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Abstract

Beurling (or generalized) prime system has been defined by Arne Beurling in 1937, and several couthers have been
working on this during the last century. This work focuses on addressing some concrete examples of an outer
generalized prime system involving Beurling zeta function. The core of this work is to create a discrete generalized
prime system under a fixed condition to give a new upper bound for Beurling zeta function.
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1. Introduction

Arne Beurling (see [1]) introduced the concept generalized primes and integers in 1937. This concept has been studied
by many couthers since that time tell now (see for example [5-11]). Which means that for any positive real sequence
P = {b,,b,,b; ...} satisfying 1< b; < b, < -+ < b; < ---and b; - oo called generalized primes (as i — o). Applying
the rule of the fundamental theorem of arithmetic, one can get the sequence of generalized integers.

An outer generalized prime system is defined as a pair of right continuous, and increasing functions (ﬁp, Np), where
I, € By and N, € Bf. Infact, N, = exp = I1,,. This definition is somewhat more inclusive than the usual "generalized
primes", since it does not include the equivalent of the prime counting function 1t,. In his usage of the outer generalized
prime system, Hilberdink [4] uses the name generalized prime system to one for which there exists an increasing
function 1t € B, that is associated with the function I1, € B3. The aim of this work is to present concrete examples
of an outer generalized prime system involving the Beurling zeta function, and to create a discrete generalized prime
system under a specified condition in order to provide a new upper bound for the Beurling zeta function.

After presenting the basic concepts required, our work starts with the definition of continuous functions, which
correspond to the classical weighted generalized prime counting functions and presenting some basic properties of
these functions. After that, we find the functions associated with these functions, and we show some of their properties.
Based on these concepts and by Hilberdinck’s usage of the outer generalized prime system, we introduce examples of
outer generalized prime systems and show the connection of these systems to the Beurling zeta function. Finally, we
create a discrete generalized prime system under a fixed condition to give a new upper bound for Beurling zeta
function. Also, we clarify the relationship between ¢ and the indeterminate part of the neutrosophic measure. For
further reading on the concept of neutrosophic and the neutrosophic measure, refer to (for example, [14-20]).

2. Some Basic Concepts

In this section, we go over some basic definitions that are used in the work's next sections.

2.1.1. Mellin-Stieltjes. Convolution

Let B be the space of all local bounded variation, right continuous, zero on (-oo, 1) functions h:R — C. Let B* be the
subspace of B consisting of all increasing functions.
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Furthermore, let B, = {h € B; h(1) = a} forain R, and let Bf = B* n B,
The definition of the Mellin-Stieltjes convolution for h, k €B is (h=k)(t) = flt_ h (i) dk(x).
It is seen that B is closed under *, and that = is commutative and associated. When x> 1, the identity (with respect to
*) is i(x) = 1, and otherwise it is zero.
e Ifhorkis continuous (on R), then (hxk) is as well.
e Ifhisin By, then there is k in B, such that h= exp * k, that is

h= Z?’f:o]%n (where, k™ = k x k*™=D k*0 = {),
additionally, h= exp * k & h = k;, = hy, here hy, in B is the function given by h;, = fltlogxdh(x) for t >1.

e The definition of the Mellin transform for h € B is h(s) = fff Xlsdh(x).
This is true if, for some D > 0, h(x) = 0(xP). Note that h * k = h k and exp * h = exp h.

(see e.g. [2]).

2.1.2. Theorem[13] For any generalized prime system of polynomial growth, the relation de = exp * de holds.
2.1.3 Theorem [12] Let H be a right continuous function that is non-decreasing and tends to 0. Its H(1) value is 0 and

it satisfies the Chebyshev bound H(t) « @ . Then there exists a sequence of real numbers that are positive P = {bj}°

satisfying 1<b, < b, < -+ suchthat |1, (t) — H(D)| < 2 and that Zbistbj‘ix - fltu‘ix dH(u) | KAt + [%

for any t > 1 and for any real x.
2.1.4. Theorem [14] Suppose that de(t) = t+ 0(t°), for some 0 < c < 1. Then, for some positive constants p > 0,
. Vvi=c
N,(t) =pt+O(te =
2.2. Generalized Prime System ( g-prime system)
This system's structure is a sequence of real numbers that are positive P = {b;, b,, bs ...} satisfying
1<b; < b, << by <
and b; — oo called generalized primes (for short, g-primes ) (as i — oo). From these can be formed a new increasing
real number sequence

1
(logtloglog t)7)

I<m < my << my <
that represents each possible products
bi* b2 ...byK,
where k € Nand ay,a,, ..., ax € Ny = N U {0}.
These fresh values are represented by N (i.e. N = {m;}{2,) and are referred to as generalized integers (for short, g-
integers) linked to P.
Attached to these systems is the counting function of g-primes and g-integers

ﬁp(t) = st? 1,
beP

Np(t) = X mst 1.

meN
With step functions 1, and Np and integer jumps, these systems are discrete systems. The generalized Chebyshev
function l.ijp over N with the sum extending over all g-prime numbers p € P that are less than or equal to t is defined
as follows:
Pp (1) = Ypkelogh = Ymst Ap(m),

bep meN
teN

where Ap is generalized VVon Mangoldt function:
i _ (logb if m = b¥ for some b € P and integer k > 1
Ap(m) = L
0 . otherwise
The weighted generalized prime counting function II, is introduced as in classical prime number theory

fly(©) = By 2 1y (e0).
It is related to s, via
P, (D) = flt10gu (ﬂp(u)) du.
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These systems linked with the generalized (or Beurling) zeta function
. _ 0 1 _ 1
Zp(s) = Hi=1$ = Hbepm
e 1 —
=205 = Zmenm™.
have been investigated by many researchers.
Itis related to IT, , Npand {s,via

6p(8) = E20 705 = Zmewm ™ = exp(J}” t7* dl1, (1)} 21

$p(8) = Zomz = Zmewm ™ = [ G dNy(0) (2.2)
() o _ishqy i

- Zl;(s) =s [ G () dt (2.3)

For every complex number s that the ) cx m~Sconverges to.

A generalized prime system P is said to have an abscissa of convergence o, if and only if ¥ . m™5 converges for
R.(S) > o, and diverges for R (S) < o.. The set of points s such that R.(s) > o. is called a half-plane. Within the half-
plane of convergence, the series represents an analytical function for the complex variable s. The product of the
generalized zeta function is known as the Euler product. The generalized Dirichlet series is represented by the
sum Y. m~°. The abscissa of convergence of ), cxm™> and Yipcp b5 is the same.

IfP = {3,57,11,13..} = P\{2}, i.e. b, = n"" odd prime, we have

® N={1,3,57911,13,..} which is the set of odd numbers.
® () =Xt 1= (stt 1) — 1 fort> 2.

bep beP
The behavior of this the counting function 7t for large t is

t
@ (1+ O(].)) by the PNT.

. t+1
® Np() =Xmstl=Xek-netl =2 tnl= [%]
meN keN ]:a@

The behavior of this the counting function Nfor large t is
2 +0(1).

® The associated generalized zeta function Zp(s) is given by the Euler product
Zp(s) = [lb>2 L.
b

—b—S
epl b
1

= [[o>2(1 — b -1
beP

Ymenm S = Zm?]&_l m~3 converges for R.(S) > 1 and diverges for R.(S) < 1. That means that generalized prime
€

system P has an abscissa of convergence 1.
2.3. Outer Generalized Prime System

The previously defined notion of g-prime numbers can be generalized such that, rather than always being step
functions 1, and N, are thought of as general increasing functions. This leads to the following:
2.3.1. Definition A generalized prime system is an outer generalized prime system for which there exists right
continuous, local bounded variation and increasing function 1t,, with 7, (1) = 0 such that

. o 1. (.2

INGED LSS (t) 2.4)
If there exists such a function 7, € By, then Np is said to determine a generalized prime system. As such (1) is
shown by

: o BW) e (o

ity (1) = Tiges B2 11 (1) (25)

. 1 . . . .

Since I, (tW) decreases with w, Z$=1¥ converges, hence in actuality, this sum always converges for I, € B*.
But of course, the function 1, does not need to be increasing.

(see [4]).
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2.3.2. Remark
a) If 7, is a step function with integer jumps, then a generalized prime system is a discrete system. Here, the
multiplicity is the step and the discontinuities 1t are the primes.

b) In(1,%), if N, (and hence, I1,,) is continuous, then so is the outer generalized prime (IT,,, Ny,).

c) Lety,(t) = HpL(t) = fltlogu (Hp(u)) be the Chebyshev function for an outer generalized prime system

(11,, N,,). Note that {5, * N, = NpLis equivalent to N, = exp * IT,
(More details can be seen in, [1] [2], [3], [4] and [13]).
3.1. I, and the associated function ;.

In this section, we introduce the continuous functions Hpk, Hﬁ, and Hpo, which correspond to the classical weighted

generalized prime counting function, and we show some basic properties of these functions. We also find the
associated functions Ttyy, Tigz, and Tt and a few of their properties.

3.1.1. Function l'l sFort = 1and -1 <o <1,the countlng function H 5 Is defined as follows:

(1-o)u~l-¢
pc(t) f Tdu.

3.1.2. Function l'l <= Fort > 1and 0 < a < 2, the counting function 1‘[ = is defined as follows:

ﬁ(t) — ftl u adu

1 logu
3.1.3. Function l‘lpk Fort > 1and 0 < k < 2, the counting functions Hpk is defined as follows:
t -1
Mo (®) = [, ut logu du.

Our selection of values for o, a, and k within the intervals [-1,1], (0,2) and (0,2] does not imply that these are the
only possible values. These intervals were chosen because they provide a suitable and reasonable curve for studying
systems associated with them. Therefore, it's important to understand that these specified intervals serve as a
framework for study and are not strict boundaries that completely exclude values outside of them.

3.1.4. Proposition For t > 1, we have
((140)"-0) (logt)™®

, oy W o (DY oo
a. in(t) = ZWZIT Hij (tw) = Znt n!'n {(n+1)

. iy BW) - L (1—- (1-a)™) (log ™
b. fs(t) == ZW=17 Hﬁ(tw) Yo

n!'n{(n+1)
. v BW) - L (0" (log )™ - . . . .
c. Tp(D) = ZW=1T ok (tw) h 1 Zmel) where ¢ is the Riemann zeta function and p is the Mobius
function.
Proof. a

. o BW) - L
fipo(8) = =i " Mo (tv)
1

—Zw 1u(w) fth S—(1-o)u~l-o du

w logu
1 1 -1 1 1 1
Hw) twu —u 1—50+50U —30+50u
_Zw 1 f logu du
1 —14 1 1
Bw) W uo-u “1-2o(1-u"hH—zo(1-u"1)
_Zw 1 f logu du
1
Hw) th —u~? _ o  BW) tw (1-u~1)
=Yw=1 w f logu du—oYo_ v fl Toen du
e -
— Zoo rw) ftX%_X W1 1dX O_Z R(wW) ftl X V\} %_1dx
= w=1 w 1 logx w=1 w logx .
This implies that
pw) pw) L
po‘(t) = fl Xlongw 17 ( - 1) dx — ()'f longW 1, (xw —1)dx (3.1)

1+0 (1+o)n(128x)"
But x w _1=Z;’1°:1M

Therefore, by (3.1), we get

logx
and xw —1=Yx 1u.

n! n!
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logx

rw) © ((1+0)"~0)
Xlogxzw 1w (Zn 1 n! ( ) )dX

n_ n-1
; anl((lw) cn)! (logx) (Zw . uiw;)l) dx
_ (1l o ((1+0)"-0) (logx)n—1
iy Yozt n! {(n+1)
_ vo ((1+0)"-0) (logt"
- Zn:l n!n{(n+1)

Tigs () = fl

Proof. b.
Let a = —aand fizz(t) = Y- 1“3’}” Mgz ( )
This implies that

. tw _1
— (D) = X, K2 L

w logu

uw) (txw-1 i
= xw dx
ZW 1w fl logx

1

AR (xw — xw) dx (3.2).

1 xlogx

logx
_Z;?:lw)'

n! n!

1+a 1 . ((1+a)10gx)n
But (xw —xw) = (Xpo—
Therefore, by (3.2), we get

logx\" logx\™
oy s (DY e
— Tiga(D) = fl XlogXZw 17, (Xt iy Yn=1 ol ) dx
(1+a)™ (logx)" ™t o (logx)n~1 o HW)
= f_(anl—_ Zn:l ) Zw:l dx
— flti yo (140" (nl!ogX)“ o Yo (lognxl)n L d( Wn+1)
- 1x( n=1 n! {(n+1) n=1 ((n+1)) X
_ vo (1+00"(ogt?  (logt”
- Zn—l( n!'n{(n+1) n! nZ(n+1))
_ Zoo ((1+a)™-1) (logt)n)
— 4n=1 n!'n(n+1)

This means that

. a-(a-a™ (log ™
(1) = Ty o).
Proof. ¢ In the same way as the [a and b]. ©

3.1.5. Proposition If —1 < 0 <1, we have Ti55 € Bg.
Proof. It is clear that 755 is continuous and that 7t55(1) = 0. If we can demonstrate that (ﬁp—(,)'is non-negative, we
may demonstrate that the function Tigs is increasing because it is absolutely continuous.

(logx) (1+0) ((1+6)10gx)n
Writing xw 1=, X W — 1 :Z;‘;’=1+ and by (3.1), we find

: ((1+6)"—0) (log x)"~1 W)
Tips(£) = f Zn T OB (Zw 1 ll1:/1:1) dx

n!
w ((1+0)"-0) (logx)"~1
=N ; =1 dx

n! {(n+1)
Z ((1+0)"-0) (logt)™
n=1 n!{(n+1)

((14+0)"-0) (logt)™
( Zn 1 )
{2

n!

= (ftp®) =

(log 0t

Tt (log t)

>—>O for allt > 1.
¢t

Thus, Ttg5(t) is increasing. ©
3.1.6. Proposition If 0 < k < 2, we have 1ty € Bg.

Proof. In the same way as the 3.1.5. Prop.

3.1.7. Proposition If 0 < a < 2, we have fizz € By.

Proof. In the same way as the 3.1.5. Prop.

3.1.8. Proposition Fort = 1, we have
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: w ((1+0)"-c) (logt)"
d. Tige(t) = N, D=0 QBT

e MgV = i, S8
fo () = g, S0
Proof. It can be seen from the 3.1.4 Prop.
3.1.9. Remark The functions Ilgz, Ttgz, [Tk, and i, are not increasing if a,k < 0.
3.1.10. Remark The functions figz is not monotonic increasing if a > 2.
3.1.11. Proposition For R.(s) > (1 + 0), —1 < 6 < 1, we have
[7 73 dlls5(0) = logw
1 po s—(1+0)

Proof. By 3.1.1. Function IT-5, we find

o
o . o  _g t9-(1-0)t"l-c
J7 6 dilgg(0) = [ (D0,
Thus,
o -1
dI°° t—S(W)dt 0
1 dslogt - _ f1 t75(t° — (1 — o)t™! — o)dt
B SO+l G 1=S (Go1)tS, o
=( —s+0+1 s—1 + s e

(o 1 1-o
=i s—(110) + - for Re(S) > (1 + G).
(5_1)65(1—0')
d(og——7-)
= Z—S(“"), for Re(s) > (1 + o).
(s-1)%s1-9)

s—(1+0)

t°—(1-o)t -0

logt + C,, for some C,.

= [t )dt = log

The constant C, is 0

R i el Lt Y M st
Smcesl_l)mwf t( logt )t = 0= sl—l>r+noolog s—(1+0)

Hence,

o) . o) _1\0(1-0)
[ () = [ (2 de = log S
3.1.12. Proposition For Re(s) > k, 0 <k <2, wehave [;° t™ Il () =log—=.
Proof. In the same way as the 3.1.11 Prop.
3.1.13. Proposition For R.(s) > 1, 0 < a < 2, we have fl 75 dllgz(t) = log——
Proof. In the same way as the 3.1.11 Prop.
3.1.14. Remake When ¢ = 0 or — 1, the function Zw(s) is near the classical "Riemman zeta function” on the half-
line {s: s > 1}. But in the complex half-plan {s: Rc(s) > 1}, the two functions are not near. For {zz and (., the
remake is similarly holds for k =1 and a = 1.
3.2. Outer Generalized Prime System Examples

Based on the previous concepts, we introduce examples of outer generalized prime systems and show the connection
of these systems to the Beurling zeta function.
3.2.1. Remake For an outer generalized prime system (H N p), We have

N, = exp 11, & (sf tCHON(b) dt = exp{f t=s dII(t)}).

3.2.2.Example Let Il55(t) :=

lij—c(t) = fllogu( p—c(u)) du :?_H_E ,t2> 1:‘|Jm € B{.
By [3.1.4. Proposition (a)], we fined

s(1 a)

.0 = 1). This means that caerly l'I s € B¢, and

. ()"-1) (og)"
Tiie (D) = B~ zaeny

This shows that Tt55(t) € By [by (3.1.5. Proposition)] and hence we have a generalized prime system.
For Rq(S) > 2, the "Beurling zeta function™ associated with l'[ by [3.1.11. Proposition] is
(ﬁ(s)
To determine the associated generalized integer counting functlon Np(,, we express Zp—c(s) as Mellin transform
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© 1 1 s—1
Sfl t (S+1)(Et2 + E)dt = ;, Re(5)> 2.

Invoking the relationship
s [ DN (Odt = g (s) (3.3)
the choice
Nps (D) = %(t2 +1), fort =1,
is the associated generalized integer counting function with FIPT, that satisfies (3.3). It follows that the system

(l'[pc,, ﬁ), is an outer generalized prime system. It is also a continuous generalized prime system.

3.2.3 Example Let l'[pa(t) ftl = Zdu (i.e.azi) andt > 1.
This means that caerly H = € B{, and
Ppa(® = [} logu( =) du
=t—§t4+§,¢ﬁ € BO'

By [3.1.4. Proposition (b)], we find

L e -G (logt)?
ﬁﬁ(t)_anlm

This shows that Ttz (t) € Bg [y (3.1.7. Proposition)] and hence we have a generalized prime system. For R¢(s) > 1,
the "Beurling zeta function” associated with Iz by [3.1.13. Proposmon] is

Zﬁ()z_

To determine the associated generalized integer counting functio n N5, We express tﬁ(s) as Mellin transform

pa?
s [ (e 3)dt— £, for Re(s)> 1.
Invoking the relationship
s [ CEDNL(Odt = §(s),
the choice
Npz(t) := 7 (t+3) fort>1,
is the associated generalized integer counting function with Il that satisfies (3.3). It follows that System (IT5z, Ngz)
is an outer generalized prime system. It is also a continuous generallzed prlme system.

3.2.4.Example Let € be a positive value close to zero. Let [T, (t) := f B (bek=(1+e))andt> 1.

This means that 5 € B}, and

boe(® = [ g () au

t(1+e) _q

—logt, Yk € B
By [3.1.4. Proposition (c)], we fined

R ((1+£))*(log )
T[pk(t) Zn 1 in {(n+1) )

This shows that 1t (t) € B [by (3.1.6. Proposition)]Jand hence we have a generalized prime system.
The associated generalized integer counting function in this case is
Npk(®) =t0+ fort > 1
since by (2.3.2. Remark (c)), we have
[1ogu (Npuew)) du = [} Npio(®) (rpaw)) du
= logt N, (0) - ft Npk(u) du —f Npk(®) (u¥ —u™) du.

If we put x = i then
logt Ny - [} "5 du = [ Ny () ((F — %) Sax
= logt Npk(t) = t(a+o) J‘t Npk(x) dx

x(e+2)
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(1ogthk(t))' _ Npk(®

t(1+8) - t(e+2)
= tlogt (Np(®) +Npu® = (1 + £) logt Npye(®) = Npye(©
= tlogt (Npk(t)), = (1+¢)logt Ny (D)
O

A+ Np® ~ t
By the solution of differential equation, we get
(Npk(t)) (1+s)
[ Ro® dt= [ —— dt.
This gives that N, (t) = ¢t@*9), but N, (1) = 1, which means c=1.
In this case, we have
Npk(t) = t+9),
For R.(s) > (1 + ¢), the "Beurling zeta function" associated with this system is
Zpk(s) f dek(t)
Sfl t (s+1)t(1+s) dt
Sf1°° t—s+(1+s)—1 dt
S

= s—(1+g)
It follows that the system (Hpk, Npk) is an outer generalized prime system. It is also a continuous generalized prime

system.
In the following theorem, we use the function 7tz and set o € [-1,0]. The reason for this is that when o € [-1,0],

the [2.1.3 Theorem], can be applied. On the other hand, we note that the function 7tz when (o = 0 or -1) is equivalent
to the function Ttz and the function 1igi as longask =a = 1.
3.25. Lemma Fort > 1 and o € [-1,0], we have

. _vo (@+0)"-c)logth"  t
T[p—(,(t) = Y=t n!'n{(n+1) logt
Proof.

. _wvw (+0)"-0) (logt)n ((1+0)"-0) (log)™

T[p_o'(t) = Yne1 nin{(n+D) < Yhe1 oo
= Hpc(t)
K — ©

logt’

3.2.6. Theorem There exists a discrete generalized prime system P such that
e forsome o € [-1,0],

Ip(t) = M5(t) + 0(loglogt).
o for some positive constants p > 0 and € (0, %)

1
Np(t) = pt+O(te - (ogtloglogt)zy
Which implies that Zp(e +ix) « (x9) as x — oo in this region where

1—% f@« 0, for some q > 0.

Proof. According to [3.2.5. Lemma and 3.1.4. Proposition], the function 155 (t) = X5- 1%

n!n{(n+1)
continuous function that is non-decreasing and tends to o0 and Tip5(1) = 0 and it satisfies the Chebyshev bound

pc,(t)<< |ft>1andce[10]

We now apply [2.1.3 Theorem] with H = 5. Then there exists a sequence of real numbers that are positive P = {bj};°
satisfying

is a right

1<b, < b, <
such that
[, (© —H(D)| < 2
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and that
—ix Tt _ix tlog(|x|+1)
Thctb ™ = Jiu™dH) | < VE+ Tos(trD) for any t > 1 and for any real x.

logt

T e 1. l_lmll.
The terms by definition I1,(t) := X3, - 1, (tn) =) (tn) become identically zero when n > ™
n n 1

n=1

Thus, we find
logt logt logt

(0 = 51 (1() +ow) - sty () 1 0 (z,:zglblj )

n

This means that
((1+cr)r—cr) <log t111>
—————— 4+ 0(loglogt)

logtJ

Mp() = 2,28 282 -

logt
— Z log bll

n rir{(r+1)

Z 1 ((14+0)'-0) Jogt)T
r=1 p,(r+1) rir{(r+1)

(14+0)"=0) (logt)
=y® {(r+ 1)% + O(loglogt)
= Hw(t) + O(loglogt).
Taking (o = 0 or 6 = —1) and according to Lin(t) = fltlogu (Hp(u)) du, we fined

Yps(D) =t—logt—1,t>1,

+ O(loglogt)

resulting in
Pp(t) = fltlogu(f[p(u)) du= ftlogu (Hp—c(u)) du + ftlogu (ﬁp(u) - Hp—c(u)) du
=t—logt— 1 + (I, (t) — I5z(D)) logt — ftw du

u
=t+0(logtloglogt) + O(flt@ du)

=t+ O(logtloglogt).
This gives that

P, () = t+ 0(tP), for some B € (0%)
Consequently, we can now use [2.1.4 Theorem] to get the following:
1

. JiB 1
Np(t) = pt+ O(te ~ & (08t108108D2) ‘51 some positive constants p > 0.
Now, by using the bound of the error term of Np(t), we find

{,(8 + ix) « (x9) for some g > 0, for 1 — / plam L IOgX « 8, as follows:

Py 1
h(t) = 1Tﬁ(logtloglog t)z, (t = e) for some B € (O,i).
This means that, h(t) is strictly increasing, positive function tending to infinity and
[1_ 1 [A_ 1
h(et) = 1TB (loge' logloget)z = 1TB(t logt)z.

LIG)) =1 [Q=Blogt decreases
t 4 t !

v+ (1+10g10gt)t

(2t),/(logt10g10gt ]
By using [2.2. Theorem in [10]] We get

(0 +ix) < (x9), for 1 — / % « 8, for some q > 0. ©

3.2.7. Corollary Suppose that Lin(t) =t+(t B3 ei(l"gt) ), forsome 0 < B < % Then there exist g > 0 such that

Take

Thus,

—“Z_B (1+loglogt)

For (h(®©) = &3 Tisgriosios s’

This means, (h(t)) = o( ) [since, lim e
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Zp(e + ix) « (x9) as x — oo in this region where 1 —i [ % « 0.

. B_l l(lo t)l-B 1 .
Proof. Let ,(t) =t+ 0(t"ze2"%"Y "), 0 <B < >+ This means that

. 1 1-B

Pp(t) —t < Cl(% eBogt) 2(°8D™ “for some ¢; > 0
= (% eB (logt) + %(log t)l_B),

< (% eB (logt) + %(log t))

1
=c (% B+ (logt))

= Clt_?l+(8+%)'
Thus, P, (© = t+ 0(tP).
According to [3.2.6. Theorem], we find there exist g > 0 such that

{,(0 + ix) < (x%) as x — oo in this region where 1 —i / (1_8% < 0.

4. Neutrosophic and o
In this section, we will clarify the relationship between (o) and the indeterminate part of the neutrosophic measure.

n_ n
Suppose that t > 1 and 16 (t) = Z;’;lw such that

n!n{(n+1)
_ v ((1+0)"=c) (logt)"
A= ZPSF 1= X0 n!'n{(n+1) !
peEP
for some sequence of real numbers that are positive P = {b;};° satisfying
1< b1 S bz S oo

We don’t know exactly the quantity of A, but only that it belongs to [0, z]. for some z.
This quantity can be interpreted as a neutrosohic measure
. 14+0)"-0) (log )™

ZPSF 1= Xnm 2 n!)n Z(n?i-(l) =

peEP
where 0 is the determinate part of this quantity and its indeterminate part I€ [0,z]. Its anti-part is 0.
According to [3.2.5. Lemma, 2.1.3 Theorem], we find thatz = 2 ift > 1 and o € [-1,0]. However, this does not mean
that there are no values of o ¢ [-1,0] that would make "A belongs to [0,2]". It suggests instead that values for o lying
within the range [-1,0] allow us to use certain important previous theories, ensuring the achievement and correctness
of our results.

=0 +l,

5. Conclusion

The aim of this work is to present concrete examples of an outer generalized prime system involving the Beurling
zeta function, and to create a discrete generalized prime system under a specified condition in order to provide a new
upper bound for the Beurling zeta function. This work lays the groundwork for future research aiming to open a new
window for integrating number theory with the field of topology. This effort contributes to generating new ideas and
concepts that can be generalized using fuzzy sets, neutrosophic sets, and soft sets.
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