 1.432
β̂3 -0.675 -0.309 -0.218 -1.867
β̂4 1.376 1.445 1.456 0.993
β̂5 3.290 3.012 2.934 4.024
β̂6 1.514 1.476 1.461 1.508
β̂7 0.878 0.923 0.931 0.665
β̂8 3.651 3.272 3.168 4.667
β̂9 6.639 5.905 5.700 8.510
β̂10 1.463 1.330 1.293 1.789

Table 5. Comparison criteria at n = 100, p = 10, and ρ = 0.3.
Criteria MSE AIC BIC HNQ Best
Bayesian 4.04108 443.43898 469.49069 453.98258 Suggested
Kaciranlar 7.63514 507.06385 533.11555 517.60744
Lokman 8.87099 522.06635 548.11805 532.60994
Proposed 0.20323 144.44795 170.49965 154.99154

Table 6. Estimates of regression model coefficients at n = 100,
p = 10, and ρ = 0.9.

Estimate Bay RR KACRR LOKRR SURR

β̂1 1.111 0.965 0.930 3.013
β̂2 3.246 3.038 2.971 1.259
β̂3 2.694 2.875 2.891 -2.082
β̂4 3.295 3.293 3.267 0.828
β̂5 3.338 3.171 3.122 4.012
β̂6 2.919 3.028 3.035 1.659
β̂7 2.248 2.219 2.197 1.104
β̂8 5.126 4.744 4.633 4.858
β̂9 6.225 5.486 5.289 8.720
β̂10 1.964 2.012 2.017 1.269

Table 7. Comparison criteria at n = 100, p = 10, and ρ = 0.9.
Criteria MSE AIC BIC HNQ Best
Bayesian 5.77021 249.52926 268.64949 256.81035 Suggested
Kaciranlar 8.49603 268.87379 287.99402 276.15488
Lokman 9.44610 274.17397 293.29420 281.45506
Proposed 0.29272 100.46763 119.58786 107.74873

9. DATA SET APPLIED

Data representing 100 observations of the number of women
with Irritable Bowel Syndrome (IBS) for the years 2020–2023
were obtained from the Karbala Health Department. This
number is the dependent variable y, and nineteen explanatory
variables affect the incidence of the disease: X1, woman’s
age; X2, woman’s weight; X3, hours of exercise; X4, hours of
sleep; X5, woman’s profession (housewife, employee, or uni-
versity professor); X6, taking contraceptives (yes or no); X7,
woman’s profession; X8, thyroiditis infection; X9, woman’s
educational attainment; X10, smoking status; X11, blood in-
sulin percentage; X12, blood-pressure level; X13, cortisol per-
centage in micrograms per dL; X14, woman’s age at marriage;
X15, husband’s educational attainment; X16, husband’s age;
X17, husband’s occupation; X18, duration of marriage; and
X19, duration of breastfeeding.

The data were tested for normality using the Jarque–Bera test,
which compares the skewness and kurtosis of the data with
those of a normal distribution:

JB =
n
6

(
S2 +

(K −3)2

4

)
. (37)

The hypotheses are H0: the data have a normal distribution;
and H1: the data do not have a normal distribution.
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(a) Estimated regression coefficients. (b) Comparison through residual plots.

Figure 1. Estimated regression coefficients and comparison criteria for each method at n = 50, p = 10, and ρ = 0.3.

(a) Estimated regression coefficients. (b) Comparison through residual plots.

Figure 2. Estimated regression coefficients and comparison criteria for each method at n = 100, p = 10, and ρ = 0.9.

Table 8. Results of the normal-distribution test for real data.
Variable JB statistic Sig. Decision
y 0.09010 0.12422 Accept
X1 0.98828 0.13432 Accept
X2 0.58954 0.33111 Accept
X3 0.46786 0.09067 Accept
X4 0.78976 0.78382 Accept
X5 0.88919 0.56742 Accept
X6 0.89191 0.89982 Accept
X7 1.89978 0.99993 Accept
X8 1.90891 0.77821 Accept
X9 0.98901 0.78811 Accept
X10 1.45633 0.88990 Accept
X11 2.89981 0.56626 Accept
X12 2.98919 0.45689 Accept
X13 0.90091 0.99010 Accept
X14 1.89919 0.16433 Accept
X15 0.89891 0.56632 Accept
X16 1.19010 0.78383 Accept
X17 2.89919 0.89975 Accept
X18 1.23443 0.88992 Accept
X19 1.38933 0.99467 Accept

All significance values in Table 8 exceed the significance level
0.01, indicating acceptance of the null hypothesis that the
data follow a normal distribution. Variance inflation factors,
eigenvalues, the condition index, Farrar–Glauber test statistic,

correlation coefficient, and coefficient of determination were
also calculated.

Table 9. Variance inflation factors, eigenvalues, and condition in-
dices for real data.

Variable VIF Eigenvalue CI
X1 4.09676 0.538 109.75242
X2 2.73850 0.363 44.67121
X3 1.55240 0.207 25.98279
X4 1.33986 0.125 19.46838
X5 2.69007 0.108 13.50498
X6 3.16177 0.088 9.47698
X7 2.13037 0.069 8.71072
X8 5.14657 0.056 6.39584
X9 4.01513 0.043 5.34815
X10 2.28241 0.027 4.91664
X11 1.28455 0.019 4.49395
X12 1.22556 0.016 3.75007
X13 1.12206 0.014 3.63755
X14 3.69400 0.011 3.37055
X15 4.56490 0.007 3.11288
X16 13.13043 0.006 2.29150
X17 1.65055 0.004 1.67166
X18 16.33889 0.003 1.30361
X19 1.73958 0.001 1.00000

Farrar–Glauber: χ2
0 = 929.56841

R = 0.63, R2 = 0.40
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The VIF values exceed one, and some exceed five. Several
eigenvalues of X′X are close to zero, and the condition in-
dices for X1 and X2 exceed 30. The Farrar–Glauber statistic,
χ2

0 = 929.56841, is greater than the tabulated value 216.9378
at 171 degrees of freedom. Thus, the data suffer from mul-
ticollinearity. Figures 3 and 4 present the corresponding
diagnostics.

Figure 3. Variance inflation factor for real data.

(a) Estimated regression coefficients. (b) Residuals.

Figure 5. Estimated regression coefficients and residuals for each method for the real data.

Figure 7. IoT IES services.
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Figure 4. Eigenvalues and condition indices for real data.

The real data were analyzed using the estimation methods
tested in the simulation study. The results for the dependent
variable and nineteen explanatory variables are shown below.

Table 10. Analysis of real data by the estimation methods.
Est. Bay RR KACRR LOKRR SURR

β̂1 0.042 0.045 0.046 -0.016
β̂2 -0.015 -0.006 -0.004 -0.058
β̂3 -0.127 -0.118 -0.115 -0.149
β̂4 -0.186 -0.141 -0.129 -0.311
β̂5 -0.042 -0.118 -0.134 0.926
β̂6 0.691 0.613 0.590 0.741
β̂7 -1.165 -0.799 -0.712 -2.930
β̂8 -0.091 -0.088 -0.088 -0.103
β̂9 1.862 1.624 1.561 2.822
β̂10 0.694 0.613 0.593 1.409
β̂11 0.000 0.000 0.000 -0.003
β̂12 -0.012 -0.010 -0.010 -0.024
β̂13 0.030 0.027 0.026 0.030
β̂14 -0.111 -0.107 -0.105 0.073
β̂15 -0.047 -0.075 -0.081 0.101
β̂16 0.066 0.063 0.062 -0.068
β̂17 -0.622 -0.549 -0.530 -0.861
β̂18 0.124 0.104 0.099 0.369
β̂19 0.139 0.121 0.116 0.169

Table 11. Mean square error for each method for real data.

Method MSE Best

Bayesian 1.82481 Suggested
Liu 2.09053
Kaciranlar 2.55577
Lokman 2.75964
Proposed 0.00004

The regression equation estimated according to the best
method, the proposed method, is

Yi = −0.016Xi1 −0.058Xi2 −0.149Xi3 −0.311Xi4

+0.926Xi5 +0.741Xi6 −2.930Xi7 −0.103Xi8

+2.822Xi9 +1.409Xi10 −0.003Xi11 −0.024Xi12

+0.030Xi13 +0.073Xi14 +0.101Xi15 −0.068Xi16

−0.861Xi17 +0.369Xi18 +0.169Xi19. (38)

Predictive values for the next five years are shown in Table 12

and Figure 6.

Table 12. Predictive values of each method for real data.
Bayesian Kaciranlar Lokman Proposed

0.83612 0.59592 0.53946 1.58012
1.24452 0.94255 0.86983 1.19537
2.62870 2.15813 2.03551 1.97087
1.15652 1.08224 -1.05083 -2.04806

-0.94486 -0.67064 -0.60487 -4.60679

Figure 6. Predictive values for the next five years for each method
for real data.

Table 12 and Figure 6 indicate that the predictive values
according to the proposed method are appropriate for the
estimated values and decrease over the five-year period. This
indicates that irritable bowel syndrome among women is
expected to decrease during the next five years.

10. CONCLUSIONS

• The proposed method is better than the other estimation
methods because it achieves the lowest comparison criteria.
It is close to the RR method when the correlation between
explanatory variables is very low.

• Irritable bowel syndrome decreased among women because
the predictive values according to the proposed method
were suitable for the estimated yearly values and decreased
during the next five years.

11. RESEARCH FOUNDATIONS

Research on the application of AI in virtual learning is a
fascinating and rapidly evolving field. This research investi-
gates how AI helps improve learning experiences, educational
outcomes, and learning personalization.

Understanding the current landscape: The first step in
research on AI in virtual learning is to understand the cur-
rent landscape. Literature reviews, academic papers, and
industry reports provide insights into AI technologies in vir-
tual learning, such as adaptive learning platforms, intelligent
educational systems, and educational chatbots.

Identifying research questions: Specific research questions
must be identified once the status quo of AI in virtual learning
is understood. Questions should focus on potential benefits,
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challenges and limitations, and the effect of AI on student
learning and participation.

Research method design: A design is required for collecting
data and answering the research questions. Possible methods
include experiments, surveys, case studies, and dataset anal-
ysis to explore the application of AI in virtual learning and
its impact on student outcomes [6]. Since AI is developing
dynamically in education, it is essential to stay up to date
with emerging technologies and best practices.

A. Internet of Things

The Internet of Things is a vast system of connected devices
and tools that supports communication among systems, the
cloud, and devices themselves. Economical computer chips
and telecommunications have enabled thousands of devices to
connect to the Internet. Everyday devices, such as televisions
and mobile phones, can use sensors to analyze information
and prepare suitable solutions [7].

IoT integrates everyday “things” with the Internet. Computer
engineers have added processors and sensors to everyday
objects since the 1990s, although progress was initially slow
because chips were bulky. Low-power components such as
RFID were originally used to locate expensive equipment.
As computing systems became smaller, stronger, and smarter,
the cost of adding computational intelligence to small objects
declined. Smart devices can now transfer information quickly
to the Internet; these devices and their related technologies
are collectively known as the Internet of Things [8].

Figure 8. Applications of the Internet of Things.

History of the Internet of Things. The idea of adding smart
chipsets to objects was explored in the 1980s and 1990s. An
Internet-connected vending machine at Carnegie Mellon Uni-
versity was an early example: it announced the availability of
drinks and provided information about whether they were hot
or cold. Mark Weiser’s 1991 work on ubiquitous computing,
“The Computer for the 21st Century,” and academic sites such
as UbiComp also helped shape the future of IoT [9].

IoT components. The IoT complex is a broad system of
technologies connected to form an improved system for a
specific purpose. It connects “things” by enabling intelligent
things to communicate closely. IoT must be built with a man-
aged and planned mindset to improve efficiency. Although

systems differ in complexity, six foundational ingredients are
required [10].

Figure 9. Foundational ingredients of IoT [11].

12. RESULTS

The word “intelligence” implies a capacity for reasoning, al-
though researchers disagree about whether AI can achieve it.
Major AI textbooks define the field as the study of intelligent
agents: systems that perceive their environments and take
actions to maximize the chance of achieving their goals. Pop-
ular accounts may describe machines that imitate cognitive
functions associated with the human mind, such as learning
and problem solving, though leading AI researchers have
rejected this simple definition [12].

Artificial intelligence systems perform tasks associated with
human thinking, including learning, reasoning, problem-
solving, natural-language understanding, and perception. AI
capabilities include data analysis, pattern recognition, and
decision-making [13].

A. AI Applications in Virtual Learning

• Personalized learning. AI can evaluate student learning
speed and style and offer customized instructional materials
and adaptive feedback, allowing students to learn at a pace
tailored to their learning styles.

• Intelligent educational systems. AI-powered virtual tutors
can interact with students, answer questions, provide real-
time feedback, and adapt lesson plans to student progress.
These systems simulate human tutoring and provide per-
sonalized guidance.

• Intelligent content creation and management. AI algo-
rithms can analyze large amounts of educational content
and recommend personalized resources based on learners’
preferences and histories.

• Administrative automation. AI can automate grading,
scheduling, and attendance tracking, saving educators time
for teaching and interaction.

• Virtual labs and simulations. AI can create virtual lab-
oratories and simulations in science, engineering, and
medicine, providing practical experiences in a virtual envi-
ronment.

• NLP for language learning. AI-based natural-language
processing facilitates language learning through real-time
translation, pronunciation feedback, and conversation prac-
tice.

• Adaptive assessment and feedback. AI can create assess-
ments adapted to student performance and offer person-
alized feedback that identifies areas for improvement and
tracks achievement over time.

9
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AI applications in virtual learning can revolutionize learning
and education. Educators can provide personalized, adaptive
experiences through AI technologies, while students benefit
from engaging and interactive educational content. As it
continues to develop, AI is expected to contribute significantly
to the future of virtual learning [11].

B. E-Learning (Virtual Learning)

Most virtual training teaches forms of learning that can be de-
livered through virtual networks, although several challenges
remain [14]. More than 40% of companies and organizations
presently use e-learning as a regular part of training initiatives.
The development of companies owes much to the following
benefits of e-learning [15].

Flexibility: Face-to-face training requires all students to be
in one place and creates many limitations. Virtual education
allows greater convenience and freedom. Content can be
accessed from many places through downloading and upload-
ing [12].

Economy: Conventional education requires space, transporta-
tion, accommodation, and other costs that largely disappear
with virtual training. Medium-sized companies such as IBM
have investigated alternatives to on-site learning [16].

Convenient reporting: Virtual training makes it possible to
manage large quantities of information through a platform
and report information in real time, including attendance,
absence, and academic evaluation [17].

Large scope: Face-to-face training can be difficult or un-
economical at large scale. Students can receive and evaluate
a virtual training course without moving from their loca-
tion [14].

Data from expert conferences on developing AI in virtual ed-
ucation were analyzed using a future-triangle method. Future
pull, empowering factors, and inhibiting factors are described
in Table 13.

Table 13. Analysis of the point of view of Ebergan and Merhzat [14].
Theme Factors
Future traction Change in the nature of jobs; vision and planning for

AI.
Empowerment factors Appropriate financing; availability of the necessary

technological infrastructure.
Inhibiting factors Lack of understanding of AI applications and benefits;

failure to use an interdisciplinary approach in AI de-
velopment.

C. Research Background

The COVID-19 pandemic affected the lives of students in
many countries, and universities and schools were required
to provide remote education to help prevent the spread of
disease. The Internet became a widely used network for de-
veloping distance-education classes. Systems were designed
to support virtual learning while monitoring student perfor-
mance and participation. One study examined an economical
and effective system for monitoring information access and
participation in virtual education environments. Initial re-
search in a university civil-engineering department found that
e-LMSs can support professors in educational discussion and
the analysis of student performance, improving efficiency and
academic progress [18].

Another study described the design of a virtual laboratory

for training Internet-of-Things systems. Its goals were to
improve sensors, interfaces, and real-world programming in
engineering education, including industrial systems and auto-
motive applications. With the growth of IoT, trainees could
be present remotely in physical facilities through cameras
and graphical interfaces. Students could program through
virtual access to laboratory facilities, practice control sys-
tems on tablets or small computers, and then implement them
on industrial systems. Remote access was incorporated into
expensive systems using a pedagogical approach based on
experiential learning [19].

13. DISCUSSION

The application of AI in virtual learning offers a promis-
ing and transformative opportunity for the future of educa-
tion. Personalized learning, adaptive tutoring, and intelligent
feedback systems can change how students interact with ed-
ucational content. AI-supported virtual education systems
provide flexibility, encourage the use of virtual learning, and
may support academic progress.

As technologies advance, professors and universities can use
AI to improve conventional educational methods. Combin-
ing AI with professors’ experience can provide new teaching
methods and valuable insights into student performance. AI
can also analyze student weaknesses and help develop new
learning strategies. Protecting student data and ensuring the
responsible adoption of AI are critical when developing and
deploying AI-powered educational tools. A more effective
and equitable educational system can be created by personal-
izing learning, empowering educators, and building inclusive
environments.

A. Critical Challenges of IoT in E-Learning

IoT can simplify teaching and make classrooms smarter. Ad-
vances in ubiquitous computing, IoT, cloud computing, and
analytics support educational values and research quality.
The number of virtual classes and educational programs is
increasing significantly, accelerating digital transformation in
educational institutions, especially universities.

• Universities can use hybrid clouds to host IoT systems
within their organizational architectures. Students use
tablets and mobile phones, opening new ways to improve
organizational architecture, education, teaching, and the
learning environment. Cloud platforms provide integrated
information-technology services, while higher-education
enterprise architectures can combine private and public
resources.

• Modern systems such as Blackboard generate substantial
audio and video information. IoT-equipped classes and
workshops with recording and broadcasting systems give
students on-demand access to important information.

• IoT creates challenges for delivering high-quality digital
courses, including student ethics, academic honesty, and in-
formation fraud. Data applications and tools for professors
and scientific communities must address these issues.

• IoT-based systems can evaluate student performance by
connecting training programs to smartphones. Applications
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support access to learning resources and research, while
other software demonstrates concepts, simulations, and
teaching materials.

• Security remains a major challenge. Although progress has
been made in IoT security and infrastructure, there is no
single method for identifying all business risks associated

with a data breach. Virtual-education departments need
standards that ensure application security and information
privacy.

B. Challenges of AI-Powered Virtual Learning and Solutions

Table 14. Challenges of AI-powered virtual learning and proposed solutions.
No. Challenge Description Solution
1 Access and equality Many students do not have equal access to the systems or Internet

connection required for virtual learning and teaching.
Invest in virtual-education infrastructure to provide unrestricted access.
Develop AI-based educational mobile software compatible with a wide
range of devices for students with limited access to smart equipment.

2 Privacy and data secu-
rity

Collecting and storing large amounts of student data for AI-powered
personalization raises privacy and security concerns.

Adopt transparent policies for collecting and using student information
only for educational purposes. Apply encryption and access controls
to prevent unauthorized use.

3 Bias in AI-powered al-
gorithms

AI systems may reproduce bias and lead to unequal outcomes based
on gender, socioeconomic status, or other factors.

Train educational models on diverse, current information. Establish
AI governance and reduce algorithmic errors in systems used for
education.

4 Tutor training and
support

Many educators may not have received the training required to inte-
grate AI tools effectively into virtual classrooms.

Offer continuing professional-development programs on AI-powered
tools and platforms. Strengthen peer-support networks in which edu-
cators share effective practices and strategies.

5 Overreliance on tech-
nology

Excessive reliance on AI may reduce human interaction and the devel-
opment of students’ social skills.

Balance AI tools with collaborative learning and incorporate social-
emotional learning to support student development and academic
progress.

6 Assessment and re-
sponsiveness

Evaluating progress and responding to individual needs can be difficult
in AI-based personalized virtual learning.

Define clear criteria for evaluating progress and learning outcomes.
Implement continuous monitoring and feedback systems that respond
to students’ and educators’ needs.

14. CONCLUSION

Addressing the challenges above through thoughtful strategies
and preventive measures can make the integration of AI into
virtual learning environments more inclusive, personalized,
and effective while supporting educators in their instructional
roles.

E-learning and distance education are complex processes
whose evaluation requires indicators for educators and learn-
ers. Governments, higher-education institutions, and other
organizations have focused heavily on improving these pro-
cesses. Many are adopting solutions that bring e-learning
quality closer to face-to-face training and close existing gaps.
Integrating cognitive IoT into e-learning and distance edu-
cation can increase student understanding and concentration
and help professors present subjects more effectively.

Studies show that the expansion of AI in higher education is
affected by several factors. Research by the International Data
Corporation identifies the following major drivers: improving
educational efficiency, better integration of students into the
process, higher competitiveness, accelerating innovation, and
increased funding.

Figure 10. Drivers of using AI in education (%).

Figure 11. Results of the t-test: infrastructure sub-components (path
coefficient β ).

Figure 12. Results of the t-test: infrastructure sub-components
(t-test).

The results confirm the effect of all identified sub-components
related to the infrastructure category.

15. RECOMMENDATIONS FOR FUTURE RESEARCH

• Future studies can combine the problem with other criteria
and parameters to improve curriculum quality and student
understanding. Emotional factors, news, and educational
policies can also be considered when evaluating educational
quality using IoT.

• Future solutions should account for personal and environ-
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mental differences, support use in different institutions, and
maintain low start-up costs.
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