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Abstract

The objective of this paper is to introduce and study the notion of neutrosophic subtraction algebras and neutro-
sophic subtraction semigroups. It also introduces the notion of neutrosophic ideals of neutrosophic subtraction
semigroup and presents some of their basic properties. In addition, the notion of neutrosophic homomorphism
of neutrosophic subtraction semigroups and neutrosophic quotient subtraction semigroups was also introduced.
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Ideal.

1 Introduction

B. M. Schein studied in'* systems of the form (®, o, \ ), where ® is a set of functions closed under the compo-
sition ” o7 of functions (and hence (P, o) is a function semi group), and closed under set theoretic subtraction
”\” (and hence (P, ) is a subtraction algebra. He proved that every subtraction semigroup is isomorphic to
a difference semigroup of invertible functions. B. Zelinka #Z discussed a problem proposed by B. M. Schein
concerning the structure of multiplication in a subtraction semigroup. He solved the problem for subtraction
algebras of a special type, called atomic subtraction algebras. Y. B. Jun, H.S. Kim and E. H. Roh ® introduced
the notion of ideals in subtraction algebras and discussed the characterization of such ideals. In © Y. B. Jun
and H. S. Kim established the ideal generated by a set, and discussed related results. K.J. Lee, Y. B. Jun, and
Y. H. Kim also introduced in,” the notion of weak subtraction algebras and provided a method to make a weak
subtraction algebra from a quasi-ordered set.

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as
well as their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were
introduced in 1995 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy logic.
In neutrosophic logic, each proposition has a degree of truth (7°), a degree of indeterminancy (1), and a degree
of falsity (F), where T\, I, F' are standard or non-standard subsets of | 0, 17|, see 121617
The notion of neutrosophic algebraic structures was introduced by Kandasamy and Smarandache in 2006,
see 242 Since then, several researchers have studied the concepts and a great deal of literature has been
produced. For example, Agboola and Davvaz introduced the concept of neutrosophic BCI/BCK-algebras int
A comprehensive review of neutrosophy, neutrosophic triplet set and neutrosophic algebraic structures can be
found in [#HIOHIALIISION0212223) “The present paper is concerned with introducing the concept of neutrosophic
subtraction algebras and subtraction semigroup. Some of their elementary properties are presented.

2 Preliminaries

In this section, some basic definitions and properties that will be useful in this work are given.
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Definition 2.1. % A pair (A, —) where A is a nonempty set and ‘—' is a binary operation on A is called a
subtraction algebra if

l.o—(y—x) =u;
2.z2—(x—y)=y— (y—x)and
3. (r—y)—z=(x—2)—yforalx,y,z € A.

Axiom 3 of permits us to omit parentheses in expressions of the form (x — y) — z. The subtraction
determines an order relation on A : < y if and only if x — y = 0, where 0 = & — x is an element that does
not depend on the choice of € A. The ordered set (A, <) is a semi-Boolean algebra, that is, it is a meet
semilattice with zero 0 in which every interval [0, z] is a Boolean algebra with respect to the induced order.
Here Ay = x — (x — y); the complement of an element y € [0, x] is  — y; and if y, z € [0, 2], then

yVe=@A) =z (@-ynr@@-2)=z-((z-y) - (z-y) - (r—2))).
In a subtraction algebra, the following hold *
l.z—0=zand0—2 =0
2.z —(x—y) <uy.
3. z < yifandonly if z = y — w for some w € X.
4, x<yimpliesr —z<y—zandz—y < z—zxforal z € X.
S52—(z—(z—y)=z—y.

Definition 2.2. 2“Let X be a subtraction algebra and Y a nonempty subset of X. Then Y is called a subalgebra
of Xifx —y €Y wheneverz,y € Y

Definition 2.3. 2 A triple (A, —, -) is called a subtraction semigroup if

1. (4, —) is a subtraction algebra;

2. (A,-) is a semigroup and

3. z(y— z) =axy —zzand (y — 2)x = yxr — zx forall z,y, z € A.
A subtraction semigroup is said to be multiplicatively abelian if multiplication is commutative.
Definition 2.4. A triple (A, —, ) is called a subtraction group if

1. (A, —,") is a subtraction semigroup and

2. A — {0} is a group with the multiplication inherited from A.

Example 2.5. ® Let X = {0, 1} be a set in which” — " and ” - ” are defined by
Table 1: (a) Cayley table for the binary operation ” —” and (b) Cayley table for the binary operation ” - ”
— 0 1 . 0 1
0 0 0
1 1 0 1 0 1
(@) (b)

It is easy to check that X is a subtraction semigroup.

Definition 2.6. A non empty set X together with two binary operations '—’ and -’ is said to be a left near
subtraction semigroup if

1. (X, —) is a subtraction algebra

2. (X,-) is a semigroup and
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3. z(x —y) = za — zy forevery z,y, z € X.

Definition 2.7. A non empty set X together with two binary operations ‘—’ and '+ is said to be a right near
subtraction semigroup if

1. (X, —) is a subtraction algebra
2. (X,-) is a semigroup and

3. (x—y)z =xzz—yzforevery z,y,z € X.

3 Formulation of a Neutrosophic Subtraction Algebra and Neutrosophic
Subtraction Semigroup

In this section, the concept of neutrosophic subtraction algebra and subtraction semigroup are develop. Some
of their basic properties are presented.

Definition 3.1. Let X be a nonempty set. A set X(I) =< X U I >generated by X and [ is called a
neutrosophic set. The elements of X (I) are of the form (z, yI) where = and y are elements of X. [ is called
an indeterminate and it has the property I™ = I for all positive integer n.

Definition 3.2. Let (X, —) be any classical subtraction algebra and let X (I) =< X U I > be a set generated
by X and I. Consider the neutrosophic algebraic structure (X (1), — ) where for all (a,bl), (¢,dI) € X(I),
—n is defined by

(a,bI) —n (¢,dI) = (a — ¢, (b—d)I) Va,b,c,d € X

We call (X (I), — ) a neutrosophic subtraction algebra.
An element z € X is represented by (x,0) € X (I) and (0, 0) represents the constant element in X (I).

Example 3.3. Let X (I) = {(0,0), (a,0), (b,0),(1,0), (0,al), (0,bI), (0, 1)} be a neutrosophic set in which
”— N is defined as in the table below.

Table 2: Cayley table for the binary operation —

-~ (0,0)  (a,0) (b0 (1,00 (0,al) (0,6I) (0,1)
(0,00 (6,00 (0,00~ (0,0) (0,00 (0,0) ~ (0,0)  (0,0)
(@,00  (a,0)  (0,0)  (a,0) (0,00  (a,0)  (a,0)  (a,0)
(b,0) (00 (b,0) (0,00 (0,00  (b,0)  (b0)  (b,0)
(1,0) (Lo (6,0  (a,0) (0,00 (1,00 (1,0)  (1,0)
(0,aI)  (0,aI) (0,al) (0,aI) (0,al) (0,0)  (0,al) (0,0)
(0,0I) (0,0I) (0,0I) (0,01) (0,0I) (0,0I) (0,0) (0,0)
©on ©n ©n ©n ©n ©b) (@©a) (00

Then (X (I), — ) is a neutrosophic subtraction algebra.
Proposition 3.4. Every neutrosophic subtraction algebra (X (I), — ) is a subtraction algebra.

Proof: Suppose that (X (I), — ) is a subtraction algebra.
Letx = (a,bl),y = (¢,dI),z = (e, fI) € X(I) witha,b,¢c,d, e, f € X.

Then
1. Weshow thatz —n (y —y z) =z
r—n(y—-n~nz) = (a,bl)—n ((¢,dI) —n (a,bl))
= (a,bl) —n (c—a,(d—b)I)

a—(c—a),(b—(d—0b)I)
a,bl) Since a,b,c,d € X

|
8
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2. We want to show thatz —y (x —y y) =y —n (Y —n )
x—n(@x—-ny) = (a,bI)—n ((a,bI)—n (c,dI))

= (a,bI) —n ((a =), (b—d)I)
= (a—(a—c),(b—(b—d)))I
= (c—(c—a),(d—(d=b))I Since a,b,c,d € X
= (C,d[) N ((C—&),(d—b)])
= (¢, dI)—n ((¢,dI) —n (a,bl))
= y—n~n(y-nzT)

3. We want to show that (z —n y) —n (r—Nnz2)—NY V,y,z € X(I)
(t—ny)—nz = ((a,b])—n (c¢,dl)) —n (e, fI)

—c,(b—d)I) —n (e, fI)

—c)—e((b—d)— f)I

—e)—c ((b=f)—d)I Since a,b,c.d,e.f € X

(a—e), (b F)I) —x (c,dl)

(a,b1) — (6 1)) — (c,d])

= (x—n2) Ny

(
=
=
=
=

(

From?* we note that, if z < y then we can not in general say zI < yl, it may so happen that yI < zI.
Thus the neutrosophic order in general need not to preserve the order. If a set X is ordered under © <’ then
the neutrosophic part of < X U I > may or may not have the preservations of order under <; i.e., if z < y,
z,y € X then zI < yI may occur or may not occur. For the purpose of this work suppose zI < yI occur.

Proposition 3.5. If (X (I), —n) is a neutrosophic subtraction algebra, then the relation < is a partial order
on X(I).

Proof: Let (a,bl), (¢,dI), (e, fI) € X(I) and a,b, ¢, d e, f € X.
1. Since (a,bI) —n (a,bI) = (a — a, (b —b)I) = (0,01) then (a,bl) < (a,bl)

2. Suppose that (a,bl) < (¢,dI) and (¢,dI) < (a, bl)
then (a,bl) —n (¢, dI) = (0,01) implies (a — ¢, (b — d)I) = (0,0I)
and (¢, dI) —n (a,bl) = (0,0I) implies (¢ — a, (d — b)I) = (0,01).
Now,
(a,bI) = (
= (
= (
= (¢c—(c—a),(d—(d=0b)I) Since X is a subtraction algebra
(
(

a
a—(a—c),(b—(b—a)I) Since, a-c=0 and b-d=0

¢

c—0,(d—0)I) Since, c-a=0 and d-b=0

3. Suppose that (a,bl) < (¢,dI) and (¢, dI) < (e, fI)
then (a,bl) —n (¢, dI) = (0,01) implies (a — ¢, (b — d)I) = (0,01)
and (¢,dI) —n (e, fI) = (0,01) implies (¢ — e, (d — f)I) = (0,01).
(a.b]) =y (e, 1) = (a—e (b= )I)

= ((a=e)=0,((b—f)—0)I)

= ((a—€e)=(a—0c),((b—f)—(b—d)I)
= ((a=(a=c)) =€ ((b—(b—d)) - f)I)
= ((c=(c—a))—e ((d=(d=b)) = f)I)
= ((c=e)=(c—a),((d=f) = (d=Db)I)
= (0-=(c—a),(0—(d="b)I)

= (0,00

Hence (a,bl) < (e, fI). Consequently < is a partial order.

In the next proposition some important properties of neutrosophic subtraction algebra which will be frequently
used throughout this work are provided with their proofs.

Proposition 3.6. Ler (X (1), —n) be a neutrosophic subtraction algebra . If (a,bl),(c,dI) € X(I), with
a,b,c,d € X then the following are true.

1. (a,bI) —y (0,0I) = (a,b)
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2. (0,0I) —n (a,bI) = (0,0I)
3. ((a,bI) =N (¢,dI)) —n (a,bI) = (0,0I)
4. ((a,bl) —n (¢,dI)) —n (¢,dI) = (a,bl) —pn (¢, dI)
5. ((a,bI) =N (¢,dI)) —n ((¢,dI) =N (a, b)) = (a,bI) —n (c,dI)
6. (a,bI) —n ((a,bI) —n ((a,b]) —n (¢,dI))) = (a,bl) —n (c,dI)
7. (a,bI) —n ((a,bI) —n (c,dI)) < (¢,dI)
8. (a,bl) = (¢,dI) iff (a,bI) —n (¢,dI) = (0,0]) and (c,dI) = (a,bl)
Proof
1. (a,bI) —n (0,0I) = (a—0,(b—0)I) = (a— (a —a),(b— (b—0b))I) = (a,bl)
2.(0,0I) —=n (a,bI) = (0 —a,(0=b)I) = (0 — (a—0),(0 — (b —0))I) = (0,0])
3.((a,bI) —n (¢,dI)) —n (a,b]) = (a—c,(b—d)I)—n (a,bl)
= ((a=¢)=a,((b—d) - b))
= ((a=a) =¢ ((b—0b) —d)I)
= (0—¢ (0—a))
= (0,0I).
4.((a,bI) —n (¢, d)) =N (¢,dI) = (a—¢,(b—d)I)—n (c,dI)
= ((a—¢)=c,((b—d) —d)I)
= ((a=—¢)=(c—(a=0¢)),((b—d) = (d= (b-d)I)
= ((a—e¢),(b—=a))
= (a,bl) —n (c,dI).
5.((a,bI) —n (¢,dI)) —n ((¢,dI) =N (a, b)) = (a—c,(b—d)I)—n (c—a,(d—b)I)
= ((a=¢)=(c—a),((b—d) - (d=b)I)
= ((a—(c—a))—c,((b—(d—0)) —d)I)
= (a—c¢ (b—d)I)
= (a7bI)—N(c,dI).
6.(a,bI) —n ((a,bI) —n ((a,bI) —n (¢,dI))) = (a,bI) —n ((a,bI) —n (a — ¢, (b—d)I))
= (a,bI) =n (a—=(a—c),(b— (b= d))I)
= (a—(a—(a=¢)),(b— (b= (b))
= ((a=¢)=((a—c)=a),((b—d) - ((b—d) - b))
Since from the properties of X, if a,c € X then (a — ¢) — a = 0 then we have
((a=c)=((a=c)=a),(b—d) = ((b—=d) =0))) = ((a—c)=0,((b—d)—0)I)
= (a—c, (b—d))
= (a,bl) —n (c,dI).
7. ((a’7bI) -N ((a’bl) -N <C7 dI))) -N (C, dI) = ((a’vbl> -N (C’ dI)) -N ((aabl) -N (07 dl)) = (0701)
= (a,bl) —n ((a,bI) =N (c,dI)) < (¢, dI).
8. Suppose that (a,bl) —n (¢, dI) = (0,01) and (c,dI) —n (a,bI) = (0,0I). Then
(a,bI) = (a,bI) —N (0,0])
= (a,bl) N((a,bl)—N(cdl))
= (e, dI)—n ((c,dI) —n (a,bl))
= (¢, dI)—n (0,0I)
= (c,dI).
= (a,bl) = (¢, dI).
Conversely, suppose that (a,bl) = (c,dI)
Then (a, bI) —n (¢,dI) = (a,bl) —n (a,bI) = (0,0I) and (c dI) ~ (a,bI) = (¢,dI) —n (¢, dI) = (0,0I)
= (a,bl) —n (¢,dI) = (0,01I) and (¢, dI) —n (a,bl) = (0,0I).
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Definition 3.7. Let X;(7) and X5 (I) be two neutrosophic subtraction algebra. The direct product of X (7)
and X5 (1) denoted by X1 (I) x Xo(I) is defined by
Xa(I) x Xo(I) = {((a1,b11), (a2, b21)) : (a1,b11) € X1(I), (az,b21) € Xo(I)} .

Proposition 3.8. Let (X1(I), —n,) and (X2(I), —n,) be two neutrosophic subtraction algebra then
(X1(I) x Xo(I), —n) is a neutrosophic subtraction algebra.

Proof:
Letxz = ((al,blf), (ag,bgl)),y = ((Cl,dl_[), (CQ,dQI)),Z = ((el,flf), (62, fz[)) S Xl(I) X XQ(I) for all

a,b1,c1,dy € X7 and ag, bs, co,ds € X5 then

1. we shall show thatz —n (y —n z) =
-~ (y—~nz) = ((a1,b1]),(az,b21)) —n [((c1,d11), (c2,d21)) —n ((a1,b11), (az,b21))]
= ((a1,b11),(az,b21)) —n [(c1,d1 ) —n, (a1,b11), (c2,dal) —n, (az,b21)]
= (a1,b1l) —=n, ((e1,dr1) —n, (a1,b11)), (az,b2) —n, ((c2,d21) —n, (az,b21))
= (al,blj),(ag,bg.[))

= .

2. We want to show thatz —y (x —y y) =y —n (Y —N )

z—n(@—ny) = ((a1,b1]),(az,b2])) —n [((a1,b1]), (az,b2])) —n ((c1,d11), (ca, d21))]
= ((a1,011), (az,b21)) —n [((a1,b11) —n, (c1,d11)), ((az,b2]) —n, (c2,d21))]
= (a1,bu1) —n, ((a1, 001 ) —n, (e1,d11)), (ambz ) = ((az,021) —n, (c2,d21))
= (e1,dil) —n, ((e1,dil) —n, (a1,b11)), (ca, d21) —n, ((c2,d2]) —n, (a2, ba1))
= ((c1,dil),(c2,d2l) —n [((c1,d11) — (a’lvbl ))s ((027d2 ) =N, (az2,b21))]
= ((e1,di),(c2,d2l) —n [((c1,dr 1), (62,d I)) =~ ((a1,b11), (a2, bo1))]

= y—n(@—ny).

3. We want to show that (t -y y) -y 2= (z —n 2) =N ¥

(z-ny) -~z = [((a1,01]),(az,bo])) —n ((c1,d11), (c2,d21))] —n ((e1, f1]), (e2, fo1))
((a1,011) =, (c1,d1l)), ((az,b21) —n, (c2,d21))] —n ((e1, f11), (€2, f21))
Eal,bl ) =, (1, did)) —n, (ex, f1l), ((ag, boI) —n, (c2,dal)) —n, (e2, foI)
al b
(
(

1) —n, (e, fil)) =, (c1,di), ((az,b21) —n, (€2, fal)) —n, (c2,d21)
(alvbl ) N (ela.fl )a((a27b2 ) N2 (eQ;fQI))] -N ((Cladlj)v(c%d?I))
(a1,011), (az,b21)) —n ((e1, f11), (€2, foI))] —n ((c1,d11), (2, d21))

T —N Z) —NY.

[
[
(
=
[
[
(x

Proposition 3.9. Let X1 (I) be a neutrosophic subtraction algebra and let A be a classical subtraction algebra
then (X1(I) x A, —N) is a neutrosophic subtraction algebra.

Proof : It follows similar approach as in[3.8] above.

Definition 3.10. Let (X (I), —x) be a neutrosophic subtraction algebra. A nonempty subset A(I) is called a
neutrosophic subtraction subalgebra of X (I) if the following conditions hold:

1. IfA(I) # 0
2. (a,bl) —n (¢,dI) € A(I) for all (a,bl), (¢,dI) € A(I).
3. A(I) contains a proper subset which is a subtraction algebra.

If A(I) does not contain a proper subset which is a subtraction algebra, then A(T) is called a pseudo neutro-
sophic subtraction subalgebra of X (I).

Example 3.11. Any neutrosophic subset of the neutrosophic set X (I) of Example is a neutrosophic sub-
traction subalgebra.

Definition 3.12. Let (X, —, -) be any subtraction semigroup and let X (/) =< X U I > be a set generated by
X and I. The triple (X (I), —n, -) is called a neutrosophic subtraction semi-group. If (a,bI) and (¢, dI) are
any two elements of X (I) with a,b, ¢, d € X, we define

(a,bI) —n (¢,dI) = (a — ¢, (b— d)I)

and
(a,bI) - (c,dI) = (ac, (ad + be + bd)I).
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Example 3.13. Let X (1) = {(0,0), (a,0), (b,0),(1,0), (0,al), (0,bI), (0, I)} be a neutrosophic set in which
”—n" and ”-” are defined as in the tables below.

”o”

Table 3: (i) Cayley table for the binary operation ” — ” and (ii) Cayley table for the binary operation

@)
—N (0,0) (a,0) (6,0) (1,0) (0,al) (0,01) (0,1)
(0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
(a,0) (a,0) (0,0) (a,0) (0,0) (a,0) (a,0) (a,0)
(,0) (,0) (,0) (0,0) (0,0) (6,0) (6,0) (b,0)
(1,0) (1,0) (6,0) (a,0) (0,0) (1,0) (1,0) (1,0)
(0,al) (0,al) (0,al) (0,al) (0,al) (0,0) (0,al) (0,0)
(0,b1) (0,b1) (0,b1) (0,b1) (0,b1) (0,b1) (0,0) (0,0)
(0,1) (0,1) (0,1) (0,1) (0,1) (0,bI)  (0,al)  (0,0)

(ii)
(0,0)  (0,0)  (0,0)  (0,0)  (0,0)  (0,0)  (0,0)  (0,0)
(a,0)  (0,0)  (a,0)  (0,0)  (a,0) (0,al) (0,0)  (0,al)
(b:0)  (0.0) (0,00 (410)  (40)  (0.0) (0.60) (0,b1)
(L,0)  (0,0)  (a,0)  (b,0)  (1,0)  (0,al) (0,0I) (0,1)
(0,al)  (0,0)  (0,al) (0,0)  (0,al) (0,al) (0,0)  (0,al)
(0.b1) (0,0)  (0,0) (0.) (0.bI) (0,0) (0.bI) (0,b1)
(0.1)  (0,0) (0,al) (0.61) (0.1) (0,al) (0,b) (0,1)

Then (X (I), —u, -) is a neutrosophic subtraction semi-group.
Proposition 3.14. Every neutrosophic subtraction semi-group is a subtraction semi-group.

Proof:

1. That (X (I), —x) is a subtraction algebra follows from Proposition 3.4}
2. We need to show that (X (I), -) is a semi-group.

(a) Let (a,bl),(c,dl) € X(I) with a,b,c,d € X, then
(a,bI) - (c,dI) = (ac, (ad + bc + bd)I) € X(I).

() (a,bl),(c,dI), (e, fI) € X(I) with a,b,c,d,e, f € X,
We want to show that ((a, bl) - (¢,dI)) - (e, fI) = (a,bl) - ((¢,dI) - (e, fI))
((a,bI) - (c,dI)) - (e, fI) (ac, (ad 4 be+bd)I) - (e, f1)
(ace, (acf + ade + bee + bde + adf + bef + bdf )I)
(a, bI) (ce, (ef +de+df)I)
(@ b1) - ((erdT) - e, {T)).

3. Let (a,bl), (c,dI), (e, fI) € X(I) then

(a) We shall show that (a,bl) - ((¢,dI) —n (e, fI)) = (a,bl) - (¢,dI) —n (a,bl) - (e, fI)
(a,0I) - ((¢,dI) —n (e, f1)) (a,bD)- (c—e,(d— f)I)

(a(c —e), (a(d = f) + b(c =€) +b(d = f))])

(ac — ae, ((ad — af) + (bc — be) + (bd — bf))I)

(ac — ae, ((ad + bc+ bd) — (af +be+ b))

(

(

)
ac,(aderchbd) ) —n (ae, (af +be+bf)I)
a,bl) - (¢,dI) —n (a, b—’) (e, f1).
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(b) We shall show that ((¢,dI) —n (e, f

(a,bI) = (c,dI) - (a,bl) —n (e, fI) - (a,bl)
((¢,dI) =n (e, f1)) - (a,bI) = )

) -
che (d— HI) - (a,bl)
(

—e)a, (= b+ (d— fa+ (d— )
ca —ea), ((cb — eb) + (da — fa) + (db— fb))I)
ca —ea), ((cb+ da + db) — (eb+ fa+ fb))I)
ca, (cb+ da + db)I) — (ea, (eb+ fa+ fb)I)

¢,dI) - (a,bI) —n (e, fI) - (a,bl).

I
(
(
(
(
(c
(

Definition 3.15. Let X;(I) and X2(I) be two neutrosophic subtraction semigroups. The direct product of
X1(I) and X2 (I) denoted by X7 (1) x X5([) is defined by
Xi(I) x Xo(I) = {((a1,011), (az, b21)) = (a1,b11) € X1 (1), (az,b21) € Xa(I)} .

Proposition 3.16. Let (X1(I), —n,, 1) and (X2(I), — N, , -2) be two neutrosophic subtraction semigroup then
(X1(I) x Xo(I), —n, ) is a neutrosophic subtraction semigroup.

Proposition 3.17. Let (X (I), —n, -) be a neutrosophic subtraction semigroup and let (A, —, ) be a classical
subtraction semigroup then (X (I) X A, —n, -) is a neutrosophic subtraction semigroup.

Proposition 3.18. Let (X (I), —n, ) be a neutrosophic subtraction semigroup.
And let (z,yI) A (u,vI) = (x,yI) —n ((x,yI) —n (u,v])) forall (z,yI), (u,vI), (s,tI) € X(I).
Then the following are true.

1. (z,yI)(0,0) and (0,0)(x,yl) = (0,0)
x,yl) < (u,vl) implies (s,tI)(x,yl) < (s,tI)(u,vI) and (z,yI)(s,tI) < (u,vI)(s,tI).
)

2. (
3. (z,yD)((u,vI) A (8,t1)) = (z,yI) (u,vI) A (2, yI)(s,tI) and
((x,yI) A (u,vI))(s,tT) = (x,yI)(s,¢t1) A (u,vI)(s,t])
4. ((z,yI) A (u, o)) =n ((z,9I) A (5,t1)) < (z,yI) A ((u,0I) =N (8,t1))
Proof

1. Let (z,yI), (0,0) € X(I) then
) = (x,y[)((0,0) -N (0’0))

= (w,yI)(0,0) -N (myI)(0,0)
= (0,0).
and
(0,0)(x,yl) = ((an) -N (070))(-13,:9])
= E0,0;(Jz,yI) —n~ (0,0)(z,yl)
= (0,0).

2. Let (x,yl), (u,v]) € X(I)and let (x,yl) < (u,vI). Then we have
(x,yI) =N (u,v]) = (. —u, (y —v)]) = (0,0) =2 —u=0 and y—ov=0.

Now consider
(s,tI)(z,yI) —n (s,tL)(u,vI) = (sx,(sy +tx+ty)l) —n (su, (sv+ tu +tv)I)
sz — su, ((sy — sv) + (to — tu) + (ty — tv))I
s(z — u) ((s(y —v) +t(z —u) +t(y —v))I
= 5(0),(s(0) +¢(0) + t(0))1
= ( ,0)
= (s, tI)(x,yI) < (s,tI)(u,vl).

Following similar approach we can also prove that (z, yI)(s,tI) < (u,vI)(s,tI).
3. Let (x,yl), (u,vI), (s,tI) € X(I) then

(@, yl)((u,vI) A (s,t1)) = (z,yD)((u,vI) =n ((u,vI) =N (s,1)))
= (zyD)(u,0l) - (33 yf)((u,v ) =~ (s,t1))
= (z,y0)(u,v]) =N ((z, yI)(u,vI) =N (2,yI)(s, t1))
= (z,yl)(u, vf) (x yI)(s,t1).

Following similar procedure we can show that
((@,yI) A (u,vD))(s, 1) = (2, yI)(s,t1) A (u, vI)(s, t1).
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4. Let (z,yI), (u,vl),
(2 9T) A (i, 01)) — (2 yD) A (5,41)) = (@) — ((5yT) = (1w, 0I))]
_N[(xay-[) -N ((fE,yI) -N (Sat-[))]

[z — (2 —u), (y — (y — v))I]
Nz — (=), (y—(y—1)I]

< l@—s9),(y—0I] -~ [z —u), (y —v))I]
< ((@yl) =~ (s,t]) =~ ((z,yI) =N (u,vI))
S (U,'UI)*N(S,tI) ......... (1)
Also, we have that
(@, yD) A (u,0I)) =~ ((z,yI) A (s,t)) < (z,yI) A (u,0]))
< (zyyl) e (2)

Combining 1 and 2 we have ((z,yI) A (u,vI)) —n ((z,yI) A (s,tI)) < (x,yI) A ((u,vI) —n (s,tI)).
Proposition 3.19. Let X (I) be a neutrosophic subtraction semigroup. Then the following hold:
1. (x,yI) A ((x,yI) —n (a,b])) = (z,yI) —n (a,bI)
2. (z,yI) A ((a,bI) =N (z,yI)) = (0,01)
3. ((z,91) =~ (a,00)) A ((a,bI) =N (z,yI)) = (0,01
4. ((z,yI) —n (¢, dI)) A ((a,b]) —n (¢, d])) = ((z,yI) —n (¢, dI)) A (a,bl)
Proof:

1. For any (z,yl), (a,bI) € X(I) we have

(@, yI) A ((zyI) —n (a,0])) = (2,y]) —n (2, 9]) =~ ((z,y]) =~ (a,b])))
= (x,yI) —n (a,bl). From 6 of 3.6

2. For any (z,yl), (a,bI) € X(I) we have

(z,yI) A ((a,b]) =n (2, y1)) = (z,9yI) —n ((2,y]) =~ ((a,b]) —n (z,yI)))
= (z,yl) =~ ((x,yl) =~ ((a =z, (b — y)I))
= (zyl)-n(x—(a—2)y—(b—y)I)
= (z,yl) —n (z,yl) from 1 of 2.1
= (Oﬂo)

3. For any (x,yI), (a,bI) € X(I) we have
(2, 91) ~ (a,bD) A ((a,b]) — (2,9D)) = ((&,yl) —x (a,b]))
(@) —x (a,61)) —x ((a,b1) — (2,y1))
= ((z,yl) =~ (a,b])) =~ ((z,yI) —n (a,bI))
from 5 of 3.6
= (0,01).

4. For any (z,yI), (a,bl), (¢,dI) € X (I) we have
((z,yI) =n (¢, dD)) A ((a,0]) =n (c,dD)) = ((z,y]) —n (¢, dI))
—~n(((@,y]) =n (¢, dl)) —n ((a,b]) —n (¢, dI)))
= ((wyl) =~ (e,;d])) =N ((( yl) — (a bI)) —n
= ((@,yl) =n (¢,;d])) —=n (((z, yI) =~ (¢, d])) =N
= ((z,yl) —n (c,dI)) A (a,b).

Definition 3.20. Let (X (I),—n,-) be a neutrosophic subtraction semigroup and let S(I) be a nonempty
subset of X (I). S(I) is called a neutrosophic subtraction subsemigroup of X (I) if (S(I),—n,-) is itself a
neutrosophic subtraction semigroup. It is essential that S(I) contains a proper subset which is a subtraction
semigroup. Otherwise, S(I) will be called a pseudo neutrosophic subtraction subsemigroup of X (I).

Example 3.21. Let X(I) = {(0,0), (a,0),(b,0),(1,0),(0,al), (0,bI),(0,I)} be a neutrosophic subtrac-
tion semigroup. The set S(I) = {(0,0), (a,0), (b,0), (1,0),(0,al),(0,bI)} is a neutrosophic subtraction
subsemigroup.

Example 3.22. Let X (I) = {(0,0), (a,0), (b,0), (1,0), (0,al), (0,bI), (0, I)} be a neutrosophic subtraction
semigroup. The set S(I) = {(0,0), (0 al),(0,bI),(0,1)} is a pseudo neutrosophic subtraction subsemi-
group.

(¢, dl))
(a,bI))
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Definition 3.23. Let (X (I),—n,-) be a neutrosophic subtraction semigroup. A nonempty subset A(I) of
X(I) is called

1. aleft neutrosophic ideal if A(I) is a neutrosophic subalgebra of (X (1), —x) and X (I)A(I) C A(I)
2. aright neutrosophic ideal if A([) is a neutrosophic subalgebra of (X (I), —n) and A(I) X (I) C A(])
3. aneutrosophic ideal if A([) is both a left neutrosophic and right neutrosophic ideal.
Example 3.24. Let X (I) be a neutrososphic subtraction semigroup and (a,bI) € X (I). Then
X(I)(a,0I) = {(z,yI)(a,bI) : (x,yI) € X(I)}
is a left neutrososphic ideal of X ().

Proposition 3.25. Let X (I) be a neutrosophic subtraction semigroup. If A(I) is any ideal of X (I). Then
i, A;i(I) is a neutrosophic ideal of X (I). Where {A;(I)}!, is a family of neutrosophic ideals of X (I).

Proof: Same as in classical sense.

Proposition 3.26. Let A(I) be a neutrosophic ideal of a neutrosophic subtraction semigroup X (I). If
(x,yI) < (u,vl) and (u,vl) € A(I), then (z,yI) € A(I)

Proof: Since (z,yI) < (u,vI) then (z,yI) —n (u,vI) = (x — u, (y — v)I) = (0,0)
—z—u=0 and y—v=0
Now consider

(u,vI) = (u,vl) —n ((u,vI) —n (z,yI)) from 6 of 3.6
= (z,y0) =~ ((z,yI) = (u,vI))
= (@yl) =~ ((z =), (y = v)])
- (l‘,yI) -N (0’0)
= (z,y) € A(I).

Proposition 3.27. Let A(I) be neutrosophic ideal of a neutrosophic subtraction semigroup X (I). For any
element (a,bl) € X (I) the set

A(D)(a.pr) = {(u,0I) € X(I) : (a,bI) A (u,v]) € A(I)}
is a neutrosophic ideal of X (I).

Proof:

L. A(I)(q,pr) # 0, since

(@,bI) A (0,0) = (a,bI) —n ((a,bI) —x (0,0))
= (a7bI) N (avbI)
= (0,0) € A(D)
)

2. Letx = (u,vl),y = (p,qI) € X(I).and z = (r,sI) € A(I)(a1)
then (a,bl) A (r,sI) € A(I)
Then we shall show that 22 —y z(y —n 2) € A(I)(a,b1)-
Now consider
(a,bI) AN (xz =y x(y—n 2)) = (a,bD) A ((u,vI)(r,sI)) —n (a,bI) A (u,vI)((p,qI) —n (r, sI))
By 3 of B.19]
= (a,bI) A ((u,vI)(r,sI)) —n
= (a,bI) A ((u,vI)(r,sI))—nN
[(av bI) A ((u,v[)(p, qI)) -N (a7 bI) A ((uva)(rv SI))}
By 1 of 2]
= (a,bl) A ((u,vI)(r,sI)) € A(I)

(@, bI) A ((u, 1) (p, gI) =~ (u, vI)(r, sI))

= (a,bl) N (wz —n x(y —n 2)) € A(I) and hence (22 —n 2(y —n 2)) € A(I)(0,p1)-

3. Letx = (u,vl) € X(I) we have that

AD(apnX(I) = A @pn (w,0I) = {(m,nD)|(a,bI) A (m,nI) € A(I)}(u, vI)
{(m,nI)(u,vI)|(a,bI) A (m,nI)(u,vI) € A(I)} .
A(I)(a,b1)~

Nl

10
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Hence A(1)(q,pr) is an ideal of X (I).

Proposition 3.28. Ler X (I) be a neutrosophic subtraction semigroup. If A(I) and B(I) are any two neutro-

sophic ideals of X (I) then

1. A(I) -y B(I)={a—nb:a € A(I),b € B(I)} is a neutrosophic ideal of X (I)

2. A(I)B(I) ={X_;_, aib; : a; € A(I),b; € B(I)} is a neutrosophic ideal of X (I)

Proof:

1. To see that A(T) —x B(I) is a neutrosophic ideal of X (I).
Letx = (u,vl),y = (p,ql) € X(I),and z = a—n b € A(I) —n B(I). Where a = (m,nl) € A(I)

and b = (r,sI) € B(I)
Then

xz—Nnx(y —n 2)

And
(A(I) —n B(I))X(I)

[(w,vI)(m,nl) —n (u,vI)(r,sI)
—n~l(w,vI)(p,ql) =~ ((u,vI)(m,nl) =N (u,vI)(r,sI))]

[(um, (un +vm +on)I) —n (ur, (us + vr + vs)I)I|
—n[(up, (ug + vp +vg)I) —n [(um, (un + vm + vn)I) —n (ur, (us + vr + vs)I)]]

[(um — ur), ((un —us) + (vm — vr) + (vn — vs))I]
—n[(up, (ug +vp +vg)I) —n [(um — ur), ((un — us) + (vm — or) + (vn — vs))I]]

[(um —ur), ((un — us) + (vm — vr) + (vn — vs))I]
—~[(up = (um —ur)), ((ug + vp + vq) = ((un — us) + (vm — vr) + (vn — vs)))1]

(um — ur) — [up — (um — ur)], ((un — us) + (vm — vr) + (vn — vs))I
—[(ug + vp +vq) — (un — us) + (vm — vr) + (vn — vs))|I

(um — ur) — [up — (um —ur)], ((un — us) — [ug — (un — us)]
+(vm —or) — [vp — (vm — vr)] + (vn — vs) — [vg — (vn — vs)|)I

(um — ur), [(un — us) + (vm —vr) + (vn —vs)]I By 1 of 2]
[um, (un + vm + vn)I] — N [ur, (us + vr 4+ vs)I|

(u,vI)(m,nl) —n (u,vI)(r,sI)

(u, vI)[(m, nI) =N (r, sT)]

z(a—pn0b)

xz € A(I) —n B(I).

= {zx:z€ A(I) -y B(I),z € X(I)}
C A(I) -y B(D).

So, we say that A(I) —n B(I) is a neutrosophic ideal.

2. To see that A(I)B(I) is a neutrosophic ideal.

e A(I)B(I) # 0 since A(I) and B(I) are both neutrosophic ideals of X (I). So (0,0) € A(I)B(I)

o Letz = (u,vl),y = (p,ql) € X(I),and z = Y. | a;b; € A(I)B(I). Where a; = (m;,n;I) €
A(I)and b; = (r;,s;1) € B(I)

Then

11
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Tz —N 93(@/ -N Z) = wa 1az i Nﬂﬂ(y —N Z?zl aibi)

=, 0D) X (mgy maD) (v 500) — (w,vD)[(pog) =y S0 (mi — D) (14, ,0)

= (u,vl) Y0 (mary, (mys; + ngry + ngsi)I)

—n(u,vI)(p,qI) —n (u,vI) 30 (myri, (mis; + nir; + nis;)I)]
= S l(u,vl)(miri, (mys; + ey +nisi)I)

—nlup, (ug +vp 4+ vg)I — N (u,vI)(m;r;, (mis; + nir; + nis;)I)]]

= o [(umgry, (wmis; + ungrs + ungs; + vmgr; + vmgs; + vngr; + vngs;)I)
—nlup, (ug + vp + vq)I —n (umyr;, (um;s; + un;r; + un;s; + vm;r; + vm;s;

+ongr; + vnis;)I)]]

Take o = (wmys; + un;r; + un;s; + vm;r; + vm;s; + vngr; + ongs;)
and S = (ug+vp+vq)
Then
rixaly=vz) = Silmirial) - (up A0 -y (wmir D)
= S e [up — (i), (0 [8 — o)
B S )
= Sor lumry, (umgs; + ungr; + ungs; + vmgr; + vmgs; + vngrg + vngs; )]
S (w, vl [myry, (mgs; + ngry + ngs;) 1]
= (u,ol) Y0 (mary, (mys; + ngry + ngsi)I)
= (U7UI)Zz 1(m27n11)<rﬂ‘9[)
= (u,vl) ) a;b;
= zz.

e Forz € A(I)B(I) and z € X (I) we have that
zx = (3 aibi)(u,vl)
= i Emn I)(ri, 1) (u,vI)

Z m;Ts, (m251 + nir; + nzSZ)I) (u7 UI)

= Zz:l(m riw, (miriv + misiu + niriu + nis;u + mys;v + ngrv + ngsiv)I) € A(IB(I)

Then we can say that A(I)B(I)x C A(I)B(I), Hence A(I)B(I) is a neutrosophic ideal.

Definition 3.29. Let (S, —, -) be any near subtraction semigroup. The triple (S(I), —n, ) is called a neutro-
sophic near subtraction semigroup. If (a,bI) and (¢, dI) are any two elements of S(I) with a, b, ¢, d € S, we
define

(a,bI) —n (¢,dI) = (a — ¢, (b—d)I)

and
(a,bl) - (¢,dI) = (ac, (ad + be + bd)T)

Example 3.30. Let (S(I), — ) be a neutrosophic subtraction algebra. Then the neutrosophic set M) of all
mappings of S(I) into S(I) is a neutrososphic near subtraction semigroup under — 5 (Defined point-wisely)
and composition of mappings. Le For all ¢, 1) € MS() we define

((b -N 1/))(‘% bI) = ¢(a’ bI) -N 1/)(@7 bI)
and
(¢ov)(a,bl) = po(y(a,bl)).

M5® s not a neutrosophic subtraction semigroup, because if ¢(o ) : MU — MWD is given by
bo,1)(a) = (0,1) forall a € M5I) (é(0,1) is a constant map). Then for any p, 3 € M3,
b(0,1) = P0,0n0(p —n B) # d0,10p =~ b(0,108 = (0,0)

Proposition 3.31. Ler (S(I),—n,-) be a neutrosophic near subtraction semigroup. Then S(I) is a near
subtraction semigroup.

Proof: Follows similar approach as the proof of Proposition[3.14]

Example 3.32. Let X (I) = {(0,0), (a,0), (b,0), (1,0), (0,al), (0,bI), (0,I)}. For all (u,vl) € X (I) with
u,v € X. If u-v = u. Then (S(I), —, -) is a neutrosophic near subtraction semigroup.

Proposition 3.33. Let X (I) be a neutrosophic left near subtraction semigroup. If A(I) and B(I) are any two
neutrosophic ideals of X (I) then (A(I) : B(I)) = {x € X(I) : B(I) C A(I)} is a neutrosophic left ideal
of X(I).

12
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Proof: Let a = (m,nl),b = (r,sI) € (A(I) : B(I)) and let z = (u,vI) € X(I).
To show that A(T) : B(I) is a neutrosophic left ideal of the neutrosophic near subtraction semigroup X (7).
1. A(I): B(I) # 0 since A(I) and B(I) are both neutrosophic ideals of X ().

2. We shall show that a— y b € (A(I) : B(I)). To see this it suffices to show that (e —yzb)B(I) C A(I).
Let k = (p,qI) € B(I) be an arbitrary element. Then since a = (m,nI),b = (r,sI) € (A(I) : B(I)),
we have ak = (mp, (mq + np + nqg)I),bk = (rp, (rq+ sp + sq)I) € A(I).

Since A([) is a neutrosophic ideal of X (I), we have

x(bk) = (u,vI)(rp, (rq+ sp+ sq)I) = (urp, (urq + usp + usq + vrp + vrq + vsp +vsq)I) € A(I)
as well. Thus (a —y zb)k = ak —n x(bk) € A(I) for any k € B(I), and hence we obtain

(a —n xzb)B(I) C A(I). By the definition of (A(I) : B(I)), we have a — ab € (A(I) : B(I)).

Hence (A(I) : B(I)) is a neutrosophic left ideal of the neutrosophic near subtraction semigroup X (I). In
a right neutrosophic near subtraction semigroup S(I), (0,0)(u,vI) = (0,0) for all (u,vI) € S(I). But
(u,vI)(0,0I) need not be equal to (0, 0), for (u,vI) € S(I). To this end, we have the following definition:

Definition 3.34. Let (S(I), —n, -) be right neutrosophic near subtraction semigroup. S(I) is said to be zero-
symmetric if S(I) = S(o,0)(1), where

S,0) = {(u,vI) € SI) : (u,vI)(0,0) = (0,0)}.
Example 3.35. Let S(I) = {(0,0), (1,0), (0, 1)}, define ', and ’-" as shown below:

Table 4: (i) Cayley table for the binary operation of ” — ” and (ii) Cayley table for the binary operation of

» .»

®

-~ (0,00 (1,0 (0,1
(0,0) (0,0) (0,0) (0,0)
(1,0)  (1,0)  (0,0) (1,0
(1) (0,I) (0,1) (0,0
(ii)

0,00  (1,o) (0,1
(0,0) (6,00 (0,0)  (0,0)
(1,0) (0,00  (1,0)  (0,0)
(0,I) (0,00  (0,0)  (0,1)

Then (S(I), —n, -) is a zero symmetric right neutrosophic near subtraction semigroup.

Definition 3.36. Let X (I) be a neutrosophic subtraction semigroup and let A() be a neutrosophic ideal of
X(I). The set X (I)/A(I) is defined by

X(I)/A(I) = {(u,v]) + A(I) : (u,vI) € X(I)}

For all (u,vI)+A(I), (r,sI)+A(I) € X(I)/A(I), we define subtraction and multiplication in N (I)/A(I)
as follows:

((u,vI) + A(D)) N5 ((r,sI) + A(D)) = (u,vI) —n (r,sI) + A(I) = (w —r, (v — 8)I) + A(I),

((u,vI) + A(D)) ® ((r,sI) + A(I)) = (u,vI)(r,sI) + A(I) = (ur, (us + vr +vs)I) + A(I)

It can be shown that © and © are well-defined on N (I)/A(I) and the triple (N (I)/A(I), ©n,®) is a neu-
trosophic subtraction semigroup called neutrosophic quotient subtraction semigroup or neutrosophic factored
subtraction semigroup. provided X /A is a subtraction semigroup.
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Definition 3.37. Let (A(I), —n,-) and (B(I), —'y,’) be two neutrosophic subtraction semigroups. A map-
ping ¢ : A(I) — B(I) is called a neutrosophic subtraction semigroup homomorphism if the following
conditions hold:

L. ¢((a,bl) —n (c,dl)) = ¢((a, b)) =y &((c,dI)),¥(a,bI), (c,dl) € A(I).
2. ¢((a,bI) - (¢c,dI)) = ¢((a,bl)) " ¢((c,dI)),V(a,bl), (c,dI) € A(I).
3. ¢((07[)) = (OaI)

Epimorphism, monomorphism, isomorphism, endomorphism and automorphism of ¢ are similarly defined as
in the classical cases.

Definition 3.38. Let ¢ : A(I) — B(I) be a neutrosophic subtraction semigroup homomorphism.
1. Kerg ={(a,bl) € A(I) : ¢((a,bl)) = (0,0)}.
2. Im¢ ={é((a,bl)) € B(I): (a,bl) € A(I)}.

Example 3.39. Let A(]) and B(I) be two neutrosophic subtraction semigroup. Let ¢ : A(I)xB(I) — A(I)
be a mapping defined by ¢(a,b) = a and let p : A(I) x B(I) — B(I) be a mapping defined by p(a,b) = b
for all (a,b) € A(I) x B(I). Then ¢ and p are neutrosophic subtraction semigroup homomorphisms.

Example 3.40. Let X (I) = {(0,0), (a,0), (b,0), (1,0), (0,al), (0,bI), (0, I)} be a neutrosophic subtraction

semigroup. Let ¢ : X (I) x X (I) — X (/) be a neutrosophic subtraction semigroup homomorphism defined
by ¢(p,q) = pforall p,q € X(I). Then

1. Im¢ = {(0,0),(a,0),(b,0),(1,0),(0,al),(0,bI),(0,I)} which is a neutrosophic subtraction sub-
semigroup.

2. Also,

Ker(b = {((070)7 (07 0))7 ((07 0)7 (a” 0))7 ((O’ 0)’ (b7 O))’ ((070)7 (170))’ ((070)7 (07 aI))’ ((070)7 (17b‘[))7 ((O

which is just a subtraction subsemigroup, not a neutrosophic subtraction semigroup and equally not a neutro-
sophic ideal.

Example [3.40|leads to the following general result.
Proposition 3.41. Let ¢ : A(I) — B(I) be a neutrosophic subtraction semigroup homomorphism. Then
1. I'm¢ is a neutrosophic subtraction subsemigroup of B(I).
2. Ker¢ is a subtraction subsemigroup of A(I).
3. Ker¢ is not a neutrosophic subtraction subsemigroup of A(I).
4. Kerd is not a neutrosophic ideal of A(I)
Proof:
1. Same as in classical case.

2. By the definition of neutrosophic subtraction semigroup homomorphisms, we know that ¢(I) = 1.
Then, for any arbitrary (z,yl) € A(I) where x,y € A, it follows that (x,yl) € Ker¢ if and only
if y = 0 that is only elements of the form (x,0) € A(I) can be in the kernel of ¢. Then Ker¢ is a
subtraction subsemigroup of A(T).

3. Since ¢(I) = I, it follows that I ¢ Ker¢ and the result follows.

4. Since Kerg is a subtraction semigroup of A(I) and not a neutrosophic subtraction semigroup of A([),
it follows that K'er¢ cannot be a neutrosophic ideal of A.

4 Conclusion

In this paper, we have studied subtraction algebra and subtraction semigroup in the neutrosophic environment.
Their basic properties have been extended and established in the neutrosophic environment. We hope to study
and establish more advanced properties of subtraction algebra and subtractions semigroup in the neutrosophic
environment in our future papers.
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