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Abstract

Neutrosophic have found their place in neutrosophic studies due to the prevalence of indeterminacy in the world. We
present the novel notion of neutrosophic truncated distribution, which is highly significant in analyzing events that
involve the exclusion of certain data from the original dataset, particularly where there is a presence of indeterminacy
in data. Unsure or ambiguous information, which is disregarded in classical logic, is incorporated within neutrosophic
logic due to its focus on both certain and uncertain data. In this paper, the approach of neutrosophic truncation, and
truncated distribution of neutrosophic random variable have been introduced, in addition to deriving some of its
properties. And other cases discussed neutrosophic truncation depends on the neutrosophic probability function, a
classical probability function, and studies neutrosophic probability and neutrosophic interval together. It studies the
neutrosophic left truncated and neutrosophic right truncated. Some illustrative examples and statistical properties such
as the cumulative function, the moment generating function, the order statistic, and the rth moment are presented.

Keywords: Data truncation; neutrosophic truncated; Left and right neutrosophic truncated;neutrosophic random
variable; the moment generating function; the order statistics.

1.Introduction

Researchers are interested in studying distributions in various forms as many problems are difficult to model easily
such as engineering, astrological, health, and social. To solve these problems, they should be modeled mathematically.
For this reason, many researchers have been introduced in different forms of distribution ,including compound,
mixture, and truncated distributions. One of these forms is truncated distributions, which is focused on studying the
distribution after deleting some of the unimportant or ambiguous data or data that is considered out of study range.
Truncation is considered a statistical problem that has wide range of applications, in the survival analysis of patients,
the study of the epidemic, astronomy, and the economy. In addition , it is more flexible for modeling data. Truncated
statistics goes back to (1898)[1] when Galton analyzed truncated samples which is related to the speed of American
trotting horses.

Truncation is defined as a phenomenon in which some samples in the population have a minimum chance of being
selected due to their measurement being very short or very long. That is, the probability of an individual is chosen
from a population depends on its measurement. Truncated distribution have been studied such as Pareto, left and right
gamma distributions, see[2,3,4], and others.

For example, in studies from lifetime, it may be too costly or time-needed to get hold of random sample from a
population under study, such as, one cannot identify an individual whose life is shorter or longer than a specific value
(truncation limit). Another example, an astronomer cannot determine the luminosity of quasars if they are very dim
or very bright. if a set of measurements on quasars, it is double truncated see [5,6]. The number of quasars is required
the inclusion of a low and upper on luminosity function or Schechter function, where the low and upper , in case each
one or both of them are set or interval, they cannot be represented by classical approach (truncation classical). In the
above examples, we find it difficult to calculate the truncated distribution within the classical point or interval
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(truncated limit). In addition, ambiguous data or unimportant data is unconsidered in classical approach therefore
neutrosophic truncated distribution is considered to include ambiguous or unimportant data with classical data.
Florentin first suggested the neutrosophic logic in (1995)[7][15]. Neutrosophic logic introduced many researches on
continuous distributions, some method to find neutro- reliability theorem, ... etc.[8,9,10,11,12,18]. Also, researchers
introduced the concepts of graph theory and time series in [12][13][14]. Florentin present neutrosophic statistic and
neutrosophic measure and neutrosophic integral, see [15],[16]. Sometimes it requires deriving a probability density
function (probability mass function) to random variable X and defining its value on the part of the values that are
defined in the parameter space for reasons related to the nature of the study. This paper defined the neutrosophic
truncation distribution according to neutrosophic logic with different cases depends on neutrosophic random variable
and other. The neutrosophic left and right truncated distribution have been introduced. In addition, studied the
statistical properties and illustrated examples.

2. Truncation Approach

The truncation approach directly affects one of the properties of the probability density (mass) functions it is that the
probability related to space of the random variable after truncation which equal to less than one, P(2) < 1 and this
is impossible in classical logic, so it must derive a new distribution from the original distribution such that it satisfies
the properties of the probability density (mass) function.

Let X be a random variable with probability density function f(x) and the value of X defined on (—oo, ), and suppose
we wish restriction probability density function to X defined on a subset Q* of sample space , Q=
{x:a <x < b}, a,b are two numbers defined on Q.

Let F(x) be the cumulative distribution function of X and it's derived based on function f(x).
Letg >0, [JE(f()dx) = § [} fdx = £[[°, f6)dx — [ f(x)dx] = E [F(b) - F(a)]

INGIOLIES!
§=[F(b) —F]™
the new probability density function after truncation the interval (a, b) is:
f(x)* = [F(b) —F@)]™ ' f(x); a<x<b ()]
([b, ), (—, a]), two intervals that have been ignored after truncation.
And we call f(x)* truncated distribution function from f(x) .
3. Neutrosophic Truncated Distribution

In this section, we will define the truncated distribution according to the new logic (neutrosophic logic) which has
been introduced in (1995) by Florentin [7].

Neutrosophic logic of any idea is evaluated to have the part of truth in a subset T, the part of indeterminacy in a
subset I, and the part of falsity in a subset F such that T, I, F be standard or non-standard real subsets of ] - 0, 1+ [ .

Let X be a random variable that has probability density function f(x), and cumulative function F(x), defined on
(—o0, ), if we wish to restrict probability density function to X defined on a subset Q* of sample space Q, Q* =
{x:a* <x < b*}, a*,b* two neutrosophic numbers defined on Q.

The neutrosophic truncated distribution define as follow:
Letg>0, [7 (Edx) = [} feodx = E[[°, fG)dx — [° f(x)dx]

=g[F®) -F@], §=[F(b)-F@)]™
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Truncation means delete some values of the domain of the random variables, and the two intervals that have been
ignored are([b*, ), (—o0,a"]);

Where a* =a+1, and b* = b + 1 is the neutrosophic number, and I is the indeterminacy part and a, b are the real
parts. Where a or b or both may be a set or an interval containing real or number complex. If the coefficients of
aand b are real numbers, then a* , b* are a real neutrosophic number.

And the new probability function after truncation (a*, b*) is:
Nf(x)* = [F(b*) —F(a")] ' f(x); a*<x<b* )
Then we call Nf(x)* neutrosophic truncated function from f(x) , so Nf(x)* is neutrosophic truncated
distribution.
4. Truncated Distribution of Neutrosophic Random Variables
We define the truncated distribution by depended on neutrosophic random variable.
Consider the classical random variable defined on the real number as follow:
X:w — R, where w is the sample space.
If redefine the random variable according to neutrosophic logic as follow [17]:
neutrosophic random variable (NRV) X, is
Xpet w = R() , | am indeterminacy. And X,,, = X +1
Where the cumulative distribution function of X,,, is Fy (x) = Fx(x —1)
And the probability density function of X is fx  (x) = fx(x — D).

The truncated distribution of neutrosophic random variable (TNRV) is:

— fxene) _
fT(Xne) - FXne(ﬁ)_FXne(a) ! ® = Xne < oo, [a!ﬁ] = [ @, OO]

_ fxne) _ <Y<
fT(Xne) - FXng(ﬁ)_FXne(a) 1 I o = X < oo+ [!

If X € [0,1], the probability density function of truncation neutrosophic random variable is:

= Jome
fr(Xne) = Fxne(ﬁ)-Fxne(a)'O <Xpe <1, [apB],<[01]

— f(xne) < <
fi o) = 28—, <X <141 @)

f? m=f flon 9% _ Fo(B) = P, (@) _ Fe(X =D(B) ~ R ~ (@) _
a T(an) a FXne (B) - FXne(a) FXne (B) - FXne (a) FXne('B) - FXTLE(a)

And the cumulative distribution truncated of neutrosophic random variable is:

_ _ Fxne(ne)=Fxpo(@) _ Fxpe(Xne)=Fxpo(@)
FTXne(x) = P(Xne = x"le) - Fxpnenedlfa,p) - Fxne(B)=Fxpe(a) (4)

FTy,,(x) = P(Xpe < Xpe) =PX+1<x)=PX <x—-1)=FTy(x - D)

We get truncated density function after taking the derivative to x:
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dFT(xpe)®)  dFTx(X-I
fT(Xne)(X) = (dX ! = ;()E ) = fT(X'I)

The r'" moment about zero of truncated neutrosophic random variable

Consider the neutrosophic random variable X,,, = X + I, defined on [—oo, co] has probability density function

fT(Xne)'

The ™" moment of neutrosophic random variable after truncation on the interval [a, 8] where [a, 8] € [—oo, o] is:

E(Xrne') = f_oooo Xne' fr(Xne) dx

Jg Xne" fGne) x| BFx(B)- o« Fx(@)-r fg Xne™ ! F(x) dx )
Fx(B)-Fx(@) | Fx (B)-Fx(a)

E (XTner) = [

| Fernrr@ax]  Feor s axt[f0T s an)  BTEB)- aTFu(@)-r [ X FG) dx | [r(DT J5 f(x) da]
| FxB-Fx@ | Fx(B)=Fx(a) B Fx(B)=Fx () Fx(B)~Fx(a)

[ X)AM) . fe(x)
-l o k@ Em—rw &
= f;(X)TfT(X) dx + 17 fg fr(X)dx =E(X})+1. Since f;‘ frX)dx=11"=1

Properties of expected value for TNRV

1. E(c Xppe + d + KD)= c E( Xppe + d + KI), where c,d, k € R.
2. E:(XTne + YTne) = E(XTne) + E(YTne)

3. E((k+ 1D Xrme) = E(k Xpne + 1 IXrne) = KE(X7ne) + UE (Xgne), where Lk € R.
4. IE(XTne)l < EI(XTne)l-

4.2 The r'™ Moment about Mean of TNRV
EXrne — EXrne)) = [ (Xrne — E(Xrne))" fr(Xne) (x)dx
= 5o (D) EXrne)) ™ [ (Xrne)® fr(Xne)dx

mene19 fr(Xne) dx
—\T _A\r=9(T (r-9) /8
Zﬁ:o( 1) (19)(E (XTne) FXne(ﬁ) _ Fxne(a)

L [BEB) = aR(@ = [ F@ dx \TT (BR) — a® @) =9 [ X" F o) d
=2.CD (19)< )~ F(@) ) ( B — (@) )

O o (T Xf (%) fe(x) (r=9) X)? fe(x)
= > O 5 rw = 5w &) ( @) - F@ &

£
wrt | F.B) - F(@) d")

= To=o(~DP()EXr + D)0 [ KXr + D fr(x)dx
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= [Z [Xr + D = EXy + D" fr(x)dx

EXrne-EXtne))" = E[(X7 + D-E(X7 + D (6)

4.3 Moment Generating Function of TNRV
Consider the neutrosophic random variable X,,, = X + I , has probability density function f;(X,..)
Myr, () = E(et¥ne) = f et me f.(X,.)dx ; —h <t <h,h>0.

e Bt Fxn.(B)—e at Fxne(a)—tffe tXne Fxpe(X) dx
Fxne(B)—Fxp.(@)

Mo (©) = Be) = [ e e ) = | 00 fr(aydx

—00

0 e B+t L (B) — e @+t F (g) — tfﬁe At B () da
tx+tl — a

f_we frdx Fx(B) — Fx(@)

et P R(B) — e Fy(@) —tet! [Fet Fy(x) dx

- Fx(B) — Fx(a)

(e Pt Fy(B) — et FX(a)) —t ffe & Fye(x) dx
Fx(B) — Fx(a)

Myr, (0) = (') [7 e ™ fr(x)dx = (e )E(e™) = (e )My (t) (7

= (et

Properties of MGF for TNRV

1- My, (0) =1;

am t)
2- %h:o = E(XTne);
dMrx () de" dMry
ne — M t=0 At t=0
- o Mrx ( )+ prral ( )
=le"" Mrgle—o + Mrxet'|2g
=] MTX(O) + MTX
=EX;) +1 =E(Xy)
an ne(t)
3- thanh:o = EXrne™)

4 If Yre = (¢ + [d)Xppe + (L + k), then My, = e“H1@et WAL, (c + Id)t wherec,d k1 € R
MYTne — E(etYTne) — E(et[(c+1d)XTne+(l+kI)]) — E(et[(c+1d)(XTne+1)]et(l+k1))

=e t(l+k1)E(€t[ (cXTne+c1+d1XTne+d12])

= etUHDEtCHAD L (¢ + Id)t ©®
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4.4 The Order Statistic of Truncated Neutrosophic Random Variables

Let  Xpe;r Xney Xness - -++» Xne, D€ the independent and identical distribution of neutrosophic random variables
with truncated probability density function and neutrosophic cumulative distribution. Then Xnepr] S Xnepy) S

Xne[s)++ S Xnepmy be the order statistic, where Xne[;) &re the arranged in order of increasing. If neutrosophic random
variable has probability density function and cumulative function as equation (3), and (4) respectively.

The netrosophic truncated density function of order statistics is:

gone[f] (Xne) = M_I)!L(in_@!fT(Xne) ( FTXne(x))[_l (1 - FTXne(x))m

_ MY e/ (L= DHm=0)! ( FXne(Xne)—FXne(a))e - ( _ Fxne<xne)—Fxne<a>)m“’
FxneB)—Fxne@  \ Fxpo(B—Fxpe(@ F o (B)—Fxne (@)

5. Cases of Neutrosophic Truncated Distribution

Since the new logic (neutrosophic logic) includes extremes and ambiguity. So In this section, we will discuss cases
that are related to the neutrosophic truncation according to neutrosophic logic.

5.1 Neutrosophic Truncated Distributions Depended on Neutrosophic Probability Distributions

Let X be a random variable with neutrosophic probability density function Nf(x) and the value of X defined
on(—oo, ), and suppose the restriction probability density function to X define on a subset Q* of sample space(),
Q* = {x:a <x < b},a,btwo numbers defined on{Q. The neutrosophic truncated distribution is:

Nf(x)* = [F(b) —F(@)] ! Nf(x); a<x<b
That is, the two intervals that have been ignored are([b, ), (—, a]).
Nf(x)* = [F(b*) —F(@")] * f(x); a*<x<b" 9)

Where Nf(x) is the probability function of neutrosophic continuous distribution which contains some indeterminacy
in the function or in it parameter(s) for the probability distribution.

5.2 Neutrosophic Truncated Distributions Depended on Classical Probability Distributions

Let X is be a random variable with probability density function f(x) and the value of X defined on (—oo, ), and
suppose the restriction probability density function to X defined on a subset Q* of sample space Q , Q" =
{x:a* <x < b*}, a*,b* are two neutrosophic numbers defined on €. The neutrosophic distribution after truncation
(a*, b¥) is:

Nf(x)* = [F(b*) — F@)]"' f(x); a* <x < b

The two intervals that have been ignored are ([b*, ), (—c0,a*]). two intervals[b*, ) and (—oo0,a*] are neutrosophic
interval. (—oo,a*] may be (—o,a + 1] or (—o0,a + ly]

Nf(x)* = (P[a* <x < b*]~! f(x); x € (a*b*) (10)

In this case, the truncated probability density function is defined on a neutrosophic truncation interval. That is, the
interval that will be truncated contains some indeterminacy.

5.3 Neutrosophic Truncated Distribution Depended on Neutrosophic Probability Distributions And
Neutrosophic Truncation Interval.
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Let X be a random variable with neutrosophic probability density function Nf(x) and the value of X defined
on(—oo, o), and suppose the restriction probability density function to X define on a subset Q" to sample space, Q" =
{x:a* <x < b*}, a*,b* two neutrosophic numbers defined on{Q. The neutrosophic truncated distribution is:

Nf(x)* = (P[a* <x < b*])"1 (Nf(x)); x € (a*,b*).

The two intervals that have been ignored are ([b*, o), (—o0, a*]). two intervals [b*, ) and (—oo,a*] are neutrosophic
interval. (—oo,a*] may be (—o0,a + I] or (—oo,a + ly] ,and the neutrosophic density function Nf (x) of x.

Nf(x)* = (P[a* <x < b~ (Nf(x)); x € (a’,b"). (11)

The interval of truncation and the probability density function contain some indeterminacy. And therefore we are
dealing with neutrosophic probability density function and neutrosophic the interval truncation.

6. Types of Neutrosophic Truncation
6.1 Neutrosophic Left Truncation

Truncated from below, low values of X are cut off , and the range is from some minimum value to positive infinity
{ X min, oo},

The probability density function of X defined on the subset of , Q* = {x;a<x < 0},a€Q is

the neutrosophic left truncated distribution defined as:

Nf(X) _ Nf(X)
P(a< x <o) T 1-FG) ’

NLf(x)* = X € (a, o).

But, if Q* = {x:a* < x < o}, a* be a neutrosophic number defined on Q.

The neutrosophic left truncated distribution after truncation (a*, o) is:

fX) _
P(a*<x <o)  1-F(a*)’

Nf(X) _ Nf(X)
P(a*<x <o)  1-F(a*) ’

NLf(x)* = X € (a% o). Or, NLf(x)* = X € (a%, ).

6.2 Neutrosophic Right Truncation

Truncated from upper, upper values of X are cut off so your range is from some negative infinity to maximum
value of X {—o0, X max}

the probability density function of X defined on the subset of Q is:

Q' ={x: —o<x<b},beq.

NfX) _ Nf(X)
P(-w<X<b)  F(b)’

NRf(x)* = X € (—oo,b).

If Q" ={— o0 <x<b"}, b*beaneutrosophic number defined on Q.

The neutrosophic right truncated distribution after truncation (— oo, b*) is:

f(X) N {0:9)
P(-0o<X<b*)  F(b*)’

NFX)  _ Nf(X)

NRf(0)" = P(—o<X<b") _ F(b")’

X € (—o0,b*) . 0r, NRf(x)* =

X € (—oo0,b").
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7. Applications
Example (1)

Let X be a random variable with probability density functionf(x) = ae™*; x = 0, find the probability density
function, and cumulative distribution function of X on[2, o].

Solution:

* fx) — a(2-x) .
f(x) —P[2<X<m]—ae ;X =2

The neutrosophic probability density function Nf(x) = ay e™*"*; x>0, ay = a +1

Nf(x)* —L(X) X € [2, 0]
" Pla<x <b] '

_ aNe—aNX _ ay e—(lNX _ ay e—aNx
P[2<x <®] P[2<x <] (e @N3_g=aNDb)

Nf(x)*

ay-[31,02], 21=1.3, ay_[},02]and 5,0.2]
When ay_ E,O.Z];

1
[5,0.2]e 202

NFGO™ = “Ro21a  _~[Zo2p
(71202 — 712021
; * %e_%x 1 ,(-3% » _02e702X (0.4-0.2x)
either Nf(X) = (e_%a) =E e 27, or Nf(X) m= 0.2e"™ B
1 [%'O-Z]e (702}
Ay = [Z' 0.2], Nf(x)* = —

Gl

1
; * et 1 Lq- L , 0.2e702x _
either Nf(x)" =-4——=1 21729, 0r Nf(x) oDy = 0.2¢(04-02%)

If the lower limit interval truncated (a) is not clear, its ranges between 1.9 and 2.1, a* = [1.9,2.1]

The neutrosophic truncated distribution is:

. _ f(x) _ e — A19-x .
NfG)" = P19 <x<w}  F(o)—F(19) © '

e—X

And Nf(x)* = — &

P21 <x<w] _ F(o)-F(21)

e?1™X 'When {x: a* < x < o}, a* =[1.9,2.1]

The cumulative distribution when x = 3 is; Fx=3)*=PX<3)=1-e23=1- % =0.63;x=>2
And neutrosophic cumulative distribution of the truncated distribution is:
NF)' = [, e du=1-e"%x>19. NF®)"' = [, ¥ Mdu=1-e*%x>21.
NF(x=3)"= [ e Mdu=1-e1 =0.6671, x> 19.
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[ee)

NF(x =3)" = [ 178 du =1 — e2173 = 0.593,x > 2.1.

2.1
1
F(X=3)=P(XS3)=1—EZ_3=1—E=0.63;X20

Neutrosophic cumulative function is [0.593, 0.6671], and the cumulative classical value (0.63) belongs to the interval
[0.593, 0.6671].

neutrosophic truncated distribution
08

07t == truncated PDF

neuTruncated[a=0.5)
neuTruncated[0.2]
0.6

0.5F

041

0.3F

0.2

0.1

Figurel: Neutrosohpic truncated on a,-[0.5, 0.2]

neutrosophic truncated distribution

08
truncated PDF
— neuTruncated[a=0.25]
0.7 neuTruncated(0.2)
0.6
0.5
0.4
0.3F
0.2}
0.1 .
e
N R I N
1] 1 2 3 4 5 6 7 8 9

Figure 2: Neutrosophic truncated on a,-[0.25, 0.2]
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neutrosophic truncated distribution
05¢

truncated PDF
045} neuTruncated[a=0.5)
----- neuTruncated[0.2)
oal %~ | =———— neuTruncated[a=0.25]
neuTruncated|[0.2)
0.35
0.3}
0251
0.2t ~ l
0.15} "l-.l
-""-l.,__
0.1} ‘1'--.1__
0.05} ! f I‘-Th'i"‘f
0 L L L L L s
1 2 3 4 5 6 7 8 9

Figure 3: Neutrosophic truncated when a-[0.251,0.2]

In figure(1) the probability density function of neutrosohpic truncated defined when, ay_[0.5, 0.2], and figure(2) the
probability density function of neutrosophic truncated defined when a,-[0.25,0.2] . While in figure(3), the
probability density function of neutrosophic truncated defined when a,-[0.25 1, 0.2].

Example (2)

Let f(x) = 6x(1 —x); 0 < x < 1, the probability density function to random variable X. Find the probability density
function on the interval [1/4,1] , and the r'® moment about zero.

6x(1—-x)  6x(1—x)

f(x)* = =
Pl <x <1 [FO-FQ)

F(x) = 3x* = 2x*,F(1) = ; F G) =5
The truncated density function on[a, b] = [% 1]. fx)* = 6% (ZE-X) _ 69_4
32

x (1 —x); %<x<1

The left truncated (a,00)=(1/4,) is;

« _ f(X) 6x(1-x) _ 6x(1-x) _ 6x(1-x) 1
fCo = 1-F(a) 1-F(1/4) _ 1-5/32  0.84375’ € (4’00)'

The r'" moment of truncated density function on interval [1/4,1] is:

_ 64

E(X") = ff X' f(x)*dx = ff X1 69—4 (1-x)dx = ?ﬁl(xr“ —x™2)dx
4 4

Ifr = 1; E(X) == [/ (x? = x*) dx = 0.5617
4

1

Find the probability density function of truncated distribution on the interval [1/41,1] a = 2= [%,%]

When the interval that truncation has contains some indeterminacy. Neutrosophic Left truncated distribution is:

NLf(x)* = X ___ ™ ye (a*, ).

T Pa*<x<w) 1-F(a*)’

fX) _ 6x(1-x) _ 6x(1-x)
1-F(a*)  1-(1/2) 05

,(whena=1/2)
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f(X) f(X)

NLf(x)* = Parexcm) — 1@’ X € (a*, o).
fX) _ 6x(1-x) _ 6x(1-%) _
1-F(a*) ~ 1-(0.056)  0.944 ' (whena =1/5)

6x (1 —x) 6x(1—x)

Then neutrosophic left truncated is the range between(

0.5 " 0.944
neutrosophic left truncated distribution
3
25}
2
1.5
1F
PDF
e {run cated POF
neuTruncated[a=0.5
05 neuTruncated a=[0.2]
D "
0 0.2 04 0.6 0.8 1

Figure 4: left truncated, PDF, and neutrosophic left truncated a,-[0.251,0.2].

In Figure 4, the curves of the probability density function and left truncated on the interval [0.25,1] are illustrated,
such that a blue curve represents the left truncated, While the neutrosophic left truncated is represented by a region
between two curves that colored yellow when a=1/2, and turquoise when a=1/5.

From the above examples, when truncation limit is an interval (lower, upper or both) , the area of truncation is wider
than when truncation limit is a point, where the truncation point is a classical number. The interval truncation could
contain indeterminacy number. Through the neutrosophic truncated distribution will allow unimportant or ambiguous
data to be included in random variable or probability density function or truncated limit.

8. Conclusions

In this paper, the neutrosophic truncated continuous distributions have been studied for the first time. neutrosophic
truncated continuous distributions are defined with different cases, such as neutrosophic truncated neutrosophic
random variable, neutrosophic truncated of neutrosophic probability function, neutrosophic truncated of neutrosophic
interval truncation with classical probability function, and neutrosophic truncated of the neutrosophic probability
function with the neutrosophic interval truncation. That is, Through the neutrosophic truncated distribution will allow
unimportant or ambiguous data to be included in random variable or probability density function or truncated limit.
the neutrosophic left truncated and neutrosophic right truncated distributions have been introduced.in addition, some
statistical properties such as expectation, moment generating function, the r' moment, and order statistics are derived
and proved. some examples are suggested.
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