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ABSTRACT

In this paper, we investigate topologies produced by simple connected graphs. In particular, we associate a topology
with G, called the incidence topology of G. A sub-base family to generate an incidence topology is implemented
on the vertices V set. Then we analyze some of the properties and discuss the impact topology of a few essential
types of graphs. Our motivation in this section is to take a fundamental step towards the investigation of some of the
characteristics of simple graphs by their corresponding incidence topology.
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1. INTRODUCTION

Graph theory is one of the most important structures in dis-
crete mathematics. It is a prominent mathematical tool in
many subjects [4]. Graphs are mathematical structures con-
sisting of vertices and edges. They are used to model dual
relationships between objects in a particular collection. A
graph includes vertices that serve as objects and edges by
connecting these vertices [1]. Many researchers have used
the relation between graph and topology theories to deduce
a topology from a particular graph. Others put new specific
models in the set of vertices in the graph, and others make
it on the set of edges. Graphs can be divided into two types:
directed graphs and undirected graphs. The researchers’ pre-
vious work to obtain the topology through the graph was
associated with a graph of vertices adjacent to the vertex. Eu-
ler first proposed graph theory in 1736. Recently, the theory
has been applied to places in various disciplines. Since the
theory is according to relation combinations, it plays a crucial
role in representing combinations of items and mathematical

combinations. Simple set theory is also according to rela-
tional combinations. They are solved by using applications
of graph theory. Because of the pervasive use of the theory,
its topological structure has generated debate [3].

Using various techniques, some scientists have created topolo-
gies from a graph. Some scientists have generated topologies
from graphs using various techniques. In 2013, M. Amiri et
al. developed a topology using the vertices of an undirected
graph. In this paper, we outline several characteristics of a
topological space by using a simple graph without isolated
vertices. We describe some topological characteristics of the
topology we produce with these graphs. We demonstrate that
every basic graph may generate a topology. Obtain the topo-
logical space by converting the simple connected graph [10].
In this article, a synthesis between graph theory and topology
has been made. A topology with the set of vertices for any
simple graphs has been associated, called incidence topology.
The study of some properties of this new model of topology
has been presented on a certain few important types of graphs.
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2. PRELIMINARIES

In this section, some fundamental definitions and theorems re-
lated to graph theory, approximation spaces, and topological
spaces used in the work are presented.

Definition 2.1. [1] A graph G is a pair (V,E) or (V(G),E(G)),
where V is a non-empty set called vertices or nodes and E is
element subsets of V called edges or links.

Definition 2.3. [4] A simple graph is called a complete graph
if any two distinct vertices are joined by an edge, denoted by
K,. A graph G is regular if the vertices of G have the same
degree.

Definition 2.4. [4] A complete bipartite graph is a bipartite
graph in which each vertex in the first set is joined to each
vertex in the second set by exactly one edge. The complete
bipartite graph with n vertices in the first set and m vertices
in the second set is denoted by K, ,,.

Definition 2.5. [2] A tree is an undirected connected graph
with no cycles.

Definition 2.6. [3] A spanning tree of a graph G is a subgraph
of G that is a tree that contains all the vertices of G with no
cycles.

Definition 2.7. [12] If X is a non-empty set, a collection
T C Z(X) is said to be a topology on X if the following
conditions hold: (i) X and @ belong to .7; (ii) the intersection
of a finite number of elements in .7 is in .7; and (iii) the
union of any number of sets in .7 belongs to .7 . Then (X,.7")
is called a topological space.

Definition 2.8. [12] A subbase S for a topology on X is
a collection of subsets of X whose union equals X. The
topology generated by the subbasis S is defined to be the

collection of all unions of finite intersections of elements of
S.

Definition 2.9. [6] In a space (X,.7), a collection 3 of open
subsets is called a basis for .7 if every open set is a union of
elements of 3.

3. INCIDENCE TOPOLOGY ON SIMPLE CON-
NECTED GRAPHS

Let G = (V,E) be a simple connected graph. In this section,
we associate a topology with G, called the incidence topology
of G. A sub-base family to generate an incidence topology
is implemented on the vertices V set. Then we analyze some
of the properties and discuss the impact topology of a few
essential types of graphs. Our motivation in this section is to
take a fundamental step towards the investigation of some of
the characteristics of simple graphs by their corresponding
incidence topology.

Definition 3.1. Let G(V,E) be a connected simple graph
consisting of a non-empty set V(G) of vertices and a set
E(G) of edges. If v; and v, are vertices and e is an edge such
that e = vy v», then e is said to join v; and v;; each vertex (v;
and vy) is incident with e. Bear in mind that Ng(e,,) is the set
of all vertices incident to the edge. Define

V=_JNsle). (D

ecE

Ng(E)={N(e):e € E(G)},

Hence, Ng(E) forms a subbasis for a topology J; on V,

called the incidence topology of G.

Example 3.2. Consider the simple connected graph G(V,E)
in Figure (3.7), where

V ={vi,v2,v3,14,v5},  E={el,ez,e3,e4,e5}.

14
ey o4
£ b Vs
€2 e
V- Vs

A

Figure (3.7). Simple graph.

We will find the incidence topology N.7; of the graph G as
follows:

N(el)Z{V],Vz}, N(€2)={V2,V3}, 1\7(63)2{1/4,\/5}7
N(€4):{V1,V5}, N(65):{V2,V5}.

By taking finite intersections of the basis obtained,
NBG(E) ={a,{vi,vs},{v2,v3},{va,vs},{v1,vs},
{va,vsh v} {2} {vsth
T =1{2,V,{vi,v3},{va,vs},{va,vs }, {v1,vs},
{v,vsh {vid {va} {vs} {vi,va,v3},
{v1,v3,v4,v5},{v1,v3,vs },{vi,v2,v3,vs },
{v2,v3,va,vs},{v2,v3,vs5},{vi,va,vs},

{v2,v4,v5},{vi.v2,vs}, {vi,v2,v4,v5}}.

Example 3.3. Consider the graph G(V, E) in Figure 1, where

V= {Vl,VQ,V3,V4,V5,V6}7 E = {61762763764765166}'

1\
7

Vs 6

Figure 1. Connected graph.

We will find the incidence topology N7 of the graph G as
follows:

N(el) = {vl,V3},
N(e4) = {V4,V5},

N(ez) = {Vz,V3}, N(eg) = {V3,V4},
N(es) = {V4,V6}.
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By taking finite intersections of the basis obtained,

NBG(E) ={a,{vi,v3},{v2,v3},{va,vs},{v3,va},
{va,vsh {va,ve} {vs} {va}},

I ={2,V,{vi,v3},{va,v3},{va,vs},{v3,va},
{va,vsh{vavel, {va} {va} {vi,v2,v3},
{v1,v3.va,v5 3 {vi,v3,va b {vi,v3,va, v6 ),
{v2,v3,va},{v2,v3,va,vs},{v2,v3,v4,v6},
{v3,va,vs},{v3,va,v6},{va,vs5,v6 },
{vi,v2,v3,va},{v1,v2,v3,v4,v5},
{vi,v2,v3,v4,v6},{v3,v4,V5,v6},

{V17V37V47V57V6}}'

Remark 3.4. The incidence topology of P,, where n > 3, is
not discrete because the set contains just a few vertices that
are open.

Remark 3.5. The path graph P,, where n = 2, is not an
incidence topology.

Example 3.6. Consider the path graph G(V, E) in Figure 2,
where V = {v{,v2,v3,v4} and E = {e},ez,e3}.

V3
V
1 e,
€3

e

Figure 2. Path graph P;.

We will find the incidence topology N.7; of the graph G as
follows:
N(el) = {Vl,V2}, N(€2) = {VQ,V3}, N(e3) = {V3,V4}.
By taking finite intersections of the basis obtained,
N‘%G(E) = {Q, {vlav2}7 {V27V3}a {V3,V4}, {VZ}a {V3}}7
T6 = {@,V, {vlaVZ}v {Vz,V3},{V3,V4}, {Vz},{V3},
{V1,VQ,V3},{Vz,V3,V4}}.
Example 3.7. Consider the path graph G(V, E) in Figure 3,
where V = {v,v2,v3,v4,vs} and E = {e,e2,e3,e4,e5}.

Vi v, Vs Vy Vs

L =} & e, & s A

Figure 3. Path graph Ps.

We will find the incidence topology N.7; of the graph G as
follows:

N(er) = {vi,v2}, N(ez) = {va,v3},
N(e3) = {v3,va}, N(eq) = {va,vs}.
By taking finite intersections of the basis obtained,
NBG(E) ={2,{vi,v2},{v2,v3},{v3,va}, {va,vs},
{va} {va}, {va}},
TG = {®7V7 {V17V2},{V2,V3}, {V37V4}7{V4>V5}7
{wad {va}, {vat, {vi,va,v3}, {vi,va,v3,v4},
{vi,va, v}, {viva,va,vs} {va,v3, 4},

{v2,v3,v4,v5},{v3,v4,vs},{v2,v4,vs5},

{v2,v3},{v3,va},{va,va}}.

Remark 3.8. Suppose G(V,E) is a complete graph or com-
plete bipartite graph. Verify that the incidence topology is a
discrete topology when n > 3.

Example 3.3.9. Consider the complete graph G(V,E) in

Figure 4, where V.= {v;,v2,v3,va} and E = {e,e2,e3,ea}.

41

VZ - V3

Figure 4. A complete graph Kj.

We will find the incidence topology N.7; of the graph G as
follows:

N(e1) = {vi,2}, N(e2) ={v2,v3}, Nle3)={vi,v3},
N(es) = {vi,va}, N(es)={va,va}, Nleg)={v3,va}.
By taking finite intersections of the basis obtained,
NBG(E) ={2,V,{vi,v2},{v2,v3},{v1,v3},{vi,ma},
{va,va}, {va,val, vt {va}, {va} {va}},
T ={9,V,{vi,v2},{v2,v3}, {v1,v3},{vi,va},
{va,va}, {va,val {vi} {va} {va}, {va},
{viva, st {viva,val, {vi,va,val, {va, va,vad )
Example 3.10. Consider the complete bipartite graph G(V, E)
in Figure 5, where
V= {v17v27v37v47v5}7

E ={ej,er,e3,e4,€5,€6,€7,€8,€9,€10}.

Figure 5. A complete graph K.

We will find the incidence topology N.7; of the graph G as
follows:

N(er)={vi,v2},  N(e2)={v2,v3},  N(e3) = {v3,va},
N(es) ={va,vs},  Nles)={vi,vs},  N(eg)={vi,vs},
N(e7) ={vi,va},  N(es)={v2,vs},  N(eg) ={v2,14},
N(ewo) = {vs,vs}.

By taking finite intersections of the basis obtained,
NBG(E) ={a,{vi.va},{v2,v3},{vs,va},{va,vs}, {vi,vs},
{vivsh v, val, {va,vsh {va, v} {vs,vs},
{vih o, {vsd {vad {vs}}
T =1{2,V,{vi,va},{va,va}, {v3,va}, {va,vs}, {v1,vs},

{vivsh v, val, {va,vs} {va, v} {vs,vs},
id b Avsd {val, {vst {viva,ms s
{vi,va,vs,va b {vi,va,va,vs }{vi, v, va
{vi,va,vs}{va,v3,va}, {va,v3,v4,vs},
{v2,v3,vs},{vs,va,vs}, {v1,v3,v4,v5},
{viva,vat, {viva,vst {va,va, vs

{vi,va,vs} {vi,va,vs,vs )

Example 3.11. Consider the complete graph G(V, E) in Fig-
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ure 6, where

V ={vi,v2,v3,v4,v5}, E ={ey,e2,e3,e4,€5}.

V1 VZ
€4
€5
= €
€3
[ b
Va v, Vs

Figure 6. A complete bipartite graph K 3.

We will find the incidence topology N7 of the graph G as
follows:

N(er) ={vi,v3}, N(e2)={vi,va}, N(ez)={vi,vs},
N(es) = {v2,v3}, Nl(es)={v2,va}, N(eg)={v2,vs}.

By taking finite intersections of the basis obtained,

NABG(E) ={2,{vi,v3},{vi,va}. {v1,vs},{v2,v3},

{vavab dva,vsh v {va b {vs} {vad {vs 3
T ={2,V,{vi,v3},{vi,va}, {vi,vs}, {v2,v3},

{vavab Ava,vsh v} {vad {vs} {vat {vs},
{vi,v3,vat, {vi,v3,vs}, {vi,v2,v3},
{v1,v2,v3,va}, {vi,va,v3,vs ), {vi,ve,vs
{vi,v2,va,vs b {vi,va,va}, {vi,v2,vs},
{v2,v3,va}, {v2,v3,vs}, {v2,va,v5},

{V],Vz},{V3,V4},{V3.V5},{V4,V5},{Vz,V3,V4,V5}}.

Example 3.12. Consider the complete bipartite graph G(V, E)
in Figure 7, where

V ={vi,v2,v3,v4,V5,V6}, E = {e,e2,e3,e4,¢5,¢6}.

Vi v, V3
r
€3 €6
)
| B
¢
Vy Vs Ve

Figure 7. A complete bipartite graph K3 3.

We will find the incidence topology N.7g of the graph G as
follows:
N(er) ={v1,v4},
N(es) ={va,va},
N(e7) = {v3,va},

N(ez) = {v1,vs},
N(es) = {v2,vs},
N(es) = {v3,vs},

N(e3) = {v1,v6},
N(es) = {v2,v6},
N(eg) ={v3,v6}-

By taking finite intersections of the basis obtained,

NABG(E) = {2, {vi,va}, {v1,vs},{vi,ve}, {v2,va}, {v2,vs5},
{v2,v6}, {v3,va}, {vs,vs},{vs,v6},
{vid dva b {vsh {vad, {vs} {ve ),

T ={2,V,{vi,va}, {vi,vs}, {vi,ve}, {va,va}, {v2,vs},
{v2.ve}, {va,vat {vs,vs} {va.ve} {vi}, {n2},
ah, {vad {vs}{ve, {vi,va,va b {vi,va, va, va ),
{vi,v2,va,vs b {vi,va,vad, {vi,va, vs b,
{v2,v3,va}, {va,v3,va,vs5},{v2,v3,v5},

{va,va,vs b, {vi,va,va,vs } {vi,vs,va
{vi,va,vs},{va,va,vs} {vi,vs,vs},
{Vl-,V2sV3~,V5}7{VlsV4~,V6}7{V1sV2-,V6}7
iva,va,ve b {vi,vs,ve b, {vi,va, va, ve
{Vl-,V2sV5~,V6}7{V1sV3~,V6}7{V2sV4-,V6}7
{Vl-,V3sV5~,V6}7{"SsV5~,V6}7{VZsVS-,V6}7
{v3,va, 6}, {v1,v2,v3,v6}, {v1,v2,v3,v4, 6},
{v1,v2,v4,vs5,v6}, {v2,v3,v4,V6},
{v2,v3,Vs5,6},{v3,v4,Vs5,v6 },{v1,V3,v4,V5,v6 },
{v1,v3,v4,v6},{v1,va, 5,6}, {v2,v4,V5,v6},
{v1,v3,v5,v6},{v1,v2,v3,V5,v6},
{v2,v3,v4,v5,v6}, {vi,va}, {v1,v3},{v2,v3},

{va,vs}{vs,ve}}.

Definition 3.13. Let G = (V,E) be a graph. We call H a
subgraph of G if V(H) C V(G) and E(H) C E(G); in this
case, we write H C G. A spanning subgraph of a graph G is
a subgraph acquired by edge deletions only. An induced sub-
graph of a graph G is a subgraph acquired by vertex deletions
along with the incident edges.

Remark 3.14. A spanning tree of a graph G is a subgraph of
G that is a tree containing all the vertices of G with no cycles.
The incidence topology of a spanning tree is not discrete.

Example 3.15. Let G be a graph, as shown in Figure 8.

V]_ e 4 V3
€ e
e > 3
V, € A

Figure 8. Graph G.

1. Let G = ST (spanning tree as shown in Figure 9). Then:

1% €3
1 oy,
e €2
[
v, Va

Figure 9. Spanning tree 7 of G.
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We will find the incidence topology N .7 of the graph G
as follows:

N(er) = {vi,m}, N(e2) ={vi,v4}, N(e3)={v1,v3}.

By taking finite intersections of the basis obtained,
N%G(E) = {Qa {V17v2}7 {V17V4}, {V17V3}a {Vl}}7

To ={2,V.{vi,vo}, {vi,vat {vi,vst {vi},
{Vl 7‘}27‘}4}3 {Vl,vz,VS}, {Vl 7V37V4}}'

2. Let G = ST, (spanning tree as shown in Figure 10). Then:

A 2
[
v, A

Figure 10. Spanning tree 75 of G.

We will find the incidence topology N .7 of the graph G
as follows:

N(er) ={vi,n2}, N(e2) ={vi,v3}, N(ez)={v2,m4}.
By taking finite intersections of the basis obtained,
N%G(E) = {®7 {vlav2}7 {Vl ,V3}, {V27V4}, {vl}a {VZ}}a

Io ={2,V,{vi,va},{vi,v3},{va,va}, {vi},{v2},
{vi,va,vsh, {vi,va,vat}.

3. Let G = ST; (spanning tree as shown in Figure 11). Then:

V.9 LA
€ eq
) )
V “ Vs

Figure 11. Spanning tree 73 of G.

We will find the incidence topology N .7 of the graph G
as follows:

N(er) ={vi,v2}, N(ez) ={v2,v4}, N(e3)={v3,va}.

By taking finite intersections of the basis obtained,

NABG(E) = {2, {vi,v2},{v2,va}, {v3,va}, {2}, {va}},
,7(; = {@,V, {Vl,VQ},{VQ,V4},{V3,V4},{Vz},{V4},
{vi,v2,va}}.

Proposition 3.16. Suppose that .7 is the incidence topology
of the graph G. If d(v) > 2, then {v} € F forevery v e V.

Proof. Since G is a simple graph and for any degree of v, we
have

(Ne,={v}, veN, foralli=1273,.... (2
i=2

Now, by the definition of g, {v} is an element in the basis
of 5. Hence, {v} € J;. The following corollary is a trivial
result of the previous proposition.

Corollary 3.17. Let G be a graph. If d(v) > 2 forallveV,
then 7 is a discrete topology.

4. CONCLUSION

In this paper, it is shown that topologies can be generated by
simple connected graphs. It is studied topologies generated
by certain graphs. Therefore, it is seen that there is a topology
generated by every undirected graph. Properties proved by
these generated topologies are presented. The study of some
properties of this new model of topology has been presented.
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