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ABSTRACT

The objective of this paper is to study some of the elementary algebraic properties of 4-cyclic refined neutrosophic
matrices with real entries, where we study the algebraic structure of the multiplication operation and its properties
such as associativity, commutativity, and the existence of algebraic multiplication inverse. Also, we illustrate many
examples that explain the validity of our work.
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1. INTRODUCTION

The algebraic structures based on n-cyclic refined neutro-
sophic sets were studied by many different authors, where it
can find some interesting generalizations such as n-cyclic re-
fined neutrosophic rings, 3-cyclic refined neutrosophic units,
4-cyclic refined neutrosophic units, 4-cyclic refined neutro-
sophic Diophantine equations, and n-cyclic refined neutro-
sophic groups and complex numbers [1–13]. In [14], 2-cyclic
refined neutrosophic matrices have been studied and formu-
lated, where the computations of eigenvectors and eigenval-
ues were introduced, as well as the computation of determi-
nants, inverses, and the diagonalizing properties.

This has motivated us to study the general case of 4-cyclic
refined neutrosophic matrices for the first time, where some
of the elementary algebraic properties of 4-cyclic refined neu-
trosophic matrices with real entries will be discussed, and we
study the algebraic structure of the multiplication operation
and its properties such as associativity, commutativity, and
the existence of algebraic multiplication inverse. Also, we
illustrate many examples that explain the validity of our work.

2. MAIN DISCUSSION

Definition. Let Xi, 0 ≤ i ≤ 4, be five n×n matrices with real
entries. Then the corresponding 4-cyclic refined neutrosophic
matrix is defined as follows:

X = X0 +
4

∑
i=1

XiIi. (1)

Example. Consider

X0 =

(
1 2
−1 7

)
, X1 =

(
3 3
0 1

)
,

X2 =

(
1 −1
0 2

)
, X3 =

(
−4 2
6 −9

)
,

X4 =

(
1 3
−1 2

)
.
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Then

X = X0 +
4

∑
i=1

XiIi

=

(
1+3I1 + I2 −4I3 + I4 2+3I1 − I2 +2I3 +3I4

−1+6I3 − I4 7+ I1 +2I2 −9I3 +2I4

)
.

Remark. We denote the set of all n× n 4-cyclic refined
neutrosophic matrices with real entries by R(4)

n×n(I).

Remark. Let

X = X0 +
4

∑
i=1

XiIi, Y = Y0 +
4

∑
i=1

YiIi.

Then

X +Y = (X0 +Y0)+
4

∑
i=1

(Xi +Yi)Ii, (2)

and

X .Y = X0Y0

+ I1(X0Y1 +X1Y0 +X1Y4 +X4Y1

+X2Y3 +X3Y2)

+ I2(X0Y2 +X2Y0 +X1Y1 +X2Y4

+X4Y2 +X3Y3)

+ I3(X0Y3 +X3Y0 +X1Y2 +X2Y1

+X3Y4 +X4Y3)

+ I4(X0Y4 +X4Y0 +X1Y3 +X3Y1

+X4Y4 +X2Y2). (3)

Example. Take

X =

(
1+ I1 − I3 I2 + I4

2I1 + I3 1− I2

)
,

Y =

(
2+ I2 I4

1+ I2 + I3 1+ I1 − I4

)
.

Then

X0 =

(
1 0
0 1

)
, X1 =

(
1 0
2 0

)
,

X2 =

(
0 1
0 −1

)
, X3 =

(
−1 0
1 0

)
,

X4 =

(
0 1
0 0

)
,

Y0 =

(
2 0
1 1

)
, Y1 =

(
0 0
0 1

)
,

Y2 =

(
1 0
1 0

)
, Y3 =

(
0 0
1 0

)
,

Y4 =

(
0 1
0 −1

)
.

Moreover,

X +Y =

(
3+ I1 + I2 − I3 I2 +2I4

1+2I1 + I2 +2I3 2+ I1 − I2 − I4

)
.

For the coefficient of I1, the required products are

X0Y0 =

(
1 0
0 1

)(
2 0
1 1

)
=

(
2 0
1 1

)
,

X0Y1 =

(
1 0
0 1

)(
0 0
0 1

)
=

(
0 0
0 1

)
,

X1Y4 =

(
1 0
2 0

)(
0 1
0 −1

)
=

(
0 1
0 2

)
,

X1Y0 =

(
1 0
2 0

)(
2 0
1 1

)
=

(
2 0
4 0

)
,

X4Y1 =

(
0 1
0 0

)(
0 0
0 1

)
=

(
0 1
0 0

)
,

X2Y3 =

(
0 1
0 −1

)(
0 0
1 0

)
=

(
1 0
−1 0

)
,

X3Y2 =

(
−1 0
1 0

)(
1 0
1 0

)
=

(
−1 0
1 0

)
.

Thus,

X0Y1 +X1Y0 +X1Y4 +X4Y1 +X2Y3 +X3Y2 =

(
2 2
4 3

)
.

For the coefficient of I2,

X0Y2 =

(
1 0
0 1

)(
1 0
1 0

)
=

(
1 0
1 0

)
,

X2Y0 =

(
0 1
0 −1

)(
2 0
1 1

)
=

(
1 1
−1 −1

)
,

X1Y1 =

(
1 0
2 0

)(
0 0
0 1

)
=

(
0 0
0 0

)
,

X2Y4 =

(
0 1
0 −1

)(
0 1
0 −1

)
=

(
0 −1
0 1

)
,

X4Y2 =

(
0 1
0 0

)(
1 0
1 0

)
=

(
1 0
0 0

)
,

X3Y3 =

(
−1 0
1 0

)(
0 0
1 0

)
=

(
0 0
0 0

)
.

Thus,

X0Y2 +X2Y0 +X1Y1 +X2Y4 +X4Y2 +X3Y3 =

(
3 0
0 0

)
.

For the coefficient of I3,

X0Y3 =

(
1 0
0 1

)(
0 0
1 0

)
=

(
0 0
1 0

)
,
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X3Y0 =

(
−1 0
1 0

)(
2 0
1 1

)
=

(
−2 0
2 0

)
,

X1Y2 =

(
1 0
2 0

)(
1 0
1 0

)
=

(
1 0
2 0

)
,

X2Y1 =

(
0 1
0 −1

)(
0 0
0 1

)
=

(
0 1
0 −1

)
,

X3Y4 =

(
−1 0
1 0

)(
0 1
0 −1

)
=

(
0 −1
0 1

)
,

X4Y3 =

(
0 1
0 0

)(
0 0
1 0

)
=

(
1 0
0 0

)
.

Thus,

X0Y3 +X3Y0 +X1Y2 +X2Y1 +X3Y4 +X4Y3 =

(
0 0
5 0

)
.

For the coefficient of I4,

X0Y4 =

(
1 0
0 1

)(
0 1
0 −1

)
=

(
0 1
0 −1

)
,

X4Y0 =

(
0 1
0 0

)(
2 0
1 1

)
=

(
1 1
0 0

)
,

X1Y3 =

(
1 0
2 0

)(
0 0
1 0

)
=

(
0 0
0 0

)
,

X3Y1 =

(
−1 0
1 0

)(
0 0
0 1

)
=

(
0 0
0 0

)
,

X4Y4 =

(
0 1
0 0

)(
0 1
0 −1

)
=

(
0 −1
0 0

)
,

X2Y2 =

(
0 1
0 −1

)(
1 0
1 0

)
=

(
1 0
−1 0

)
.

Thus,

X0Y4 +X4Y0 +X1Y3 +X3Y1 +X4Y4 +X2Y2 =

(
2 1
−1 −1

)
.

Consequently,

X .Y =

(
2 0
1 1

)
+ I1

(
2 2
4 3

)
+ I2

(
3 0
0 0

)

+ I3

(
0 0
5 0

)
+ I4

(
2 1
−1 −1

)

=

(
2+2I1 +3I2 +2I4 2I1 + I4

1+4I1 +5I3 − I4 1+3I1 − I4

)
.

Example. Let us try to find the inverse of

X =

(
1+ I4 3

I4 1

)

=

(
1 3
0 1

)
+

(
0 0
0 0

)
I1 +

(
0 0
0 0

)
I2

+

(
0 0
0 0

)
I3 +

(
1 0
1 0

)
I4.

Let

Y =

(
A B
C D

)
= X−1,

where 
A = a0 +

4

∑
i=1

aiIi, B = b0 +
4

∑
i=1

biIi,

C = c0 +
4

∑
i=1

ciIi, D = d0 +
4

∑
i=1

diIi.

Since XY =

(
1 0
0 1

)
,


A(1+ I4)+BI4 = 1,

3A+B = 0,

C(1+ I4)+DI4 = 0,

3C+D = 1.

The first equation expands as

A(1+ I4)+BI4 = a0 +a1I1 +a2I2 +a3I3 +a4I4

+a0I4 +a1I1 +a2I2 +a3I3 +a4I4

+b0I4 +b1I1 +b2I2 +b3I3 +b4I4 = 1.

Thus,

a0 + I1(2a1 +b1)+ I2(2a2 +b2)

+ I3(2a3 +b3)+ I4(a0 +2a4 +b0 +b4) = 1,

so that 
a0 = 1, 2a1 +b1 = 0,

2a2 +b2 = 0, 2a3 +b3 = 0,

1+2a4 +b0 +b4 = 0.

From the equation 3A+B = 0, we get

3a0 +b0 = 0 =⇒ b0 =−3,

3a1 +b1 = 0,

3a2 +b2 = 0,

3a3 +b3 = 0,

3a4 +b4 = 0.

Thus, 
a1 = 0, b1 = 0,

a2 = 0, b2 = 0,

a3 = 0, b3 = 0,

a4 =−2, b4 = 6,

{
A = 1−2I4,

B =−3+6I4.
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The equation C(1+ I4)+DI4 = 0 implies that
c0 = 0, 2c1 +d1 = 0,

2c2 +d2 = 0, 2c3 +d3 = 0,

d0 +d4 +2c4 = 0.

The equation 3C+D = 1 implies

3c0 +d0 = 1 =⇒ d0 = 1,

3c1 +d1 = 0,

3c2 +d2 = 0,

3c3 +d3 = 0,

3c4 +d4 = 0.

Hence, 
c1 = d1 = 0,

c2 = d2 = 0,

c3 = d3 = 0,

c4 = 1, d4 =−3.

This implies that C = I4 and D = 1−3I4, and therefore

Y =

(
1−2I4 −3+6I4

I4 1−3I4

)
.

Example. Consider

A =

(
1+ I3 I2

I4 1− I3

)
.

We will try to find its eigenvalues. The equation is

AX = a .X ,

where

X = x0 +
4

∑
i=1

xiIi, xi ∈ R2,

a = a0 +
4

∑
i=1

aiIi, Xi ∈ R4(I).

Write

A .X =

(
1+ I3 I2

I4 1− I3

)(
X ′

X ′′

)
,

where 
X ′ = x′0 +

4

∑
i=1

x′iIi,

X ′′ = x′′0 +
4

∑
i=1

x′′i Ii,

x′i,x
′′
i ∈ R.

Then

A .X =

(
(1+ I3)X ′+ I2X ′′

I4X ′+(1− I3)X ′′

)
=

(
T
L

)
.

The first component is

T = (1+ I3)(x′0 + x′1I1 + x′2I2 + x′3I3 + x′4I4)

+ I2(x′′0 + x′′1I1 + x′′2I2 + x′′3I3 + x′′4I4)

= x′0 + I1(x′1 + x′2)+ I2(x′2 + x′3)+ I3(x′3 + x′4)

+ I4(x′4 + x′1)+ x′′0I2 + x′′1I3 + x′′2I4 + x′′3I1 + x′′4I2

= x′0 + I1(x′1 + x′2 + x′′3)+ I2(x′2 + x′3 + x′′0 + x′′4)

+ I3(x′3 + x′4 + x′′1)+ I4(x′4 + x′1 + x′′2).

The second component is

L = I4(x′0 + x′1I1 + x′2I2 + x′3I3 + x′4I4)

+(1− I3)(x′′0 + x′′1I1 + x′′2I2 + x′′3I3 + x′′4I4)

= x′′0 + I1(x′1 + x′′1 − x′′2)+ I2(x′2 + x′′2 − x′′3)

+ I3(x′3 + x′′3 − x′′0 − x′′4)+ I4(x′0 + x′4 + x′′4 − x′′1).

By a similar argument, we can compute a .X . The equation
AX = aX is equivalent to{

T = a .X ′,

L = a .X ′′.

Hence,

x′0 = a0x′0,

x′1 + x′2 + x′′3 = a0x′1 +a1x′0 +a2x′3 +a3x′2
+a1x′4 +a4x′1,

x′2 + x′3 + x′′0 + x′′4 = a0x′2 +a2x′0 +a1x′1
+a2x′4 +a4x′2,

x′3 + x′4 + x′′1 = a0x′3 +a3x′0 +a1x′2 +a2x′1
+a3x′4 +a4x′3,

x′4 + x′1 + x′′2 = a0x′4 +a4x′0 +a2x′2 +a3x′1
+a1x′3 +a4x′4.

Also,

x′′0 = a0x′′0 ,

x′1 + x′′1 − x′′2 = a0x′′1 +a1x′′0 +a2x′′3 +a3x′′2
+a1x′′4 +a4x′′1 ,

x′2 + x′′2 − x′′3 = a0x′′2 +a2x′′0 +a1x′′1
+a2x′′4 +a4x′′2 ,

x′3 + x′′3 − x′′0 − x′′4 = a0x′′3 +a3x′′0 +a1x′′2 +a2x′′1
+a3x′′4 +a4x′′3 ,

x′0 + x′4 + x′′4 − x′′1 = a0x′′4 +a4x′′0 +a1x′′3 +a3x′′1
+a2x′′2 +a4x′′4 .

It is clear that x′0 = x′′0 = 0 and a0 = 1. Solving the other
equations is still a hard problem. It can be solved by using
computers.

3. CONCLUSION

In this paper we studied some of the elementary algebraic
properties of 4-cyclic refined neutrosophic matrices with real
entries, where we studied the algebraic structure of the mul-
tiplication operation and its properties such as associativity,
commutativity, and the existence of algebraic multiplication
inverse. Also, we illustrated many examples that explain the
validity of our work.
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