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Abstract

In this paper, we introduce the notion of the intrinsic product of neutrosophic sets, and some related properties
are investigated. Characterizations of neutrosophic subrings, neutrosophic ideals, neutrosophic quasi-ideals,
and neutrosophic bi-ideals are given.
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1 Introduction

Zadeh! first proposed the idea of fuzzy sets. The theory of fuzzy sets has several applications in real-life
situations, and many scholars have researched fuzzy set theory. After introducing the concept of fuzzy sets,
several research studies were conducted on the generalizations of fuzzy sets. The integration between fuzzy
sets and some uncertainty approaches, such as soft sets and rough sets, has been discussed in'>* The idea of
intuitionistic fuzzy sets suggested by Atanassov? is one of the extensions of fuzzy sets with better applicabil-
ity. Applications of intuitionistic fuzzy sets appear in various fields, including medical diagnosis, optimization
problems, and multicriteria decision-making® The notion of neutrosophic sets was introduced by Smaran-
dache!¥in 1999, which is a more general platform that extends the notions of classic sets, (intuitionistic) fuzzy
sets, and interval-valued (intuitionistic) fuzzy sets. Neutrosophic set theory is applied to various parts which
are referred to the site http://fs.unm.edu/neutrosophy.htm.

In this paper, we present the concept of the intrinsic product of neutrosophic sets and investigate some related

properties. Characterizations of neutrosophic subrings, neutrosophic ideals, neutrosophic quasi-ideals, and
neutrosophic bi-ideals are provided.

2 Preliminaries

Let X be a nonempty set. The neutrosophic set? on X is defined to be a structure
A= {<I,,LLA(1E),’YA($),1,ZJA(SC)> ‘ IGX}v (1)

https://doi.org/10.54216/IJNS.240421 293
Received: September 08, 2023 Revised: February 19, 2024 Accepted: June 02, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 04, PP. 293-314, 2024

where pg : X — [0,1] is a truth membership function, v4 : X — [0,1] is an indeterminate membership
function, and ¢4 : X — [0,1] is a false membership function. Simply put, the neutrosophic set in is

A= (pa,va,va).
Definition 2.1. ® A neutrosophic set A = (u4,7v4,%4) in aring R is called a neutrosophic subring of R if

pa(z —y) > min{pa(z), pa(y)}
(Vz,y € R) | yalz —y) > min{ya(z),7a(y)} |.
a(x —y) <max{ya(z),va(y)}

pa(zy) > min{pa(z), pay)}
(Vaz,y € R) | val(zy) > min{ya(x), va(y)}
Ya(ry) < max{ya(r),Paly)}

Definition 2.2. ' A neutrosophic set A = (y4,7v4,%4) in aring R is called a neutrosophic left ideal of R if

pa(r —y) > min{pa(z), pa(y)}
(Vz,y € R) | valz —y) > min{ya(z),7a(y)} |,
Ya(z —y) <max{a(z),va(y)}

pa(ez) > pa(2)
(Va,z € R) | ~va(az) > ya(x)
azr) < pa(z)

Yl
Definition 2.3. ' A neutrosophic set A = (z4,74,%4) in aring R is called a neutrosophic right ideal of R if

pa(r —y) > min{pa(z), pa(y)}
(Vo,y € R) | va(z —y) > min{ya(z),va(y)} ;
Ya(r —y) <max{ya(x),aly)}

pa(ax) > pa(a)
(Va,z € R) | va(az) > va(a)
Yalaz) < a(a)

Definition 2.4. ® If A = (14,74, .4) is both a neutrosophic right ideal and a neutrosophic left ideal of a ring
R, then A = (ua,v4,%a4) is called a neutrosophic ideal of R.

3 Intrinsic products

Definition 3.1. Let A = (ua,7v4,%a) and B = (up,vs,%¥p) be neutrosophic sets in a ring R. The in-
trinsic product of A = (p14,7v4,%4) and B = (up, v, ¥p) is defined to be the neutrosophic set A x B =

(1axB;VA«B,PA«B) in R given by

_ : 125 (a‘l)’:u (a2)7"'uu (am)v
pasp(z) = \/ mln{ #2(1)1)7#2((,2),_..,ug(bm) }

z:z a;b;
_ [ valar),va(az), ..., va(am),
7a-5(2) = x:;/avlr i { B (b1),78(b2), - .., 7B (bm)

finite

Yalar),Yalaz),...,Yalam), }
«B(T) = max
V() w:Z/:\a:b- { ¥B(b1),¥B(b2), ..., ¥B(bn)
finite
if we can express * = a1b; + asbs + - - - + @, by, for some a;, b; € R and for some positive integer m where
each a;b; # 0. Otherwise, we define A x B = 0, thatis, pa.p(x) =0, yaxp(x) =0, and Y a.5(z) = 1.

Proposition 3.2. Let A = (pa,v4,%4), B = (up,v8,¥5), and C = (uc,vc,Yc) be neutrosophic sets
inaring R. If AC B, then AxC C BxCand C x A C C x B. Also, we have Ao B C A x B, where

Ao B = (aoB;YaoB;YaoB) is a neutrosophic set in R given by
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V min{pa(a),pp(b)} ifxisfactorizable in R
HAoB (3;‘) = { x=ab
0 otherwise,
V min{va(a),vs(b)} ifx isfactorizable in R
YAoB (:E) = § z=ab
0 otherwise,
N max{va(a),yp(b)} ifxisfactorizable in R
onB (.’1?) =  x=ab .
1 otherwise.

Proof. Straightforward.

O

Proposition 3.3. For any neutrosophic sets A = (tia,va,%a), B = (us,v8,¥5), and C = (uc,vc, Yo)

inaring R, we have Ax (BxC) = (AxB)xC.

Proof. Let A = (A, va,%4), B = (uB,v8,¥5), and C = (uc,vc, ¥e) be neutrosophic sets in a ring R
and r € R. We assume that x is expressible as x = a1b1¢1 + asbsco + - -+ + ambmcm, Where a;, b;,¢; € R

}

and a;b;c; # 0. Then

palar), pa(az),. .., pa(am),
min < pp(b1),up(b2), ..., p5(bn), < Hlin{ pala), pa(az),... j1a(am),
MC(Cl) MC(CQ) o MC’(Cm) MB*C(blcl)v MB*C(bQC2)a v 7MB*C(mem)
< paw(Bsc) (),
valar), va(az),. .., va(am),
min ¢ yp(b1),78(b2),...,78(bm), ¢ < Hlin{ va(a1),7a(az), -, vaam),
’VC(Cl)a 'YC(C2>7 . 770(67”) 'YB*C(blcl)a ’YB*C(bZCQ)a ce 77B*C(bmcm)
< Yaw(sxo)(T),
wA(al)a wA(G’Q)ﬂ s aqu(am)»
max ¢ ¥p(b1),¥5(b), ..., ¥Y5(bn), ¢ > maX{ Vala),alaz),... valam),
'(/JC’<CI) wC(CQ) - wC(Cm) ’(/JB*C(blcl)7 wB*C(b202>7 ce 7¢B*C(bmcm)
Z wA*(B*C)(x)'
Now,
| pap(ar), pass(az), ... pass(am), }
* % xr) = min
M(A B) C( ) w:X\:/aibi { ,LLC(bl),,uC(bQ),-Ha,uC(bm)
finite
p(a1),
p(az),
= min{ , where
ﬂ"=£/albz a1:V ag:\/ am:\/ p(am)v
finite = a1:bi1 = azibiz > Amibim p(bl),
finite finite finite p(b)
pla1) = palan), palarz),. .. ,HA(alml)»
plaz) = palaz), palasz),. .., palas,,, ),
p(anL) = /LA(am,1)7 ,UJA(Gng), e a,UfA(ammm)
p(bl) = ,uB(bu),/iB(bu)7 cee ,/JB(bu),
p(b) = pc(b1), o (b2), - - -, e (bm)
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< Maso)(T),

— ; YaxB(a1),74«8(a2), - - -, Y4B (am), }
’Y(A*B)*C(ir) I: %/aibi min { ch(bl)’ ’}/C(bQ), . ,’Yc(bm)
q(az),
q(a’2)7
= i v , where
= E\I/aibi 1= =\/ am=\/ e q(am’)7 "
finite > a1;bi1 > a2ibi2 > Amibim q(b1),
finite finite finite q ( b)
q(a1) = ya(a11),va(a12), - .. ,WA(alml),
q(az) = va(az1),v4(az2),. .. A’A(a2m2)7
q(am) = va(am1),v4(@m2), - -, v4(Am,,, )
q(b1) = vB(b11),vB(b11),- -, vB(b11),
q(b) = vc(b1),vc (b2), - - -, v (bm)
< Yax(sc)(T),
_ Yaxp(a1),vasplaz), ..., Ya«p(am), }
¢(A*B)*C($) = m:é\aibi max { ¢C(b1), wc(bg), o ,¢C(b7n)
r(ay),
T(ag),
= i s , Where
= Z/I\aibi a1=/\ a2=/\ am=/\ mln T(am>’ v
finite 2 ariban | 5T a2ibiz 3 amibim r(b1),
finite finite finite r (b)
r(a1) = Ya(ain), Yalaz),. .. 71/)A(a1ml)’
r(az) = Yalaz), Palaze),...,vYalas,,)
r(am) = wA (aml)a wA (amQ)a oo 7’(/)A (ammm)
T(bl) = ?/JB(bn),wB(bn), cee ai/iB(bn),
7(b) = o (b1), Yo (b2), - - e (bm)

< '(/}A*(B*C) (37)

Hence, A x (B C) C (A« B) x C. Similarly, (A * B) * C C A x (B % C). If x is not expressible as x =

arbicy +agbaca+ - -+ @b Cm, then 144 B)wc (T) = 0 = pawB+0) (T), V(axB)=c(T) = 0 = Yau(Br0) (T)s
and Y a«p)«c(7) = 1 = Y a4Bxc)(z). Hence, A (B * C) = (A B) * C.

Theorem 3.4. Let A = (pa,va,%a), B= (us,v8,¥5), and C = (uc,vc,¥c) be neutrosophic sets in a
ring R. Then

(1) Ax(B+C) C (A% B)+ (AxC), and the equality is valid if

po(0) = pp(0) = max{pp(w),

po(r)}
(Vz € R) [ ~¢(0) = v5(0) > max{yp(z),vc() ;
e (0) = ¥p(0) < min{yp(z),vc(z)}
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(2) (A+B)*xC C (AxC)+ (B=C), and the equality is valid if

pe(0) = pp(0) > max{up(z), po(x)}
(Ve € R) [ 70(0) = v5(0) = max{yp(z),vc(x)}
$c(0) = ¢5(0) < min{yp(z), Po(r)}

Proof. (1) Let x € R. If x is expressible in the form

x=a1(ur +v1)+az(uz +v2) + - + am(Um + Vi),

where no term is zero, then

m m

(Hasp + paxs) (@) > min{MA*B(Z aiui), MA*C(Z a;vi)}

>mm{ e (a1), (), (), i),
=M minda(ar), palaz), - pa(am)s s (on), e
Al (1),

C

:min{ walar), ét @)y pa(am), min{pup (u;

(U’?) "'nU’B(um)}, }
(v2), -y e (vm)}

i )

min{pp(uz), pc(va)}, ..., min{pup(uy,),

m

(rYA*B + ’YA*B)( ) > mln{’YA*B Za uz s YAxC Zalvl

b

> min{ mm{m(al),m(az)w~~,7A(am) B(u1), 78
min{ya(a1),va(az),...,va(am), v8(v1),vc

(u1),

C

— min{ va(a1),va(az), .., va(am), min{yp(u;
min{yp(uz),vc(v2)}, ..., min{yg(un),

(u ) "’7B(um)}a }
(U )7 "7'7C'(vm)}
c(v1)},
Um) } },

(YasB +Yasp)(z) < maX{i//A*B(Z a;u;), wA*C(Z a;v;) }
i—1 =1

u1),YB ((U2 s UB(Uum)}, }

<maX{ maX{’l/JA(al)al/}A(a2)v"'7¢A(a’m)
— UQ, "51/}0 Um)}

¥s(
maX{wA(a1)>wA( )ﬂ"'va(am) (Ul ¢
(

:max{ ¢A(a1)awA(a2)v~--7wA(am) maX{"l)B uy w (U }7 }
maX{wB(UZ)va(UZ)}w' maX{1/JB uma C m
Then (@) (@),
— : ralay), palaz ...7,UA am
Hax(B+C)(T) _96=Z\;/avbi mln{ (b)) b }
palar), palaz), ..., pala
=V \% Vo[- \/ min mm{uB(m)» c(v1)}, ..
PO U W bm= min{pip (), o (vm)}
ﬁ%{:e 1i041 w1 +v1 U +vo Um +Vm

< fi(AxB)+(AxC) (T),

_ : ’YA(a’ )?'VA(G’ )a"w’YA(am)
Tasproe) = Y min e oo )
’YA(al),’Y (G'Q) cee a’YA(am)v
=V \V AV V' min<{ min{yg(ui),vc(v1)}, ...,
. b= | be= bm= min {75 (1), Yo (vm)

a1:b;
ﬁE‘[ L% Ny 4+v1 \ua+vs Uy +Vm,
nite

< Y(4xB)+(Ax0) (T),

_ Yalar),Yalaz),...,valam) }
Varm+o)(@) oe Z/\aibi s { VYp+c(01),¥B+c(b2), ... ¥t (bnm)
finite
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= A A AN I /A  max

= b1= b= bm=

(llr'br'l
ﬁz% e urtvr \uz+vz Um +Vm
nite

1/&4(@1), ¢A(a2)> s ,wA(am)v
max{wB(ul)v ¢C(Ul)}7 L)
max{wB (um)> 1/10 (vm)}
< Y(asB)+(ax0)(T).
If 2 is not expressible in the form = = a1 (ug +v1) +az(uz +v2) + - + @ (U + Vi), then pay gy (T) =
0 = pa(A*B)+ (AxC)(z), Yaxp+co)(@) = 0 = ya(A* B) + (A* C)(x), and Yau(p1c)(2) = 1 =
Ga(A+ B) + (4 +C)(x). Now, suppose that ic:(0) = (0) > max{pp(x), rc(2)}, 10(0) = 75(0) >
max{vyg(z),vc(z)}, and Yo (0) = ¥p(0) < min{yg(z),¥c(z)} forall z € R. Let z € R and suppose that
x is expressible in the form = = > a;b; + Y ¢;d;, where a;b; # 0 and ¢;d; # 0fori = 1,2,...,m and
i=1 j=1
j=1,2,...,n. Then

i=1 j=1

and so
m n
Pax(B+0)(T) = pax(B+0) Z a;b; + Z cjd;
i=1 j=1
palar), palaz), ..., pa(am),
: ,uA(Cl)auA(CZ)a" a;U'A(Cn)7
> min
- NB+C(b1)7NB+C(b2)77NB+C(bm)a
pB+c(di), up+c(da), ..., ne+c(d
palar), paaz), ..., palam),
: palcr), palez), .. palen),
>
=M L (01), 1 (0), wp (b2), pe(0), - ., g (b)), e (0),
/’LB(O)vlf(‘C dl)?MB(0)7MC(d2)a---auB( ) (dn)
/“LA(al)vﬂA(GQ)a . muA((am)a
. paler), palea), ..., palen),
>
= pB(bi), pp(b2), ... up(bm), [’
pe(dy), pe(dz), - - - pe(dn)
Yax(B+0)(T) = Yax(B+C) Zazb +ZCJ
i=1
’YA(al)a’yA(a‘Q)’ ,’)/A(Clm),
. ’}/A(Cl)afYA(CQ)? . 77A(Cn)7
>
=T i), vpso®2), - vpsc(bm),
vB+c(di),vB+c(dz), ..., vBrc(dn)
'}/A(al)a'YA(CLQ)a -v’YA(am)a
. f}/A(Cl)afYA(CQ ) 77A(cn)7
> min
- ’YB(bl)v’VC(O)v’yB(bQ)v’YC(O)v~-.,’yB( ) alel (0)7
v8(0),vc(d1),v8(0),7vc(d2), - .., v8(0),vc(dn)
va(a1),7a(az), ..., valam),
o) vale),valea), . valen),
>
=Y 500, 78(02), B (m), (7
Ye(di),ve(dz), ..., ve(dn)
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VYax+0)(T) = YawBro) (Z aibi + Y dej)
i=1 =1

¢A(CL1),7/)A(G2), cee a/l/}A(aWL))

< max Yaler),Yalez), ..., vYalen),

- Yprc(b1), ¥Brc(b2), ..., ¥Brc(bnm),
Ypyc(di), ¥pyc(dz),. .., vpro(dn)
wA(al)va(QZ)a s a’lpA(am)a

< max "/}A(Cl)7wA(02)a"'ﬂl}A(cn)a

B wB(bl)a C(O>7w3(b2)>w0(0)’ s 7¢B(bm)?w0(0)a
¥p(0),Yc(dr), ¥B(0), e (dz), ..., ¥B(0),Yc(d,)
"/}A(al)7wz4(a2)a s 7¢A(am)a

< max Ya(er),valc2), .., vYalcn),

- Yp(b1),¥YB(b2), ..., ¥B(bm),
Yo (d), oldz), ..., Ye(dn)

It follows that

H(AxB)+(AxC) (T) = \/ min{pa.p(u), pawc(v)}

r=u+v
palar), palaz), ..., palan),
— \/ \/ \/ min palcr), palca), ... pmalen),
T=u-+v m n /’LB(bl)’MB(b2)7._ 7#B(bm),
u:; aib; \ v=>" ¢id; /U'C(dl)a /U’C(dQ), ,uc(dn)

i

1 i=1

< paswB+oy (),

Y(AxB)+(AxC) (T) = \/ min{ya.p(u), y4+c(v)}

r=u-+v

va(a1),v4(a2),...,va(am),
_ VA(01)77A(C2),~--a’YA(Cn)y
N J,—\u/-i-v m\/ y — B (bl)a B (bZ)a --YB (bm)a
u=2 aibi \ v=22 eid Yo(di),ve(dz), - - - vo(dn)

Y(axB)+(axc)(T)

= /\ max{ya«p(u), Ya«c(v)}

r=u-+v

r=u-+v n

u:i a;b; \ v=
=1
).

(a1),
. . 11),4(61),
o /\ /\ {\ . wB( 1)7¢B(b2)7"'3w3(bm )
< Yawpro) (T

(2) Similar to the proof of (1). O

Lemma 3.5. If A = (pua,va,%A) is a neutrosophic set in a ring R, then A x A C A if and only if it satisfies
the following conditions:

min{ MA(al)a NA(a2)> s palam),

< b b mbm ’
pa(br), pa(b2), ..., palbm) } < pa(aby+ agby -+ Gnbm)

min { ’YA(al)7fYA(a2)7 s a’YA(am)a
’YA(bl)77A(b2)a s ’VA(bm)

} < valarby + asbs + - - + amby,),
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max{ ¢A(a1), IZJA((ZQ), .. ,1/)14(am)7
(0

oo )} = vatonh bt b,

where a;,b; € R

Proof. Straightforward. O

Theorem 3.6. For a neutrosophic set A = (pa,va,%4) in a ring R, the following are equivalent:

(1) A= (ua,va,%4) is a neutrosophic subring of R,
(2) A= (ua,v4,%A) is a neutrosophic subgroup of the additive group (R, +) and A x A C A.

Proof. (1)=(2): The condition p1a(z — y) > min{pa(z), na(y)}, valz —y) = min{ya(z),va(y)}, and
Ya(x —y) <max{a(x),va(y)} is equivalent to saying that A = (ua, 4,1 4) is a neutrosophic subgroup
of the additive group (R, +). Let a;,b; € R where i = 1,2,...,m. Then

. 19 (al)uu (a2)7"'uu (am)v :
mln{ ﬂi(bl),ﬂj(bz), . ,,U,j(bm) } < mln{MA(a1b1)7ﬂA(a2b2)7 s 7”A(ambm)}

< pa(arby + aghy + - + amby,),

< min{ya(a1b1),va(az2b2), ..., va(@mbm)}

min{ 'YA(al)a'VA(GQL"-aVA(am)v }
Ya(b1),va(b2), .- va(bm)

< valarbr + azby + -+ + ambim,),

Yalar),valaz), ..., Yalam),
max{ wj(bll)7 ¢:\1(b22), . ,¢AA(bm) } Z maX{wA(albl)’ wA(a262)7 R 71/}A(ambm)}
> Yq(a1by + agby + -+ - + ambm),

which shows from Lemma[3.3]that A x+ A C A.
(2)=(1): Applying Lemma[3.5]and the definition of neutrosophic subring, we have the desired result. O

Lemma 3.7. For any neutrosophic set A = (tia,va,%A) in a ring R, the following are equivalent:

(1) Ao AC A,
(2) pa(zy) > min{pa(z), pa(y)}, va(ry) > min{ya(z),va(y)}, and Ya(zy) < max{ya(z),va(y)}
forall z,y € R.

Proof. Straightforward. O

Theorem 3.8. If A = (ua,va,%a) and B = (up,vs,¥B) are neutrosophic subrings of a ring R such that
Ax B = Bx A, then A x B is a neutrosophic subring of R.

m n
Proof. Forany z,y € R,letx = > a;b; andy = )" ¢;d;. Then
i=1 j=1

r—Yy= Zazb1 + Z(—Cj)dj,
i=1 j=1
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and so

i=1 j=1

( A(aQ)w'-a;u'A(am),
NA(_Cl)’ /‘A(_CQ)v s vﬂA(_Cn)v
pa(br), pa(d2), ..., pa(bn),

MA(dl)7/’('A(d2)7 s 7/”'A(dn)

i=1 j=1

( A(a2)v'~~77A(am)’
a(=c1),va(=c2), ..., va(—cn),
Ya(b1),va(b2), ..., va(bn),

’YA(dl)77A(d2)’ cee ”YA(dn)

Yalar),Yalaz),...,valam),
¢AE_01)7¢A(_C2)7 o a(=cn),
(

<
Y wa(r1), 0a(b2), .., Yalba),
Ya(di),Yalds), ... ,Yaldn)
It follows that
palar), palaz), ..., palam),
. MA(_C1)7MA(_02)7"'7MA(_Cn)7
Wlr—y)>

pa B(x y) _w—z\:/a'b- _X\:/Odvmln MA(b]_),,UA(bQ),...,,U/A(bn),
e yiﬁni!e 7 ,UA(dl)a,UA(dQ)a cee nuA(dn)

= min{uA*B(x)7 ﬂA*B(y)}v

yalar),va(az), ..., va(am),
: ’YA(*cl)aVA(*cZ)v"'77A(7cn)7
«BlT — > min
sle=u)z VoV om0 5, )
e Y e 'YA(dl)fYA(d2)>~--a7A(dn>

= min{va.5(z), va«5(Y)},

wAEal)v),(/JA<a(2)7")'71/}.4(0/177/()7 )

¢A —C1),PVA(—Co ,...,¢A —Cpn ),

e AV (I ATE e IR SRR )
x_ﬁniteaz ‘ y—ﬁ“i[ecj ! 'l/)A(dl)a'l/}A(dQ)v s 7¢A(dn)

= maX{Z/)A*B($)7 1/JA*B(?J)}7

so that A % B is a neutrosophic subgroup of (R, +). Since A * B = B x A by assumption, it follows from
Propositions [3.2]and [3:3|and Theorem [3.6](2) that
(AxB)o(AxB)C(AxB)x(AxB)=Ax(BxA)xB
=Ax(AxB)xB=(AxA)«(B=xB)
C Ax B,
so from Lemma[3.7] that
pa(ab) = min{pa.p(a), pasp(b)},
Ya(ab) > min{ya.p(a), va+5(b)}
Ya(ab) > min{ya.p(a), Pa.p(b)}
for all a,b € R. Hence, A % B is a neutrosophic subring of R. O

)
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Lemma 3.9. A neutrosophic set A = (a,va,%4) in a ring R is a neutrosophic left (resp., right) ideal of R
if and only if

(1) pa(r—y) > min{pa(x), pa(y)}, va(z—y) > min{ya(z), va(y)}, and pa(r—y) < max{ya(z),va(y)},
(2) 1.x AC A(resp.,, Ax1., C A).

Proof. Suppose that A = (114,74,%4) is a neutrosophic left ideal of R. It is clear that condition (1) holds.
Let x € R. We assume that x is expressible as © = a1b; + agbs + - - - + @ by, Where a;, b; € R and a;b; # 0.
Then

o . 1(a1),1(az),..., 1 (am),
MlN*A(I) = \/ mm{ MA(bl)nuA(bZ);-“y,uA(bm) }

IZZ a,-bi
finite
< \/ min{17,uA(a1b1)7MA(a2b2)7‘"7”A(ambm)}
Iiz aibi
finite
=/ min{pa(arbr), palasba),. .., pa(ambm)}

finite
< palaiby + azbs + - - + amby,)
= HA(x)v

_ . 1(a1), 1(az), ..., 1 (am),
Teal?) ‘I_;/a,hmm{ 7a(b1),7a(02), -, 74 (brn)
e
< '/ min{l,ya(aibr),va(azba), .., va(@mbm)}
finite
=/ min{ya(a1br),7a(azb2), ..., va(@mbm)}
I:Za,lh

finite

< ya(arby + asbs + -+ + amby,)
=va(z),

B 0(a1),0(az),...,0(am),
A w0 i i |

finite

> /\ max{O, 1pA(a/lbl>7 wA(a2b2)7 s 7¢A(a‘mbm)}
z=>_ a;b;

finite

= /\ max{ta(aib),Ya(azba), ..., Ya(ambmn)}
=) a;b;

finite
> ha(arby + agby + -+ ambp)
= Pa(z),
which shows that 1., x A C A. We remark that x is not expressible as x = a1b1 + asbs + - - - 4+ @b, then

oxa(®) =0 < pa(x), v1_sa(x) =0 < va(z), and Py _.a(x) =1 > 1pa(x). Therefore, condition (2) is
valid.
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Conversely, assume that (1) and (2) hold. Let =,y € R. By using condition (2), we have

pa(xy) > p1xa(zy)
B ) 1(a1),1(az), ..., 1(am),
- \/ mm{ pa(01), pa(d2), ..., pa(bm) }

ry=>3" a;b;

finite

> pa(l(z), pa(y))
= pa(y),

ya(zy) > v1sa(zy)

— min 1(a1), L(az),..., 1 {am),
_Iy\z/aibi { va(b1),74(b2), ..., va(bm) }

finite

= ya(l(z),7a(y))
=va(y),

VYa(zy) > P1_sa(ry)

-V min{ by, A(b;)',...,wA(bm)}

wy:ﬁz: a;b;
< %a(0(z),¥a(y))
=1a(y).
This means that A = (pa,7v4,%4) is a neutrosophic left ideal of R. In a similar way, we can prove that
A = (pa,74,%4) is a neutrosophic right ideal of R. O

Theorem 3.10. If A = (ua,va,%4) is a neutrosophic right ideal of a ring R and B = (up,vB,¥B) is a
neutrosophic left ideal of R, then Ax B C AN B.

Proof. Let A = (ua,va,%4) be a neutrosophic right ideal of a ring R and B = (up,v5,¥5) be a neutro-
sophic left ideal of R and x € R. We assume that z is expressible as * = a1b; + agbs + - - - + @, by, Where
a;,b; € Rand a;b; 75 0. Then

. 19 (al)wu (a2)7"'7:u (am)7 .
min { perfonetatoel - -osalio) | < nindus o), oa ..o pafan)}

< min{pa(aib), palazbz), ..., pa(ambm)}
< palarby + agby + -+ + amby),

min{ valar),va(az),...,va(am), } < min{ya(a1),va(az),- .., va(am)}

ya(b1),va(b2), ..., va(by)
< min{ya(a1b1),va(az2b2), ..., va(@mbm)}
S VA(albl + a2b2 + -+ ambm),

max{ wA(al)aq;[}A(aQ),...,1/}A(am)7 } Z min{wA(al);wA(aQ)w-~7¢A(am)}

Pa(br),va(b2),...,10a(byn)
> min{ya(aibr), Yalazbz), ..., Yalambm)}
> Yaarby + agbs + - - + amby,).
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It follows that

o EA@), @) pafan),
ng/aibimm{ RIS S

finite

. palar),palaz),. .. palam),
< 1_2\:/%1” mm{ pa(br), pa(ba), ..., palbm) }

finite

pasp(T) =

< palarby + azbs + -+ - + amby,)
= ,LLA(x)v

_ | yalar),va(az), ..., va(am),
YaxB(x) m_E\:/aibi mm{ (6174 (b2)s - s () }

finite

. %4(01),%(@2),-~~77A(am),
= _\/_ v“““{ Ya(b1),7a(b2), -, 74 (bm) }
asfxalbl
< valaiby + agby + -+ + amby,)
:’YA(@")’
_ wA(al)aqsz(aQ)a'~~71/}A(am)7
pann(e) ‘z_é\a_b_max{ RS
wA(al)aqz[}A(aQ)?'"7¢A(am)7
Zz_é\aibimx{ Galbr), Yaba), - 0a(bm) }

> alarby + azby + -+ + ambm)
= ’le(.%‘)

Hence, pa«p(z) < pa(x), yasp(@) < va(x), and Y a.p(x) > P a(z). We remark that x is not expressible
as & = ai1by + asbe + -+ + ambpm, then pa.p(x) = 0 < pa(z), yarp(x) = 0 < y4(x), and Ya.p(z) =
1> (o). Thus, ap () < mingua(w), mn(@)} = (1a A p)(@), Yasn () < minfra(e), 1p(z)} =
(va AvB)(z), and Y a.p(z) > max{ya(z),¥p(z)} = (Ya V ¥p)(z). Therefore, Ax B C AN B. O

Theorem 3.11. If A = (pa,va,%aA) is a neutrosophic left ideal of a ring R and B = (up,vp,¥n) is a
neutrosophic right ideal of R, then A x B is a neutrosophic ideal of R.

Proof. Let A = (14,74, %) be aneutrosophic left ideal of aring R and B = (up, 5, ¥5) be a neutrosophic
right ideal of R. The first part of the Theorem shows that A * B is a neutrosophic subgroup of (R, +).
For any =,y € R, we assume that z is expressible as x = a1by + a2bs + - - - + a, by, Where a;,b; € R and
a;b; # 0. Then xy = aq(b1y) + az(boy) + - - + am(bny), and so

min{ palar), pa(az),. .., pa(am), } < min{ palar), pa(az),. .., pa(am), }
A(b1); pabz)s s palbm)  f = pa(bry), pa(bey), . s pa(bmy)

< paxB(TY),

min{ valay),va(az), ..., va(am), }<min{ yalar),va(az), ..., va(am), }
Ya(br),va(b2), -, va(brm) - Ya(b1y), va(b2y), - - ., va(bmy)

< ya«B(zY),
max{ wA(al)awA(aQ)v"'a'l/]A(am)v } >m { A de a2) ",wA(am)v }
Ya(br),a(bz),. .., a(bm) - ha bly Ya(b2y), .-, Ya(bmy)
> Yas(Ty).
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It follows that

_ | palar),palaz), ... palam),
@ = \/ mm{ palin) ialz) oo tialn }

T:Z a;b;
palar), palaz), ..., pmalam),
ﬁ{ 1a(br), 1a(ba), - 114 (bm) }
:U‘A(al)aliA a2)7~~~,ﬂA(am)7
S{ pa(01y), pa(b2y), - .- pa(bmy) }

_ : v (a1)77 (a )""7’7 (am)v
yas(@) =\ mln{ s }

r:ﬁzmb,
va(ar),va(az), ..., valam),
<{ Ya(B1), 74 (b2), - -, 74 (bm) }
valar),va(az2),...,valam),
<{ Ya(Br), 74 (b2y), - -, 74 (by) }

Yaip(x) = \/ max{

Iiz aibi

finite

<= &

alar),Yalaz), ..., alam), }
A(b1),Ya(b2), ..., Pa(bn)

lpA(a’ )7'(/}/\( )a"'va(am)a
= { ¢A(b11),¢A( 22)7~-~7wz4(b’m) }
Yalar), Yalaz),. .., valam),
2{ A(b1y), Y a(b2y), .- -, v a(bmy) }
*wA*B(xy)

Hence, piasp(x) < pa(zy), vaxp(x) < ya(zy), and Yaxp(z) = Yalzy). Similarly, we get pa.p(y) <
wa(zy), vass(y) < valzy), and Y a.5(y) > a(zy). Thus, A x B is a neutrosophic ideal of R. O

Definition 3.12. A neutrosophic set A = (pa,v4,%4) in aring R is called a neutrosophic quasi-ideal of R if

pa(z —y) > min{pa(z), pa(y)}
(Vz,y € R) | va(r —y) > min{ya(x),va(y)} ,
Ya(x —y) <max{ya(z),va(y)}

(Ax1.)N(1.xA) C A
0 0 1 0 0 1 1 1
Example 3.13. Let R = { <0 O> <0 0> b= (O 0) ,C= (O 0) } .Then R = {0, a, b, c}

is a ring of matrices under matrix addition and multiplication modulo 2. We define a neutrosophic set A =

+10 a b c 0 a b c

0 a b ¢l||0]|0 O 0 O
ala 0 ¢ blla|0 a b c
b|b ¢ 0 allb|0 0 0 O
clec b a O c|0 a b ¢

(ta,v4,%4) as follows: It is easy to verify that A = (pa,v4,%4) is a neutrosophic quasi-ideal of R, but it
is not a neutrosophic right ideal of R.

Definition 3.14. A neutrosophic set A = (pa,v4,%4) in aring R is called a neutrosophic bi-ideal of R if
pa(z —y) = min{pa(z), pa(y)}

(Vo,y € R) | va(z —y) > min{ya(z),va(y)} ,
Ya(r —y) <max{ya(r),va(y)}

AxACAand Ax1.%x A C A.
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R 0 1 2 3

pna | 08 01 03 0.2
va | 07 00 02 0.1
va | 04 09 06 08

Example 3.15. Let R = {0, a,b, ¢} be a ring with the following tables: We define a neutrosophic set A =

o o e O

o o O O
>0 O Qe
Q@ oo oS
[=IESEES el s
QO o O

o O OO O
O O O 2
o O O o oo
L OOl o

(ta,v4,%4) as follows: It is easy to verify that A = (pa,7v4,%4) is a neutrosophic bi-ideal of R, but it is

X 0 1 2 3

pa | 1.0 06 0.0 00
¥4 | 07 00 02 0.1
va | 00 02 1.0 1.0

not a neutrosophic quasi-ideal of R.

The proof of the following two lemmas is straightforward and hence omitted.
Lemma 3.16. Every neutrosophic left (right, two-sided) ideal of a ring R is a neutrosophic quasi-ideal of R.

Lemma 3.17. If A = (ua,7va,a) is a neutrosophic right ideal of a ring R and B = (up,vs,¥B) is a
neutrosophic left ideal of R, then A N B is a neutrosophic quasi-ideal of R.

Theorem 3.18. Every neutrosophic quasi-ideal of a ring R is a neutrosophic bi-ideal of R.

Proof. Let A be any neutrosophic quasi-ideal of R. Then AxA = (AxA)N(AxA) C (Ax1.)N(1.xA) C A.
Since Ax1.%ACAx(1lux1l.) C(Ax1l)and A*x1o+xA C (1o*1.)«A C (1. % A), we have
loxAx1o C(Ax1.)N (1. xA) C A. Hence, A x B is a neutrosophic bi-ideal of R. O

The converse of Theorem is not true in general. For example, the neutrosophic bi-ideal B = (up,v5,¥5)
described in Example [3.13]is not a neutrosophic quasi-ideal of R.

Theorem 3.19. The intrinsic product of two neutrosophic quasi-ideals of a ring R is a neutrosophic bi-ideal
of R.

Proof. Let A = (pua,v4,%4) and B = (up,vp,¥p) be any two neutrosophic quasi-ideals of R. From
Theorem [3.18§] it follows that B is a neutrosophic bi-ideal of R. Then A« 1. * A C A and so

(AxB)*(AxB)=(AxB*A)*BC (Ax1.+*A)«xBC AxB

and
(AxB)* 1 (A*xB)=Ax(Bx(Ax1.)xB)
CAx(Bx(lwx1.)%B)
CAx(Bx1.x*B)
C Ax B.
Hence, A * B is a neutrosophic bi-ideal of R. O
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4 Regular rings

A ring R is said to be regular if for each element x of R, there exists an element a € R such that x = zax. A
ring R is regular if and only if AB = A N B whenever A is a right ideal of R and B is a left ideal of R. The
corresponding neutrosophic ideals nicely simulate this basic concept.

For a subset X of a ring R, we denote X = {(z, pz (@), v5(x), ¥z (x)) | © € R} defined by

1 ifzeX 1 ifzeX 1 ifzeX
nx(r) = {0 otherwise, 1x(@) = {0 otherwise, vx(r) = {O otherwise forall z € F. For the

sake of simplicity, we shall use the symbol X = (Lg, Vs, kg) for X = o, pg(x), 75 (2), Y5 (x)) | 2 €
R}.

Lemma 4.1. Let A be a nonempty subset of R. Then

(1) Ais a subring of R if and only lfg is a neutrosophic subring of R,
(2) Ais aleft (right) ideal of R if and only lfAv is a neutrosophic left (right) ideal of R,

(3) A is a quasi-ideal of R if and only if Aisa neutrosophic quasi-ideal of R.

Proof. Straightforward. O

Theorem 4.2. A ring R is regular if and only if A x B = A N B for every neutrosophic right ideal A =
(LA, v4,%a) of R and every neutrosophic left ideal B = (up,vB,,%¥s) of R.

Proof. Suppose that R is a regular ring. By Theorem [3.10} we have A x B C A N B. To prove the opposite
inclusion, let x € R. Since R is a regular ring, there exists y € R such that x = zyz. Hence,

| walar), pa(ar), ..., pma(ay),
I—;:/aibimln{ 'LLA(al)’MA(al)W"vNA(al) }

finite

MA*B(x) =

> min{pa(zy), pa(z)}
> min{pa(x), pa(z)}
= (/_LA AN ,U,B)(x),

vala1),vala1),...,va(a1),

FYA*B(‘I) w—z\:/aibimin{ 7A(a1)77A(a1)""’7A(a1) }

> min{vya(zy), va(z)}
> min{ya(x),va(z)}
= (va AvB) (%),

¢ (a1)7'(/}14(a‘1)’ R 71/)14(@1)7

_ A
wA*B(x) _I_z/:\aibimax{ 1/)14((11),’(/),4(@1)’-”71/)14(@1) }

finite

max{a(zy),a(x)}
max{ya(r),Ya(z)}
(YaVyp)(z).

Hence, ia.p(z) = (14 A ig)(@), Yaes (@) = (74 A78) (@), and a,(2) < (4 V 1p)(x) forall o € R
It follows that A * B O AN B. Therefore, Ax B = AN B.

IAIA

Conversely, suppose that A + B = A N B whenever A is a neutrosophic right ideal and B is a neutrosophic
left ideal of R. Let U be a right ideal and V' be a left ideal of R. By Lemma ), U = (ug,Vg,%g) is a
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neutrosophic right ideal and V= (k7,73 ) is a neutrosophic left ideal of R. Hence, VAV =VxV.We
alwaysthat UV C U NV. Weshowthat UNV CUV.Letx € UNYV. Since

~ () = min ,u‘~(a1)a:u‘~(a2)7'"a,u’~(am)a
roe@= Vo R

= (ug A ug) (@)
= min{ug(z), py(r)}
=min{l,1} =1,

~ () = min 7~(a’1)77~(a2)a-'-7’7~(am)u
157 ( )w_;/%bi {7g(b1),fyg(bl),...,yg(bm) }

= (5 A )@)
= min{yz(2), 75 (2)}
=min{l,1} =1,

~ () = max wN(a1)7w~(a2)7"'a¢~(am)7
sr@=" A {¢§<bl>,¢§<b1>,...,¢§(bm) }

I:Z a,;bi
finite

= (Vg Vg (@)

= max{¢5 (), ¥g(z)}

= max{0,0} =0,
there must exist a;, b; € R, for which uz(a;) = pug(0;) = 1, v5(a:) = v5(b:) = 1, and Y5 (a;) = g (bi) =
1. This implies that x = > a;b; € UV. Accordingly, U NV C UV. Hence, R is a ring. O

finite

Corollary 4.3. For aring R, the following statements are true:

(1) if R is a commutative ring such that A « B = A N B for all neutrosophic ideals A, B of R, then R is a
regular ring,

(2) if R is a regular ring, then every neutrosophic ideal of R is idempotent,

(3) if R is a commutative ring such that A2 = A for all neutrosophic ideal of R, then R is a regular ring.

Proof. Straightforward. [

Theorem 4.4. For a ring R, the following statements are equivalent:

(1) Ris aregular ring,
(2) A= Ax1. % Aforevery neutrosophic bi-ideal A of R,

(3) A= Ax1. % A for every neutrosophic quasi-ideal A of R.

Proof. (1)=(2): Let A = (ua,v4) be any neutrosophic bi-ideal of R. Since A is a neutrosophic bi-ideal of
R, we have A x 1. x A C A. For the reverse inclusion, let a € R. Then, since R is regular, there exists z € R
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such that ¢ = axa. Then

— ; palar), pa(ar), ..., palar), }
Hantxa(T) = xz;:/a_bv mm{ 1 xa(01), i xa(b2), - s 1 va(bm)

finite

> min{ua(a), u1_«a(za)}

\/ min palar), palar),...,palar),
=3 asby p1owA(D1), 1 wa(b2), ooy 1 ea(bm)

> min{p(a), min{1(x), pa(a)}}
= min{pa(a), min{1, pa(a)}}

— min { pa(a),

= /uA(a)v
_ : FYA(al)7’YA(a1)7'"77A(a1)7
Teteald) = g/m“{ T, 1 2eaB2) 14 ()

finite

> min{ya(a),v1_«a(xza)}

—min{ ya(a), \/ min{ va(ai),va(a),...,vala1), }

o= aibs 'VlN*A(bl)v’}’lN*A(bZ)w-w'YlN*A(bm)

> min{vya(a), min{1(x),va(a)}}
= min{vya(a), min{l,v4(a)}}
=7a(a),

Yalar),valar),. .., vala1),
xzé\a,b, maX{ Uroea(br) vna(be), s b ea(bm) }

finite

< max{ta(a), 1 _«a(za)}

Yalar),alar), ..., valar),
x—é\a'h max { ¢1~*A(b1)7 wlN*A(bQ)a RIS awlN*A(bm) }

finite

< max{¢(a), max{0(z), Ya(a)}}

= max{ta(a), max{0, ¢ (a)}}

= Q/JA(LL).
This shows that A 1., x A C A. Hence, A = Ax 1. x A.
(2)=(3): Since any neutrosophic quasi-ideal of R is a neutrosophic bi-ideal of R by Theorem[3.18] the impli-
cation (2)=-(3) is valid. _
(3)=(1): Let @ be any quasi-ideal of R, and a any element of (). By Lemma (3), Q is a neutrosophic
quasi-ideal of R. Then

Yas1sa(x) =

= max { Y4(a),

HGu.ng(@) = _¥b min{ Z?fa;(bﬁ)éﬁ)@(b;é( éjnu)ll*dbm) }
finite
= pg(a)
=V wn{Jdet )
finite
=5(a)
=1,
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~ () — 1/16(041),1/1@((12),...,1/)@(am), }
Va1 (@) = I_z/;\aibi rnax{ Uy _a(01), %) 5(b2), ;L 5(0m)
=5(a)
=0.

This implies that there exist a;,b; € R such that pu5(a;) = 1, _,5(b:i) = 1, v5(ai) = v, _,5(b:) = 1, and
wé(ai) = ¢1~*@(bi) =0witha = Z a;b;. Since

finite

. l(pl)’l(pQ)""71<pm)7

L=py 5b)= \/ mm{ " ~ _ } )
bi:ZpiQi MQ QI)aMQ(QQ)a”-a,UQ(q"L)

finite

1:71~*@(bi) = \/ min{ i(f’(l)’l(pz),...,l(pm), }7

bi=3 piqi Q (I1),’V@(q2)7...,7@(qm)

finite

_ —(h.) — max 0(p1)70(p2)770(pm)7
O=tia= A e e ) }

finite

there exist p1,¢; € Rsuchthatp; € Rand ¢; € Q withb; = " p;q;. Hence, a;,¢; € Q and p; € R. Then

finite
=Y ah-Ya (zpiqf,) Y wlp) € QRO.
finite finite finite finite

and so a € QRQ. Thus, Q C QRQ. On the other hand, @ is a quasi-ideal of R, QRQ C QRN RQ C Q,
and so Q = QRQ. Then it follows that R is regular. O

Theorem 4.5. For a ring R, the following statements are equivalent:

(1) R is regular,
(2) AN B = B« A x B for every neutrosophic ideal A of R and every neutrosophic bi-ideal B of R,

(3) AN B = B x A x B for every neutrosophic ideal A of R and every neutrosophic quasi-ideal B of R.

Proof. (1)=(2): Let A = (ua,va,%a) and B = (up,vB,%¥p) be any neutrosophic ideal and any neutro-
sophic bi-ideal of R, respectively. Then Bx Ax BC Bx1l.«xBC Band BxA+*xBCl.xAx1_C A.
Thus, B x Ax B C AN B. In order to see that the converse inclusion holds, let a be any element of R. Then,
since R is regular, there exists an element x in R such that a = aza(= axaxa). Since A is a neutrosophic
ideal of R, pa(zax) < pa(za) < pa(a), ya(razr) < ya(za) < va(a), and Ya(xax) > Ya(xza) > pa(a),
o)

/LB*A*B((I) = \/ min{ 'uB(al)”uB(al)’"‘7/”’“3(0‘1)7 }

S b, pasB(b1), paxs(b2), ..., taws(bm)

finite

> min{ps(a), jiaes(vaza)}

I . #A(pl)nuA(pZ)’"'7,uA(pm)7
=min { ug(a), \/ mm{ 1(a0), 15(2)s -+ 115 () }

rara=Yy piq;

> min{up(a), min{pa(razr), pp(a)}}
= min{pup(a), min{ua(a), pp(a)}}
)
(

= min{up(a

|
=

@
>

=
s
S
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_ . ’YB(al)apyB(al)a"'773((11)5
(@ = Vi L o

finite

> min{vg(a), vas«5(zaza)}

o f va),vap2), - - va(pm),
= min 4 75(a), \/ mm{ vB(q1),v8(q2); - -, vB(qm)

rara=Yy piq;

> min{yg(a), min{ya(zazr),vs(a)}}
= min{yp(a), min{ya(a),vs(a)}}
)
(

_ Yp(ar),ve(ar),. .., ¢vplar),
Vpearn(a) —a_z/:\a"b.max{ Yaxp(01), Vaxp(b2), -, Yacp(bm) }

finite

< max{¢p(a), Ya.p(zaza)}

_ Ya(p1),va(p2), ..., ¥alpm),
=max { ¥p(a), /\ max{ ¥(q1),YB(q2), .-, ¥B(qm)

rara=Yy piq;

< max{yp(a), max{ya(zax),¥p(a)}}
= max{tp(a), max{ya(a),¢p(a)}}
= max{¢p(a)

(

= (¥ ANYa)(a).
Hence, AN B D B x A x B. Therefore, ANB =B x Ax* B.

|

|

(2)=(3): Since any neutrosophic quasi-ideal of R is a neutrosophic bi-ideal of R by Theorem [3.18] the impli-

cation (2)=(3) is valid.

(3)=(1): Let U and V' be any ideal and any quasi-ideal of R. By Lemma 3), Uisa neutrosophic ideal

and V is a neutrosophic quasi-ideal of R. Leta € U N V. Then

I _ : :U"';'(al)a:u’ﬁ(aﬂ)?"'a:u"';'(a’m)a
a) = min
HJV*U*V( ) a_z\:/a/b: { :U/fj*f/(bl)7 ij*v(bg), . ,/L[’j*‘”/(bm)
finite
= (ug A pg)(a)
= min{ug(a), pg(a)}
= min{1,1}
= ]_7
_ S wla) yp(az), -y (am),
..o \a) = min
’YV*U*V( ) a_z\:/a,_b,_ { 'Yﬁ*{}(bl)a 7[7*‘7(1)2), e ,Vﬁ*ﬁ(bm)

= (g M)

= min{yz(a),vg(a)}
= min{1,1}

—1,
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o _ 1/1~(a1),1/}~( )7'~~;¢~(am)a
wV*U*V(a) - . é\aibi max { 1/);*‘7(1)1)"/1'[)[] ( V s ’(/J[’j*";(bm) }
= (Vg AN Yg)(a)
= max{¢(a), Vg (a)}
= max{0,0}
=0.
This implies that there exist a;, b; € R such that pug(a;) = py,7,.7(0:) = 1, vy (ai) = vp,5(bi) = 1, and
w‘;(ai) = wv*“;(bz) =0 witha = Z a;b;. Since
finite
— e (b)) = pg(P1), g (P2) - - b (Pm), }
o=V min L o e )

finite

L=v5,50)=\/

bi=3 piqi

finite

0=1vg,p0:)= N
bi=> piqi

finite

Vi (p1), Y5
max{ wg o

U
v(

min{ Y& (1): V5 (p2), -
Ty v

.. a’y~(p7H)7
~7Vg(qm) }

2)s- - Vg (Pm), }
v Y lam)  J7

there exist p1, ¢; € R such thatp; € uwand ¢; € v withb; = > p;¢;. Hence, a;,q; € v and p; € u. Then

finite

finite finite finite finite

a=Y abi=> a (Zpiqi>

= Z%(Pi%‘) evuv

andsoa € VUV. Thus, U NV = VUYV. Then it follows that R is regular. O

Theorem 4.6. For a ring R, the following statements are equivalent:

(1) R is regular,

(2) AN B = B« A x B for every neutrosophic ideal A of R and every neutrosophic bi-ideal B of R,

(3) AN B = B x A x B for every neutrosophic ideal A of R and every neutrosophic quasi-ideal B of R,

(4) BN C C Bx C for every neutrosophic left ideal C and every neutrosophic bi-ideal B of R,

(5) BNC C B« C for every neutrosophic left ideal C' and every neutrosophic quasi-ideal B of R.

Proof. (1)=(2): Let A = (a,v4,%4) and B = (up,7vB,%¥p) be any neutrosophic right ideal and any
neutrosophic bi-ideal of R, respectively. Let a € R. Then, since R is regular, there exists z € R such that

a = axa. Then

pasp(a)
a= Z aibi

min{pp(az), up(a)}
min{pa(a), pp(a)}
(1a A pp)(a),

AV

YAxB (CL) =

> min{yp(azx),v5(a)}
> min{ya(a),yp(a)}
= (vaANvB)(a),

https://doi.org/10.54216/IJNS.240421

: H (a1)7M (a2)7'
Vo min{ Ralnatis)

<5 ba(@m),
..,/LB(bm) }

.. 7’YA(a/m),
.- ;'YB(bm) }
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¢A(a1
T/JA* (Cl) = max {
b W é\aibi Yp(b

finite

< max{v¥g(ax),¥p(a)}
< max{ya(a),¥p(a)}
= (Ya ANYB)(a),

)7’¢)A(a2)ﬂ s 3¢A(a7n)7 }
)’ ¢B(b2)a cee 71/)B(bm)

andso ANB C AxB.

2)=(3)=(4)<=(5): Straightforward.

(5)=-(1): Since any neutrosophic left ideal of R is a neutrosophic quasi-ideal, it follows from Theorem [.2]
that R is regular. O

Theorem 4.7. For a ring R, the following statements are equivalent:

(1) R is regular,

(2) ANBNC C AxBxC for every neutrosophic right ideal A, every neutrosophic left ideal B, and every
neutrosophic bi-ideal C' of R,

(3) ANBNC C Ax B«C for every neutrosophic right ideal A, every neutrosophic left ideal B, and every
neutrosophic quasi-ideal C of R.

Proof. (1)=(2): Let A = (11a,v4,%4). B = (5,75, ¥5). and C = (uc, e, tbc) be any neutrosophic
right ideal and any neutrosophic left ideal, and neutrosophic bi-ideal of R, respectively. Let a be any element
of R. Then, since R is regular, there exists an element  in R such that a« = axa(= azazxa). Then

pct@) =\ { FA b)),

a=3" a;b; ’LLB*C(bl)"uB*C(bQ)"~-7,UB*C(bm)

finite

> min{pp(ax), ppc(aza)}

= min ,LLA(al‘)7 MC(Ql)muC(q?)?""'u’C(qm)

Vi s opnli).

aza=>3_ pigi

> min{p4(az), min{up(a), pc(za)}}
= min{pa(a), min{pg(a), pc(a)}}
= (A A pB A pe)(a),

Yasec(a) = \/ min{ valar),ya(az); - -, valam), }

S b, VB« (b1), YBxc(b2), - . ., YBxC (bm)

finite

> min{yg(az), vp«c(aza)}

— min 'YA(ax), \/ mln{ ’YB(pl)va(pZ)a"'773(pm)a }

velq), velae), - - - ve(gm)
ara=3_ piq;

min{ya(ar), min{vyp(a),vc(xa)}}
min{y4(a), min{ys(a),yc(a)}}
(va Ave Ave)(a),

v
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wA(al)a IZJA(G'Q)? ) ¢A(am)7

Yarsecla) = a_é\a_b_ max{ ¥Bsc(b1),¥Brc(b2), - ¥Brc(bm) }

finite

max{¢p(ax),Yp.c(aza)}

IN

u)B(pl)va(pQ)""7¢B(pm)a
max ¢ Ya(ax), /\ maX{ Yelqr), ve(qz), - - Yo (gm) }

ara=3 piqi

finite

max{y4(azx), max{yp(a), Yc(za)}}
= max{wA (a), maX{'L/)B (a)’ wC(a) }}
= (Ya NYB AYc)(a).

(2)=-(3): Straightforward.

3)=(1): Let A = (pa,va,%a) and C = (uc, o, ¥c) be any neutrosophic right ideal and any neutrosophic
bi-ideal of R, respectively. Then, since R itself is a fuzzy quasi-ideal of R, we have ANC = ANRNC C
Ax1.%C C AxC. It follows from Theorem 4.2]that R is regular. O

IN
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