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ABSTRACT

examples that explain the validity of our work.

The objective of this paper is to study some of the elementary algebraic properties of 3-cyclic refined neutrosophic
matrices with real entries, where we study the algebraic structure of the multiplication operation and its properties
such as associativity, commutativity, and the existence of algebraic multiplication inverse. Also, we illustrate many

Keywords:

3-cyclic refined neutrosophic matrix = Inverse = Associative =

Indeterminacy

1. INTRODUCTION

2. MAIN DISCUSSION

The algebraic structures based on n-cyclic refined neutro-
sophic sets were studied by many different authors, where one
can find some interesting generalizations such as n-cyclic re-
fined neutrosophic rings, 3-cyclic refined neutrosophic units,
4-cyclic refined neutrosophic units, 4-cyclic refined neutro-
sophic Diophantine equations, and n-cyclic refined neutro-
sophic groups and complex numbers [1, 2, 3,4, 5,6,7, 8,9,
10, 11, 12, 13].

In [14], refined neutrosophic matrices have been studied
through their representation by refined neutrosophic linear
functions, together with related computational and structural
properties.

This has motivated us to study the general case of 3-cyclic
refined neutrosophic matrices for the first time, where some
of the elementary algebraic properties of 3-cyclic refined neu-
trosophic matrices with real entries will be discussed, and we
study the algebraic structure of the multiplication operation
and its properties such as associativity, commutativity, and
the existence of algebraic multiplication inverse. Also, we
illustrate many examples that explain the validity of our work.

Definition. Let Xy, X;,X5,X3 be four n x n matrices with
real entries. The corresponding 3-cyclic refined neutrosophic
matrix is defined as follows:

3
X =Xo+ Y Xil;.
i=1
Example. Take
1 21 -1 1 1
Xo=|0 0 3|, Xx=[|1 -1 1],
-1 7 4 o 0 2
-1 0 1 1 1
X=1 3 1 4, X3=1[]1 1 1
-5 -2 0 1 1 1

Then

1-hL+4hL+5L 24+L—L+13 1+6L+5
X=Xo+Y L, Xi=| nL+3h+h —h+h+L 3+L+4hL+1h

—1-5hL+1 T-2L+1h 4420 -2
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Definition. Let

3 3
X=Xo+Y Xli, Y=Yo+Y Y
=1 =1

be two 3-cyclic refined neutrosophic square matrices with
real entries. Then

X+Y =Xo+Y)+ ) (Xi +Y)I,

Mw

i=1

and

XY = XoYo
+LH(XoY1 + X1 Yo+ X1Y3 + X371 +Xo12)
+5L(XoY2 +XYo + X0 V3 + X532 + X1 11)
+L(X1 Y2+ XY + XoV3 + X3Y0 + XaY3).

Example. Take

o (V2 (N, (2 Y, (0 0,
“\1 0 1 1) o 1) o 3)7
N N AT A D A B R
“\lo 1 00/ "\o 1) \o o)

‘We have
X0 — 1 2 Yo — -1 1
0 — 1 0 5 0= 0 1 )
1 1
X1: 3 le 01 )
1 1 0 0
2 1 1 0
X, = Y, =
2 (O _1>> 2 (O 1>7
00
X3 = , Y; = 00 .
0 3 0 0
Also,
0 3
Xo+ Y= ,
STy (l 1)
Xi+Y = b2
1 1= 1 1 )
X+ = 31
2 2 = 0 0 )
X3+Y3= 00
3 3= 0 3 .
Hence

0 3\ (1 2 301 0 0
X+Y = I I I.

For the product terms,

YT — -1 3
ofo=1_, (|

Xo¥| = 1 2 0 1 _ 0 2 7
1 0 0 0 0 0
1 1 -1 1 -1 2
XY= = )
GG )0
Xi¥s = 1 1 0 0 _ 0 0 ’
1 1 0 0 0 0
1
XsY| = 0 0 0 _ 0 0 ’
0 3 0 0 0 0
2 1 1 0 2 1
G606
Therefore,

1 5
X0Y1+X1Y0+X1Y3+X3Y1+X2Y2=( 1 1>~

Similarly,

1 2 1 0 1 2

Xl = = )
Gk -(0)
2 1 -1 1 -2 3

XY = = ,
G-
1 1 1

XY, = 0 _ 0 1 ’
1 1 0 0 0 1
2 1 0 0 0 0

X2 Y3 = = ,
0 0 1 0 0 0
G609

Thus,

0
-1 6
XoV2 + X0Yo + X1 Y1 + X0Y3 + X317, = L 3

Finally,
Xo¥s = 1 2 0 0 _ 0 0 )
1 0 0 0 0 0
-1 1
X;¥y = 0 0 _ 0 0 7
0 3 0 1 0 3
1 1 1 1 1
X1t = 0 = ;
1 1 0 1 1 1
XY, = 2 1 0 1 _ 0o 2 ’
0 -1 00 00
0 0 0 0 0 0
X3Y3 = = .
0 3 0 0 0 0
Therefore,

1 3
XoYs +X3Yp + X112 + X0Y) + X373 = (1 4> .
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Consequently,
xv= ") (D )
T\ -1 1)
A T eV
1o3)7 o4
Remark. The set of all n x n square 3-cyclic refined neutro-

sophic matrices (Rnx»(I),+, X) is a ring. The unitary matrix
in Ryxn(l) is

1 0 00 0 0 0 0
U= I I L.
Example. Let us try to find the inverse of
X = 1 0 n 0 1 I+ 0 1 b4 11 I
“\2 1 1 o/" "o 1)%" 1 0)7
_ 14+5 L+hL+5h
24+h+5L  1+bL )

Let

A B B 3
YZ(C D) =X, A=a+Yal,

3 3 3
B:bo-i-Zb,’Ii, C:C0—|—ZC,’I,', D=dy+) di,
i=1 i=1 i=1
where a;,b;,c;,d; € R. Then
A(l+L)+C(Lh+hL+65)=1, (1)
B(1+hL)+DL1+hL+15k)=0, (2
XY = U (1+5)+D(h +L+15) 2
AR4+6L+5L)+C(1+5L)=0, (3)
B2+ +5L)+D(1+hL)=1. (4
From (1).

A(l1+B) = (ao+ a1 +arhh +a3l3)(1+ 1)
=ag+2a111 +2a,L + (2613 —|—a0)13,

and

Clh+h+1h)= (co+cili +e2hb+c3B) (I + L+ 1)
=I(co+ci+cr+c3)
+h(co+cr+cr+c3)
+13(C0+C1+6'2+C3).

Hence,

ap =1,

2a14+co+c1+cr+c3 =0,
2ay +co+c1+cr+c3 =0,
2a3+1+co+c1+cr+ec3=0

system (I).

From (3).

AQR+NLh+h)=(ap+aihh +axh+a3h)2+ 1 + 1)
=2ag+1(ap+3a; +a3)
+h(a; +3a2) + L(ag +3az +az),

and
C(1+h) = (co+cith +c2lr +c3l)(1 + D)
=co+1(c1+ca)+hico+cr+cs3)
+13(C1 +C3).
Therefore,
24co= O,
14+3a;+a3+c1+c,=0,
system (II).
ay+3ay+co+cr+c3 =0,
14+3a3+ay+c;+c3=0
Using systems (I) and (II), we obtain
1
ap=1, co=—2, a) =ay, 613:611*5-
Hence,

co+cr+c3=—4a; ==+ c3=—-2—4ay,

ci+ec=—-1-3a; —aj 201—&-62:—%—4611,

ci+ea=—1-3a3—ay = ci+c3=15—4a.

Thus,
3
cp—c3 =3, c1=1-2a,
_ 1 3 _ 1
C1+C3—§74a1 C3—7§72017

C) = —2—4611 — (—%—Zal) = —%—2611.

and

It follows that

2a1+co+ci+ca+ce3=0
—  _3—4a; =0,

SO
3 3 5
ar = —7 a = -7, as = —g,
and
=-2 =1 1 =2
CO_ ) 61_23 C2_ ) 03_
Therefore,

AZI*%I]*%szglg,, C:*2+%11+12+2]3.

From equation (2), we get

by =0,
2by+do+d) +dy+d; =0,
2by+do+dy +dr+dz =0,
2bs+do+di+dr+d3 =0

system (IID).
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Thus by = by = b3. From equation (4),

dy=1,

3by+by+d+dr =0,

b1 +3by+do+dr+dz =0,
3b3+by+di+d3 =0

system (IV).

We obtain
d+dr = —4by,
dr+d3 =—1—4by,
dy+dy = —4by,
and hence

di—dz =1, di=1-2b,
—t
di +d; = —4b, dy=—1-2b;.

Also,

dy=—1—4by + 5 +2b; = -5 —2b.
Consequently,

2by+do+di+dr+d3 =0=> 1 —4b; =0,
SO

b1:b2:b3_g

do=1, di=3 d=-3 d=-3
Therefore,

B=ih+ib+ih, D=1+1in-3L-3L.

Hence,

1-3h-3L-3  ih+ib+in
2+ ih+h+2 1+4h—3h—35)"

Definition. Let A =Ap+ Z?:l A;l; be a 3-cyclic refined neu-
trosophic matrix with real entries. Then a = ag + Z?:l a;l; €
R3(I) is called an eigenvalue, with X = Xy + ):?:1 X;I; as an
eigenvector, if and only if

AX =aX, X; € R,
Example. Consider
A 1+5 h+bL+15
24h+L  1+hL )

We will try to find some eigenvalues and eigenvectors. Ac-
cording to the definition,

3
AX = aX, X =Xo+ Y Xi;,
=1

L

3
a=ap+ Zaili.
i=1

l
We get

AoXo = aoXo, QY]
AoX1 +A1Xo +A1X3 +A3X) +A2X2 = apX1 + a1 Xo + a1 X3 +a3Xi +axXe, (2)
AoXa +A2Xo +A1X1 +A2X3 +A3X2 = apXa + axXo + a1 X1 + a2 X3 +azXz, (3)
AoX3 +A3X0 +A1 X2 +A2X1 +A3X3 = apXz +azXo + a1 Xo + ax Xy +azXz.  (4)

From the first equation, we can see that ag is an eigenvalue

of Ay with Xy as eigenvector. By adding all equations, we get

(Ao +A1+A2+A3)(Xo + X1 + X2+ X3)
= (ap+ai+ar+a3)(Xo+ X1 + X2+ X3).

Hence, Y}, a; is an eigenvalue of Y3, A;, with ¥'3_ X; as an

eigenvector.
1 0 0 1
Ap = , A= ,

Here,

The eigenvalue of Ag is ag = 1. Moreover,

(Ao — )Xo = (g 8) @2) - (g) = Xy =0,

hence Xp = (0, 1).

The eigenvalues of 21‘3:1 A; are determined by

2 —
det A3 =0 (2-1)-12=0
42—
= A2 —41-8=0.
Since
A=16+32=48, VA=43,
we obtain
A =2+42V3, A =2—2/3,

and therefore
3
Y aie{2+2v3,2-2V3}.
i=1

For A; =2+2v/3,

<_24\/§ 23\/§> (J;) B (8)
—2V3X+3Y =0, 4X-2/3Y =0,

2
— Y=-—"X.

V3

The corresponding eigenvector is (1,2//3). For Ay =2 —
2\/§7

(R 0)-0)

2V3X+3Y =0, 4X+2V3Y =0,
— y-——Z*x
X

The corresponding eigenvector is (1, —2//3).
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Now, for

3 3 2
i=2+2 Xi=11,—
;al + \/ga ; 1 (7\/§>)

we get
al+ay+az = 1+2\/§,

2
X1+Xo+X3 = (17\/§—1)
a3 = 1+2\/§—a1—a2,

< _
X; = 1,2 V3 — X, —Xo.
V3

Consider equations (2) and (3):

AoX1 +X) +A X0+ X3+ X))
+A(Xo + X0+ X3) +A3(X1 +X2)

=ao(X1+X2)+a1(Xo+X3+X1)
+ar(Xo +Xo+X3) +a3(X1 +X2).

Hence,

Ao(X1 +X2) +A; ((1\%) x2>
1Ay (<1j§> —X1> LA (X) 4 X)

— (X1 +X0) +ay ((1\%) _xz)
tar ((1\2) —xl) Fas(X; 1 X).

To find a suitable solution, we can put

(Ao +A3) (X1 +X2) = (ap +a3) (X1 +X>),
A1 Xy = a1 Xo,
A X = arX].

This implies that a; is an eigenvalue of A; with X, as eigen-
vector, a, is an eigenvalue of A, with X as eigenvector, and
ap + a3 is an eigenvalue of Ag + A3 with X| 4+ X, as eigenvec-
tor. In particular,

and

A0+A3—<; i), ap+az € {1+3, 1 -/3}.
Thus,

036{\57—\@}, X]+X2€{(1a_\/§)’(1’\f3)}7

which is impossible. It remains a hard question how we can

find acceptable solutions of the previous system.

3. CONCLUSION

In this paper we studied some of the elementary algebraic
properties of 3-cyclic refined neutrosophic matrices with real
entries, where we studied the algebraic structure of the mul-
tiplication operation and its properties such as associativity,
commutativity, and the existence of algebraic multiplication
inverse. Also, we illustrated many examples that explain the
validity of our work.
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