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ABSTRACT

In this paper, we introduce the notion of orthogonal semiderivations on I'-semirings. Some characterizations of
semiprime ["-semirings are obtained by means of orthogonal semiderivations, and necessary and sufficient conditions
for two semiderivations to be orthogonal are established.
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1. INTRODUCTION

The notion of a I'-ring was introduced by Nobusawa [1] as
a generalization of a ring in 1964. Sen [2] introduced the
notion of a I'-semigroup in 1981. The notion of a ternary
algebraic system was introduced by Lehmer [3], and Lister [4]
introduced ternary rings. Dutta and Kar [5] introduced the
notion of a ternary semiring, which is a generalization of a
ternary ring and a semiring. In 1995, Murali Krishna Rao [6,
7] introduced the notion of a I'-semiring, which generalizes
I'-rings, rings, ternary semirings, and semirings.

Bergen [8] introduced the notion of semiderivations in prime
rings in 1983. Bresar and Vukman [9] introduced the notion
of reverse derivations in rings in 1989. BreSar [10] obtained
results concerning orthogonal derivations in semiprime rings
that are related to the well-known theorem of Posner [11] on
the product of two derivations in prime rings. Chang [12]
studied semiderivations of prime rings and obtained results on
derivations of prime rings into semiderivations. Chuang [13]
studied the structure of semiderivations in prime rings and
obtained several notable results. Firat [14] generalized re-
sults on prime rings with derivations to prime rings with
semiderivations.

Ali and Khan [15] obtained results on orthogonal (o, T)-
derivations on semiprime gamma rings. Hamil [16] studied
orthogonal generalized derivations on I'-semirings. Rasheed

et al. [17] studied generalized (o, )-derivations on prime
semirings. Several authors have also addressed related topics
[18, 19]. Dey, Paul, and Rakhimov [20] studied semiprime
gamma rings with orthogonal reverse derivations. Sindhu,
Murugesan, and Namasivayam [21] studied semiprime semir-
ings with orthogonal semiderivations. Venkateswarlu, Murali
Krishna Rao, and Adinarayana [22] studied I'-semirings with
orthogonal derivations.

Motivated by the above work, this paper extends these results
to semiprime I'-semirings. The notion of orthogonality of
two semiderivations is given, and conditions under which two
semiderivations are orthogonal are provided. We also obtain
some characterizations of semiprime I'-semirings with or-
thogonal semiderivations. Throughout this paper, M denotes
a 2-torsion-free semiprime I'-semiring.

2. PRELIMINARIES

In this section, we recall some important definitions that are
necessary for this paper.

Definition 2.1. A set M, together with two associative binary
operations called addition and multiplication (denoted by +
and -, respectively), is called a semiring provided that:

(i) addition is a commutative operation;

(i1) multiplication distributes over addition both from the
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left and from the right; and
(iii) there exists 0 € M such that

x+0=x, x-0=0-x=0

forall x € M.

Definition 2.2. Let (M,+) and (T',+) be commutative semi-
groups. Then M is called a I'-semiring if there exists a map-

ping

MxTXM— M, (x,0,y) — xay,

satisfying the following axioms for all x,y,z € M and a, 8 €
I
(i) xo(y+z) =xay+xoz;
(i) (x+y)az=xaz+yoz;
(iii) x(a+B)y =xay+xBy;
(iv) xa(yBz) = (xory)Bz.

Every semiring M is a I'-semiring with I' = M and ternary
operation xyy given by the usual semiring multiplication.

Definition 2.3. A I'-semiring M is called prime if
al’'MT'b = (0)

implies a = 0 or b =0, where a,b € M.

Definition 2.4. A I'-semiring M is called semiprime if
al’'MTa = (0)

implies a = 0, where a € M.

Definition 2.5. Let M be a I'-semiring. Then M is called
2-torsion-free if 2a = 0 implies a = 0 for every a € M.

Definition 2.6. Let (M,I') be a gamma semiring. An additive
mapping f: M — M is called a I"-semiderivation associated
with a function g: M — M if, forallx,y e M and a €T,

flxay) = f(x)ag(y) +xaf(y)
= f(x)ay +g(x)af(y),

and
f(g(x)) = g(f(x)).

If g =1, that is, the identity mapping on M, then all I'-
semiderivations associated with g are ordinary I"-derivations.
If g is an endomorphism of M, then other examples of
semiderivations are of the form

fx) =x—g(x).

3. ORTHOGONAL SEMIDERIVATIONS OF I~
SEMIRINGS

Definition 3.1. Let M be a I'-semiring. Let f; and f, be two
semiderivations of M associated with functions g{: M — M
and go: M — M, respectively. Then f; and f, are said to be
orthogonal if

HiTMT f2(y) = 0 = fa(y)TMT fi (x)

forall x,y e M.

Example 3.2. Let M| be a I'j-semiring and M, be a I'>-
semiring. Consider

M:M]XM27 F:leFZ.

Define addition and multiplication on M and I" by

(my,ma) + (m3,ma) = (my +m3,my+my),
(o, 00)+ (03, 04) = (a1 + 03,00+ 04),
(my,mp) (00, 0)(m3,myg) = (myoymz, myOmy),

for every (my,mz),(m3,ms) € M and (o1, 02), (03, 04) €T

Under these operations, M is a I-semiring. Let &;: M| —
M, be an additive map and let &: M; — M, be a left
and right M;-module map that is not a derivation. Define
f1,81,/2,82: M — M by

filx,x2) = (0,82(x2)),
falx1,x2) = (62(x1),0),

g1(x1,x2) = (61(x1),0),
g2(x1,x2) = (0,61 (x2)).
Then f; and f> are semiderivations of M (with their associated

mappings) that are not derivations. It is also clear that f; and
f> are orthogonal semiderivations of M.

4. RESULTS

Theorem 4.1. Let M be a semiprime I'-semiring and a € M.
If M admits a semiderivation f of M into M, associated with
a function g: M — M, such that

aaf(x)=0 or f(x)aa=0
forallxe Mand ¢ €T, thena=0or f =0.
Proof. By the hypothesis,
aaf(b)=0 forallbeM, aeT. (D
Replace b by bf3c, where c € M and B €T, in (1). Then
aof(bBc)=0 forallb,ceM, o, €T
Since f is a semiderivation of M, we get
aaf(b)Bg(c) +aabBf(c) = 0.
Using (1), this yields
aobBf(c)=0 forallb,ceM, o, €T

Thus,
alMTf(c) =0 forallc e M.

By primeness, either « = 0 or f = 0. The case f(x)aa =0is
proved similarly. d

Theorem 4.2. Let a and b be two elements of a 2-torsion-
free semiprime I'-semiring M. The following conditions are
equivalent:

(1) aI'xI'b = 0;
(i1) bI'xl'a=0;
(iii) al'xI'b+bI'xT'a =0 for all x € M.
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If one of these conditions is fulfilled, then al'b = bI'a = 0.

Proof. Let a and b be two elements of the 2-torsion-free
semiprime I'-semiring M.

(i) = (ii). Assume al'xI'b = 0 for all x € M. Pre- and post-
multiplying by bI'xI" and I'xI'a, respectively, gives

(bI'xLTa)IxI'(bI'xa) = 0.

Since M is semiprime, bI'xI'a = 0 for all x € M.

(ii) = (i). Suppose bI'xI'a = 0 for all x € M. Pre- and post-
multiplying by al'xI" and I'xI'b, respectively, gives

(aI'xI'b)I'MT (aI'xI'b) = 0.

Since M is semiprime, al xI'b = 0 for all x € M.

(ii) = (iii). If bI'xI'a = 0, then the preceding implication
gives al'xI'b = 0. Therefore,

al'xI'b+ bI'xI'a = 0.
(iii) = (i). Suppose
al'xI'b+bI'x'a=0 forallx € M. €Y

Pre-multiplying by bI'xI" and then by al'xI" gives

(aI'xI'b)Ial"(al'xI'b) )
+ (alxIb)[xI(bT'xTa) = 0.
Post-multiplying (1) by I'xI'a and then by I'xI'b gives
(aI'xI'b)IxI'(al'xI'b) 3)

+ (bI'xTa)[xI (al'xI'b) = 0.
Adding (2) and (3), and then using (1), we obtain
2(al'xI'b)ITxI"(al'xI'b) = 0.

Since M is 2-torsion-free and semiprime, al'xI'b = 0 for all
xXeM.

Finally, pre- and post-multiplying al'xI'b = 0 by bI" and I'a,
respectively, gives

bl'al'xI'bI'a = 0.

Semiprimeness implies bI'a = 0. Similarly, the reverse rela-
tion gives al'b = 0. (|

Theorem 4.3. Let M be a 2-torsion-free semiprime I'-
semiring. If additive mappings f; and f, of M into itself
satisfy

Si(x)TMT f>(x) =0

for all x € M, then

Jix)TML fo(y) =0
for all x,y € M.
Proof. By the hypothesis,

Ff1()ImIfo(x) =0 forall x,m € M. (1)

Replacing x by x4y in (1), we get
Sfilx+y)I'mI'f, (x+y) =0.

Since M is a I'-semiring, (1) gives

f)ImLf2(y) + fi(0)TmI fa(x) = 0.

Pre-multiplying by f; (x)I'mI f>(y)['sT', where s € M, yields

0 = [fi (x)TmL f2(y)]TsTf1 (x)TmI f2(y)]
+ fi()ImI[f2(»)TsTfi (y)]TmI f2(x).

Using (1) and Theorem 4.2, we obtain

[f1(x)TmI f2(y)]TsTLf1 (x)TmI fa(y)] = 0.

The semiprimeness of M therefore gives fi(x)I'mIl' f>(y) =
0. O

Theorem 4.4. Let M be a 2-torsion-free semiprime I'-
semiring, and let f; and f> be semiderivations of M into
M associated with functions g;,g2: M — M, respectively.
Then f| and f> are orthogonal if and only if

fx)oafa(y)+ (x)afi(y) =0

forallx,yeMand @ €T.
Proof. First assume

fHxaf,(y)+o(x)afi(y) =0 forallx,yeM, acT.
(1)
Replace y by yPx, where f € I'. Since f; and f, are
semiderivations,

0= fi(x)o(f2(y)Bga(x) +yB fa(x))
+ fo(x)a(fi(y)Bgi(x) +yBfi(x)).

Since g| and g, are surjective, this becomes

0= filx)ofa(y) + fi(x)oyBfa(x)
+ ) afi(y)+ fa(x)ayB fi(x).

Using (1), we get
2f1(x)IMT f2(x) = 0.

As M is 2-torsion-free, fi(x)I'MTI f2(x) = 0. By Theo-
rems 4.3 and 4.2,

Ji)TMT f2(y) = 0 = fo(y)TMT fi (),

so f1 and f, are orthogonal.

Conversely, assume that f; and f> are orthogonal. Then

fi)TmLfa(y) = 0= f1(y)I'mL fa(x)

for all x,y,m € M. By Theorem 4.2,

[T ARY) =0= )T f(),
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and hence

f1T L)+ L& fi(y) =0.
O

Theorem 4.5. Let M be a 2-torsion-free semiprime I'-
semiring, and let f; and f, be semiderivations of M into
M associated with functions gy,g>: M — M, respectively.
Then f) and f> are orthogonal if and only if

fi2=0=ff.
Proof. Suppose that f and f, are orthogonal. Then
fix)TmLf(y) =0 forall x,y,m e M. (1)
Applying fi to (1), we have
0= fi(filx)oamBfa(y)).
Since f] is a semiderivation,

0= fi(fi(x))agi(m)Bgi(f2(y))

+ fi@)efi(m)Be (20)
+ filx)amB fi(f2(y))-

The surjectivity of g and the orthogonality of f; and f, yield

fikx)amB fi(f2(y)) = 0. 2

Replacing x by f2(y) in (2), we get
L1 (2()TMT fi(f2(y)) = 0.

By semiprimeness, f1f2(y) =0 forall y € M. Thus f;f, =0.
Similarly, f>f1 = 0.

Conversely, assume f] f, = 0. Then

0= fi(fr(xay)).

Using the semiderivation identities for f> and then f| gives

0= fi(f2(x)agi(g2(y)) + f2(x) o fi(g2(y))
+ fix)ogi (L) +xafi(f(y))-

Since g1 and g; are surjective and fi f> = 0, we obtain

Lxafily)+ filx)af(y) =0.
Theorem 4.4 now shows that f; and f, are orthogonal. [

Theorem 4.6. Let M be a 2-torsion-free semiprime I'-
semiring, and let f; and f, be semiderivations of M into
M associated with functions gy,g2: M — M, respectively.
Then f| and f, are orthogonal if and only if

N+ fafi=0.
Proof. First suppose that f1 f> + f>f1 = 0. Then

0= (fifa+ foft)(xay) = fifa(xay) + fofi(xey).

Expanding by the semiderivation identities gives

0= fi(f2(x))agi(g2(y)) + f2a(x) e fi(g2(y))
+fix)agi (L) +xafi(H()
+ £2(fi(x)aga(g1(y) + fi(x)afa(g1(y))
+ L@ ag(fi(y) Fxafa(fi(y)).

Using the surjectivity of g; and g, together with the hypothe-
sis, we obtain

2(fik)af(v) + f(x)efi(y) =0.

Theorems 4.4 and the 2-torsion-free assumption imply that
f1 and f> are orthogonal.

Conversely, if f] and f, are orthogonal, Theorem 4.5 gives
fifa =0= f2f1, and hence fi f2 + fof1 = 0. O

Theorem 4.7. Let M be a 2-torsion-free semiprime I'-
semiring, and let f; and f, be semiderivations of M into
M associated with functions g1,g>: M — M, respectively.
Then f) and f, are orthogonal if and only if fif> or fof] isa
semiderivation associated with the function g;g>: M — M.

Proof. Suppose that f; and f, are orthogonal. By Theo-
rem 4.6,

fifa+f21=0. (1)
Also, Theorem 4.5 gives
0= fifa(xay).

Expanding the left-hand side,

0= fi(fa(x))agi(g2(y)) + fa(x)afi(g2(y))
+ filx)agi () +xofi(f(y))

Since g1 and g; are surjective, Theorem 4.4 gives

0= fifa(x)agig2(y) +xofifo(y).

Moreover,

g182(fif2(x) = fifa(x) = fifa(g182(x))-

Hence f) f> is a semiderivation associated with g1g>: M —
M.

Conversely, assume that f] f> is a semiderivation associated
with g1g2. Then

fifa(xay) = fifa(x)ogi1g2(y) +xafifa(y)- (2)

On the other hand,

fifa(xay) = fifa(x)agiga(y) + fa(x)efi(y)
+ filx)ofa(y) +xafifa(y). 3)

Comparing (2) and (3), we get
fx)afi(y)+ filx)af(y) =0.

By Theorem 4.4, f; and f, are orthogonal. The proof when
f>f1 is a semiderivation is similar. O
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Theorem 4.8. Let M be a 2-torsion-free semiprime I'-
semiring, and let f] and f> be semiderivations of M into M
associated with functions g1,g>: M — M, respectively. Then
f1 and f; are orthogonal if and only if there exist a,b € M
such that

fifo(x) = aax+xab

forallxeMand ax €T.

Proof. Suppose that f| and f, are orthogonal. By Theo-
rem 4.5, f1f» = 0. Choosing a = b =0, we get

fifa(x) = aox+xob.

Conversely, let a,b € M and assume
fifo(x) =aax+xab forallxe M, a €T. (1)
Replacing x by xBy gives

Sifa(xBy) = aaxBy+xByab.

Using the semiderivation identities and the surjectivity of g;
and g, we obtain

ff2(x)By+ fa(x)Bfi(y) + fi(x)Bf2(y)
+xBfif2(y) = aaxBy +xByob.

Substituting (1) and comparing both sides yields

xabBy+ f2(x)Bfi(y) + f1(x)BLa(y)

+xBaocy=0. @

Replace y by yyx in (2). Expanding by the semiderivation
identities and using the surjectivity of g; and g,, we get

0 = xabByyx+xBaocyyx
+ LB A Yx+ f2(x)Byyfi(x)
+i(X)BLG)yx+ fi(x)Byyfalx).

Using (2), this reduces to
L x)Byyfi(x) + f1(x)Byyfa(x) = 0.
By Theorems 4.2 and 4.3,
FH)ITMT fi(x) =0 = fi (x)TMT fa(x).
Hence f; and f; are orthogonal. (|

Theorem 4.9. Let M be a 2-torsion-free semiprime I'-
semiring, and let f; and f, be semiderivations of M into
M associated with functions gy,g2: M — M, respectively.
Suppose that f f> is also a semiderivation associated with
g182: M — M. Then either f; =0 or f, =0.

Proof. Since f1 f> is a semiderivation,

fifa(xay) = fifa(x)ogi1g2(y) +xafifa(y). )

Expanding the same expression by first applying f> and then

f1, and using the surjectivity of g; and g;, gives

fifa(xay) = fifa(x)ogiga(y) + fa(x)afi(y)

2
FhWahh)tefife).

Comparing (1) and (2), we get
Lxafi(y)+filx)ofa(y) =0. 3)

Replace x by xf3 f1(z). Expanding with the semiderivation
identities, then using (3) and the surjectivity of g; and g»,
gives

HWBfiR)af()+AE)BARefi(y)=0. @)
Replacing x by z in (3), we have
fi@)afa(y) = —fr2)afi(y). Q)
Using (5) in (4), we obtain
((x)Bfi(z) = fi(x)Bf2(2)) afi(y) = 0.

By Theorem 4.1, either fi(y) =0 or

Lx)Bfi(z) = fi(x)Bfa(z) =0. (6)
Equation (3), with y = z and a = 3, gives
Lx)Bfi(z) +fi(x)Bf2(z) = 0. @)

Adding (6) and (7), we get

2/2(x)Bfi(z) =0.

Since M is 2-torsion-free,

f2(x)Bf1(z) =0.

Again by Theorem 4.1, f>(x) =0 or f(z) =0 for all x,z € M.
Hence fi =0or f, =0. O

Theorem 4.10. Let M be a 2-torsion-free semiprime I'-
semiring, and let f be a semiderivation of M into M associ-
ated with a function g: M — M. If £? is also a semiderivation
associated with g>: M — M, then f = 0.

Proof. Suppose that f2 is a semiderivation of the 2-torsion-
free semiprime I'-semiring M. For x,y € M and o € T,

A xay) = f(f(xay)).

Since f and f? are semiderivations of M,

L) ag?(y) +xafi(y) = f2(x)ag(g(y) + f(x)af(g(y))
+ f(X)og(f () +xaf>(y).

As g is surjective,
2f(x)af(y)=0.
Since M is 2-torsion-free,

Ffxaf(y)=0 forallx,yeM, acl. (1)
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Replace x by xfz in (1). The semiderivation identity gives
[f(x)Bg(z) +xBf(2)]eef (y) = 0.
Using (1), we get
F(X)Bzaf(y) =0 forallx,y,zeM, a,Bel. (2)
Replacing y by x+y in (2), and using additivity, yields
f(x)Bzaf(x) + f(x)Bzaf(y) = 0.
Using (2) once more,
F(x)TMT f(x) =0.

Since M is semiprime, f(x) =0 for all x € M. Hence f =
0. (|
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