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Abstract 

We studied the stability of the steady state solutions for Fisher Equation in two cases, the First one with constant 

amplitude and we show that the steady state solution 𝑢1 = 1 is always stable under any condition, but the other two 

solutions 𝑢1 = 0 and 𝑢1(𝑥) = 𝐴 𝑐𝑜𝑠 (𝑛𝜋𝑋)are conditionally stable. 

In the Second case, we studied the steady state solutions for various amplitude by using two Methods. The First is 

analytically by direct Method and the second is numerical method using Galerkin technique which shows 

the same results, that is the steady state solution 𝑢1 = 1 is always stable under any conditions, but the other two 

solutions 𝑢1 = 0 and 𝑢1(𝑥) = 𝐴 𝑐𝑜𝑠 (𝑛𝜋𝑋) are conditionally stable. 

Keywords: Galrekin techniques; Fisher's equation; Stability; Analysis; Numerical algorithm 

1. Introduction 

If any system (system) is physical, biological or other, if it is exposed to external influences (small disturbances) at 

some time and the behavior of the system is not significantly affected in all future times, then this system is in a stable 

state, for example, the solar system, it is known that if an additional small celestial body is introduced into this system, 

the original state will not be affected by the small perturbations caused by that body, so it can be said that the original 

state is stable, and similar questions about stability can be raised in every physical or natural problem[5]. The Fisher 

equation was developed by the scientist Fisher in 1937, when he proposed it as a mathematical model for studying the 

science of population movement and spread [2]. In (2000) Gourley studied [4] the transmission wave solutions of the 

nonlocal Fisher equation, a special case of the diffusion equations, In 2002, [9] Wiese & Puri developed perturbation 

expansions to obtain solutions to the problems of elementary values of two types of diffusion equations, the first is 

the Fisher equation, the second is the time-dependent Ginzburg-Landau equation, and in 2004 Fort & Mendez & 

Ortega studied [7] the role of delay time in modeling the extent of biological expansion of the Fisher equation, the 

research has proved that the delay time reduces the predicted speed of the advancing wave compared to the classical 

model of the Fisher equation i.e. (Fisher equation without delay time). In this research, the analysis of the Steady State 

Solutions of the Fisher equation will be studied in two cases, the first deals with the study of stability analysis in the 

case that the amplitude is constant, and the second deals with the study of stability analysis in the case that the 

amplitude is variable using the Galerkin numerical method in this case. 

2. Mathematical Model 

One of the nonlinear diffusion equations is the Fisher equation, which is formulated by: 
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
= 𝐷

𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 + ℎ(𝑢)                                                         (1) 

Where h(u) = ru (1- u) is a nonlinear function that satisfies the following conditions: 
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ℎ(𝑢) ∈ 𝐶1([0,1])  

ℎ(0) = ℎ(1) = 0  

ℎ′(0) = 𝑟 > 0  

ℎ′(𝑢) < 𝑟  

𝑢 ∈ [0,1]  
u(x,t) represents the population Density at time (t) and at location (D), (x) is the diffusion Coefficient, which is always 

positive, (r) represents the population growth Rate, which is also positive and increases if there is a huge increase in 

the population, it shows how the population is after a certain time[8]. 

The boundary and elementary conditions used to solve the Fisher equation in the period 𝑥 ∈ [0,1] are the Neumann 

boundary Conditions [3]: 
𝜕𝑢(0,𝑡)

𝜕𝑥
= 0

𝜕𝑢(1,𝑡)

𝜕𝑥
= 0

}                                                                      …(2) 

𝑢(𝑥, 0) = 𝑓(𝑥),   𝑥 ∈ [0,1] 
For the purpose of finding the Fisher dimensionless equation we will know the dimensionless values of the following 

[10, 11]: 

𝑋 =
𝑥

𝐿
           ,     𝑇 =

𝐷

𝐿2 𝑡 

Where L represents the length of the period for x, that is: 

0 ≤ 𝑥 ≤ 𝐿  

Using these transformations, we obtain: 
𝐷

𝐿2

𝜕𝑢

𝜕𝑇
=

𝐷

𝐿2

𝜕2𝑢

𝜕𝑋2 + 𝑟𝑢 − 𝑟𝑢2  

⟹
𝜕𝑢

𝜕𝑇
=

𝜕2𝑢

𝜕𝑋2 +
𝑟𝐿2

𝐷
𝑢 −

𝑟𝐿2

𝐷
𝑢2                                                        (3) 

𝜕𝑢(0,𝑇)

𝜕𝑋
= 0     ,    

𝜕𝑢(1,𝑇)

𝜕𝑋
= 0                                                     (4) 

Equation (3) with boundary conditions (4) represents the dimensionless formula of the Fisher equation. 

3. Stability Analysis 

We assume that the system has been disturbed, and we assume that 𝑢1(𝑋) represents the stability of the system and 

𝑢2(𝑋, 𝑇) represents the imposed state of disturbance [5]: 

𝑢(𝑋, 𝑇) = 𝑢1(𝑋) + 𝑢2(𝑋, 𝑇)                                                     (5) 

Substituting (5) into Equation (3) we get: 
𝜕𝑢2

𝜕𝑇
= (

𝑑2𝑢1

𝑑𝑋2 +
𝜕2𝑢2

𝜕𝑋2 ) +
𝑟𝐿2

𝐷
(𝑢1 + 𝑢2) −

𝑟𝐿2

𝐷
(𝑢1 + 𝑢2)2  

⟹
𝜕𝑢2

𝜕𝑇
=

𝜕2𝑢1

𝜕𝑋2
+

𝜕2𝑢2

𝜕𝑋2
+

𝑟𝐿2

𝐷
𝑢1 +

𝑟𝐿2

𝐷
𝑢2 −

𝑟𝐿2

𝐷
𝑢1

2 −
2𝑟𝐿2

𝐷
𝑢1𝑢2 −

𝑟𝐿2

𝐷
𝑢2

2 

The stability of the Fisher equation can be separated from the time stability as follows: 

0 =
𝜕2𝑢1

𝜕𝑋2 +
𝑟𝐿2

𝐷
𝑢1 −

𝑟𝐿2

𝐷
𝑢1

2                                                        ..(6) 

𝑑𝑢1

𝜕𝑋
= 0 𝑎𝑡        𝑋 = 0,1}                                                           (7) 

Where equation (6) with boundary conditions (7) represents the stability of Fisher Equation: 
𝜕𝑢2

𝜕𝑇
=

𝜕2𝑢2

𝜕𝑋2 +
𝑟𝐿2

𝐷
𝑢2 −

2𝑟𝐿2

𝐷
𝑢1𝑢2 −

𝑟𝐿2

𝐷
𝑢2

2                                                       (8) 

𝜕𝑢2(𝑋,𝑇)

𝜕𝑋
= 0 𝑎𝑡        𝑋 = 0,1}                                                           (9) 

Where equation (8) with boundary conditions (9) represents the time state of the Fisher equation. 

4. Uniform stability Solution 

Equation (6) with boundary conditions (7) has two solutions: 𝑢1 = 1, 𝑢1 = 0, These are constant Solutions, since 𝑢1 =
0 is also called the trivial solution [4]. 

To obtain the non-constant solution of equation (6) with boundary conditions, we resort to Linearized Stability 

Analysis of equation (6) [5, 10] to become: 
𝑑2𝑢1

𝑑𝑋2 =
𝑟𝐿2

𝐷
𝑢1 = 0                                                             (10) 
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Equation (10) is a linear homogeneous Ordinary Differential Equation and the general solution of this equation is: 

𝑢1(𝑋) = 𝐴𝑐𝑜𝑠 𝑀𝑋 + 𝐵𝑠𝑖𝑛 𝑀𝑋                                              (11) 

Where 𝑀 = √
𝑟𝐿2

𝐷
  ، A   ، B are constants. 

𝐵𝑀 = 0                                                                          (12) 

−𝐴𝑀 𝑠𝑖𝑛 (𝑀)  + 𝐵𝑀 𝑐𝑜𝑠 (𝑀) = 0                                           (13) 

From equation (12), since 𝑀 = √
𝑟𝐿2

𝐷
> 0, then B = 0. 

Substituting the value of B in equation (13), we find that: 

−𝐴𝑀 𝑠𝑖𝑛 (𝑀) = 0  

Where 𝑀 > 0 

Either A = 0 and this is the trivial solution 𝑢1 = 0 

Or  

𝑠𝑖𝑛 (𝑀) = 0  

⇒ 𝑀 = 𝑛𝜋           ,        𝑛 = ±1, ±2, ±3, . . .. 

⇒ √
𝑟𝐿2

𝐷
= 𝑛𝜋        ,       𝑛 = ±1, ±2, ±3, . . .. 

⇒ √
𝑟𝐿2

𝐷
= (𝑛𝜋)2    ,       𝑛 = ±1, ±2, ±3, . . .. 

So the Steady State Solution of the Fisher equation, which satisfies the boundary conditions (7), is: 

𝑢1(𝑋) = 𝐴𝑐𝑜𝑠 (𝑛𝜋𝑋)          ,        𝑛 = ±1, ±2, ±3, . . ..                     (14) 

5. Stability analysis in the case of constant amplitude (perturbation state) 

Equation (8) represents the time state of the Fisher equation and neglects 𝑢2
2(𝑋, 𝑇) because it is a very small amount 

(under the assumption that the disturbance is small) [5]. 

Equation (8) becomes: 
𝜕𝑢2

𝜕𝑇
=

𝜕2𝑢2

𝜕𝑋2 +
𝑟𝐿2

𝐷
𝑢2 −

2𝑟𝐿2

𝐷
𝑢1𝑢2                                                 (15) 

We assume that: 

𝑢2(𝑋, 𝑇) = 𝑃𝑒𝑖𝑘(𝑥−𝑐𝑡)                                                              (16) 

Since 𝑘 > 0 represents the wavenumber, 𝑃 > 0 represents the wave amplitude, and in this case it has a constant value, 

either c represents the wave speed, which has a complex value (𝑐 = 𝑐1 + 𝑖𝑐2), and the positive or negative value of 

𝑐2 in this case is what leads to the growth of the disturbance or its disappearance, respectively, when 𝑐2 > 0, the 

system is unstable, and when 𝑐2 < 0 the system is stable .[5]   

Substituting hypothesis (16) into equation (15), we find that: 

−𝑖𝑘𝑐𝑃𝑒𝑖𝑘(𝑥−𝑐𝑡) = 𝑖2𝑘2𝑃𝑒𝑖𝑘(𝑥−𝑐𝑡) +
𝑟𝐿2

𝐷
𝑃𝑒𝑖𝑘(𝑥−𝑐𝑡) −

2𝑟𝐿2

𝐷
𝑃𝑒𝑖𝑘(𝑥−𝑐𝑡)𝑢1(𝑋) 

The previous equation can be simplified to become: 

−𝑖𝑘𝑐 = −𝑘2 +
𝑟𝐿2

𝐷
−

2𝑟𝐿2

𝐷
𝑢1(𝑋)  

−𝑖𝑘(𝑐1 + 𝑖𝑐2) = −𝑘2 +
𝑟𝐿2

𝐷
−

2𝑟𝐿2

𝐷
𝑢1(𝑋)  

⇒ −𝑖𝑘𝑐1 + 𝑘𝑐2 = −𝑘2 +
𝑟𝐿2

𝐷
−

2𝑟𝐿2

𝐷
𝑢1(𝑋)  

After separating the real part and the imaginary part we get: 

−𝑖𝑘𝑐1 = 0  

𝑘𝑐2 = −𝑘2 +
𝑟𝐿2

𝐷
−

2𝑟𝐿2

𝐷
𝑢1(𝑋)  

⇒ 𝑐2 =
−𝑘2𝐷+𝑟𝐿2−2𝑟𝐿2𝑢1(𝑋)

𝑘𝐷
                                                                 (18) 

Since 𝑐2 is the Amplification Factor that leads to the determination of the stability condition, and there are three 

timeless solutions 𝑢1(𝑋) to the Fisher equation, so there are three cases of equation (16) are: 

1. The first stable solution: 

When 𝑢1 = 0, equation (18) becomes: 

𝑐2 =
−𝑘2𝐷+𝑟𝐿2

𝑘𝐷
                                                                         (19) 
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Thus, the solution 𝑢1 = 0 is stable if: 

𝑘2𝐷 > 𝑟𝐿2  

Where 𝑟 > 0 ،𝐷 > 0 ،𝐿2 > 0 

2.The second stable solution: 

When 𝑢1 = 1, equation (18) becomes: 

𝑐2 =
−𝑘2𝐷 − 𝑟𝐿2

𝑘𝐷
 

⇒ 𝑐2 =
−[𝑘2𝐷 + 𝑟𝐿2]

𝑘𝐷
 

Since 𝑟 > 0 ،𝐷 > 0 ،𝐿2 > 0 ،𝑘 > 0, therefore 𝑐2 < 0 is always such that the system in this case is always stable. 

3.The third stable solution: 

When 𝑢1(𝑋) = 𝐴 𝑐𝑜𝑠 𝑛𝜋𝑋 as in equation (14), equation (18) becomes: 

𝑐2 =
−𝑘2𝐷+𝑟𝐿2−2𝑟𝐿2𝐴𝑐𝑜𝑠(𝑛𝜋𝑋)

𝑘𝐷
                                                           (20) 

To find the neutral Stability Curve, we put 𝑐2 = 0, and take the lowest eigenvalue when n =1, and from equation (20) 

we get: 

𝑘2𝐷 + 𝑟𝐿2 − 2𝑟𝐿2𝐴𝑐𝑜𝑠(𝑛𝜋𝑋) 

 ⇒ 𝑘 = √
𝑟𝐿2−2𝑟𝐿2𝐴𝑐𝑜𝑠(𝜋𝑋)

𝐷
                                                       (21) 

Where 𝑟 > 0 و    𝐷 > 0 وأن   𝑘 > 0 ،𝐿2. 0 ،𝐴 > 0 and the starting values of X are: 

0 ≤ 𝑋 ≤ 1 

 

 
 

Figure 1. The equivalent stability curve of equation (21) when 𝐷 = 1 ،𝑟 = 1 ،𝐿2 = 1 ،𝐴 = 0.5 

 

 

6. Stability analysis in the case of variable amplitude (perturbation state) 

In this section, the stability study in the case of variable capacitance will be carried out in two ways, the first is the 

stability study in an analytical way, and the second is the stability study in a numerical way using the Galerkin 

numerical method. 

We assume that: 

𝑢2(𝑋, 𝑇) = 𝐹(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡)                                               (22) 

Since k > 0 is a real, dimensionless value of the wavelength, F (X) represents the amplitude of the wave and in this 

case is a variable, i.e. a function with a function X [6]. 

Substituting equation (22) into equation (15), we obtain: 

−𝑖𝑘𝑐𝐹(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡)

= −𝑘2𝐹(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡) + 𝑖2𝑘𝐹′(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡) + 𝐹"(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡) +
𝑟𝐿2

𝐷
𝐹(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡)

−
2𝑟𝐿2

𝐷
𝑢1(𝑋)𝐹(𝑋)𝑒𝑖𝑘(𝑥−𝑐𝑡) 

After simplifying the amount, we get: 

−𝑖𝑘𝑐𝐹(𝑋) = −𝑘2𝐹(𝑋) + 𝑖2𝑘𝐹′(𝑋) + 𝐹"(𝑋) +
𝑟𝐿2

𝐷
𝐹(𝑋) −

2𝑟𝐿2

𝐷
𝑢1(𝑋)𝐹(𝑋)                                     (23) 
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⇒ −𝑖𝑘𝑐1𝐹(𝑋) + 𝑘𝑐2𝐹(𝑋) = −𝑘2𝐹(𝑋) + 𝑖2𝑘𝐹′(𝑋) + 𝐹"(𝑋) +
𝑟𝐿2

𝐷
𝐹(𝑋) −

2𝑟𝐿2

𝐷
𝑢1(𝑋)𝐹(𝑋) 

After separating the real part and the imaginary part we get: 

−𝑖𝑘𝑐1𝐹(𝑋) = 𝑖2𝑘𝐹′(𝑋) 

𝑘𝑐2𝐹(𝑋) = −𝑘2𝐹(𝑋) + 𝐹"(𝑋) +
𝑟𝐿2

𝐷
𝐹(𝑋) −

2𝑟𝐿2

𝐷
𝑢1(𝑋)𝐹(𝑋) 

⇒ 𝐹"(𝑋) + (
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋))𝐹(𝑋) = 0                          (24) 

And the boundary conditions (9) become: 

F'(X) = 0      at       X = 0   and     X =1                                              (25) 

First: Analytical Solution: 

Equation (24) can be written in the following form: 

𝐹"(𝑋) + 𝜆𝐹(𝑋) = 0                                                            (26) 

Where 

𝜆 =
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋)                                                    (27) 

The general solution of equation (26) is as follows: 

𝐹(𝑋) = 𝑎 𝑐𝑜𝑠√𝜆𝑋 + 𝑏 𝑠𝑖𝑛√𝜆𝑋                                                 (28) 

Substituting the boundary conditions (25) we can obtain:  

𝑏√𝜆 = 0                                                                             (29) 

−𝑎√𝜆 𝑠𝑖𝑛√𝜆 + 𝑏√𝜆 𝑐𝑜𝑠√𝜆 = 0                                                  (30) 

From equation (29), since 𝜆 > 0, therefore b=0. 

So equation (30) becomes: 

−𝑎√𝜆 𝑠𝑖𝑛√𝜆 = 0      

Where: 𝜆 > 0 

Either a = 0, this leads to the trivial solution. 

Or   𝑠𝑖𝑛√𝜆 = 0 

⇒ 𝜆 = (𝑛𝜋)2                            𝑛 = ±1, ±2, ±3, . .. 
From equation (27) we get: 
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋) = (𝑛𝜋)2  

⇒ 𝑐2 =
−𝑘2𝐷−2𝑟𝐿2𝑢1(𝑋)−(𝑛𝜋)2𝐷+𝑟𝐿2

𝑘𝐷
                                                (31) 

Since it is 𝑐2 that leads to the determination of the stability condition, and there are three timeless solutions 𝑢1(𝑋)of 

the Fisher equation, so there are three states of equation (31) are: 

1. The first stable solution: 

When 𝑢1 = 0, equation (31) becomes: 

𝑐2 =
−𝑘2𝐷−(𝑛𝜋)2𝐷+𝑟𝐿2

𝑘𝐷
                                                            (32) 

Thus, the solution 𝑢1 = 0 is stable if: 

𝑘2𝐷 − (𝑛𝜋)2𝐷 > 𝑟𝐿2  

Where                                             

𝐿2 > 0, 𝐷 > 0, 𝑟 > 0  

2.The second stable solution: 

When 𝑢1 = 1, equation (31) becomes: 

𝑐2 =
−𝑘2𝐷−𝑟𝐿2−(𝑛𝜋)2𝐷

𝑘𝐷
  

⇒ 𝑐2 =
−[𝑘2𝐷+𝑟𝐿2+(𝑛𝜋)2𝐷]

𝑘𝐷
  

Since 𝑟 > 0 ،𝐷 > 0 ،𝐿2 > 0 ،(𝑛𝜋)2 > 0 ،𝑘 > 0, so the solution 𝑢1 = 1 is always stable. 

3.The third stable solution: 

When 𝑢1(𝑋) = 𝐴𝑐𝑜𝑠(𝑛𝜋𝑋), equation (31) becomes: 

𝑐2 =
−𝑘2𝐷−𝑟𝐿2𝐴𝑐𝑜𝑠(𝑛𝜋𝑋)−(𝑛𝜋)2𝐷+𝑟𝐿2

𝑘𝐷
                                             (33) 

To find the neutral stability curve, we put 𝑐2 = 0 and take the lowest eigenvalue at n =1, and from equation (33) we 

get: 

𝑘2𝐷 = −𝑟𝐿2𝐴𝑐𝑜𝑠(𝑛𝜋𝑋) − (𝑛𝜋)2𝐷 + 𝑟𝐿2 
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⇒ 𝑘 = √
𝑟𝐿2

𝐷
−

𝑟𝐿2𝐴𝑐𝑜𝑠(𝜋𝑋)

𝐷
− 9.8696                                             (34) 

Where 𝑟 > 0 ،𝐷 > 0 ،𝑘 > 0 𝐿2 > 0 ،𝐴 > 0  and the starting values for X are 0 ≤ 𝑋 ≤ 1 

 

 
 

Figure 2. The equivalent stability curve of equation (34) When A= 0.00652 , 𝐿2 = 1 , r =10 , D =1 

 

Second: Galerkin numerical technique 

A numerical solution of equation (24) with boundary conditions (25) will be found using the Galerkin numerical 

method [1]. 

We assume that the solution to equation (26) is in the following form: 

𝐹(𝑋) = ∑ (𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋 + 𝐵𝜈𝑠𝑖𝑛𝜆𝜈𝑋)∞
𝜈=1                                           (35) 

Taking one of the limits of the previous solution of equation (35), we obtain: 

𝐹(𝑋) = 𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋 + 𝐵𝜈𝑠𝑖𝑛𝜆𝜈𝑋                                                 (36) 

Using the boundary conditions (25), we find that: 

𝐵𝜈𝜆𝜈 = 0                                                                             (37) 

−𝐴𝜈𝜆𝜈𝑠𝑖𝑛𝜆𝜈 + 𝐵𝜈𝜆𝜈𝑐𝑜𝑠𝜆𝜈 = 0                                                  (38) 

From equation (37), since 𝜆𝜈 ≠ 0, so 𝐵𝜈 = 0, then equation (38) becomes: 

−𝐴𝜈𝜆𝜈𝑠𝑖𝑛𝜆𝜈 = 0              

Since 𝜆𝜈 ≠ 0, either 𝐴𝜈 = 0 and this is the trivial solution. 

Or  

𝑠𝑖𝑛𝜆𝜈 = 0  

⇒ 𝜆𝜈 = 𝑛𝜋    ,   𝑛 = 1,2,3, . ..  
Since 𝐵𝜈 = 0, then the solution (36) in order to satisfy the boundary conditions (25) becomes: 

𝐹(𝑋) = 𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋  

Where:  

𝜆𝜈 = 𝑛𝜋 ,    𝑛 = 1,2,3, . .. 
Since solution (36) is one of the limits of the imposed solution (35), so solution (35), in order to achieve 

The boundary conditions (25) must be in the following form: 

𝐹(𝑋) = ∑ 𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋∞
𝜈=1                                                         (39) 

𝜆𝜈 = 𝑛𝜋 ,    𝑛 = 1,2,3, . .. 
Substituting equation (39) into equation (24), we obtain: 

∑(−𝜆𝜈
2𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋)

∞

𝜈=1

+ ∑ 𝐴𝜈(
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋))𝑐𝑜𝑠𝜆𝜈𝑋

∞

𝜈=1

= 0 

According to the Galerkin method, the approximation here is not equal to zero, but is the error ratio (Error), which is 

called the residual (Residual), that is: 

∑(−𝜆𝜈
2𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋)

𝑝

𝜈=1

+ ∑ 𝐴𝜈(
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋))𝑐𝑜𝑠𝜆𝜈𝑋

𝑝

𝜈=1

=∈ 

Since, according to the Galerkin method, we strive to make this error or residual (∈) as small as possible (Minimize 

the error), and the integration defined by the boundary conditions of the previous residual multiplied by a function is 

equal to Zero [1], therefore:  
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∫ [∑ ∑ (−𝜆𝜈
2𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋)𝜑𝑚(𝑋)

𝑝

𝑚=1

𝑝

𝜈=1

+ ∑ ∑ (
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋)

𝑝

𝑚=1

𝑝

𝜈=1

)(𝐴𝜈𝑐𝑜𝑠𝜆𝜈𝑋)𝜑𝑚(𝑋)]𝑑𝑋 = 0
1

0

 

Where 𝜑𝑚(𝑋)is a suitable trigonometric function.  

𝜑𝑚(𝑋) = 𝑠𝑖𝑛𝜆𝑚𝑋  
𝜆𝑚 = 𝑚𝜋  ,     𝑚 = 1,2,3, . .. 
From equation (40) we get: 
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋) = 𝜆𝜈

2   

⟹
𝑟𝐿2

𝐷
− 𝑘2 − 𝑘𝑐2 −

2𝑟𝐿2

𝐷
𝑢1(𝑋) = (𝑛𝜋)2  

⟹ 𝑐2 =
−𝑘2𝐷−2𝑟𝐿2𝑢1(𝑋)−(𝑛𝜋)2𝐷+𝑟𝐿2

𝑘𝐷
                                                    (41) 

We note that equation (41) is identical to the analytical solution (31) and this indicates the efficiency of the numerical 

Galerkin method as well as proves the correctness of the analytical solution reached in finding the stability conditions 

of the Fisher equation in the case of variable capacitance. 
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