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Abstract:

This paper is concerned with studying the matrix computations of 3-cyclic refined neutrosophic matrices and 4-cyclic
refined neutrosophic matrices with 3cyclic/4-cyclic real entries, where we introduce a novel method to compute
eigenvalues and vectors of these matrix classes. Also, we provide a novel algorithm for diagonalization these matrices
and to determine whether an n-cyclic refined matrix is diagonalizable or not for n=3, 4.
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1. Introduction

The concept of n-cyclic refined structures was proposed for the first time in [11], as a direct application of n-cyclic
neutrosophic sets into algebraic structures. In [12-17], authors have studied many related algebraic structures such as
groups, equations, and vector spaces. They have suggested many open research problems concerning these structures
and their properties. In [6-8], the relations between these structures were studied by using algebraic mappings, where
we find many interesting results, especially those that are related to the computation of units, and the group of unit’s
problem [1-5]. The 2-cyclic refined numbers have been used in cryptography, where we find generalized versions of
RSA and EI-Gamal algorithms [9-10].

This has motivated us to studying the matrix computations of 3-cyclic refined neutrosophic matrices and 4-cyclic
refined neutrosophic matrices with 3cyclic/4-cyclic real entries, where we introduce a novel method to compute
eigenvalues and vectors of these matrix classes. Also, we provide a novel algorithm for diagonalization these matrices
and to determine whether an n-cyclic refined matrix is diagonalizable or not for n=3, 4.

2. Main Discussion

Definition:
The 3-cyclic refined real square matrix is defined as:

3
M = MO +ZML'IL"ML' ER‘nX‘n
i=1
The set of all 3-cyclic refined real square matrices is denoted by Mg, yxr, -
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Addition on Mg, )xr, () is defined as follows:
(Mo + X3 My ;) + (No + X1 Ni ;) = (Mg + No) + X3 (M; + Ny) ;.
Multiplication is defined as follows:
(Mo + X321 M I;) X (No + X321 Ni ;) = MoNy + (B4 j=10moa 3) MiND L + (Bt j=20moa 3 MiN) I, +
(Zi+jz3(mod 3) MiNj)I3-
(Mg, (yxrs (), +,%) Is @ non-commutative ring.
Remark: [1]
R;(I) = RX R X C, with g: R;(I) > R X R X C as:
27, 41T,

g:(ag+Xi1a; ;) = (ag, iz @i, a9 + az + are " + azes ).
Result:
By a similar discussion of the previous remark, there exists a ring isomorphism
f: MR3(I)><R3(I) - Rnxn X IRn><n X Cnxn-

2T, 41T,
Where f(MO + Z?:l Ml Il) = (Mo, i3=0 Ml 'MO + M3 + Mle?l' + Mze?l).

2T, 4T,

FOI’ MO + M3 + Mle?l' + MzeTl = M]’_ + Mél :M]’_, Mé € Ran.
The inverse isomorphism is:
f_l: (Rnxn X Rnxn X Cnxn) - MR3(1)><R3(I) such that:

- . 1 1 1 1 1 2
(Mo, My, My + Mai) = Mo + I [£ (M — M) +\/—§M3] + 1o [ (M, — My) - EM3] + Iy [2My — My +2 5]
Theorem:

Let N = NO + Z?:l Nl Il E MR3(1)XR3(1)I then.
2T,
1] N is invertible if and only if: No, ¥:3_, N;, N; + N,i are invertible matrices, where N; + N;i = Ny + N5 + N;e3 ' +
4T,
Nyes ',
2INT! = fTH NG (B N)TH (NS + N3 ™).
BIN® = f7H(No*, (Bi=o Ni)*, (N] + N31)°) ;s €N,
Proof:
1] N is invertible in Mg, )xg, () if and only if f£(N) is invertible in R, X Ryxn X Crxn, SO that it is equivalent to:
No, Y2, N;, Ni + Nyi are invertible.
2] It holds directly from the isomorphism properties.
3] It holds directly from the isomorphism properties.

Example:
Consider the 3-cyclic refined 2 x 2-real matrix:
2 1 2 1 7 2 2 1
N L+ (3+ )+ (-3-F)h+ih sh =3k =3k (94
—2 — S _1y, _ 0 1
21, — 21, + 51 1+(1+5)h+(1- %)L —20
2 1 2 1
—3t5 3 3775/ 3 7 _1
7% IR A R A . +<3 3>I3=N0+ NIy + Nyl + Nyl
-2 1+ -2 1-% 5 —
, / 2+ 1 2 \
(2 (-1 3\ 3 y3 3
ZN‘_(l ) Ne <7+71 1
i=0 -2 14—
V3
1 1 +_(1 1) —1+ 1
s———=+i|lz——= - +—=i
|3 2v3 \2 V3 3 V3
- -1 1 V3 1\ |
1 V3 -1 1 /N3 1
V3i > 2\/§+l<2 +2)
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5 5 [G@rED s
-—s——= - =i
| 3 V3 \/_ 2 3 V3 |
-1 1 -V3 1
\ / \ 1+/3i (2+2\/§)+1(2 +2>/
O) _

3 3 O N v -2 4 -1\, (1
N0+N3=<3 3>,N0+N3+N163 +N2€3 :<3 3>+<3 3 ): +i
5 -1 5 2 )=G )+

. 4 3 1 -1 1
10 1 -1 3T3t 73!
_ -1 _ _ . — - - ’ -1 —
My=No=(; {)Mi= ZNL (0, ) Ma+Msi= (] + Nz0) 7.7 3 s
=0 2Tt T
3 -1 1 -1
|3 4,4 4
=\7 —3]7H7 s
4 4 4 3
Sothat,N‘lzf1(M,M1,M2+M3l)—M0+11[(M1 M)+ = M3]+12[(M1 M,) — %M3]+13EM1
1 -3 1 -1 1 -3 1 -1
2 (1 0 1 4 T4 1 (a2 4 1 2 2 1|2 4 11 -1
Mo+im] = (o )+hfl a4+ Els SRl A+ El S)HsREGC S)-
4 4 4 4 4 4 4 4
3 -1 1 1 -1 1 1 LI S
1 0y,2[2 2)|_(1 0 12 43 4 43 12 43 4 ' 43 s 2
(o D*+3l2 5)[=( P++n SESR R thlu 7 n s [thl s s
4 4 43 12 43 12 43 12 43
Definition:

Let N = N, + Y3_, N; I; be a 3-cyclic refined real square matrix, then N is called diagonalizable if there exists a 3-
cyclic refined diagonal matrix L and a 3-cyclic refined invertible matrix A suchthat N = AL A™1,
Algorithm for the diagonalization:
LetN = N, + 23 N;I; € Mg, (1yxr,a), then:
F(N) = (No, Y30 N;,N{ +iN; ). The matrix N is diagonalizable if and only if: Ny, Y3, N;,N; +iN, are
dlagonallzable
Assume that Ny, ¥'3_, N;, NJ + iN, are diagonalizable, then, Ny = Ay Ly Ay, X3 oN; = A; Ly A, ™Y, (N] +iNy) =
(A + As)(L, + L31)(A2 + A3i)™1, where:
{Ao,Al,A2 + A;i are invertible matrices
Lo, Ly, L, + L3i are diagonal matrices
So that:
fN) = (Ao Lo Ag ™" Ay Ly Ay 7Y, (Ag + Asi) (Ly + Lsi) (A + 43)71) =
(Ao, Ay, Ay + A3i) X (Lo, Ly, Ly + L3i) X Ay~ Ay, (A + AsD)7Y).

Thus

N = (Ao, Ay, Az + AsD)f 7 (Lo, Ly, Ly + Ly f 7 (Ao H Ay ™H (A + Asi)™) = ALA™.

Example:

Take the 3-cyclic 2 x 2-real refined matrix:

3 2I 2I 101 2I 2I 1I

N = Fzhtzhk—3h  3htzhT3h

1 1 1
2 -2l l+sh+3hL+3l
2 2 2 2 10 1
:(; (1))++11 33 +n(? )+l 3 2=

0 3 0 3 -2 3
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We have:

N, = (3 (1)) = Ay Ly A, 7Y,

=y Y= Da = )

=3 Demnacta( D= )

i=0
A1_1 = ((]i _11);
o am g g . - -
NO +N3 +N16 3 ¢ +N26 3 b= ( 0 1 ) = (Az +A3l)(L2 +L3l)(A2 +A3l) 1
_ -1
B ((1) —12)( 01 (1)) ((1) —12) ’

=y H)a=( Dar=|, L)a=t=( o)
2

now let's compute.

) , 1 +1
f (AO’AI!AZ+A3I')=<1_13 1+[1+12_§[3>=A1

34+2L+2L, -2 0
[ (Lo, Ly, Ly + Li) = 3 : ’ 1 1 1 =1L,
O 1+_11+_12+_I3
3 3 3
Hence N =ALA™L.
Definition:
Let N = N, + Y3_, N; I; be a 3-cyclic refined square real matrix, then

m=mgy+ Y, m;I; € R3(I) is called 3-cyclic refined Eigen value if and only if:

N-X=m-X
3

X =xy+ Z x; I; € V5(I) is called 3 — cyclic refined Eigen vector.
i=1
Remark that {x; ; 0 < i < 3} are vector in R™.
Theorem:
Let N = NO + Zi?’:l Nl Il E MR3(1)XR3(1)I aﬂd :R;"(I) i RTl X Rn X Cn Wlth

2T, 4T,
h:(xg + X % 1) = (X0, Yaeo Xi» Xo + X3 + X123 + x,e3 ) and

2T, ATT,
g:R;(I) > Rx R x Cwithg(my + Y3, m[;) = (mo,Zfzo m;,my +my+mes + mze?l)
are the semi-module isomorphism and the ring isomorphism defined in [ ], we have:

m=my+ Yo, m;I; €R3(I) isan Eigen value of N with X = x, + Y3_; x; I; as an Eigen vector if and only if g(m)

is an Eigen value of f(N) with h(X) as an Eigen vector.
Proof:

Assume that N - X = m - X, this is equivalent to:

h(NX) = h(m-X) = f(N)h(X) = g(m) - h(X), there for:

3

Noxo = moX, (Z Ni) (23: xi) = (23: mi)(i Xi)
0 i=0 i=0

i=0 i=

2, 4, am, am
l (N0+N3+N163 +Nze3)(x0+x3+xle3 +x283)

2, an, 2, a,
=(mg+ms+me3 +myes )(x,+x3+x,63 +x,e3")
This implies the proof.

DOI: https://doi.org/10.54216/1JAACI.060204

Received: November 15, 2023 Revised: February 2, 2024 Accepted: July 1, 2024

40


https://doi.org/10.54216/IJAACI.060204

International Journal of Advances in Applied Computational Intelligence IJAACI) 1ol 06, No. 02, PP. 3745, 2024

Example:
Consider the 3-cyclic refined 2 x 2-real matrix:
2 2 2 2 10 1
30 3 03 3 03 T3 3
2 1 1 1 - 1
0 3 0 3 2 3

The Eigen values of N, = (; (1)) are {3,1},

with {(1,1), (0,1)} are the Eigen vectors.

The Eigen values of ¥3_ N; = ((1) %) are {1,2},

with {(1,0), (1,1)} as the Eigen vectors.

The Eigen values of Ny + Ny + Nye 30 + N,e 3! = (_01 _1) are {—1,1},
with {(1,0), (1, —2)} as the Eigen vectors.

The Eigen values of f(N) are:

E, =(@3,1,-1),E, = (3,1,1),

E; =(3,2,-1),E, = (3,2,1),

Es =(1,1,-1),Es = (1,1,1),

E;, =(1,2,-1),Es = (1,2,1).

The corresponding Eigen vectors are:

v, = ((1LD(L,0(1,0)), 1, = ((1L,1D(1,0)(1,-2)),

v; = ((LDADE0)),V, = (A,DA,DA,-2)),

Vs = ((0,1)(1,0)(1,0)), Vs = ((0,1)(1,0)(1,-2)),

v, = ((0,D(1,1)(1,0)), Vs = ((0,1)(1,1)(1,-2)),

This implies that the Eigen values of N are:

97 (B, 97 (E2), 971 (E3), g7 (Eq), g (Es), g7 (E6), g7 (E7), 97" (Es).
The Eigen vectors of N are:

h=1(V), k™1 (V2), k™1 (V3), A1 (Vi) A7 (Vs), k™ (Ve), A1 (V7), A~ (V).
4-cyclic refined matrices:

Definition:

The 4-cyclic refined real square matrix is defined as follows:

4
M = MO +ZMi1i'Mi € Ran
i=1
The set of all 4-cyclic real square matrices is denoted by: Mg, (;yxr,)-

Addition on Mg, )xr, (1) is defined as:
(Mo + Xy My 1) + (No + Ziy Ny ;) = (Mo + No) + Xi (M + Ny I,
Multiplication is defined as:

(Mo + Xioa Mi 1) X (No + Xioy Ni ;) = MoNy + (Bt j=10moa 9y MiND L + (Bt j=26moa 4y MiN) I, +

(Zi+j53(mod 4) MiNj)IS + (Zi+jz4(mod 4) MiNj)I4-

Itis clear that (Mg, (;yxr, (1), +%) IS @ non-commutative ring.

Remark: [ ]

R,(I) = RXRXRXC,withg:R,(I) > RXRXRXC as:

g: (mo + Xy mi ;) = (mg, Xigmy , mg + my +my —my —mg,my — my +my + i(my —my)).
Result:

from the previous remark, we can see that: f: Mg, (;)xr, 1) = Rnxn X Rnaxn X Ruxn X Cpxn SUcCh that:
f(MO + Z?:I ML' II.) = (MOI ?:O Mi'MO + M2 + M4- - Ml - MS’MO - MZ + M4- + l(Ml - MS))IS
isomorphism.
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The inverse isomorphism is:
f_l: (Ruxn X Ruxn X Rpxn X Cnxn) - MR4(I)><R4(I) such that:
— , 1 1 1 1 1 1
F7H(Mo, My, My + Mai) = Mo+ Iy [ (My = Mp) + 3 My + 1[5 (My + M) =S Mo + 0 [ (0 — My) = M5 | +
1 1
14 I:Z(Ml + Mz) + 5M3 - Mo]
Theorem:
Let N = NO + Z?:l Nl Il E MR4(1)XR4(1)’ then.
1] N is invertible if and only if:
Ng, Yt oN;,Ny + N, + N, — N; — N3, Ny — N, + N, + i(N; — N3) are invertible matrices.
— - - — _ . -1
2Nt = fTHNy T (BEeo ND ™Y (No + Ny + Ny — Ny = N3) ™, (No = No + Ny + i(N; — N3)) )
3] NS = f_l(NOS, (Z?=0 Nl‘)s, (NO + NZ + N4 - Nl - N3)S, (No - NZ + N4 + l(Nl - N3))S)
The proof similar to the 3-cyclic refined case.

Example:
Consider the 4-cyclic refined 2 x 2-real matrix:
N_( LA 1—11+13+14) = N, + N111+N212+N3I3+N4I4—(2 1)+11( ) _1)+

) R ) B A ey
M= =15 T)=G 2

i=oN; = (_42 ;)'(Z?=0Ni)_1 = %@ _42) -

3
N0+N2+N4—N1—N3=(% 1)_(—01 _01)+(_11 (1))_((1) (1))+(_23 2)=(; ;)'

1
12 -2 6

— — -1 - —
No + Ny + Ny =Ny =N == (5 7 °) =
6

NO—N2+N4+1'(N1_N3)=(; 1)_(_11 (1))+(_23 (1))+i[(_01 _01)_(1) 2)]=((2) g)+

i(_oz —02) - (2 _02i 2 —021')’

Alr O R

i i -+-i
. -1 1 (2—2i 0 1.(2—2i 0
(No =N Ny i = N)) ™ = (7%, ) =2 (0™ 5,200 = 0o 1iy)”
4
% 0 i 0
+1i ,

0o 1 0o :

4 4
Sothat, N~ = f=1(f(N)™1).
Definition:

Let N = Ny + X}y N; I; € Mg, (iyxr,(1)» then N is called diagonalizable if there exists a 4-cyclic refined diagonal
matrix L and a 4-cyclic refined invertible matrix A suchthat N = AL A™1.

Algorithm for the diagonalization:

Let N = Ny + Xioy Ni I; € Mg, (1yxr, (), then:

f(N) = (Ng, Ni, N3, N3 + iNy );

4
N; = Ny, NJ = Z N,
i=1
Nzl :NO +N2 +N4_N1 _N3,N3,' =N0_N2 +N4,NL{_ :N1 _N3.
42
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Assume that Ng, N, N,, (N5 + iN,) are diagonalizable matrices (which is the necessary and sufficient condition for
the diagonalization of N).
We have:
Ny=AgLygAy N, = Ay Ly Ay Ny = A, L, Ay~ Y, (N3 +iNg) = (A3 + Agi)(Ls + Lai)(Az + Agi)~1, where:
Ap, A1, A5, A5 + A4l are invertible matrices
{ Lo, Ly, Ly, Lz + L,yi  are diagonal matrices
There for:
FIN) = (Ao Lo Ag™" Ay Ly Ay Ay Ly Ay ™Y (As + Agi) (Ls + Lyi) (A + Agi) 1), thus:
N =f"(Ag, A1, Ay As + A (Lo, Ly, Ly, Ly + L) fH(Ag ™ Ay L A7 (As + Agi)) ) = AL AL
Example:
Consider the following 4-cyclic 2 x 2-real refined matrix:

1420 =L+, -2, 2L+ - +-1, 1 0 2 2 -= 2
N = 4 4 4 4 4 4 4 4 =( )++1 4 44 4 4 +
14321 241 43 -3 -1 1 2 o) o 2
2’1 73 4 a1 T 472 473 44 2 4 4
1 _1 11
I 4 4 4 4 _
A e A A | = Ny + NI + Nyl + N3l + Ny,
2 % -1 7
We have:
, (1 0\ (3 0\ i (=2 1\ s (1 O L (2 0N o (1420 0
N"_(1 2)’N1_(0 1)'N2_(0 2)'N3_(0 —1)'N4_(1 1)'N3+1N4_( 1 —1+i)’

The Eigen values of N; are {e; = 1,¢) = 2},
The Eigen values of Ny are {V;, = (1,—1),V; = (0,1)},
The Eigen values of N are {e; = 3,e; = 1},
The Eigen values of N are {V; = (1,0),V{ = (0,1)},
The Eigen values of N, are {e, = —2,¢e5 = 2},
The Eigen values of N, are {V, = (1,0),V, = (1,4)},
The Eigen values of N3 + iN, are {e; + ie, = 1 + 2i,e3 + iey = —1 + i},
The Eigen values of N3 + iN, are {V; + iV, = (2,1) +i(1,0), V5 + iV, = (0,1)},
This implies that the Eigen values of N are:
E,=97'(1,3,-21+2i),E, =g7*(1,3,-2,—-1 + 1),
E;=97'(1,1,-21+2i),E, = g~ *(1,1,-2,-1 + 1),
Es=971(1,3,2,1 +20),E; = g71(1,3,2, -1 + i),
E,=g7'(1,1,21+2i),E3 = g7'(1,1,2, -1 + i),
Eo = g7%(2,3,-21+2i),E;p = g7%(2,3,-2,—-1 + 1),
Ei1=97%2,3.21+20),E,=9"1232,—-1+1i),
Eizs =97 '(21,-21+2i),E;, =g '(21,-2,—-1+1),
Eis =97 '(2,1,2,1 +20),E;, = 9g71(2,1,2,—1 + 0).
The Eigen vectors of N are:
wy = h71((1,-1),(1,0),(1,0), (2,1) + i(1,0)),w, = h=1((1,-1), (1,0), (1,0), (0,1) + i(0,0)),
wy = h71((1,-1),(1,0), (1,4), (2,1) + i(1,0)),w, = h=1((1,-1), (1,0), (1,4), (0,1) + i(0,0)),
ws = h™1((1,-1),(0,1),(1,0), (2,1) + i(1,0)), ws = h1((1,—1), (0,1), (1,0), (0,1) + i(0,0)),
w; = h71((1,-1),(0,1),(1,4), (2,1) + i(1,0)),ws = h*((1,—1), (0,1), (1,4), (0,1) + i(0,0)),
wy = h71((0,1), (1,0), (1,0), (2,1) + i(1,0)), wy, = A=2((0,1), (1,0), (1,0), (0,1) + i(0,0)),
wy; = h71((0,1), (1,0), (1,4), (2,1) +i(1,0)),wy, = h~1((0,1), (1,0), (1,4), (0,1) + i(0,0)),
wyz = h~1((0,1), (0,1), (1,0), (2,1) +i(1,0)),wy, = h~1((0,1), (0,1), (1,0, (0,1) + i(0,0)),
wys = h™1((0,1),(0,1), (1,4), (2,1) +i(1,0)), w36 = h~1((0,1), (0,1), (1,4), (0,1) + i(0,0)),
On the other hand, we have:

43
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1

= 90 9 D-nma

=]

(o

N;

Nj + N,

Thus N =

D6 D D=mta

[y

1 =
IN/-2 O 4 | _ -1
4)(0 2) o L =Ml A
4
2 li
(2410 0\ 142 0 5 s _ . . 1
=7 D0 L) 50, |7 @ADL + LD + 407
5 5
AL A~ where:

A=f"YAp Ay Ay As + Ayi), L = f7 (Lo, Ly, Ly, Ly + Lyi), A7t = FH(Ag™H A 7Y A7 (As + A) 7).

3. Conclusion

In this paper, we studied the matrix computations of 3-cyclic refined neutrosophic matrices and 4-cyclic refined
neutrosophic matrices with 3cyclic/4-cyclic real entries, where we introduced a novel method to compute eigenvalues
and vectors of these matrix classes. Also, we provided a novel algorithm for diagonalization these matrices and to
determine whether an n-cyclic refined matrix is diagonalizable or not for n=3, 4.
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