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ABSTRACT

This paper is dedicated to study and to find the symbolic m-plithogenic units in many symbolic plithogenic rings for
some special values of m, where we present a full classification of many different symbolic n-plithogenic group of
units as direct products of well-known groups by building suitable and well-defined algebraic isomorphisms.
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1. INTRODUCTION

2. MAIN DISCUSSION

The computation of invertible elements (units) in
commuta-tive algebraic rings is one of the most important
problems in algebra, as well as the classification of the
group gener-ated by all units in a ring. The theory of
logical rings based on neutrosophic sets and their
generalizations has developed through studies of refined
matrices, vector spaces, ideals, and related algebraic
structures [14, 15, 20, 21, 22, 25]. Recent algebraic
investigations have considered neutrosophic rings and
hyperrings, group rings, near-subtraction semigroups,
modules, finite fields, matrices, Lie algebras, and
vector spaces [1, 2, 3, 4, 5, 6, 11, 12, 13, 17, 18, 19, 23,
24, 26, 27, 28]. Plithogenic graph structures also provide
a related framework for handling multi-valued attributes and
their con-tradictions [16]. In parallel, the group of units and
associated Diophantine problems have been examined for
several refined neutrosophic rings [7, 8, 9, 10]. These
developments moti-vate us to study and find the symbolic
m-plithogenic units in symbolic plithogenic rings for
selected values of m, and to classify the corresponding
groups of units as direct prod-ucts of well-known groups by
constructing suitable algebraic isomorphisms.

Definition. Let R be a ring with U(R) as its group of units.
Let

3—spR={x+ypi+zp2+ip3:xyz1 €R}
be the corresponding 3-plithogenic ring. Then
U(B—spR)={X€3—spR:TFY €3—spR, XY =YX =1}

is called the group of units of 3 — spR.
Theorem.

U(3—spR) =2 U(R) xU(R) xU(R) xU(R).
Proof. Define f: 3 —spR —+ RX R X R xR by
fetypr+zpr+ips) = (Gx+y,x+y+z,x+y+2+41).
If

Xo+Yop1 +zop2 +top3 =x1 +yip1 +zip2+Hps,

then xo = x1, yo = y1, 20 = z1, and ty = ¢#1; hence f is well
defined.
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Assume that

X = xo +yop1 +z0p2 +1op3,
Y =xi+yip1 +z1p2 +t1p3.

We have

X+Y = (xo+x1)+(o+y1)p1

+ (z0+2z1)p2+ (to +11)p3,

and f(X+Y) = (a,b,c,d), where

a = xp+xp,

b=xp+x1+yo+y1,
c=xo+x1+Yyo+y1+2+2z1,
d=x0+x1+yo+y1+z20+z1+1to+1.

Thus
FX+Y) = (x0,%0 +yo0,X0 + Yo + 20, %0 + Yo+ 20 +10)
+ (1, X1 +yL,x1 v+ 2,5yt +4)
=f(X)+f(Y).
Also,

X -Y = xox1 + p1 (xoy1 +Yox1 +yoy1)
+ pa(x0z1 +yo0z1 + 2021 +20%1 +20¥1)
+ p3(xot1 +yot1 +zot1 +10x1 +10y1 +10z1 +1ot1).

Moreover,

FXY) = (x0,%0 + Y0, X0 + Yo +20,X0 + Yo + 20 + o)

(e ynx vtz x i +a )
= fX) ).
If f(X) =0, then X = 0. For every (x,y,z,t) € R*, there
exists

X=x+(y—x)pi+(z—y)p2+(t—z)p3 €3—spR

such that f(X)
Therefore,

= (x,y,2,t). Hence f is a ring isomorphism.

3—spR=R* and U(3—spR)=U(R)*.

Example. For R = (Z3,+,-),

3_SpZ3 = {X+yp1 +ZP2+IP3 :x>y7Z7t S Z3}7

and

U(3—SPZ3)§ZZX22XZZXZ2.

To find all units in 3 — spZ3, we write the units of (Z3)*:

er = (L1L,1L,1), e2 = (1,1,1,2), e3 = (1,1,2,1), ey =
(2717171)7 €6 = (2 2 2 2)’ €7 =

(
es = (2,2,2,1), eg = (
692(2,1,2,2),610—(1 2 2 2),8]1 =(1,1,272),€12:( g4y 1, N
€13 = (2,2,1,1), €14 = (2 1 2,1), €15 = (2,1,1,2), €l =
(1,2,2,1).
Thus, f'(e1) =1, f'(e2) = 1+ p3, f(e3) = 14 p2+
2p3, [ (ea) = 14 p1+2p2, £ (es) =2+ 2p1, [ (e6) =2,

fNer)=2+2p3, f es) =2+2pr+p3, [ (e9) =2+2p1 +
P2, fl(ew0) = 1+p1, fHen) = 14pa, fHern) =1+p1 +
2p2+pa. fl(e1s) =24 2pa, fews) = 2+ 2p1 + p2 + 2p3,

N ers) =242pi+p3, [ (e16) = 1+ p1 +2p3.
Example. For R = (Z4,+,-),

U(B—8pZs) =7 X Loy XL X 7.

The units of R X R X R X R are:

el = (1,1,1,1), e) = (1,1,1,3), ey = (1,1,3,1), ey = (1,3,1,1),
es = (3,1,1,1), es = (3,3,3,3), e7 = (3,3,3,1), eg = (3,3,1,3),
e9=(3,1,3,3),e10=(1,3,3,3),e11 = (1,1,3,3), e1o = (3,3,1, 1),
€13 = (17373>1)’ €14 = (37171>3)’ €15 = ( 717371)’ €16 =
(1,3,1,3).

The units of 3 —spZyg are: f~'(e;) =1, f~'(ex) = 1 +2p3,

Yeq) =1+42p1+2pa. f(es) =3+
2p1, f en) = 142pa, [ (e7) =3+ 2pa. £ (eg) =3+2p2 +
2p4. [ (e9) =3+2p1+2p2. [ (e10) = 142p1, [~ (e6) =3,
S en) =3+2p2. [ (e13) = 14 2p1 +2p4, [~ (e1s) =3+

fNe3)=1+42pr+2ps, f~

2p1+2p4. [ (e15) =342p1 +2p2+2p4. [ (e16) = 1+2p1 +

2py +2ps.

Example. For R = (Z,+, ),
U(B—SpZ) = Zoy XLy XLy X Zy.

The units of Z* are:

er = (I,1,1,1), e = (1,1,1,—1), 3=( 17 ), e

(17715171) €5 = ( 717 )’ e = ( 17 )’

(717717 ) :(7 - 1 1) :(7 ’ 7 1) elO_

(17_17_17 ) €] = ( 1 _17_1)’ ( 17171)’ €13 =

(17_17_171)’ €14 = ( 171717_1)7 elS - ( 1717_171)’ €16 =

(1,—1,1,—1)

The units of 3 —spZ are: f~l(e;) =1, f1(er) = 1 —2p3,

fNes) =1=2py+2p3, fea) =1—2p1 +2ps, f (e5) =
—1+2p1, fNeg) = =1, fl(e7) = —1+2p3, fl(es) = -1+

2py —2p3. [l (e9) = —1+2p1 —2pa2, [ (ewo) = 1 —2p1,

fHen)=1-2ps, f Hen) =—142ps, fHez) =1-2p1 +

2p3, [ (e1s) = —142p1 —2p3. [ (e1s) = —1+2p1 —2pr +

2p3, £ e1g) = 1—=2p1+2p2 —2p3.

Example. For R = (Zs,+,-), we have U(R) = Z4 and

U3 —SpZs) 27y X La X Zog X Lg.

We will find 101 units of 256 possible units:
=(1,1,1,1),e2=(1,1,1,2), e3 = (1,1,2,1), ea = (1,2,1, 1),
=(2,1,1,1),e6 =(1,1,1,3), ¢ (1,1,3 1), es =(1,3,1,1),

69:(3 l,l 1), e10 = (3,3,3,3), e” =(1,1,1,4), e;n = (1,1,4,1),

e;3=(1,4,1,1), e14 = (4,1, 1,1), e15 = (4, 4 4,4), e16 = (2,2,2,1),

e17=1(2,2,1,2), e13 = (2,1,2,2), €19 = (1,2,2,2), ex =(3,3,3,1),

e =(3,3,1,3), e20 = (3,1,3,3), e23 = (1,3,3,3), e2s = (4,4,4,1),

er5 = (4,4 1,4), €26 = (47 ]74,4), ey = (1,4,4,4), €28 = (272,273),

€9 = (2,2 3,2), e3) — (2 3,2,2), ez = (3,2,2,2), €3 = (2,2,2,4),

e33 = (2,2 4,2) €34 — (2,4,2,2), €35 — (4,2,2,2), €36 — (3,3,3,4),
e37=(3,3,4,3), e3s = (3,4,3,3), e30 = (4,3,3,3), eao = (1,1,2,2),
es1 =(2,2,1,1), eq0 = (1,2,2,1), e43 = (2,1,1,2), eas = (1,2,1,2),

eqs =(2,1,2,1), es6 = (3,3,1,1), ea7 = (1,1,3,3), eas = (3,1, 1,3),

€49 = (1,3 3,]), es5n) = (3,],3,1), es5] = (1,3,1,3), €57 = (474,17 1),

€53 = (1,1 4,4), €54 — (1 4,4,1), €55 — (4,1,1,4), es56 — (1,4,1,4),

es57 = (4,1 47 l) €58 — (2,2,3,3), €59 — (3,3,2,2), €60 — (2,3,3,2),
e61 = (3,2,2,3), eca = (3,2,3,2), €63 = (2,3,2,3), ees = (2,2,4,4),
egs = (4,4,2,2), ee6 = (2,4,4,2), e67 = (4,2,2,4), ess = (2,4,2,4),
ego = (4,2,4,2), e70 = (3,3,4,4), e71 = (4,4,3,3), e12 = (4,3,3,4),

e73 = (3 4 4 3), €74 = (3 4,3,4), e75 = (4,3,4,3), e76 = (272,272),

e77 = (4,4,4,4), e75 = (1,2,3,4), e79 = (2,1,3,4), eso = (1,2,4,3),

eg1 =(2,1,4,3), eso = (1,3,2,4), es3 = (1,3,4,2), esa = (3,1,2,4),
egs = (3,1,4 2), es6 = (1,4,2,3), es7 = (1,4,3,2), egs = (4,1,2,3),
ego = (4,1,3,2), e90 = (2,3,1,4), e91 = (2,3,4,1), e9p = (3,2,1,4),

€93 = (3 2,4 1), €94 = (2, 71,3), €95 = (2,4,3, ]), €96 = (4—727 173),

e97 = (4,2,3,1), eog = (3,4,1,2), e99 = (3,4,2,1), e100 = (4,3,1,2),

€101 = ( 3,2 1)
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The corresponding units of U (3 — spZs) are: Table 2. Units table of 3 — spZy

f (61)—1 f (62) —= 1er3 f 1(23): L+ pa+4p3, Unitin (Z,)* Corresponding Unit in 3 —spZ, .
eg) =1+ p1+4py, f (es) =244p1, f(eg) = 1 +2p3, (I, 1L,1,1) 1 1
e7)71+2p2+3p3,f l(eg)—1+2p1+3p2,f*1(e9):3+3p1, <1,1,13) 1+2ps 2
ew)=3,f" (911)—14‘31’% S~ er) = 14+3p2+2p3, (1,1,3,1) 1+2py+2p4 3
e13) =143p1+2p2, [ (e1a) =4+2p1, fers) =4, (1,3,1,1) 1+2p1 +2p, 4
e16) =2+4p3, [ (e17) =2+4pa+p3, [ (e18) =2+4p1 + p2, G111 3+2p 5
erg) =1+pi, [~ (620)—3+3p3,f71(62|) =3+43py+2ps, (3,3,3,3) 3 6
e»)=34+3p1+2p2, [~ (623): 1+2p1,f71(624) =442p3, (3,3,3,1) 3+2ps 7
s :4+2P2+3P3 I (e26) =4+42p1 +3pa. £ exr) =1+3p1, (3,3,1,3) 34+2p>+2ps 8
e2) =2+ p3, [ (e20) =24 pa+4p3, £ (ez0) =2+ p1 +4p2. (3513;3) 3+2p1+2p, 9
e31) =3+4p1, [ (e32) = 242ps, £ (e33) =2+ 2p2+3ps, (1,3,3,3) 1+2p, 10
e34) =2+2p1+3p2, £ (e3s) =4+3p1, £ (e36) =3+ p3, (0, 1,3,3) 1+2p, 11
€37 3+pz+4p3 F ' (ess) =3+ p1+4pa, f (e39) =4 4-4p1, (3,3,1,1) 3+2p, 12
eq) = 1+ pa, 7 (ea1) = 2+4pa, f~' (eaz) = 14 p1 +4p3, (1,3,3,1) 142p) +2p4 13
es3) =2+4p1+p3, [ (eas) = 14 p1+4p2+ p3, (3,1,1,3) 3+2p1+2p4 14
ess) =2+4p1+pr+aps, [ "(ea6) =3+3pa, [ (ea7) = 14+2p2, (3,1,3,1) 3+2p1+2p2+2ps s
ess) =3+3p1+2p3, [~ (649)—1+2P1+3P3, (1,3,1,3) 1+2pi+2p2+2ps 16

(
(
(e10)
(e13)
(e16)
(e19)
(e22)
(e25)
(e28)
(es1)
(e34)
(e37) =
(eq0) =
(e43) =
-
(es0) =3+3p1+2p2+3p3, £ (es1) = 1+2p1 +3p2+2p3,

56523 4+2p2,f 1(653) —( lﬂ)»3p2,f71(€54) = l+3p| +2p3,

ess) =4+2p1+3p3, f~ (es) = 1+3p1 +2p2+3p3, .

(es7) 4+2p1+3p2+2p3,f’1(658):2+p2,f*'(659):3+4p2, Table 3. Units table of 3 —spZ
(e0) =2+ p1+4p3, f (eg1) =3 +4p1 +p3, Unit in Z* Corresponding Unit in 3 — spZ
(e62)

(e64)

(e67) =

(es9) =

(en2) =

(e74)

(e76)

(e9)

(es1)

(es3)

(ess)

(es7)

(es9)

(ean)

(e93)

(e9s)

(e97) =

(e99)

e62) =3+4p1+p2+4p3, [ (e63) =2+ p1 +4p2 + p3, (1,1,1,1) 1 1
ecs) =2+2pa, [ (ees) = 4+3p2. £ (ess) =2+2p1 +3p3, (1,1,1,-1) 1-2p; 2
eq7 443p1+2p3, f~ (eég):2+2p1+3p2+2p3, (1,1,-1,1) 1-2p>+2p3 3
e69) =4+3p1+2p2+3p3. [T (e0) =3+ pa. £ (e71) =4 +4p. (1,-1,1,1) 1=2pi +2p> 4
en) =4+4pi+ps3, [~ 1(873):34-1!71-*-41!73, (=1,1,1,1) —1+2p; S
74 f3+p1+4pz+p%,f "(e75) = 4+4p1 + p2 +4ps, (=1,—-1,—1,-1) —1 6
e76) = Yerm) =4, f~ (678):1+P1+[)2+p3, (=1,=1,=1,1) —1+2p; 7
€79 :2+4P|+2P2+P3 feso) = 1+ pi+2pa+4p;3, (=1,-1,1,~1) —142p> —2p; 8
eg1) =2+4p; +3pr+4ps, f egr) = 1 +2p1 +4p2+2p3, (-1,1,—1,—1) —1+2p1 —2p, 9
es3) = 1+2p1+pa+3ps, 7 (es4) = 3+3p1+p2+2ps, (1,-1,-1,-1) 1-2p, 10
ess) =3+3p1+3p2+3p3. [ L(ess) = 143p1 +3p2+ p3, (1,1,-1,-1) 1-2p, 11
es7 _1+3P1+4P2+4P%f_|(388):4+2P1+P2+P3s (-1,-1,1,1) —1+2p, 12
eso :4+2P|+2P2+4p3»f Y(e90) =2+ p1+3p2+3ps, (1,-1,-1,1) 1—2p; +2ps 13
e91) =2+ p1+p2+2p3, f (eon) =3+4p1 +4p2+3ps, (-L11,-1) —1+2p1 = 2p3 1
e93) =3+4p1 +2p2+2p3. ™ 1(694):2+2P1+2P2+2P3, (=1, 1, =1L, 1) —142p1 —2p2+2ps 15
¢o5) = 242p1 +4p2 +3p3. f ' (eg5) = 4+ 3p1 +4p2 +2p3, (1,-1,1,-1) L= 2p1 422205 16

e97) =4+3p1+p2+3ps. f (998):3+P1+2P2+P3s
e99) =3+ p1+3p2+4ps, f (e100) = 4+4p1 +3p2+p3,

(e101) =4+4p1 +4p2 +4p3, 4. CONCLUSION
By continuing the same argument, we get the rest of the units.
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In this paper, we study and find the symbolic m-plithogenic

3. RESULTS units in many symbolic plithogenic rings for some special

values of m, where we presented a full classification of many
We will write all the computed units in tables called the units different symbolic n-plithogenic groups of units as direct
tables of the symbolic plithogenic ring. products of well-known groups by building suitable and well-

defined algebraic isomorphisms.

Table 1. Units table of 3 — spZ3

Unitin (Z3)* Corresponding Unit in 3 — spZ; b REFERENCES

(1,1,1,1) 1 1

(1,1,1,2) 1+p3 2 [1] M. S. Hameed, Z. Ahmad, and S. Ali, “Characterization

8;? B i:p zii” 2 i of y-single valued neutrosophic rings and ideals,” Neu-

@111) 21: zplm z trosophic Sets and Systems, vol. 50, pp. 47-63, 2022.

(2,2,2,2) 2 6

(2,2,2,1) 242p; 7 [2] T. Nagaiah, L. Bhaskar, P. Narasimha Swamy, and

(2,2,1,2) 2+2p2 +ps 8 S. Broumi, “A study on neutrosophic algebra,” Neu-

ET;;Z? 2+l2i1 +p2 190 trosophic Sets and Systems, vol. 50, pp. 111-118, 2022.
] p1

E};?iz It p 1++2ppz . 3 [3] V. Kandasamy and I. Kandasamy, ‘“Neutroalgebra of

2.2.1.1) 5 +2PZ ‘ 13 idempotents in group rings,” Neutrosophic Sets and

(2,1,2,1) 242p1 4 pr+2ps 14 Systems, vol. 50, pp. 156-177, 2022.

(2,1,1,2) 242p1+p3 15

(1,2,2,1) L+pi+2p; 16 [4] J. S. Ranjini and V. Mahalakshmi, “Neutrosophic fuzzy

x-sub algebra of near-subtraction semigroups,” Neutro-
sophic Sets and Systems, vol. 50, pp. 178-187, 2022.

[5] T. Oner, T. Katican, and A. Rezaei, “Neutrosophic
A -structures on sheffer stroke BCH-algebras,” Neu-
trosophic Sets and Systems, vol. 50, pp. 459-479, 2022.
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[6] H. Bordbar, X. L. Xin, R. A. Borzooei, and Y. B. Jun,
“Positive implicative ideals of BCK-algebras based on

neutrosophic sets and falling shadows,” Neutrosophic
Sets and Systems, vol. 48, pp. 9-30, 2022.

[7] O. V. Shtawzen, “Conjectures for invertible diophan-
tine equations of 3-cyclic and 4-cyclic refined integers,”
Journal of Neutrosophic and Fuzzy Systems, vol. 3, no. 2,
pp- 32-36, 2022.

[8] O. Von Shtawzen, “On a novel group derived from a
generalization of integer exponents and open problems,”
Galoitica Journal of Mathematical Structures and Ap-
plications, vol. 1, 2022.

[9] A. A. Basheer, K. D. Ahmad, and R. Ali, “On some
open problems about n-cyclic refined neutrosophic rings
and number theory,” Journal of Neutrosophic and Fuzzy
Systems, vol. 3, no. 2, pp. 37-42, 2022.

[10] A. Alrida Basheer, K. D. Ahmad, and R. Ali, “Examples
on some novel diophantine equations derived from the
group of units problem in n-cyclic refined neutrosophic
rings of integers,” Galoitica Journal of Mathematical
Structures and Applications, vol. 3, 2022.

[11] V.S. Subha, G. Rajasekar, and S. Soundaravalli, “Rough
neutrosophic ideals in a ring,” Neutrosophic Sets and
Systems, vol. 50, pp. 504-514, 2022.

[12] M. S. Hameed, Z. Ahmad, S. Broumi, and S. Ali,
“On characterizations of (@, €, ¢)-single valued neutro-
sophic hyperrings and hyperideals,” Neutrosophic Sets
and Systems, vol. 50, pp. 614-628, 2022.

[13] M. Kavitha and P. Murugadass, “Eigenspace of a circu-
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and Systems, vol. 50, pp. 591-601, 2022.

[14] M. Abobala, M. B. Ziena, R. I. Doewes, and Z. Hussein,
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2021.
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trosophic Sets and Systems, vol. 49, pp. 70-91, 2022.
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Systems, vol. 49, pp. 184-197, 2022.
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