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ABSTRACT

In this paper, we concentrate on comparing the restricted least squares (3RUU) with restricted Liu estimator (ﬁRLS)
based on the mean squared error (MSE) criterion in the existence of multi-collinearity. In addition, we find the best
estimation in many different cases with some related numerical examples.
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1. INTRODUCTION

Many statistical researchers, as well as the knowledge of its
statistical consequences on the estimated model parameters
about its desired scientific characteristics in explaining the
scientific phenomenon in the correct scientific method, so
this problem should be avoided by developing appropriate
solutions to it have known the problem of multilinearity (the
multiplicity of the linear relationship). It is known that the
usual least squares method (OLS) is one of the most efficient
known unbiased estimation methods and requires the avail-
ability of analysis assumptions, the most important of which
is the independence of explanatory variables. Sometimes eco-
nomic theory provides us with some theoretical information
in the form of constraints (one or more identical constraints
about the parameters to be estimated) from outside the scope
of the research sample. In this case, the usual least squares
method turns into another formula, the restricted least squares
formula (RLS), so that it is possible (in some behavioral func-
tions) to employ these constraints to address the problem of
multilinearity.

In 1993, the researcher Liu put forward a new model to ad-
dress this problem by combining the Stein estimators and
the usual character regression estimators (BORP) with a spe-
cial estimator called the (ﬁOLiu) estimators. When placing

constraints on the latter estimators, they become the (3RLZ~M)
constrained estimators. This study was divided into two
parts. The first part included the theoretical side, in which
the method of finding the least squares estimators and the Liu
restricted estimators was explained. The second part included
the experimental side, in which the ready-made application
program Minitab under Windows was used to generate data
using the Monte Carlo method of simulation, developing cor-
relation formulas and finding the average error squares for
both methods.

2. THEORETICAL ASPECT

2.1 OLS and RLS Capabilities

The usual least squares method is one of the important and
most common methods for estimating the parameters of a
linear regression model and is characterized by more effec-
tive qualities than other methods, the ease of calculating the
estimation of its parameters, the logic of the results obtained,
and the ease of understanding the mechanics of its operation.
It is characterized by the fact that its estimates have the low-
est variances of all other unbiased methods if the analysis
assumptions of the linear model are available, represented by
the error being a normally distributed random variable with a
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rate of zero and a variance of 2. This means that the errors
are not self-related, that the response variable Y is a random
variable with a normal distribution with a rate of « and a
variance of 631 , as well as that the columns of the matrix
of explanatory variables X are linearly independent and that
rank(X) = P < n. In this research, the following linear model
was taken:

Y=XB+U. N

Here, Y« is the response-variable vector; X, (,41) is the
matrix of explanatory variables; ﬁ(p +1)x1 18 the vector of
regression parameters; and U, is the random-error vector,
where E(U) = 0 and V(U) = 621,. Further, P represents the
number of explanatory variables, n represents the sample size,
and I,,«,, is a monoidal matrix.

It is known that the least squares estimators are obtained by
applying the following formula:

Bos = (X'X)~'XY. )
The matrix of the mean squares of the error for the estimator
Bocs of Bovs is:

MSE(BoLs) = E | (Bovs — Bors) (Bos — Bovs)’
=V(Bovs)
+ bias(Bors) bias(Bors) - 3)
Where:

bias(Bors) = E(Bors) — Bors-

When assuming the existence of ¢ constraints imposed on the
linear model, they can be written in the following form:

RBors =r. “4)

Here, R, is a known matrix whose rows are of full rank,
with p > ¢, and r;x is a known vector. Thus, according to

the constraints of Equation (4), the BRLS estimators have the
following form:

Bres = Pors + S 'R'(RST'R)) !
X (V—RBOLs). (5)

Hence:

Bors =S~'X'Y, S=X'X.

If we assume that:

A=S"1-S'R(RS'R)"'RS!,

8 =r—RPors, (6)
we obtain:
V (Bres) = 6°A. (7

We assume that the Liu estimator ﬁuy for the parameter

0 < d < 1 has the following form:

BL]U:(S-I-I)_I(X/Y-FdBOLs). (8)

If we assume that:

Fy=(S4+1)"1(S+dI), 9)

then the [3’L1U estimator can be written as:

B = FaPors- (10)
Thus:
E(BLv) = FiBors, (11)
and:
V(Buu) = 6*F;S~'F). (12)

From the above definition and according to the constraints
in Equation (4), we find that the bound Liu estimator has the
following formula:

Brui = FuPres. (13)
Thus:
E(Bruiv) = FaPors + FuS~'R
x (RST'R))7'S, (14)
and:
V(Bruiy) = 62 F4AF). (15)

2.2 Comparison of the RLS and RLIU Estimators

When taking the difference between the variances of both
estimators, we find that:

V(Bres) — V (Bruiv) = 6*(A — F4AF)).
Equivalently,

V(Bres) — V (Bruv)
=o2(1—d)(S+1) '[AS+SA+ (1 +d)A|(S+1)"!
=c?(1-d)(S+I)'[G-H]|(S+I)~". (16)

Where G = 21+ (14 d)S~! is a definite and positive matrix
(p.d.), and:

H=S'"R(RS'R)"'R
+R(RST'R)'RS™!
+(14+d)S'"R(RS'R) RS

It is a symmetric matrix. Since G is a definite and positive
matrix, there exists a monoidal matrix such as Q such that:

0'Go=1, QHQ=A,
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where A is a diagonal matrix whose diagonal elements are
the characteristic roots of:

|H—AG|=0.
If G — H is a non-negative definite matrix (n.n.d.), then
Q'GQ— Q'HQ =1 — A is also a non-negative definite ma-
trix if:
1-4>0.
We also find that:

Amax (G™'H) < 1.

From the above, we find that:

where:

M(GT'H) > 2(G'H) > -+ > A,(G'H).

From here we find that x’Hx < x’Gx, and that G — H is also
non-negative definite. From this information it is clear that:

V(Bres) =V (Bruw)isnnd. VOo<d<1. (17)

Thus, the variance of the constrained Liu estimators is less
than the variance of the constrained least squares estimators
if and only if:

Anax(G™'H) < 1.

3. THE EXPERIMENTAL SIDE

3.1 Model Description and Simulation

In this research, the Monte Carlo simulation method was used to
generate the views of the regression model in Equation (1) for five
samples of each sample with a size of 100 views and each view
repeated a hundred times. Then the rate of these views was taken,
and finally these views were divided into five columns, each column
containing 100 views:

Y; = Bo+ BiXi1 + BoXio + B3 Xi3
+ BaXis + U;.

The values of (f1, B2, B3, B4) are taken corresponding to the charac-
teristic roots of the standard X’X matrix, with the assumption that
Bo = 0. Then a linear relationship or lack thereof will be established
between the explanatory variables X;; generated using the following
relationships:

Xij:mz,-j+az,~57 j:1’27 i=1....
Xij = mzij+a*zi57 j=3,4, i=1,..,100.

The value of « represents the degree of correlation between the two
variables (X1,X5), and a* represents the degree of correlation be-
tween the two variables (X3, X4). In this research, three correlations
were postulated:

Table 1. The MSE results for both methods.

Estimator

MSE(fes) 0.121 1.202 0.085
MSE(Brriv), d = 0.1 0.042 0.209 0.074
MSE(Brerw), d = 0.4 0.088 0.433 0.073
MSE(Bruw), d = 0.6 0.098 0.641 0.084
MSE(Bruw), d = 0.9 0.063 1.044 0.084

* High correlation of the two groups represented by the values
a=0.9and a* =0.9.

* Low correlation of the two groups represented by the values o =
0.3 and a* =0.3.

* High correlation for the first group and low correlation for the
second group represented by the values ¢ = 0.9 and o* = 0.1.

Finally, the explanatory variables are converted to their standard
form using the constant formula of length one as follows:

7/ A S S (19)

Here, W; is any random variable, and W* represents the standard
form of that variable.

3.2 The Stage of Estimation of Parameters
In this research, the following two identical constraints were as-
sumed:

1. The final sum of all the estimated parameters is equal to the
correct one, that is:

14
Y Bi=1.
=1

2. The first limit slope is equal to the second limit slope, that is:

Bi=B or Bi—B=0.

The employment of such previous constraints necessitates the ap-
plication of the restricted least squares method, which requires
reformulating the above constraints using matrices and vectors as
follows:

Bi

IR B i
R_[l 1 1}’ p= By “M'
Ba

At this stage, the parameters were estimated by the restricted least
squares method according to Equation (5) for each correlation case.
The parameters of the restricted Liu method were also estimated
according to Equation (13) for each correlation case, with the choice
of four values for d: 0.1, 0.4, 0.6, and 0.9. The results were obtained
as shown in Table 1.

After the estimators of both methods have been found, the mean
squares of the error for both methods and for all correlation cases
are found by the following equations:

(BrLs — Beign(s))’

MSE (Bges) = * . )

4

—_

(Brriv — Beign(s))*

-

MSE(Breiv) = 2

Il
-

n

Here, ﬁeign(S) denotes the characteristic roots of S.
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4. CONCLUSION

¢ From the observation of Table 1, we find that Liu’s method
is more accurate than the restricted least squares method.

¢ This method can be used even in the absence of multilin-
earity between explanatory variables.
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