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Abstract 

This research dealt with the study of the boundary values associated with differential equations, which 

are of the non-linear and third-order type.  A new algorithm was created that uses exponential spline 

functions to study and address boundary value problems of a general nature. We have demonstrated 

that the numerical approach used, which was built using exponential spline functions, gives us good 

and accurate results for these problems, which have been compared to existing numerical methods. 

We found that the proposed method is accurate and effective compared to other Spalline methods. 
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1. Introduction 

Nonlinear boundary value problems play an important role in controlling many scientific phenomena 

and in various specializations in engineering and applied sciences. We have extensively studied 

higher-order non-linear boundary value problems because of their importance in mathematical 

applications and can be dealt with in practical applications. Therefore, boundary value problems have 

received much attention from scholars in the fields of mathematics, physics, and engineering, due to 

their importance in searching for and analyzing solutions. Obtaining an analytical solution to nonlinear 

boundary value problems is a difficult task and often cannot be achieved in many problems. To study, 

analyze and address such issues, we found a lot of research. However, many researchers have 

encountered a number of difficulties in finding solutions to various problems that exhibit nonlinear 

properties.  The exponential spline function can be considered of great importance in modern studies 

in order to find solutions to boundary value problems. Specifically, many different methods have been 

widely applied to third-order boundary value problems, which are a type of ordinary differential 

equations.Includes references that address third-order boundary value problems through many 

numerical methods, including the finite difference method [1–3], The authors of the aforementioned 

research have studied several strategies, including the cubic spline approach [4–6], the quadratic spline 

function [7–9], the pentagonal spline technique [10–12], non-polynomial spline techniques [13–17], 

and other methods. These methods contain verification and approximation in solutions to third-order 

boundary value problems [18,19]. Their method relies on using ordinary cubic spline functions, such 

as what order is in the form of 𝒯𝑛 = 𝒮𝑝𝑎𝓃{1, 𝜂̂, 𝜂̂2}, and building consistency equations. This 

previously mentioned method showed second-order convergence, outperforming other previous 

methods containing finite difference, clustering, and regular splines. Many scholars have discussed 

extensively the equation of third-degree boundary value problems, as they have found and explored 

the use of non-polynomial spline functions in order to approximate the solution to these problems.  

Specifically, researchers in [20,21] studied and investigated a non-polynomial spline method that 

relies on quadratic functions. In their research, the researchers [20,21] used the quad-spline function, 

which can be denoted by 𝒯𝑛 = 𝒮𝑝𝑎𝓃{1, 𝜂̂, 𝜂̂2, sin 𝜏𝜂̂ , cos 𝜏𝜂̂}. Likewise, the researchers in [22] used 

another type that differs from the quad-spline, which can be denoted by 𝒯𝑛 =
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𝒮𝑝𝑎𝓃{1, 𝜂̂, 𝜂̂2, e(𝜏𝜂̂), sin 𝜏𝜂̂}.  Accurate results and convergence were obtained through the use of the 

approach under discussion, enabling very easy and accurate approximations to be made. The authors 

[23] developed a unique method using non-polynomial quintic spline operates to solve boundary value 

problems (BVPs).They implemented a novel set of techniques to solve numerous third-order boundary 

value problems. Consequently, the proposed approach was used to test numerical instances, coupled 

with enhanced end conditions. The authors in [24] specifically focused on the creation of a numerical 

method using quartic spline functions to handle a specific type of third-order boundary value problems 

(BVPs).The researchers in [25] introduced a specific type of third-order boundary value problems 

(BVPs) to guide the numerical BVPs based on splines. The investigators in [26] successfully resolved 

the linear and nonlinear situations. The approach was customized using only four mesh points. They 

successfully resolved the instances of boundary value problems (BVPs) with distinct conditions. The 

approach exhibits convergence up to fourth order. A typical third-order boundary value problem 

(BVP) can be expressed in the following form: 

𝑣(3)(𝜂̂𝑖) − 𝒦 (𝜂̂, 𝑣(𝜂̂), 𝑣(1)(𝜂̂), 𝑣(2)(𝜂̂)) = 𝜙(𝜂)𝑣2,      𝜂̂ ∈ [𝑎, 𝑏]                                                       (1) 

With boundary value problems, 

𝑣(0) = 𝛾1,     𝑣(1)(0) = 𝛾2,    𝑣(1)(1) = 𝛾3.                                                                                             (2) 

when 𝛾𝑖,  with i ranging from 1 to 3, is a definite real constant. To obtain the estimates of the answers 

of the aforementioned of equations (1-2) using various exponenatial spline techniques, we employed 

exponential quartic spline functions with the following structure, 𝒯𝑛 =

𝒮𝑝𝑎𝓃{1, 𝜂̂, 𝜂̂2, 𝜂̂3, e(𝜏𝜂̂), e(− 𝜏𝜂̂)} ,where 𝜏 is the free parameter.The paper is structured in the following 

manner . In Section two, we present a concise explanation of the mathematical derivation of this 

exponential spline function  that is not a polynomial. We introduce the spline relations for the purpose 

of discretizing the provided in equation (1). Section three introduces our numerical approach for 

solving a set of non-linear third-order boundary-value problems. We discuss the formulation of 

boundary conditions, truncation error, and a specific class of the method. In Section four , we provide 

numerical evidence to compare and demonstrate the effectiveness of the methods. Our results show 

that our algorithm outperforms an iterative method. 

 

2. Methodology Development 

To construct the spline approximation for the fourth-order boundary value problem (1.2), the interval 
[𝑎, 𝑏] is partitioned into 𝑛 equidistant subintervals. To accomplish this, we will introduce a collection 

of grid points 𝜂̂𝑖 = 𝑎 + 𝑖ℎ, 𝑖 = 0,1,2, … , 𝑛 − 1, 𝑛. In order to 𝑎 = 𝜂̂0,  𝑏 = 𝜂̂𝑛 and ℎ =
𝑏−𝑎

𝑛
. Let  𝑣(𝜂̂) 

represent the precise solution of the equation (1), and  𝑣𝑖 yi denote an estimate of 𝑣(𝜂̂𝑖) that comes 

from the portion 𝐸𝑖(𝜂̂) of a combined spline function that passes through both points (𝜂̂𝑖, 𝑣𝑖) and 
(𝜂̂𝑖+1, 𝑣𝑖+1). The exponatail spline function 𝐸𝑖(𝜂̂) in the subinterval [𝜂̂𝑖, 𝜂̂𝑖+1], 𝑖 = 0,1, . . 𝑛 − 1 takes 

the form: 

𝐸𝒊(𝜂̂) = 𝑎̂𝑖𝑒
𝜏(𝜂̂−𝜂̂𝑖) + 𝑏̂𝑖𝑒

−𝜏(𝜂̂−𝜂̂𝑖) + 𝑐̂𝑖(𝜂̂ − 𝜂̂𝑖)
3 + 𝑑̂𝑖(𝜂̂ − 𝜂̂𝑖)

2 + 𝑒̂𝑖(𝜂̂ − 𝜂̂𝑖) + 𝑓𝑖,                              

(3)  

where 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 , 𝑒𝑖  and 𝑓𝑖 are arbitrary real and finite constants, and τ is a free parameter. In order 

to find the six  coefficients of integration for equation (3) using 𝑣𝑖 , 𝑣𝑖+1, 𝑣𝑖+1, 𝜓𝑖 , 𝜓𝑖+1, Ζ𝑖 , Ζ𝑖+1, ℳ𝑖 . 
and ℳ𝑖+1. We define the interpolator conditions for the variable for 𝜂̂𝑖 and 𝜂̂𝑖+1 

𝐸𝒊(𝜂̂𝑖) = 𝑣𝑖 ,            𝐸𝒊(𝜂̂𝑖+1) = 𝑣𝑖+1

𝐸𝑖
(2)(𝜂̂𝑖) = 𝜓𝑖 ,        𝐸𝑖

(2)(𝜂̂𝑖+1) = 𝜓𝑖+1,

𝐸𝑖
(3)(𝜂̂𝑖) = Ζ𝑖,        𝐸𝑖

(3)(𝜂̂𝑖+1) = Ζ𝑖+1,

𝐸𝑖
(4)(𝜂̂𝑖) = ℳ𝑖,        𝐸𝑖

(4)(𝜂̂𝑖+1) = ℳ𝑖+1.

 for 𝑖 = 0,1, . . , 𝑛                                                                     

(4) 

A spline can be defined in terms of 𝑣𝑖 , 𝑣𝑖+1, 𝜓𝑖 , 𝜓𝑖+1, Ζ𝑖 , Ζ𝑖+1, ℳ𝑖 and ℳ𝑖+1, the coefficients 

presented in Equation (3) are computed as follows: 

𝑎̂𝑖 =
ℎ4(ℳ𝑖+1 − ℳ𝑖𝑒𝜃̃)

𝜃̃4(𝑒𝜃̃ − 𝑒𝜃̃)
, 
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𝑏̂𝑖 =
ℎ4(ℳ𝑖𝑒

𝜃̃ − ℳ𝑖+1)

2𝜃̃4(𝑒𝜃̃ − 𝑒𝜃̃)
, 

𝑐̂𝑖 =
𝜓𝑖+1 − 𝜓𝑖

6ℎ
−

ℎ2(ℳ𝑖+1 − ℳ𝑖)

6ℎ𝜃̃2
, 

𝑑̂𝑖 =
1

2
(𝜓𝑖 +

ℎ2ℳ𝑖

𝜃̃2
), 

𝑒̂𝑖 =
𝑣𝑖+1 − 𝑣𝑖

ℎ
−

ℎ4(ℳ𝑖 − ℳ𝑖+1)

ℎ𝜃̃4
−

ℎ

6
(𝜓𝑖+1 + 2𝜓𝑖) −

ℎ3

6𝜃̃2
(ℳ𝑖+1 + 2ℳ𝑖), 

𝑓𝑖 = 𝑦𝑖 −
ℎ4ℳ𝑖

𝜃̃4
. 

Where 𝜃̃ = 𝜏ℎ , and 𝑖 = 0,1,2, . . , 𝑛. 

Applying the continuity criteria of the first and third derivatives at the given position (𝜂̂𝑖, 𝑣𝑖) , that is 

𝐸𝑖−1
(𝑗)

(𝜂̂𝑖) = 𝐸𝑖
(𝑗)

(𝜂̂𝑖) , 𝑗 = 1,3 , we get the following relations for 𝑖 = 0,1, … , 𝑛. 

ℎ3

𝜃̃
(ℳ𝑖−1

(𝑒𝜃̃ − 𝑒𝜃̃)

2
+

2ℳ𝑖 (𝑒𝜃̃ + 𝑒𝜃̃) −ℳ𝑖(𝑒𝜃̃ + 𝑒𝜃̃)
2

(𝑒𝜃̃ − 𝑒𝜃̃)
) +

ℎ

2
(𝜓𝑖 − 3𝜓𝑖−1 +

3ℎ2

𝜃̃2
(ℳ𝑖 − ℳ𝑖−1))

+
ℎ3ℳ𝑖

𝜃̃2
+

ℎ3ℳ𝑖−1

𝜃̃4
+ 

ℎ3ℳ𝑖

𝜃̃4
−

ℎ𝜓𝑖−1

6
−

ℎ𝜓𝑖−1

3
−

ℎ3ℳ𝑖

3𝜃̃2
−

ℎ3ℳ𝑖−1

3𝜃̃2

= ℳ𝑖+1 (
2ℎ3

𝜃̃3(𝑒𝜃̃ − 𝑒𝜃̃)
−

ℎ5

6𝜃̃2
−

ℎ3

𝜃̃4
) − ℳ𝑖 (

ℎ3(𝑒𝜃̃ − 𝑒𝜃̃)

2𝜃̃3
−

2ℎ3

6𝜃̃2
+

ℎ

𝜃̃2
) 

−
1

6
(2ℎ𝜓𝑖 − ℎ𝜓𝑖+1) +

1

ℎ
(𝑣𝑖+1 − 𝑣𝑖).                                                                                                                     

(5) 

Upon simplification, Equation (5) results in: 

𝜓𝑖+1 + 4𝜓𝑖 + 𝜓𝑖+1 =
6

ℎ2
(𝑣𝑖+1 − 2𝑣𝑖 + 𝑣𝑖−1) − 6ℎ2(𝜔1ℳ𝑖−1 + 2𝛿1ℳ𝑖 + 𝜔1ℳ𝑖+1).                                    

(6) 

where 𝜔1 =
3ℎ3

6𝜃̃2 −
2ℎ3

3𝜃̃2 +
2ℎ2

𝜃̃2(𝑒𝜃̃−𝑒𝜃̃)
, 𝛿1 =

3(𝑒𝜃̃−𝑒𝜃̃)

2ℎ𝜃̃3 . 

By utilising the regularity condition of the third derivative at the locations of intersection, we once 

again derive: 

ℎ(𝑒𝜃̃ − 𝑒𝜃̃)

2𝜃̃
−

2ℎℳ𝑖

𝜃̃(𝑒𝜃̃ − 𝑒𝜃̃)
+

ℎ(𝑒𝜃̃ + 𝑒𝜃̃)
2

4𝜃̃
+

𝜓𝑖

ℎ
−

𝜓𝑖−1

ℎ
+

ℎℳ𝑖

𝜃̃2
−

ℎℳ𝑖−1

𝜃̃2
= −

ℎℳ𝑖+1

𝜃̃(𝑒𝜃̃ − 𝑒𝜃̃)
+

ℎ (𝑒𝜃̃ + 𝑒𝜃̃) ℳ𝑖

𝜃̃(𝑒𝜃̃ − 𝑒𝜃̃)
 

+
𝜓𝑖+1

ℎ
−

𝜓𝑖

ℎ
+

𝜓𝑖−1

ℎ
+

ℎℳ𝑖+1

𝜃̃2 −
ℎℳ𝑖

𝜃̃2 .                                                                                                                      

(7) 

By reducing the complexity of Equation (7), we obtain: 

𝜓𝑖+1 − 2𝜓𝑖 + 𝜓𝑖+1 = 𝜔2ℳ𝑖−1 + 2𝛿2ℳ𝑖 + 𝜔2ℳ𝑖+1.                                                                             
(8) 

Where 𝜔2 =
ℎ4

𝜃̃3 −
1

𝑘2 and 𝛿2 =
ℎ2

𝜃̃2 −
ℎ4(𝑒𝜃̃−𝑒𝜃̃)

𝜃̃3 . 

By subtracting Equation (8) from Equation (9), we may derive the following: 

𝜓𝑖 =
1

ℎ2
(𝑣𝑖+1 − 2𝑣𝑖 + 𝑣𝑖−1) − ℎ2 ((𝜔1 +

𝜆2

6
) ℳ𝑖+1 + 2 (𝛿1 +

𝜌2

6
) ℳ𝑖 + (𝜔1 +

𝜔2

6
) ℳ𝑖−1).                 

(9) 
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By utilising the concept of continuous for the third derivatives and using Equation (9), we obtain the 

following kind of relationship: 

Ζ𝑖 =
1

ℎ3
(𝑣𝑖+2 − 3𝑣𝑖+1 + 3𝑣𝑖 − 𝑣𝑖−1) − ℎ(𝓆ℳ𝑖+2 + (𝓆1 − 𝓆 + 𝜇1)ℳ𝑖+1 + (𝓆 − 𝓆1 + 𝜇2)ℳ𝑖 −

𝓆ℳ𝑖−1).    (10) 

Where 𝓆 = 𝜆1 +
𝜆2

6
, 𝓆1 = 2 (𝛿1 +

𝛿2

6
) , 𝜇1 =

1

𝜃̃2 (𝜃̃
2

(𝑒𝜃̃−𝑒𝜃̃)
− 1)   and 𝜇2 =

1

𝜃̃2 (1 − 𝜃̃
(𝑒𝜃̃+𝑒𝜃̃)

2
). 

By utilizing equations (10) and (8), we derive the following relationship: 

(𝑣𝑖+2 − 2𝑣𝑖+1 + 2𝑣𝑖−1 − 𝑣𝑖−2) =  Σ(Ζ𝑖+2 + Ζ𝑖−2) + 𝑠Ζ𝑖 + ℓ(Ζ𝑖+1 + Ζ𝑖−1).                                                 

(11) 

Where Σ = (
ℎ3𝓆

𝜇1+𝜇2
), for 𝑖 = 2,3, … , 𝑛 − 2 . 

3. Explanation of the Approach and Formulation of Boundary Conditions 

The suggested differential equation corresponds to the given mesh point 𝜂̂𝑖. 

𝑣(3)(𝜂̂𝑖) − 𝒦 (𝜂̂, 𝑣(𝜂̂), 𝑣(1)(𝜂̂), 𝑣(2)(𝜂̂)) = 𝜙(𝜂)𝑣2,      𝜂̂ ∈ [𝑎, 𝑏]                                                        

(12) 

subjected to boundary conditions (2), may be discretized by 

Ζ𝑖 + 𝒦𝑖 = 𝜙𝑖𝑣𝑖
2                                                                                                                                      

(13) 

Where Ζ𝑖 = 𝐸𝑖
(3)(𝜂̂𝑖) and 𝜙𝑖 = 𝜙(𝑥𝑖). 

In equation (13) we get by applying the spline relation (11). 

−(𝜇1 + 𝜇2)𝑣𝑖−2 + (2𝜇1 − 4𝜇2)𝑣𝑖−1 + (−2𝜇1 + 4𝜇2 − ℎ2𝓆1𝒦𝑖+1)𝑣𝑖+1

+ (−𝜇1 − 𝜇2 − 𝓆ℎ2𝒦𝑖+2)𝑣𝑖+2 

−ℎ2(𝓆𝒦𝑖−2 + 𝓆1𝒦𝑖−1 + 𝜌𝒦𝑖) = −ℎ3(𝓆𝜙𝑖−2𝑣𝑖−2
2 + 𝑞1𝜙𝑖−1𝑣𝑖−1

2 + 𝜌𝜙𝑖𝑣𝑖
2 + 𝓆1𝜙𝑖+1𝑣𝑖+1

2 .                

(14) 

In order to obtain a singular solution, it is necessary to establish additional equations that are connected 

to equation (14) and incorporate the specified boundary conditions. To obtain the calculation for the 

second-order boundary, we define the following: 

(𝜇1 + 𝜇2)[𝑣1 − 3𝑣2 + 3𝑣3 − 𝑣4] = ℎ(−𝑣2
(3)

− 𝑣3
(3)

) − ℎ3[𝜇1𝑣3
(3)

− 𝜇2𝑣2
(3)

],   𝑖 = 1,                         

(15) 

(𝜇1 + 𝜇2)[𝑣𝑛−3 − 3𝑣𝑛−2 + 3𝑣𝑛−1 − 𝑣𝑛] = ℎ(−𝑣𝑛−1
(3)

− 𝑣𝑛−1
(1)

) − ℎ3[𝜇1𝑣𝑛−1
(3)

− 𝜇2𝑣𝑛−2
(3)

] , 𝑖 = 𝑛 − 1.  

(16) 

for any choice of 𝜇1 and 𝜇2, 𝜇1 + 𝜇2 =
1

2
. Using Equation (1) we have: 

(𝜇1 + 𝜇2)[𝑣1 − 3𝑣2 − 3𝑣3 − 𝑣4] − (ℎ𝒦2 + 𝜇2ℎ3𝒦2 − ℎ𝒦3 + 𝜇1ℎ3𝒦3) = [−ℎ + 𝜇2ℎ3]𝜙2𝑣𝑖
2 − 

−[ℎ + 𝜇1ℎ3]𝜙3𝑣𝑖
2,                                                                                                                                                        

(17) 

(𝜇1 + 𝜇2)[𝑣𝑁−3 − 3𝑣𝑁−2 − 3𝑣𝑁−1 − 𝑣𝑁] − (ℎ𝒦𝑁−2 + 𝜇2ℎ3𝒦𝑁−2 − ℎ𝒦𝑁−3 + 𝜇1ℎ3𝒦𝑁−3) 
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= [−ℎ + 𝜇2ℎ3]𝜙𝑛−2𝑣𝑛−2
2 − [ℎ + 𝜇1ℎ3]𝜙𝑛−1𝑣𝑛−1

2 .                                                                                             

(18) 

In order to get the fourth-order boundary calculation, we construct the following definitions: 

(𝜇1 + 𝜇2)[𝑣1 − 3𝑣2 + 3𝑣3 − 𝑣4]  =
ℎ

2
(−𝑣2

(3)
− 𝑣3

(3)
) −

ℎ3

8
[𝜇1𝑣3

(3)
− 𝜇2𝑣3

(3)
],  𝑖 = 1.                         

(19) 

 (𝛼 + 𝛽)[𝑣𝑛−3 − 3𝑣𝑛−2 + 3𝑣𝑛−1 − 𝑣𝑛] =
ℎ

2
(−𝑣𝑛−2

(3)
− 𝑣𝑛−1

(3)
) −

ℎ3

8
[𝜇2𝑣𝑛−1

(3)
− 𝜇2𝑣𝑛−2

(3)
],  𝑖 = 𝑛 − 1.              

(20)  

for any choice of 𝜇1 and 𝜇2, 𝜇1 + 𝜇2 =
1

2
. Using Eqution(3) we have: 

(𝜇1 + 𝜇2)[𝑣1 − 3𝑣2 − 3𝑣3 − 𝑣4] − (
ℎ

2
𝒦2 + 𝜇2

ℎ3

8
𝒦2 −

ℎ

2
𝒦3 + 𝜇1

ℎ3

8
𝒦3) = [−

ℎ

2
+ 𝜇2

ℎ3

8
] 𝜙2𝑣𝑖

2   

− [
ℎ

2
+ 𝜇1

ℎ3

8
] 𝜙3𝑣𝑖

2,                                                                                                                                                

(21) 

(𝜇1 + 𝜇2)[𝑣𝑛−3 − 3𝑣𝑛−2 − 3𝑣𝑛−1 − 𝑣𝑛] − (
ℎ

2
𝒦𝑛−2 + 𝜇2

ℎ3

8
𝒦𝑛−2 −

ℎ

2
𝒦𝑛−1 + 𝜇1

ℎ3

8
𝒦𝑛−1)                               

= [−
ℎ

2
+ 𝜇2

ℎ3

8
] 𝜙𝑛−2𝑣𝑛−2

2 − [
ℎ

2
+ 𝜇1

ℎ3

8
] 𝜙𝑛−1𝑣𝑛−2

2 .                                                                              

(22) 

By utilizing the Taylor series expansion on function (11) centered at the point 𝜂̂𝑖, we may determine 

the precise value of the local truncation error in the following manner: 

𝒯𝑖 = [
1

6
(9𝜇1 − 2𝜇2) − (4𝓆 + 𝓆1)] ℎ4𝑣𝑖

(4)
+ (

1

1806
(33𝜇1 − 3𝜇2) −

1

12
(16𝓆 + 𝓆1)) ℎ6𝑣𝑖

(6)
 

+ [
1

313111
(6113𝜇1 + 27𝜇2) −

1

36
(4𝓆 + 𝓆1)] ℎ8𝑣𝑖

(8)
+ 𝑂(ℎ9).                                                                           

(23) 

4. Numerical Examples: 

   Now, we will examine four numerical instances to demonstrate the relative effectiveness of our 

strategy in scheme (14). All calculations are implemented by Maple 22. 

Example1: We consider the following nonlinear boundary value problems : 

𝑣(3)(𝜂̂) − 𝑣(𝜂) + (𝑣(1)(𝜂̂))
2

+ (𝑣(𝜂))
3

= (𝑒𝜂̂(η − 𝜂̂2) + 𝑒𝜂̂(𝜂̂  +  1))
2

+ 5𝑒𝜂̂(−2. 𝜂̂ +  1) − 8𝑒𝜂̂ 

 

𝑣(0) = 0, 𝑣(1)(0) = 1, 𝑣(1)(1) = −𝑒. 

With exact solution 𝑣(𝜂̂) = 𝑒𝜂̂(η − 𝜂̂2). 

We solved this problem by considering different values of 𝑛 (𝑛 = 10), juxtaposing the outcomes with 

an accurate answer, and displaying the largest absolute errors produced from our computations in 

Table 1. Figure 1 depicts the comparison between the real solution and the numerical solution 

Example 2: We consider the following nonlinear boundary value problems : 

𝑣(3)(𝜂̂) + 𝑣(2)(𝜂̂) + (𝑣(1)(𝜂̂))
2

= e3𝜂̂sin3(π𝜂̂)  + (e𝜂̂sin(π𝜂̂) + πe𝜂̂cos2(π𝜂̂))  − 2e𝜂̂sin(π𝜂̂)  −  21e𝜂̂cos(π𝜂̂) 
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𝑣(0) = 0, 𝑣(1)(0) = 1, 𝑣(1)(1) = −𝑒. 

With exact solution  𝑣(𝜂̂) = 𝑒𝜂̂ sin(𝜋𝜂̂). 

We solved this problem by considering different values of 𝑛 (𝑛 = 10), juxtaposing the outcomes with 

an accurate  answer, and displaying the largest absolute errors produced from our computations in 

Table 2.  Figure 2 depicts the comparison between the real solution and the numerical solution. 

 

Table 1: Comparison between the exact solutions and proposed method for Example 1 

 

𝜉 Exact solution Proposed method Absolute errors 

0.0 0.0000000000 0.0000000000 0.00000000 

0.1 0.19346538262 0.19346538256 0.00000000 

0.2 0.1954244413 0.1954244409 2.04× 10−9 

0.3 0.2834703497 0.2834703489 2.82× 10−9 

0.4 0.3580379275 0.3580379263 3.35× 10−9 

0.5 0.4121803178 0.4121803167 2.66× 10−9 

0.6 0.4373085120 0.4373085113 1.60× 10−9 

0.7 0.4228880685 0.4228880677 1.89× 10−9 

0.8 0.3560865485 0.3560865476 2.52× 10−9 

0.9 0.2213642800 0.2213642811 4.96× 10−9 

1.0 0.000000000 0.000000000 0.00000000 

 

Table 2: Comparison between the exact solutions and proposed method for Example 2 

 

ξ Exact solution Proposed method Absolute errors 

0.0 0.000000000 0.000000000 0.00000000 

0.1 0.3413491904 0.3413491913 2.63× 10−9 

0.2 0.7176077403 0.7176077432 4.04× 10−9 

0.3 1.091679495 1.091679487 7.32× 10−9 

0.4 1.418515628 1.418515616 8.45× 10−9 

0.5 1.648720748 1.648720735 7.88× 10−9 

0.6 1.733475228 1.733475216 6.92× 10−9 

0.7 1.630478755 1.630478747 4.90× 10−9 

0.8 1.310433132 1.310433129 2.28× 10−9 

0.9 0.7634113915 0.7634113902 1.70× 10−9 

1.0 0.0043292794 0.0043292794 0.0000000 
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Figure 1: The exact and numerical solutions of Example 1 

 

 
Figure 2: The exact and numerical solutions of Example 2 
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5. Conclusion 

   In this study, the exponential spline function was used to generate numerical solutions to a set of 

third-order nonlinear boundary value problems. We used our mathematical model to study many 

numerical cases and obtained applicable results. The results are well presented through graphs and 

regular tables. When testing the numbers and tables with high accuracy, it became clear that the results 

on them show that the calculated order of convergence increases in relation to the method proposed 

by us. The proposed method can have great importance in many fields of applied sciences and 

engineering, especially in studying and treating boundary value problems of higher order and similar 

types. 
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