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Abstract

The objective of this paper is to study some of the elementary algebraic properties of 3-cyclic refined neutrosophic
matrices with real entries, where we study the algebraic structure of the multiplication operation and its properties
such as associativity, commutativity, and the existence of algebraic multiplication inverse. Also, we illustrate many
examples that explain the validity of our work.
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1. Introduction

The algebraic structures based on n-cyclic refined neutrosophic sets were studied by many different authors, where it
can find some interesting generalizations such as n-cyclic refined neutrosophic rings, 3-cyclic refined neutrosophic
units, 4-cyclic refined neutrosophic units, 4-cyclic refined neutrosophic Diophantine equations, and n-cyclic refined
neutrosophic groups and complex numbers [1-13].

In [14], 2-cyclic refined neutrosophic matrices have been studied and formulated, where the computations of
eigenvectors and eigenvalues were introduced, as well as the computation of determinants, inverses, and the diagonal
zing properties.

This has motivated us to study the general case of 3-cyclic refined neutrosophic matrices for the first time, where
some of the elementary algebraic properties of 3-cyclic refined neutrosophic matrices with real entries will be
discussed, and we study the algebraic structure of the multiplication operation and its properties such as associativity,
commutativity, and the existence of algebraic multiplication inverse. Also, we illustrate many examples that explain
the validity of our work.

2. Main Discussion

Definition:
Let X,, X4, X5, X5 be four n x n matrices with real entries, the corresponding 3-cyclic refined neutrosophic matrix is
defined as follows:
X =Xy + X Xil;.
Example:
1 21 -1 1 1
Take:X0:< 0 O 3) ,X1:< 1 -1 1>,

-1 7 4 0o 0 2

4 -1 0 1 1 1
X, = ( 3 1 4>,X3 =|1 1 1], then:
-5 =2 0 1 1 1
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1 [1+4[2+I3 2+[1_12+[3 1+11+I3
X X0+ZXI—< 11+312+13 _11+12+13 3+11+412+I3)
i=1 _1 512 +13 7_212+13 4+211_212

Definition:

Let X = X, + X3, X;I; ,Y =Y, + Y3_, Y;I; be two 3-cyclic refined neutrosophic square matrices with real entries,
then:

X+Y =X +Y) + X (X + VI,

XY =XYo + (XY, + X1 Yo + X1V + X3V, + X,10) + L(XoYs + X, Yo + Xo Yo + X5¥, + X, V) + (X, Y, +

XY + X,V + X3Y, + X515).

Example:

Take:Xz(} §)+(1 })11+((2) _11)12+(8 3)13,

r=(y DG oat(p et o)k
We have:

0=0 2 =3 )
[0 60 )
=C ). n=( )

%=(0 3 %= o

(% +%=(] )
And:<X1+Y1=G i)
X2+Y2=(g é)
X+v=() )
Hence X + Y ((1) f)+(1 2)11+((3) (1))12 (8 2)13
xto=(T 3)
Wh=( oo 0= o
xwo=(; )0 )= 3
wi=( ) o)=(o of
%=y 3) o)=( o)

e Il
Il

Xaly = (3 _11)( (o _1)

= XY, + XY, +X1Y3 + XY, + XY, = ( 1 5).

xwt=( o) )= o)
= 30 D=0 %)
an=( )6 =06 1)
xt=( )G o=G o
x5 3 D=0 3)

- XOY2 +X2Y0 +X1Y1 +X2Y3 +X3Y2 = (_11 g).
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%= oo 0)=(o o)

%0 305 )= 3)
ae=( )6 V=G 1)

= )6 =0 o

x5t (3 30 0)=( o)

= XOY3 +X3Y0 +X1Y2 +X2Y1 +X3Y3 = (1 3).

Therefor b
X.Y = (:i i) + (_‘1‘1 513)11 + (_11 g) I, + (i i) I.
Remark:

The set of all n x n square 3-cyclic refined neutrosophic matrices (R,x, (1), +,X) is aring.
The unitary matrix in R, (1) is:

U=((1) (1))++(g 3)11+(8 8)12+(8 8)13.

Example:
Let's try to find the inverse of:

x=(G D@ ur @ D+ Qb=(erts "1407)

A B _
)=X 1;A=a0+2i3=1ai1i,

C D
3 3
B=b0+2bili,C:C0 +Zci1i,
i=1 i=1

D=dy+Y3},dl;, a;,b;c;,d; ER.

AQ+ L) +CL+L+1)=1 (1)
BA+1L)+DU, +1,+1;) =0 (2)
AR+ L +1)+C(1+L)=0 (3)
BR+L+1)+D(1+L) =1 (4)

LetY=(

XY=Us

Form (1):

A(l + 13) = (ao + a111 + azlz + a313)(1 + 13) = ao + Il(al + al) + Iz(az + az) + 13(2a3 + ao) = ao +

2a,1, + 2a,1, + (2a5 + ay)ls,

CL+1L,+L)=_(cog+cily + ¢yl +c3l)Uy + 1, + I3) = coly + coly + cols + ¢y + 115 + ¢, + 15 +

cly +cyly +c3ly +egly + 3l =1L (cog+cp +cp+c3) + 1, (cop+cp +c, +c3) +I3(co + ¢4 + 3 +¢3),
ao = 1

2a1+C0+C1+C2+C3 =0

Hence: 20, + o+ 0+ Cy+ 03 =0 system (I)
203+ 1+cy+cg+c, +c3=0
Form (2):
AR+ L+ 1) =(ag+a ]y +ayl, + az;1)(2+ 1, + I3) = 2ay + I, (ag + 3a; + a3) + I,(a; + 3a,) + I3(a, +
3a; + a,),

C(l + 12) = (CO + (:111 + 6212 + 6313)(1 + 12) = CO + Colz + 6111 + C1[3 + Cz[z + C211 + 6313 + 6312 = CO +
L(c; + ¢3) + I (co + ¢z + ¢3) + I3(cy + c3).

2+¢y=0
1+3a;+a3+c;+c; =0
a; +3a,+cog+c, +c3=0
1+3az+a,+ci+c3=0
By using the equations in system (I) and (1), we get:
1

ay=1,¢co=-2,a; = a,,as =a;—3.

Therefor system (II)
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Co+cy+c3=—4a, = c,+c3=-2—-4q
—Cc3=- =1-2
Hence: c1+c2=—1—3al—a3=>c1+cz=—%—4a1 ) a7 @ 3 “
1 C1+C3=l_4a1 C3_?_2a1
c1+c3=—1—3a3—a2$cl+c3=5—4a1 2
=>c2=—2—4a1—(_71—2a1)=>cz=_73—2¢11,
So that:
2a1+c0+cl+c2+c3=Oz2a1—2—%—4a1—%—2a1=0z—3—4a1=0=>a1=_T3,a2=_73,a3=
-5
T' 7 3 5 1 5
C0:_2’C1:E’C2:_7+E=1’C3=_7+E:2'
Thuss A =121 =21, —215,C = =2+ 21 + I, + 2I5.
From equation (2), we get:
b0=O
2b1+d0+d1+d2+d3=0
2b2+d0+d1+d2+d3=0 SYStem(III)
2b3+d0+d1+d2+d3=0
ThUS. b1=b2=b3.
From (3):
d0=1
3b1+b2+d1+d220
b1+3b2+d0+d2+d3=0 SyStem(IV)
3b3+b2+d1+d3:0
d1+d2:_4b1
Weget:{d2+d3=—1—4b1
d1+d3:_4b1
1
di—d;=1 dy =5—2b -
Thus:{ o = 2 and d, = —1 — 4b, + =+ 2b, = = —2b,,
d1+d3=_4’b1 d3:7_2b1 2 2
Thus: 2b; +do +d; +dy +d; = 0= 2b; +1—4by —>—2b; =0=~—4b; =0= b, ==, b, ==, by =~
1 1 1 -1 1 -3 -3
o=tz =k =g = =g
AndB=§11+§IZ+§13'D=1+211_212—ZI3.
3 3 5 1 1 1
Hence.Y= 1_211_112_213 §[1+512+§[3

—24IlL+hL+2l 1+3L -5 -2

Definition:

Let A = A, + X3, A;I; be a 3-cyclic refined neutrosophic matrix with real entries, then a = ay + Y3, a;I; € R5(I)
is called an eigen value with X = X, + Y3_, X;I; as an eigen vector ifand only if A.X = a. X ; x; € R™™,

Example:

Consider A = (2 I+ 141,
According to the definition, we have:
AX=aX ; X=Xo+Y, XI;,a=ay+Y>, al;,
We get:

), we will try to find some eigen values and vectors.

AoXo = apXy, (1)

AgXi + A Xy + A X5 + A3X + AX, = apXy + a4 Xy + a1 X3 + a3 Xy +a,X,, (2)

AgXy + Ay Xg + A Xy + A X5 + AsX, = apXy +a, Xy + a Xy +a, X5 +asX,, (3)

AgXs + AsXg + A1 Xy + A X, + AsXs = apXs +as Xy + a X, + a, X, +aszXs, (4)
From the first equation, we can see that a, is an eigen value of A, with X, as eigen vector.
By adding all equations, we get:
(Ag+ A +A, + AKX+ X1+ X+ X)) =(ag+a, +a, +a) (X + X, + X, +X3)
Hence, Y:3_, a; is an eigen value of Y7_, 4; withY:?_, X; as an eigen vector.
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sl e
4z =( 1) A3=(1 0)'

ZA—

The eigen value of Ay is a, = 1.

Ay —1).Xy = (8) = (g g) (;((;) - (g) & X, = 0, hence X, = (0,1).

The eigen values of ¥'3_, 4;
det[(z_’1 =0 @-»*-12=0=2-41-8=0

2-2
A= 16 +32 = 48 ,VB= 43,1, = *2°

ia;e{2+2V3 2-2V3 }

For A, = 2 + 2v/3, we can write:

=2+ 2v3 ,1, = 2 — 23, thus:

(—2\/5 3 )(X)Z(O):){—zx/?xwyzo I
4 -2V3 0 4X - 23Y =0 V3
And the corresponding eigenvector is:(1,%).
For 1, = 2 — 2+/3 , we can write:
(2\/§ 3 )(X)Z(O):{2@X+3Y=O y_22
4 243 0 4X + 2\/_Y =0 V3
The corresponding eigenvector is:(1, J_)
Now, for 3 ,a; =2 +2vV3 ,¥3, X, = (1,%), we get:
a1+a2+a3—1+2\/§ a;=1+2V3-a, —a,
s 2—1/3
X1+X2+X3 (1 \/___1) X3=<1’T)—X1—X2

Consider the equations (2),(3):
AgX + X))+ A (X + X3 + X)) + A,(X, + X + X3) + A;(X; + X5)
Hence:

Ao(Xy + X)) + A (( =) - Xz) + 4, ((1,W) X1> +As(Xy +X,) = ap(Xy + X)) + (( =) - Xz)

a, ((1 W) Xl) +as(Xy + Xy),
To find a suitable solution, we can put:
{(Ao + A3)(X; + X2) = (ag + az) (X1 + X3)
A X, = a1 X,
A X1 = a, Xy
This implies that:
a, is eigenvalue of A, with X, as eigenvector,
a, is eigenvalue of A,with X; as eigenvector,
a, + as is eigenvalue of 4, + A;with X; + X, as eigen vector.

=0 ) a=1%=01

10
4, = ((1) 1),a2 = 1,X, = (1,0)
%+%=@ D@ﬁ%eﬁ+@J—@MMQ

as € {¥3,—V3}, X, + X, € {(1,—V3),(1,v3)} which is impossible.

It remains a hard question, that how can we find acceptable solutions of the previous system.
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3. Conclusion

In this paper we studied some of the elementary algebraic properties of 3-cyclic refined neutrosophic matrices with
real entries, where we studied the algebraic structure of the multiplication operation and its properties such as
associativity, commutativity, and the existence of algebraic multiplication inverse. Also, we illustrated many examples
that explain the validity of our work.
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