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Abstract

Polygroups are a generalized concept of groups and the concept of single valued neutrosophic set is a
generalization of the classical notion of a set. The objective of this paper is to combine the innovative concept of
single valued neutrosophic sets and polygroups. In this regard, we introduce the concepts of single valued
neutrosophic polygroups and anti- single valued neutrosophic polygroups. Moreover, we investigate their properties
and study the relation between level sets of single valued neutrosophic polygroups and (normal) subpolygroups.
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1. Introduction

Florentin Smarandache introduced Neutrosophic sets in 1998 [9], which is the generalization of the fuzzy sets
introduced by Lotfi Zadeh in 1965 [13]. Where the latter proposed fuzzy sets as mathematical model of vagueness
where elements belong to a given set to some degree that is typically a number that belongs to the unit interval [0,1].
Neutrosophy is a base of Neutrosophic logic which is an extension of fuzzy logic in which indeterminancy is
included. In Neutrosophic logic, each proposition is estimated to have the percentage of truth in a subset T,
percentage of indeterminancy in a subset I, and the percentage of falsity in a subset F. A single valued neutrosophic
set is an instance of neutrosophic set which can be used in real scientfic and engineering problems. Therefore, the
study of single valued neutrosophic sets and their properties have a considerable significance in the sense of
applications as well as in understanding the fundamentals of uncertainty.

Algebraic hyperstructures represent a natural generalization of classical algebraic structures and they were
introduced by Frederic Marty [8] in 1934 at the eighth Congress of Scandinavian Mathematicians. Where he
generalized the notion of a group to that of a hypergroup. In a group, the composition of two elements is an element
whereas in a hypergroup, the composition of two elements is a set. Hypergroups have been used in algebra,
geometry, convexity, automata theory, combinatorial problems of coloring, lattice theory, Boolean algebras, logic
etc., over the years. Comer [5] introduced a special class of hypergroups, using the name of polygroups. He
emphasized the importance of polygroups, by analyzing them in connections to graphs, relations, Boolean and
cylindric algebras.

The combination between both: fuzzy sets and algebraic hyperstructures, and between neutrosophic sets and
algebraic hyperstructures have attracted the attention of many researchers working in these domains and as a result,
new branches of research were invented, namely, fuzzy algebraic hyperstructures and neutrosophic algebraic
hyperstructures. For more details, we refer to the work done in [1-4, 11, 12].
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As a generalization of (anti-) fuzzy polygroups, this paper combines the notion of single valued neutrosophic set
with polygroups to get single valued neutrosophic polygroups and it is constructed as follows: After an Introduction,
in Section 2 and Section 3, we present some basic results about single valued neutrosophic sets and about (weak)
polygroups. In Section 4, we introduce the notion of single valued nuetrosophic (weak) polygroup and investigate its
properties. And finally in Section 5, we study the relation between level sets of single valued neutrosophic
polygroups and (normal) subpolygroups.

2. Single valued neutrosophic sets
In this section, we present some basic results about single valued neutrosophic sets.

Single valued neutrosophic sets are generalization of classical sets, fuzzy sets, intuitionistic fuzzy sets and
paraconsistent sets, etc.

Definition 2.1. [12] Let X be a space of points (objects), with a generic element in X denoted by x. A single valued
neutrosophic set (SVNS) 4 in X is characterized by truth-membership T, indeterminacy-membership function I,
and falsity-membership function F,. For each point x in X, T, (x), I4(x), F,(x) € [0,1].

Example 2.1. Assume that X = {x;,x,, x5}, x; is importance, x, is trustworthiness and x5 is availability. The
values of x,, x, and x5 are in [0,1]. They are obtained from the questionnaire about flu shot, their option could be a
degree of “good effect”, a degree of indeterminacy and a degree of “poor effect”. A is a single valued neutrosophic
set of X defined by A = (0.4,0.3,0.5)/x; + (0.1,0.6,0.3)/x, + (0.6,0.2,0.3)/x5. And B is a single valued
neutrosophic set of X defined by B = (0.5,0.2,0.4)/x; + (0.3,0.6,0.7)/x, + (0.5,0.4,0.5)/x5.

Definition 2.2. [12] The complement of a single valued neutrosophic set A is denoted by c(A) and is defined by
Teay(x) = Fp(x), Ieay(x) = 1 = 14(x), Foa)(x) = T4(x), for all x in X.

Example 2.2. Let A be the SVNS present in Example 2.1. Then
c(4) = (0.5,0.7,0.4)/x; + (0.3,0.4,0.1)/x, + (0.3,0.8,0.6)/x.

Definition 2.3. [12] Let A and B be single valued neutrosophic sets. Then

e A is contained in B, denoted as A € B, if and only of T,(x) < Tg(x), I,(x) < Iz(x), F4(x) = Fg(x) for
all x in X.

e Aand B are equal, written as A = B, if and only if A € Band B C A.

e The union of A and B is a single valued neutrosophic set C, written as C = A U B, whose truth-
membership, indeterminacy-membership and falsity-membership unctions are related to those of A and B
by T (x) = max (T,(x), Tg(x)), I-(x) = max (I,(x), [z(x)), and F;(x) = min (F,(x), Fg(x)) for all x in
X.

e The intersection of A and B is a single valued neutrosophic set C, writtenas C = A N B, whose truth-

membership, indeterminacy-membership and falsity-membership unctions are related to those of A and B
by T (x) = min (T4 (x), Tg (%)), I(x) = min (I,(x), [5(x)), and F.(x) = max (F,(x), Fg(x)) for all x in
X.

Example 2.3. Let A and B be the SVNS present in Example 2.1. Then
A NB = (0.4,0.2,0.5)/x; + (0.1,0.6,0.7)/x, + (0.5,0.2,0.5)/x; and
A UB = (0.5,0.3,04)/x; + (0.3,0.6,0.3)/x, + (0.6,0.4,0.3)/x;.

3. (Weak) Polygroups

In this section, we present some definitions and examples related to (weak) polygroups that are used throughout the
paper. For more details, we refer to [6, 7].

Let H be a non-empty set and P*(H) be the collection of all non-empty subsets of H. Ad define " = " as follows:
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x:Hx H - P*(H)
(xxy) > xxy

Then " * " is called a hyperoperation and (H,*) is called a hypergroupoid.

Definition 3.1.[5] Let (P,*) be a hypergroupoid. Then (P,*) is a polygroup if the following are satisfied for all a, b,
cinP.

(1) ax(bxc)=(axb)*c,

(2) Thereexistsein P withexa =ax*e =aforallainP,

(3) xEy*zimpliesy Ex*z landz € y~1 *x.

Weak polygroups are generalization of polygroups and they are defined in the same way as polygroups but instead
of (1) in Definition 3.1, we have a * (b * ¢) N(a * b) * ¢ # .

In a (weak) polygroup P, (x~1)~! = x for all x € P.

Remark 3.1. Every group is a (weak) polygroup.

We present examples on polygroups that are not groups.

Example 3.1. Let P; = {0, 1}. Then (Py,*) defined in Table 1 is a polygroup with 0 serving as an identity.

Table 1. The polygroup (P,,*)

* 0 1
0 0 1
1 1 P,

Example 3.2. [7] Let P, = {e, a, b, c}. Then (P,,.) defined in Table 2 is a polygroup with e serving as an identity.

Table 2. The polygroup (Py,.)

e a b c
e e a b c
a a e b c
b b b {e,a, c} {b, c}
c c c {b, c} {e,a, b}

Example 3.3. [7] Let P; = {e,a, b, c}. Then (P;,0) defined in Table 3 is a weak polygroup with e serving as an
identity. Moreover, it is not a polygroup.
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Table 3. The weak polygroup (P5,0)

© e a b c
e e a b c
a a {e,a} c b
b b c {e, b} a
c c b a {e,c}

Definition 3.2. [7] Let (P,*) be a polygroup. A subset S of P is subpolygroup of P if and only if (S,*) is a
polygroup.

Proposition 3.1. [7] Let (P,*) be a polygroup. A subset S of P is subpolygroup of P if and only x * y € S and
x 1 eSforallx,y€S.

Definition 3.3. [7] Let (P,*) be a polygroup. A subset subpolygroup S of P is a normal subpolygroup of P if
x 1« Pxx CPforall x € P.

Example 3.4. Let (P,,.) be the polygroup in Example 3.2. Then {e} and {e, a} are subpolygroups of P, that are not
normal.

4. Single valued neutrosophic (weak) polygroups, A construction

In this section, we define single valued neutrosophic polygroups and investigate its properties.

Definition 4.1. [6] Let (P,*) be a polygroup and A a fuzzy set over P with a fuzzy membership function u. Then A
is called a fuzzy polygroup over P if for all x,y € P, the following conditions are satisfied.

(1) u(z) = min {u(x),u(y)}forall z € x * y,

@) p(x™h) = pl).

Remark 4.1. [6] Intersection of fuzzy polygroups over P is a fuzzy polygroup.

Definition 4.2. Let (P,*) be a (weak) polygroup and A a SVNS over P. Then A is called a single valued
neutrosophic polygroup (SVNP) over P (single valued neutrosophic weak polygroup (SVNWP) over P) if for all
x,y € P, the following conditions are satisfied.
(1) Ty(z) = min {T,(x), T,(¥)}, 14(z) = min {I,(x), [,(y)}, and F4(z) < max {F4(x), F4(y)} for all z €
xX*Yy,
(2) Ta(x™) = Tu(x), [i(x™) = [y(x), and Fy(x™") < Fy(x).

Example 4.1. Let (P;,*) be the polygroup present in Example 3.1 and 4 = (0.4,0.5,0.5)/0 + (0.1,0.3,0.7)/1 is a
SVNP over P,.

Example 4.2. Let P; = {e, a, b, c} and (P;,0) be the weak polygroup defined in Example 3.3. Then
A =(0.4,0.5,0.5)/e + (0.1,0.3,0.7)/a + (0.1,0.25,0.9)/b + (0.1,0.25,0.9)/c is a SVNWP over P;.
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Remark 4.2. All the theorems and results in this paper that are valid for SVNP are also valid for SVNWP. So, we
restrict our results to SVNP.

Proposition 4.1. Let (P,*) be a polygroup and A a SVNP over P. Then the following hold for all x € P.

Lo Ty(x™h) = Tp(x), [a(x71) = [4(x), and Fy(x™1) = F;(x);
2. Tu(e) =2 Ty(x), Ix(e) = 14(x), and F,(e) < F4(x) where e is the identity in P.

Proof. Let x € P.

Proof of 1.: Definition 4.2 implies that T,(x™1) = T,(x), Ly(x™1) = I,(x), and F,;(x~') < F,(x). And having
(x™ ™! =x implies that T,(x) = T,(x™1), I,(x) = I,(x71), and F4(x) < F;(x71). Thus, T,(x™1) = T,(x),
L,(x71) = I, (x), and F;(x™") = F,(x).

Proof of 2.: Since e € x * x™1, it follows by Definition 4.2 (1) that T,(e) = min (T, (x), T4(x™1)) = T, (x), I,(e) =
min(I,(x), [4(x 1)) = I,(x), and F,(e) < max(F,(x), Fy(x™1)) = F,4(x).

Example 4.3. Let (P,,.) be the polygroup present in Example 3.2. Then A = (0.4,0.5,0.5)/e + (0.5,0.3,0.7)/a +
(0.5,0.3,0.7)/b is not a SVNP over P, as T,(e) = T,(a) does not hold.

Proposition 4.2. Let (P,*) be a polygroup, A a SVNS over P, and A™t = {(T,(x™1), L,(x™1), F,(x™1))/x: x € P}.
If Aisa SVNP over P then A™! = A.
Proof. The proof follows from Proposition 4.1.

Proposition 4.3. Let (P,*) be a polygroup and t;, t,, t; be numbers in the unit interval [0, 1]. If A = {{t;, t;,t5 )/
x: x € P}. Then A is a SVNP over P.

Proof. The proof is straightforward.
Remark 4.3. The SVNP present in Proposition 4.2 is called the constant SNVP.

Theorem 4.1. Let (P,*) be a polygroup and A a SVNS over P. Then A and c(A4) are SVNP over P if and only if A
is the constant SVNP.

Proof. If A is the constant SVNP over P then c(A) is also the constant SVNP over P.

Let A and c(4) be SVNP. Then for all x in P, we have:
Ta(e) =2 Ty(x), 1a(e) = I4(x), and F,(e) < F4(x), )
File) 2 F(x),1-1;(e) 21— 1,(x), and Ty(e) < Ty(x) (II)

(I) and (I1) implies that T,(e) = T,(x), I4(e) = I;(x), and F,(e) = F,(x). Thus, A is the constant SVNP over P.

Definition 4.3. [6] Let (P,*) be a polygroup and A a fuzzy set over P with membership function u. Then A4 is
called anti-fuzzy polygroup over P if for all x,y € P, the following conditions are satisfied.

(1) u(z) <max{ulx),uly)}forallz € xx*y,
2) uGx™) < po).

Remark 4.4. [6] Union of anti-fuzzy polygroups over P is an anti-fuzzy polygroup.
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Definition 4.4. Let (P,*) be a polygroup and A a SVNS over P. Then 4 is called an anti-single valued neutrosophic
polygroup (ASVNP) over P if for all x, y € P, the following conditions are satisfied.
(1) Tu(z) < max{T,(x), T,(y)}, L1(z) < max{l,(x),[,(3)}, and F,(z) = min{F,;(x), F4(y)} for all z €
xX*y,
(2) Ta(x™) S Tu(x), Li(x™) < (%), and Fy(x™") = Fy(x).

Proposition 4.4. Let (P,*) be a polygroup and A an ASVNP over P. Then the following hold for all x € P.

(1) Tp(x™) = T4 (x), [ (x™) = 1(x), and Fy(x™") = F4(x);
(2) Ty(e) £ Tu(x), 14(e) < I4(x), and F4(e) = F,(x) where e is the identity in P.

Proof. The proof is similar to that of Proposition 4.1.

Example 4.3. Let (P;,*) be the polygroup present in Example 3.1 and 4 = (0.4,0.5,0.9)/0 + (0.5,0.5,0.7)/1 is an
ASVNP over P;.

Theorem 4.2. Let (P,*) be a polygroup and A be a SVNS over P. Then A is a SVNP over P if and only if T4 and I,
are fuzzy polygroups over P and F, is an anti-fuzzy polygroup over P.

Proof. The proof follows from the definition of SVNP, fuzzy polygroups, and anti-fuzzy polygroups.

Theorem 4.3. Let (P,*) be a polygroup and A be a SVNS over P. Then A is an ASVNP over P if and only if T,
and I, are anti-fuzzy polygroups over P and F, is a fuzzy polygroup over P.

Proof. The proof follows from the definition of ASVNP, fuzzy polygroups, and anti-fuzzy polygroups.

Theorem 4.4. Let (P,*) be a polygroup and A be a SVNS over P. Then A is a SVNP over P if and only if c(4) is
an ASVNP over P.

Proof. Let A be a SVNP. Theorem 4.2 asserts that T, and I, are fuzzy polygroups over P and F, is an anti-fuzzy
polygroup over P. We get now that T¢ (4 = Fy and I 4y = 1 — I, are anti-fuzzy polygroups over P and Fe 4 = T, is
a fuzzy polygroup over P. Theorem 4.3. completes the proof. Similarly, we can prove that if c(4) is an ASVNP over
P then A is a SVNP.

Corollary 4.1. Let (P,*) be a polygroup and A, be a SVNS over P. If 4, is a SVNP over P then N er A, is SVNP
over P.

Corollary 4.2. Let (P,*) be a polygroup and A4, is a SVNS over P. If A, is an ASVNP over P then N, 4, is an
ASVNP over P.

5. Level sets of single valued neutrosophic (weak) polygroups

In this section, we define level sets of single valued neutrosophic polygroups and relate them to (normal)
subpolygroups.

Definition 5.1. Let X be any set, t = (t;,¢,,t3) where 0 < t;,t, <1land 0 <t3; <1, and A be a SVNS over X.
Then A, = {x € X: T,(x) = t1,1,(x) = t,, F,(x) < t3}is called a t-level set of A.
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Theorem 5.1. Let (P,*) be a polygroup and A be a SVNS over P. Then A is a SVNP over P if and only if A, # @
is a subpolygroup of P for every t = (t;,t,,t;) where 0 < t;,t, <land 0 <t; < 1.

Proof. Let A be a SVNP over P and x,y € A, # @. For all z € x * y, we have T,(z) = min {T,(x), T,(3)} = t,,
Li(z) = min {I,(x),,(y)} = t,, and F,(z) < max {F,(x),F,(y)} <t;. Thus, x *y € A,. Moreover, having
Tu(x™) =T,(x) = tq, I(x™1) 2 L,(x) = t,, and F;(x™1) < Fy(x) <t; implies that x~* € 4,. Thus, A4, is a
subpolygroup of P.

Conversely, let A, # @ be a subpolygroup of P and x,y € P. Set t; = min {T,(x), T,(y)}, t, = min {I,(x), L, ()},
t; = ma x{F,(x), F,(y)}, and t = (;,t,, t3) Since A, is a subpolygroup of P, it follows that x * y € A, and x~! €
A;. The latter implies that for all z € x x y, T,(2) = t; = min {T,(x),T,(¥)}, [L(2) = t, = min {I4(x), I,(y), and
F,(2) < t; = max {F,(x), F4;(¥)}. Thus, Condition (1) of Definition 4.1. is satisfied. Moreover, we have T;(x~1) >
t, =Ta(x), I(x™1) = t,=I4(x), and F,(x~ ') < t; = F,(x). Thus, Condition (2) of Definition 4.1. is satisfied.
Therefore, A is a SVNP over P.

Corollary 5.1. Let (P,*) be a polygroup and A be a SVNP over P. Then P has no non-trivial proper subpolygroups
if and only if the constant SNVP and A = {{t;, t,, t3)/x + (t;, t;', t3")/e: x # e € P} where t; < t,',t, <t,’, and
t; = t5' are the only SVNP over P.

Example 5.1. Let P, = {0,1} and (P;,*)be the polygroup defined in Example 3.1. Then the constant SNVP and
A = (ty, t,, t3) /1 + (t,,t,',t5') /0 where t; < t,',t, < t,’, and t; = t5' are the only SVNP over P;.

Notation 5.1. Let t = (¢, t,,t;) and A a SVNS of P. Then by A(x) = t, we mean that T,(x) = t;, [,(x) = t,, and
F,(x) = t;. And by A(x) < t, we mean that T, (x) < t;, I;(x) < t,, and F,(x) = t;.

Theorem 5.2. Let (P,*) be a polygroup. Then every subpolygroup of P is a level set of a SVNP over P.

Proof. Let S be a subpolygroup of P and t = (t;,t,,t3) where 0 < t;,t, <1 and 0 < t; < 1. Define the SVNS
over P as follows:

_ (1t t3) if x€S,
Al = { (0,0,1) otherwise.

S if ty =2t],t, 2 t),and t; < tg
Lett' = (t;,t3,t5). Then Ay = { P if t; =0,t, =0,and t} = 1, iseither @ or a subpolygroup of P.
) otherwise.

Using Theorem 5.1, we get that A is a SVNP over P.

Definition 5.2. Let (P,*) be a polygroup and A be a SVNP over P. Then A is said to be a normal SVNP over P if
A(z) = A(Z) forallzex xy,z' €y *x.

Example 5.2. Let (P,*) be a polygroup and A be a SVNP over P. Then the constant SNVP is a normal SNVP over
P.

Theorem 5.3. Let (P,*) be a polygroup and A is a SVNS over P. Then A is a normal SVNP over P if and only if
A; # 0 is a normal subpolygroup of P for every t = (t;,t,,t;) where 0 < t;,t, <land 0 <t; < 1.

Proof. Let A be a normal SVNP over P and x,y € A, # @. Theorem 5.1 asserts that A, # @ is a subpolygroup of P.
Let x € P. We need to show that x™1 * A, * x € A,. Let z € x™! x A, x x. Then there exist y in A, such that z €
x~1*y=*x and hence z € x™! xp where p € y * x. The latter implies that y € p * x~1. And since A4 is a normal
SVNP over P, it follows that A(z) = A(y). Thus, z € A,.
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Conversely, let A, # @ be a normal subpolygroup of P. Theorem 5.1 asserts that A is a SVNP over P. To show that
A is a normal SVNP over P, it suffices to show that A(z) = A(z") forallz€x*xy,z’ €Ey*x. Letz€x*y,z €
y *x with A(z") =t. Having z’' € y »x implies that y € z’ x x~1. The latter implies that Let z € x * z’ * x~1.
Since z' € A; and A, # @ is a normal subpolygroup of P, it follows that z € A, and hence, A(z) = A(z') =t.

Similarly, we get that A(z") = A(2).

Corollary 5.2. Let (P,*) be a polygroup and A be a SVNP over P. Then P has no proper normal subpolygroups if
and only if the constant SNVP is the only normal SNVP over P.

Example 5.3. Let P, = {e,a,b,c} and (P,,.) be the polygroup defined in Example 3.2. Then the constant SNVP is
the only normal SVNP over P,.

Theorem 5.4. Let (P,x) be a polygroup. Then every normal subpolygroup of P is a level set of a normal SVNP
over P.

Proof. The proof is the same as that of Theorem 5.2.

Corollary 5.5. Let (P,*) be a polygroup and Abe a SVNP over P. Then A* ={x € P: A(x) = A(e)} is a
subpolygroup of P. Moreover, if 4 is a normal SVNP over P then A* is a normal subpolygroup of P.

Proof. Let t = A(e). Then A, = {x € P:T,(x) = Ty(e),I4(x) = I,(e), F4(x) < F,(e)}. Proposition 4.1, 2. asserts
that A, = {x € P:T,(x) =T,(e), [,(x) = I4(e), F4(x) = F;,(e)} = A*. Theorem 5.1 and Theorem 5.3 complete the
proof.

6. Conclusion
This paper has introduced an algebraic hyperstructure of single valued neutrosophic sets in the form of single valued
neutrosophic polygroups and anti- single valued neutrosophic polygroups. Several interesting properties of the new

defined notions were discussed. The results of this paper can be considered as a generalization for the work related
to fuzzy polygroups.
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