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ABSTRACT

In this paper, we introduce the notion of orthogonal semiderivations on Γ-semirings. Some characterizations of
semiprime Γ-semirings are obtained by means of orthogonal semiderivations, and necessary and sufficient conditions
for two semiderivations to be orthogonal are established.
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1. INTRODUCTION

The notion of a Γ-ring was introduced by Nobusawa [1] as
a generalization of a ring in 1964. Sen [2] introduced the
notion of a Γ-semigroup in 1981. The notion of a ternary
algebraic system was introduced by Lehmer [3], and Lister [4]
introduced ternary rings. Dutta and Kar [5] introduced the
notion of a ternary semiring, which is a generalization of a
ternary ring and a semiring. In 1995, Murali Krishna Rao [6,
7] introduced the notion of a Γ-semiring, which generalizes
Γ-rings, rings, ternary semirings, and semirings.

Bergen [8] introduced the notion of semiderivations in prime
rings in 1983. Brešar and Vukman [9] introduced the notion
of reverse derivations in rings in 1989. Brešar [10] obtained
results concerning orthogonal derivations in semiprime rings
that are related to the well-known theorem of Posner [11] on
the product of two derivations in prime rings. Chang [12]
studied semiderivations of prime rings and obtained results on
derivations of prime rings into semiderivations. Chuang [13]
studied the structure of semiderivations in prime rings and
obtained several notable results. Firat [14] generalized re-
sults on prime rings with derivations to prime rings with
semiderivations.

Ali and Khan [15] obtained results on orthogonal (σ ,τ)-
derivations on semiprime gamma rings. Hamil [16] studied
orthogonal generalized derivations on Γ-semirings. Rasheed

et al. [17] studied generalized (α,β )-derivations on prime
semirings. Several authors have also addressed related topics
[18, 19]. Dey, Paul, and Rakhimov [20] studied semiprime
gamma rings with orthogonal reverse derivations. Sindhu,
Murugesan, and Namasivayam [21] studied semiprime semir-
ings with orthogonal semiderivations. Venkateswarlu, Murali
Krishna Rao, and Adinarayana [22] studied Γ-semirings with
orthogonal derivations.

Motivated by the above work, this paper extends these results
to semiprime Γ-semirings. The notion of orthogonality of
two semiderivations is given, and conditions under which two
semiderivations are orthogonal are provided. We also obtain
some characterizations of semiprime Γ-semirings with or-
thogonal semiderivations. Throughout this paper, M denotes
a 2-torsion-free semiprime Γ-semiring.

2. PRELIMINARIES

In this section, we recall some important definitions that are
necessary for this paper.

Definition 2.1. A set M, together with two associative binary
operations called addition and multiplication (denoted by +
and ·, respectively), is called a semiring provided that:

(i) addition is a commutative operation;

(ii) multiplication distributes over addition both from the
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left and from the right; and

(iii) there exists 0 ∈ M such that

x+0 = x, x ·0 = 0 · x = 0

for all x ∈ M.

Definition 2.2. Let (M,+) and (Γ,+) be commutative semi-
groups. Then M is called a Γ-semiring if there exists a map-
ping

M×Γ×M −→ M, (x,α,y) 7−→ xαy,

satisfying the following axioms for all x,y,z ∈ M and α,β ∈
Γ:

(i) xα(y+ z) = xαy+ xαz;

(ii) (x+ y)αz = xαz+ yαz;

(iii) x(α +β )y = xαy+ xβy;

(iv) xα(yβ z) = (xαy)β z.

Every semiring M is a Γ-semiring with Γ = M and ternary
operation xγy given by the usual semiring multiplication.

Definition 2.3. A Γ-semiring M is called prime if

aΓMΓb = (0)

implies a = 0 or b = 0, where a,b ∈ M.

Definition 2.4. A Γ-semiring M is called semiprime if

aΓMΓa = (0)

implies a = 0, where a ∈ M.

Definition 2.5. Let M be a Γ-semiring. Then M is called
2-torsion-free if 2a = 0 implies a = 0 for every a ∈ M.

Definition 2.6. Let (M,Γ) be a gamma semiring. An additive
mapping f : M → M is called a Γ-semiderivation associated
with a function g : M → M if, for all x,y ∈ M and α ∈ Γ,

f (xαy) = f (x)αg(y)+ xα f (y)

= f (x)αy+g(x)α f (y),

and
f (g(x)) = g( f (x)).

If g = 1, that is, the identity mapping on M, then all Γ-
semiderivations associated with g are ordinary Γ-derivations.
If g is an endomorphism of M, then other examples of
semiderivations are of the form

f (x) = x−g(x).

3. ORTHOGONAL SEMIDERIVATIONS OF Γ-
SEMIRINGS

Definition 3.1. Let M be a Γ-semiring. Let f1 and f2 be two
semiderivations of M associated with functions g1 : M → M
and g2 : M → M, respectively. Then f1 and f2 are said to be
orthogonal if

f1(x)ΓMΓ f2(y) = 0 = f2(y)ΓMΓ f1(x)

for all x,y ∈ M.

Example 3.2. Let M1 be a Γ1-semiring and M2 be a Γ2-
semiring. Consider

M = M1 ×M2, Γ = Γ1 ×Γ2.

Define addition and multiplication on M and Γ by

(m1,m2)+(m3,m4) = (m1 +m3,m2 +m4),

(α1,α2)+(α3,α4) = (α1 +α3,α2 +α4),

(m1,m2)(α1,α2)(m3,m4) = (m1α1m3,m2α2m4),

for every (m1,m2),(m3,m4) ∈ M and (α1,α2),(α3,α4) ∈ Γ.

Under these operations, M is a Γ-semiring. Let δ1 : M1 →
M1 be an additive map and let δ2 : M1 → M1 be a left
and right M1-module map that is not a derivation. Define
f1,g1, f2,g2 : M → M by

f1(x1,x2) = (0,δ2(x2)), g1(x1,x2) = (δ1(x1),0),

f2(x1,x2) = (δ2(x1),0), g2(x1,x2) = (0,δ1(x2)).

Then f1 and f2 are semiderivations of M (with their associated
mappings) that are not derivations. It is also clear that f1 and
f2 are orthogonal semiderivations of M.

4. RESULTS

Theorem 4.1. Let M be a semiprime Γ-semiring and a ∈ M.
If M admits a semiderivation f of M into M, associated with
a function g : M → M, such that

aα f (x) = 0 or f (x)αa = 0

for all x ∈ M and α ∈ Γ, then a = 0 or f = 0.

Proof. By the hypothesis,

aα f (b) = 0 for all b ∈ M, α ∈ Γ. (1)

Replace b by bβc, where c ∈ M and β ∈ Γ, in (1). Then

aα f (bβc) = 0 for all b,c ∈ M, α,β ∈ Γ.

Since f is a semiderivation of M, we get

aα f (b)βg(c)+aαbβ f (c) = 0.

Using (1), this yields

aαbβ f (c) = 0 for all b,c ∈ M, α,β ∈ Γ.

Thus,
aΓMΓ f (c) = 0 for all c ∈ M.

By primeness, either a = 0 or f = 0. The case f (x)αa = 0 is
proved similarly. □

Theorem 4.2. Let a and b be two elements of a 2-torsion-
free semiprime Γ-semiring M. The following conditions are
equivalent:

(i) aΓxΓb = 0;

(ii) bΓxΓa = 0;

(iii) aΓxΓb+bΓxΓa = 0 for all x ∈ M.
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If one of these conditions is fulfilled, then aΓb = bΓa = 0.

Proof. Let a and b be two elements of the 2-torsion-free
semiprime Γ-semiring M.

(i) ⇒ (ii). Assume aΓxΓb = 0 for all x ∈ M. Pre- and post-
multiplying by bΓxΓ and ΓxΓa, respectively, gives

(bΓxΓa)ΓxΓ(bΓxΓa) = 0.

Since M is semiprime, bΓxΓa = 0 for all x ∈ M.

(ii) ⇒ (i). Suppose bΓxΓa = 0 for all x ∈ M. Pre- and post-
multiplying by aΓxΓ and ΓxΓb, respectively, gives

(aΓxΓb)ΓMΓ(aΓxΓb) = 0.

Since M is semiprime, aΓxΓb = 0 for all x ∈ M.

(ii) ⇒ (iii). If bΓxΓa = 0, then the preceding implication
gives aΓxΓb = 0. Therefore,

aΓxΓb+bΓxΓa = 0.

(iii) ⇒ (i). Suppose

aΓxΓb+bΓxΓa = 0 for all x ∈ M. (1)

Pre-multiplying by bΓxΓ and then by aΓxΓ gives

(aΓxΓb)ΓxΓ(aΓxΓb)

+(aΓxΓb)ΓxΓ(bΓxΓa) = 0.
(2)

Post-multiplying (1) by ΓxΓa and then by ΓxΓb gives

(aΓxΓb)ΓxΓ(aΓxΓb)

+(bΓxΓa)ΓxΓ(aΓxΓb) = 0.
(3)

Adding (2) and (3), and then using (1), we obtain

2(aΓxΓb)ΓxΓ(aΓxΓb) = 0.

Since M is 2-torsion-free and semiprime, aΓxΓb = 0 for all
x ∈ M.

Finally, pre- and post-multiplying aΓxΓb = 0 by bΓ and Γa,
respectively, gives

bΓaΓxΓbΓa = 0.

Semiprimeness implies bΓa = 0. Similarly, the reverse rela-
tion gives aΓb = 0. □

Theorem 4.3. Let M be a 2-torsion-free semiprime Γ-
semiring. If additive mappings f1 and f2 of M into itself
satisfy

f1(x)ΓMΓ f2(x) = 0

for all x ∈ M, then

f1(x)ΓMΓ f2(y) = 0

for all x,y ∈ M.

Proof. By the hypothesis,

f1(x)ΓmΓ f2(x) = 0 for all x,m ∈ M. (1)

Replacing x by x+ y in (1), we get

f1(x+ y)ΓmΓ f2(x+ y) = 0.

Since M is a Γ-semiring, (1) gives

f1(x)ΓmΓ f2(y)+ f1(y)ΓmΓ f2(x) = 0.

Pre-multiplying by f1(x)ΓmΓ f2(y)ΓsΓ, where s ∈ M, yields

0 = [ f1(x)ΓmΓ f2(y)]ΓsΓ[ f1(x)ΓmΓ f2(y)]

+ f1(x)ΓmΓ[ f2(y)ΓsΓ f1(y)]ΓmΓ f2(x).

Using (1) and Theorem 4.2, we obtain

[ f1(x)ΓmΓ f2(y)]ΓsΓ[ f1(x)ΓmΓ f2(y)] = 0.

The semiprimeness of M therefore gives f1(x)ΓmΓ f2(y) =
0. □

Theorem 4.4. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f1 and f2 be semiderivations of M into
M associated with functions g1,g2 : M → M, respectively.
Then f1 and f2 are orthogonal if and only if

f1(x)α f2(y)+ f2(x)α f1(y) = 0

for all x,y ∈ M and α ∈ Γ.

Proof. First assume

f1(x)α f2(y)+ f2(x)α f1(y) = 0 for all x,y ∈ M, α ∈ Γ.
(1)

Replace y by yβx, where β ∈ Γ. Since f1 and f2 are
semiderivations,

0 = f1(x)α
(

f2(y)βg2(x)+ yβ f2(x)
)

+ f2(x)α
(

f1(y)βg1(x)+ yβ f1(x)
)
.

Since g1 and g2 are surjective, this becomes

0 = f1(x)α f2(y)+ f1(x)αyβ f2(x)

+ f2(x)α f1(y)+ f2(x)αyβ f1(x).

Using (1), we get

2 f1(x)ΓMΓ f2(x) = 0.

As M is 2-torsion-free, f1(x)ΓMΓ f2(x) = 0. By Theo-
rems 4.3 and 4.2,

f1(x)ΓMΓ f2(y) = 0 = f2(y)ΓMΓ f1(x),

so f1 and f2 are orthogonal.

Conversely, assume that f1 and f2 are orthogonal. Then

f1(x)ΓmΓ f2(y) = 0 = f1(y)ΓmΓ f2(x)

for all x,y,m ∈ M. By Theorem 4.2,

f1(x)Γ f2(y) = 0 = f2(x)Γ f1(y),
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and hence

f1(x)Γ f2(y)+ f2(x)Γ f1(y) = 0.

□

Theorem 4.5. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f1 and f2 be semiderivations of M into
M associated with functions g1,g2 : M → M, respectively.
Then f1 and f2 are orthogonal if and only if

f1 f2 = 0 = f2 f1.

Proof. Suppose that f1 and f2 are orthogonal. Then

f1(x)ΓmΓ f2(y) = 0 for all x,y,m ∈ M. (1)

Applying f1 to (1), we have

0 = f1
(

f1(x)αmβ f2(y)
)
.

Since f1 is a semiderivation,

0 = f1( f1(x))αg1(m)βg1( f2(y))

+ f1(x)α f1(m)βg1( f2(y))

+ f1(x)αmβ f1( f2(y)).

The surjectivity of g1 and the orthogonality of f1 and f2 yield

f1(x)αmβ f1( f2(y)) = 0. (2)

Replacing x by f2(y) in (2), we get

f1( f2(y))ΓMΓ f1( f2(y)) = 0.

By semiprimeness, f1 f2(y) = 0 for all y ∈ M. Thus f1 f2 = 0.
Similarly, f2 f1 = 0.

Conversely, assume f1 f2 = 0. Then

0 = f1( f2(xαy)).

Using the semiderivation identities for f2 and then f1 gives

0 = f1( f2(x))αg1(g2(y))+ f2(x)α f1(g2(y))

+ f1(x)αg1( f2(y))+ xα f1( f2(y)).

Since g1 and g2 are surjective and f1 f2 = 0, we obtain

f2(x)α f1(y)+ f1(x)α f2(y) = 0.

Theorem 4.4 now shows that f1 and f2 are orthogonal. □

Theorem 4.6. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f1 and f2 be semiderivations of M into
M associated with functions g1,g2 : M → M, respectively.
Then f1 and f2 are orthogonal if and only if

f1 f2 + f2 f1 = 0.

Proof. First suppose that f1 f2 + f2 f1 = 0. Then

0 = ( f1 f2 + f2 f1)(xαy) = f1 f2(xαy)+ f2 f1(xαy).

Expanding by the semiderivation identities gives

0 = f1( f2(x))αg1(g2(y))+ f2(x)α f1(g2(y))

+ f1(x)αg1( f2(y))+ xα f1( f2(y))

+ f2( f1(x))αg2(g1(y))+ f1(x)α f2(g1(y))

+ f2(x)αg2( f1(y))+ xα f2( f1(y)).

Using the surjectivity of g1 and g2 together with the hypothe-
sis, we obtain

2
(

f1(x)α f2(y)+ f2(x)α f1(y)
)
= 0.

Theorems 4.4 and the 2-torsion-free assumption imply that
f1 and f2 are orthogonal.

Conversely, if f1 and f2 are orthogonal, Theorem 4.5 gives
f1 f2 = 0 = f2 f1, and hence f1 f2 + f2 f1 = 0. □

Theorem 4.7. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f1 and f2 be semiderivations of M into
M associated with functions g1,g2 : M → M, respectively.
Then f1 and f2 are orthogonal if and only if f1 f2 or f2 f1 is a
semiderivation associated with the function g1g2 : M → M.

Proof. Suppose that f1 and f2 are orthogonal. By Theo-
rem 4.6,

f1 f2 + f2 f1 = 0. (1)

Also, Theorem 4.5 gives

0 = f1 f2(xαy).

Expanding the left-hand side,

0 = f1( f2(x))αg1(g2(y))+ f2(x)α f1(g2(y))

+ f1(x)αg1( f2(y))+ xα f1( f2(y)).

Since g1 and g2 are surjective, Theorem 4.4 gives

0 = f1 f2(x)αg1g2(y)+ xα f1 f2(y).

Moreover,

g1g2( f1 f2(x)) = f1 f2(x) = f1 f2(g1g2(x)).

Hence f1 f2 is a semiderivation associated with g1g2 : M →
M.

Conversely, assume that f1 f2 is a semiderivation associated
with g1g2. Then

f1 f2(xαy) = f1 f2(x)αg1g2(y)+ xα f1 f2(y). (2)

On the other hand,

f1 f2(xαy) = f1 f2(x)αg1g2(y)+ f2(x)α f1(y)

+ f1(x)α f2(y)+ xα f1 f2(y). (3)

Comparing (2) and (3), we get

f2(x)α f1(y)+ f1(x)α f2(y) = 0.

By Theorem 4.4, f1 and f2 are orthogonal. The proof when
f2 f1 is a semiderivation is similar. □
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Theorem 4.8. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f1 and f2 be semiderivations of M into M
associated with functions g1,g2 : M → M, respectively. Then
f1 and f2 are orthogonal if and only if there exist a,b ∈ M
such that

f1 f2(x) = aαx+ xαb

for all x ∈ M and α ∈ Γ.

Proof. Suppose that f1 and f2 are orthogonal. By Theo-
rem 4.5, f1 f2 = 0. Choosing a = b = 0, we get

f1 f2(x) = aαx+ xαb.

Conversely, let a,b ∈ M and assume

f1 f2(x) = aαx+ xαb for all x ∈ M, α ∈ Γ. (1)

Replacing x by xβy gives

f1 f2(xβy) = aαxβy+ xβyαb.

Using the semiderivation identities and the surjectivity of g1
and g2, we obtain

f1 f2(x)βy+ f2(x)β f1(y)+ f1(x)β f2(y)

+ xβ f1 f2(y) = aαxβy+ xβyαb.

Substituting (1) and comparing both sides yields

xαbβy+ f2(x)β f1(y)+ f1(x)β f2(y)

+ xβaαy = 0.
(2)

Replace y by yγx in (2). Expanding by the semiderivation
identities and using the surjectivity of g1 and g2, we get

0 = xαbβyγx+ xβaαyγx

+ f2(x)β f1(y)γx+ f2(x)βyγ f1(x)

+ f1(x)β f2(y)γx+ f1(x)βyγ f2(x).

Using (2), this reduces to

f2(x)βyγ f1(x)+ f1(x)βyγ f2(x) = 0.

By Theorems 4.2 and 4.3,

f2(x)ΓMΓ f1(x) = 0 = f1(x)ΓMΓ f2(x).

Hence f1 and f2 are orthogonal. □

Theorem 4.9. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f1 and f2 be semiderivations of M into
M associated with functions g1,g2 : M → M, respectively.
Suppose that f1 f2 is also a semiderivation associated with
g1g2 : M → M. Then either f1 = 0 or f2 = 0.

Proof. Since f1 f2 is a semiderivation,

f1 f2(xαy) = f1 f2(x)αg1g2(y)+ xα f1 f2(y). (1)

Expanding the same expression by first applying f2 and then

f1, and using the surjectivity of g1 and g2, gives

f1 f2(xαy) = f1 f2(x)αg1g2(y)+ f2(x)α f1(y)

+ f1(x)α f2(y)+ xα f1 f2(y).
(2)

Comparing (1) and (2), we get

f2(x)α f1(y)+ f1(x)α f2(y) = 0. (3)

Replace x by xβ f1(z). Expanding with the semiderivation
identities, then using (3) and the surjectivity of g1 and g2,
gives

f1(x)β f1(z)α f2(y)+ f2(x)β f1(z)α f1(y) = 0. (4)

Replacing x by z in (3), we have

f1(z)α f2(y) =− f2(z)α f1(y). (5)

Using (5) in (4), we obtain(
f2(x)β f1(z)− f1(x)β f2(z)

)
α f1(y) = 0.

By Theorem 4.1, either f1(y) = 0 or

f2(x)β f1(z)− f1(x)β f2(z) = 0. (6)

Equation (3), with y = z and α = β , gives

f2(x)β f1(z)+ f1(x)β f2(z) = 0. (7)

Adding (6) and (7), we get

2 f2(x)β f1(z) = 0.

Since M is 2-torsion-free,

f2(x)β f1(z) = 0.

Again by Theorem 4.1, f2(x) = 0 or f1(z) = 0 for all x,z ∈ M.
Hence f1 = 0 or f2 = 0. □

Theorem 4.10. Let M be a 2-torsion-free semiprime Γ-
semiring, and let f be a semiderivation of M into M associ-
ated with a function g : M → M. If f 2 is also a semiderivation
associated with g2 : M → M, then f = 0.

Proof. Suppose that f 2 is a semiderivation of the 2-torsion-
free semiprime Γ-semiring M. For x,y ∈ M and α ∈ Γ,

f 2(xαy) = f ( f (xαy)).

Since f and f 2 are semiderivations of M,

f 2(x)αg2(y)+ xα f 2(y) = f 2(x)αg(g(y))+ f (x)α f (g(y))

+ f (x)αg( f (y))+ xα f 2(y).

As g is surjective,

2 f (x)α f (y) = 0.

Since M is 2-torsion-free,

f (x)α f (y) = 0 for all x,y ∈ M, α ∈ Γ. (1)

16



Pure Mathematics for Theoretical Computer Science (PMTCS) Vol. 04, No. 01 · 2024

Replace x by xβ z in (1). The semiderivation identity gives

[ f (x)βg(z)+ xβ f (z)]α f (y) = 0.

Using (1), we get

f (x)β zα f (y) = 0 for all x,y,z ∈ M, α,β ∈ Γ. (2)

Replacing y by x+ y in (2), and using additivity, yields

f (x)β zα f (x)+ f (x)β zα f (y) = 0.

Using (2) once more,

f (x)ΓMΓ f (x) = 0.

Since M is semiprime, f (x) = 0 for all x ∈ M. Hence f =
0. □

REFERENCES

[1] N. Nobusawa, “On a generalization of the ring theory,”
1964.

[2] M. K. Sen, “Proceedings of the international conference
on algebra and its applications,” 1981.

[3] D. H. Lehmer, “A ternary analogue of abelian groups,”
American Journal of Mathematics, vol. 54, pp. 329–338,
1932.

[4] W. G. Lister, “Ternary rings,” Transactions of the Amer-
ican Mathematical Society, vol. 154, pp. 37–55, 1971.

[5] T. K. Dutta and S. Kar, “On regular ternary semirings,”
Advances in Algebra: Proceedings of the ICM Satel-
lite Conference in Algebra and Related Topics (World
Scientific), pp. 343–355, 2003.

[6] M. M. K. Rao, “Γ-semirings—i,” Southeast Asian Bul-
letin of Mathematics, vol. 19, pp. 49–54, 1995.

[7] M. M. K. Rao, “Prime bi-interior ideals of Γ-
semirings,” Journal of Hyperstructures, doi:
10.22098/jhs.2023.2525, vol. 11, no. 1, pp. 20–
30, 2022.

[8] J. Bergen, “Derivations in prime rings,” Canadian Math-
ematical Bulletin, vol. 26, pp. 267–270, 1983.

[9] M. Brešar and J. Vukman, “On some additive mappings
in rings with involution,” Aequationes Mathematicae,
vol. 38, pp. 178–185, 1989.

[10] M. Brešar, “Orthogonal derivations and extension of
a theorem of posner,” Radovi Matematički, vol. 5, pp.
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