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Abstract

A neutrosophic is a strong framework to characterize novel mathematical structures. This framework is more
suitable and flexible set side by side to fuzzy sets and intuitionistic fuzzy sets. In this work, we focus on some
famous mathematical spaces like Ls,(U) when we work on displaying a feature the immediate and contrary
theorems of unrestrained functions in the space L ,, (1) are considered. Also, some characteristics of modification
symmetric and modulus of neutrosophic smoothness have been discussed. Moreover, the identical among
approximate tools such as the neutrosophic K-functional and neutrosophic modulus of softness.

Keywords: Neutrosophic K-functional; modulus of softness; unrestrained functions; neutrosophic L, (U) space
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1. Introduction

In 1965, the famous scientist Zadeh [1] discussed the fuzzy theory when he had matured to realize the inability of
fragile groups emerging from a simple mathematical formula to deal with algebraic mathematical structures in a
detailed and clear manner. At that time, Zadeh presented in his work everything surrounding this theory for the
purpose of forming a coherent theory, and he wanted to develop the algebraic mathematical structures in that area.
In the end, Zadeh was able to complete this task, but he indicated that this study could be developed in the future
by filling in its obvious weaknesses. After that, in 1998, the American scientist Smarandj [2] discovered some of
these weaknesses that Zadeh referred to and he developed and discovered this theory by presenting an interesting
new theory known as the Neutrosophic theory or the theory of non-neutrality because it focuses on the principle
of neutrality in daily life situations. As an extension of the blurring theory referred to above. Through this study,
Samarandaj indicated that this theory takes into account all the failures and weaknesses that occurred with Zadeh,
and that he worked to highlight the important strengths of this theory. Recently, this theory has received the
attention of a large number of workers in the field of scientific research around the world, which has prompted
them to work on linking it to other branches of mathematics, such as algebra [3,4], topology [5,6], complex analysis
[7,8], and statistics [9, 10]. ], and other mathematics branches [11, 12]. In these papers works, the idea of Q-BCK,
BCK algebra with neutrosophic environment introduced by Zelle et al. [13]. Al-Quran et al [14] discovered the
design of the complex of neutrosophic. Al-Rumaini et al [15,16] advanced the notion of the ring neutrosophic
theory. Al-Shargi et al. [17,18] introduced the notion of soft neutrosophic to relate different structures. In [19,20]
Abid et al introduced many algebraic concepts with neutrosophic ideas. Alaa et al. [21,22] initiated the notion of
many approximation structures that can combine with neutrosophic in the beast way. Alaa et al. [23,24] again
combine the of approximation structures with many algebraic concepts. As previously stated, we can infer from
the foregoing that this concept is applicable to a wide range of algebraic ideas as well as the resolution of a wide
range of everyday situations. [25,26].
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The concept of the degree best approximation of functions has been studied by many mathematical researchers in
approximation theory [27,28]. Most of these papers relate to the functions approximated by algebraic polynomials
in several spaces more details in the following sources [29]. The concept of the direct theorem was first studied by
the Russian scientist Weierstrass in 1885. presented a new concept related to the approximation of functions,
indicating that any continuous function can be approximated by a polynomial under the conditions of a small
positive constant. In a second perspective the opposite formula of Bern-stein (1912) with the practical side is
interesting. Such closely related mathematical relationships have been of attractive to the many researchers and
they are certain virtuous copies in the new approximate. theory. The several authors in field of approximation
theory studied direct and converse theorems of bounded functions in measurable space see [30].

In this work, we introduced the immediately and contrary forms of unrestrained mappings via algebraic
polynomials in neutrosophic weighted space, also given the proof that K-functional and modulus of smoothness
are identical.

Now we present some closely related concepts with the best approximation of unconstrained functions in the
weighted space

LetU = [-1,1], L,(UW), p greater than or equal 1 and less than infinity, signified the space of all constrained
mappings equipped limited norm as :

1
loll, = (J, [9@®)[Pdt)p < oo, where teU. (1)
We denoted the space of all weighted functions by T', with §: U — R such that ¢ € T.

The space Ls,,(U) symbolized the space of all unrestrained functions, the of this space equipped by

by = (L, 1O < oo, where t €U (2)

Let X; be the collection of algebraic polynomial. with order not widely i. The mark of better approximat. of
unrestrained mapping in measured collection Ls,,(U) by algebraic polynomi. p; € X; certain by

Ei(¢)s,p = E}I} ”¢ - pi”s,p- (3)

Di€L;

We express the variance of ¢ € L, ,(U) of grade k € N with estimate § € R
/M 3
() = 3o (-0 (7) pe + i), (@)
the modulus of softness of function ¢ € L. ,,(U)with index k € N is define by

0P My = swp 850 . )
|h|=&

If for given function ¢ € L., (U) and n € N, then n-derivative of the mapping f signified by ™,

In a several of approximat. formulas the mistake is guessed by correct approximate instrument K-function. , we
express it is by

F($mep = nf {9 = vllop + 1" 0]},

VES

Where n € N ,S is subspace ofL, ,,(U)

K-functional was examining by P. eeter and L. ions in 1962 and defined their usual form by P. eeter in 1964.
2.Support lemmas

In this section of our current work, we will present some postulates that support our highest results:
Lemma 1.1 [20]
Let?, € J,and 1 < p < co. Then

1
1 —_ PNz
I1Pall, < ¢p G ERZ0|PE®])P.

Lemma 1.2
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If € L, (U) , there is a derivative ™ € L, ,,(U) where n € N, then
En(d.Mep < cnEn(9™,m)ep . such that c,is Associated fixed on n.
Proof: For € L., (U) , there is p, € X, and from lemma (1.1)

En(d)'n)s,p < ||¢ - pn”s,p

[u

)
<c ( [ 160~ pn(t»a(t)v’)

< c(f, 1@ @ - p™, s
< max{ ¢, } En((p(k): n)e,p-
SO- En(¢' n)a,p < CnEn((p(n)' n)e,p-

Lemma 1.3

If¢ €L,,(U),1<p<o,n,i>0andn real number, then

i |]an ¢||8'p < c,llplle, , where c, positive unbroken conditional on n.

i oy oll, < callay ol
ii. | A7 ¢||£p =0,as8 — 0.

Proof : (i) we have A% () = o (- 1" () p(¢ + i), =
a5 #ll,, = 2o () pe+ |

<

o= () ot + )| gl
< cullll.y where ¢, = max |52y (- 1" (7) e + im)|
Thus, a3 Il < el
(i) =t ol = [lapcay ¢C)] . from () , we have
lan gll, ) < callar ¢, -

(iii) its immediately from definition of modification symmetric.

Lemma 1.4

If ¢ €L ,(U),, 1<p<,0<i<n,thenQ,(P,n)sp < cQi($,1)ep . Wheren > 0.

Proof : We have
laz gl = llagcal pCl, < cllab ]l -
= supl|ay ¢, , < esupllag o],
= Qn (P Mep < ¢ Q(PM)ep-

Lemma 1.5 [19]
Let 0<n<k&keN.ThenvVp, €X,

e T = |A’fpn < c(io)|p®

n £p

I,

3. The main effects
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Theorem 2.1
Let ¢ € L,,(U). Thenn > 0 & V i € N, the next form is hold:
Ei(dMep < n Q(dM)ep 0 = % , Where c,, is absolute constant conditional on n.

Proof:

Let p; (t) be algebraic polynomial of order not more than i and sufficient the following situations:
[1 p®) dt=1,fori=123,..
1

1 ,
f_1|t|"|pi(t)| dxt < g LT 0,123,...

We will study the situation of j € N:
Set, Mi_,(y) = (-1)/*! f_ll pi(®) ¥ _ (-1t (7]1) f(t — ny)dt of order less than i.
S0, My @) = pioa® = (<17 2 pu(®) Thoa(-1 (1) £t = nydate

= (-1 [2, (A} p(t)dt.
Ei(@Mep S Nlo=pi-1(Ollep < cnllo=pi-1(Dllep

=CTL

(-1) f pia (OB p(t)dt
-1

&P

1 .
a1 [ @I, d
-1
. 1 i
< a1 [ I @lsuplalo(@l, de
-1

<c, j P (D1 b 1), p dt

< Cnﬂ'i(d): n)s,p, .
Theorem 2.2
Let ¢ € L,,(U) & ,i €N.Then

Qi(¢' n)e,p, <i™ ?zl(in - (i - 1)n) Ei(¢r n)e,p,-
Proof :
Foranyj € Zand k € R, we must

i (N , .
A () = Nio(—1)" (T) (e + i) £+ jk €U,
since ¢ € L, ,(U),&Ve>0,3g€Z" 3 g>n andp; €, is better approximat. of ¢psuch that

1
E; (¢, r’)g,p, < ”¢ _pi”s,p < ;g,

From lemma 1.3, we have
8 6@, < 185 - oIl + 8500l
<N = pillpy + 127 @D Nlpy
< 27Mf = tallep + 185G,
< e+ 1A7 )y ™)
So, [|a5 el , < 1185 (i — Aia) + A3 (A,

< ||12¢p; — A1) + A%(cﬂi—ﬂ”&p
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< [|2Coi = Ai-1) + 27 2425 ”(d‘l{’)”&p
1 . .
weset, (p;—Aiy) = Kig, = 18:pllp < [|2° S5+ i 09| ()
So,

1 . .
”2{ YL K, + pie:ﬁ{”Ke”w <

£ 1 i— i i .
|2 ZH g+ i - @ - DY B — (= 17 T

1

< gllFEicie - e -vo s

2
{7 s . .
< SZEE - -1DH Ef(pi)”ap (***)
From (*), (**) and (***) , for ¢ > 0, we obtain
18, llep < FFIERTA T — (¢ = DY Es(o),, +
Also sup [18,(p)llep < (IS SR — (€= DY B, + ¢
= 'Qi((p' n)s,p <i™ ?zi(in - (i - 1)11) Ei(¢' n)s,p-
Theorem 2.3
Let ¢ € L,,(U), € N and a;& p; are positive constants. Then
1

aiQi((p' n)e,p < T(f’ ;)p,n < .Bi Qi(¢' n)e,p-

Proof:

Take w random mapping in the collection L, ,(U), 3 w® € L., (U). By lemma 1.3 & lemma 1.4, we obtain

Qi(Mep < Qi(P — 0,M)ep + Qi(0,M)ep
< Billp — wllep + Qi(w,M)ep

< Billp — wllpy + Bifi(@®, 1) o

< Billp — wllpy + Biral0©]],
We chosen the infimum over all w € L., (U), we get

2 Mep < Bi {19 = illyy + Bl }

= a;Qi(P.Mep < F(P.Mep (#)
Consider w; € Z; , we have

Bi . .
o™l < s, < B8 - D, + Blsbousl,

< B (1 = willep + 251l ) < Bi( EuChm)ep + (1))

< ﬂiﬂi((p' n)e,p .
From above inequality, we get

F (o, rl)e,p <ll¢- wi”s,p + 7)"||wi(n)||g_p < Ei(¢, n)e,p + Q,; (¢, n)s,p

< 6i0(¢, n)s,p . (##)
So, from (#) and (##),the proof is completed.

4. Inferences
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The immediately and reversed forms of any mapping in the neutrosophic spaceL,,(U), 1 < p < o by algebraic

polynomi. Have been established, which is the better approximate. assessment on [0,1]. Also, approximate tools
such as K-functional and modulus of smoothness are equivalents.
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