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Abstract

In our previous paper we discussed about the concept of SOBPFS, SOBPFT and its mathematical modelling in
medical diagnosis. In this paper, the detailed study about SOBPFT accordance with FOBPFT and crisp
topological spaces are analysed and also some natural examples of SOBPFT are provided. In third section, the
connections between FOBPFT and SOBPFT under five different cases are discussed. And last section tells that,
from a crisp topology T on X there exists three different SOBPFT denoted by w(T), w,(t) and w.(t) and from a
SOBPFT on X there exists three crisp topologies denoted by i(Tg), i*(Tg) and i, (Tg).

Keywords: Fuzzy set (FS); fuzzy topology (FT); First order bipolar-fuzzy set (FOBPFS); first order bipolar-
fuzzy topological spaces (FOBPFT); second order bipolar fuzzy set (SOBPFS); second order bipolar fuzzy
topological spaces (SOBPFT).

1. Introduction

Fuzzy set theory was introduced by Zadeh [16] in 1965 which revolutionalized the field of mathematics and
artificial intelligence by providing a framework to handle uncertainty and vagueness in decision-making
processes. Whereas crisp topology deals with crisp distinctions between elements. (i.e..,) being either fully in or
fully out of a set . The important contributions to the study of fuzzy set theory were made by Zimmerman [19]
(1996), Yager [15] (1980), Chang [2] (1968), Lowen [9] (1976), Gougen [3] (1967), Gottwald [4] (1993),
Hohle [5] (1978), Kaufmann [7] (1975) and many others. In 1968, based on fuzzy sets Chang introduced the
concept of fuzzy topological spaces and defined some basic concepts such as open fuzzy sets, closed fuzzy sets,
neighbourhood of a fuzzy set, interior of a fuzzy set, fuzzy continuity and fuzzy compactness. In order to study
deeper into the structure of fuzzy topological spaces, in 1976 Lowen modified the concept of fuzzy topological
spaces of Chang. Also, the author introduced two functors @ and 7 to establish the connection between fuzzy
topological spaces and topological spaces. In 1994, Zhang [18] introduced the notion of bipolar fuzziness. In
2019, Kim [8] et al., introduced the concept of bipolar fuzzy topology and defined some basic concepts such as
bipolar fuzzy point, bipolar fuzzy base, bipolar fuzzy subbase, bipolar fuzzy subspace, bipolar fuzzy quotient
space, bipolar fuzzy neighbourhood, bipolar fuzzy initial topology, bipolar fuzzy continuity and bipolar fuzzy
compactness and obtained some basic properties of each concepts. In 1975, Zadeh [17] introduced the concept
of fuzzy set of type 2 (second order fuzzy set) as an extension of a fuzzy set. A detailed study of second order
fuzzy sets was done by Mizumuto and Tanaka [10,11] (1976, 1981). Norwich and Turksen [13,14] (1981,1984)
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have used the concept of second order fuzzy sets in their stochastic fuzzy model. In 2007, Kalaichelvi [6]
introduced the concept of second order fuzzy topological spaces using fuzzy sets of type 2 defined by Zadeh
(1975) and studied some second order fuzzy structures. In 2024, Muthamizhselvi and Vijayalakshmi [12]
introduced the new concept of second order bipolar fuzzy topology and its application in medical diagnosis.

2. Preliminary definitions

Definition : 2.1
Let X be an arbitrary nonempty set. Let I = [0,1]. AFSin X is a map from X into I.

Definition : 2.2
A subset T cI¥ is said to FT X iff
(i) TheO0O & 1lbelongtot
(i) f, et VA€ Aimplies V,e\f) ET
(iii) fge timpliessfAg et
Then (X, T) is called FT space.
Definition : 2.3

A pair A,, = (App"App,”) is called FOBPFS in X, where A,,":X-[0,1] and
App i X = [~1,0].

Definition : 2.4

A pair Ay, = (Kprr,Kbp_) is called a SOBPFS in X where Kbp+: X - [0,1]1%1  such
thatAbp+(x) (o) € [0,1] and Ay, : X — [—1,0]1%Y such that Ay, (x)(a) € [-1,0], wherea € [ &x € X.

Definition : 2.5

A collection Tz SOBPFS on X defines a SOBPFT on X iff

() Obp' ibp €1y
(ii) (Kbp))\ € 1y, for each A € A implies UAEA(Kbp)A € Tg.
(iii) (Kbp)i € %g, for each i = 1 to m implies that n{‘zl(ﬁbp)i € .

The pair (X,Tg) is called a SOBPFT.
3. Connections between first order bipolar fuzzy and second order bipolar fuzzy topological spaces
Theorem : 3.1

Every FOBPFT 1y = {(Abp)k/x € A} on X defines a SOBPFT (Lowen) £y = {(Ay)) A/(Abp) L ETglonX,
where (Kprr))\ ®) () = (Abp+)7\(x) and (Abp_)x(x)(“) = (Abp‘)}\(x) for every x € X and for every a € 1.
The correspondence Tty — Ty is denoted as C;.

Proof:

To prove %g is a SOBPFT (Lowen) on X. By the definition of (&), , the correspondence (Ayp), = (App), is
one-one

(l) Since Obpa 1bp1 Opp € Ty, ﬁbpl ibpl fibp € "lt'gg
134
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(if) To prove :-Tg is closed with respect to arbitrary union
Given (‘K‘bp)x Etg,forAen, SA.

To prove: (U}LEAO(Kbp);\) € Ty
(F‘,bp)X € tg for A € A, € A implies (Abp)x €1y, fOrAE A, S A
impliesU;‘er(Abp)X € Ty

implies U}LEAO(Abp)A € Ty

implies(v)\eAO/(Kbp+)7\r/\}LGAO/(—A\bp_)A) € 1y
Consider

For every x € X and for every « € 1
(Vaeng(Bop™), ) (9 = (Vacng(Anp™), ) &)
= Vaeno ((Ap*), ()
= Vaen, (Bnp "), 0@)
= (Vaeno (Bnp ") ) 0@
Therefore(Vaen,(Anp*), ) = Vaens (Ao ) and
(Meng(Bop),) (@ = (Aneng(Anp7), ) @)
= Maeno ((Bp7),®)
= Neno (Bop ), (@)
= (Mren(Bop ),) @@
Therefore ( Anen, (Abp ), ) = (Areno(Bop ),)
implies Usen,(Abp); = (Ureny (Bop), )

Therefore(U;\E,\O(Kbp)A) € g

(1 To prove :- Ty is closed with respect to finite intersection

Given (App), € Tp ,fori=12,..m
To prove: (r‘]{-’;l(ﬁbp)i) € Ty
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(Avp), Etg, fori=12,..m implies (Ayp), € Ty fori=12,..m

implies n{‘;l(Abp)i € Ty
implies N2, (App), € T3

implies (A, (App*),, VIZy (Abp ), ) € T
Consider,
For every x € X and for every a € 1

(Am1(Anp "), ) (@ = (A4(Anp*). ) ®)
= A2y ((Aep*),09)
= A (B "), GO(@)
= (A (Ao ") ) 0@

Therefore (/\{‘;I}Ep")l) = AR, (Ab‘:)i and
(Via (A ),) (@ = (V4 (Abp),)

=Vm, ((Abp_)i(x))
= vt (B )0 ()

= (Vi (B ),) (0@
Therefore(vf‘;lmp')l) = (V{‘;l(f&bp_)i)
implies NI, (App) = NIy (App). € 25
Therefore NI2;(Ayp), € Ty

Therefore T defines a SOBPFT (lowen) on X.

Theorem : 3.2

Let T = {(Kbp)x/l € A} be a SOBPFT on X. Fix x € X. Then the collection (Ty),= distinct elements of the
collection {((‘K‘bp)x)( )/(Abp)x € ty} defines a FOBPFT on I(I is the closed unit interval [0,1]), where
X

((Kb;)x)(x) = (Kprr))\ (x), ((‘K‘bp_)x)(x) = (Kbp_)h(x). The correspondence tg — (Tg)y is denoted as C,.

Proof:

To prove:(Tg)y is a FOBPFT on 1. By the definition (Tg)y, there exists Aq € A such that for A, u € Ay, A # L.
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((Abp)l)(x) * ((Kbp)u)(x) and () can be written as (Tg)y = {((Abp)J(X) JAE Ag}.

(i) To prove :- (ﬁbp)(x), (ibp)(x), (’dbp)(x) € (Twx
Given 0y, = (ﬁbp+. Opp ) €T,
~ ~ o+ ~ -
Let (Obp)(x) = ((Obp )(x) ’ (Obp )(x))
Onp ") = (Bop") ) = 0009 = (Bup ) =0
bp bp )y T Ve P J )
Therefore (Gbp)(x) = Opp € (Tw)x

Similarly 1y, @, € g implies (1bp)(x),(&bp)(x) € (Tg)x
(i) To prove : (Tg)y is closed with respect to arbitrary union

Given ((Abp)x)(x) € (g)x, forAe A, €A,

To prove: Ujea, ((Abp)x)(x) € (Tp)x

((Abp)x)(x) € Ty, , forA € Ay S A,implies (A,,), € tg, for L€ A; S A

implies UAEAl(Abp)}\ € T, Where UAeAl(Abp);\ = (Vxe/\1 (Abp-‘-)}‘:/\)\e\l(gbp_)x)
Let By, = Unen, (Aop), € Ts ,

where By, = (gbp+v§bp_) = (VAEAl (Abp-'-))\'AAEAl(Abp_)l)

By, € Ty implies (Ebp)(x) € (Tg)x

Consider ,

(Bop") = Bop' @
9]

= (Vien, (Bnp") ) @)
= Vaen, ((Aprr)k (X)>
i (3))

implies (ﬁbp+)(x) = Vaen, ((Kb;);\)

(9]

)

(Bup ), = Bop
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= (AAEAl(Kbp_)}L) x)
= Mea, ((Kbp_))\(x))
= Maen, ((Abp_);\) -

implies (Bpp ) . = Anea, ((Bbp )
®) A )

Therefore (Ebp)x = | Vaea, Kbp+ s Naen, (Kbp_)}\ € (Tg)y
(%) M (x) )

implies Ujea, ((Abp)h)(x) € (Tg)x
(iii) To prove :(Tg)y is closed with respect to finite intersection.

Given ((Z\bp)i)(x) € (Rg)y, fori=1,2,..m

To prove: NI, ((Kbp)i)(x) € (Tw)x

((Kbp)i)( ) € (fg)x,fori=1tom implies(ﬁbp)i €1y, fori=12,..m
X

implies n{’;l(ﬁbp)i € Ty

Let By, = n{‘;l(Z\bp)i € tg , where

=~ ~ - —~ + —_ =

Bop = (Bop"/Bup ) = (A1 (Rop ") VIA(Rsp ),)

By € Ty implies (Ebp)(x) € (Rg)x

Fora el

Consider

(Bop™)  =Byp (®
(€3]

- (a2 () )0

= A2 ((Rnp") )

= A% ((Ab;)i)

implies (Ebp+)(x) = A2, ((Kb;)i)(x) and

x)

(Ebp_)(x) = ﬁbp_ (X)

= (VA ),) @
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= vz (B ),09)
=V, ((Kbp_)i)(x)

implies (By, ), = ViZs ((Abp‘)i)(x)

(Bon) = <(§bp+)(x>’(§bp_)(x)> - < =1 ((Ab;)i)(x)'vﬂl((Z\bp_m(x)) € (o)

. . m “~ oy

implies N2, ((Abp)i)(x) € (Tg)x
Hence (Tg)y is a FOBPFT on 1.
Theorem : 3.3

Let Ty = {(Kbp)x/)‘ €A} be a SOBPFT (Lowen) on X. Fix a € I, then the collection (Tg), = distinct elements
of the collection {((Abp)x) /(Kbp)}\ € 1) defines a FOBPFT on X where ((Kprr)A) :X — [0,1] such that
a o

(Bp"),) @ =(Bp") O@for every xeX and ((Bu),) :X-[-10] such that

((Abp_)x)a (x) = (Kbp_)}\(x)(a) for every x € X. The correspondence g — (), is denoted as Cs.

Proof:-
To prove (Tg), isa FOBPFT on X.

By the definition of (Tg),, there exists A, € A such that for A, p € Ay, 1+ p.
((Abp)x)a + ((Z\bp)u)aand ()4 Can be written as (), = {((Abp)x)a /AE AO}.

(i)To prove : (ﬁbp)a’ (pr)a, (&bp)a € (Bg)q

Let (0up), = ((Onp") .+ (Op ),,)

Given 0y, = (Obp+, ﬁbp_) € 2g. Then

(00p") G0 = (0p") (@) = 0= 05" ) = (0 ") = 0p*
(Obp ), = (Opp )EI() = 0= 04,”(®) = (O, ) = Oy~
implies (Gbp)a = Opp € (g)«

Similarly 1y, @y, € T implies (ibp)a, (&bp)a € (Rg)q

(ii)To prove:(Tg), is closed with respect to arbitrary union

Given ((Abp))‘)a € (Rg)q forA € Ay € A implies (Kbp)}\ EtgforA€e A, S A
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implies U)\EAO(Kbp)}L € tg.
Let Ebp = UAEAO(Kbp)}Ll
where By = (Bop " Bup ) = (Vaeno (Bop” )+ Areno(Bop ),) € T

By, € Ty implies ('Bbp)a € (Tg)q
Forx € X,

Consider,

(Bop") 00 =(Bop") CO(@)

Therefore (Ebp+)a = Ve, ((Kb;)x)a
(Ebp_)a(x) = (Ebp_)(x)(a)
= (AAEAO(A\bp_)}\) (x) ()

= Maeno (Bop ), 00(@)

= Mo ((@nr),), )

= (Maens (o ),) ) @
implies (B "), = Ancny ((Bvy ),)
Therefore (Byy), = ((Bop"), (Bop ), )

— (VMAO ((Kb;)x)a » Men, ((Kbp_)x)a)

= Unea, ((A\bp)h)a € ()
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Therefore Ujea, ((T\bp)x)a € (Tn)a

The proof for the finite intersection can also be proved in similar manner.
Therefore (Tg), isa FOBPFT (Lowen) on X.

Theorem : 3.4

Lettg = {(Abp)x/k € A} be a FOBPFT on I. Then the collection (%g); = {((Kbp)x)l /(Avp), € T} defines a
SOBPFT (Lowen) on a non-empty set X where ((AbP)JI = <((Kbp+)}) '((Abp_)x)) such that
1

((Ab;)k)l x) = (Abp+)}‘, ((Abp_)}‘)l x) = (Abp‘)xfor every x € X. The correspondence tg — (Tg); is
denoted as C,.

Proof:
To prove (Tg); is a SOBPFT (Lowen) over X.

By the definition of (Tg);, there exists A, € A such that for A, u € Ay, A # 1,

((Abp)x)[ + ((Kbp)u)l and (%g); can be written as (tg); = {(((Abp)x)l /A E Ay}
() Toprove: (Obp)l' (ibp)l' (@pp)1 € (B

Given Opp = (Opp ", Opp ) € Ty

Let (Oup)i = (Obp )1 Dpp i), then

(00p"), ) = 05" = 0= 00, () = (B ") = 0"
(ﬁbp_)l(x) =0pp =0=10,, ®= (Gbp_)l = Opp
implies (Opp); = Opp € ()

Similarly 1y, @, € 2 implies (ibp)l, (()pr)l € (Rg);
(if) To prove: (Tg); is closed with respect to arbitrary union.

Consider ((Z\bp)x)[ € (fg); forA € A; S A,

implies (Abp)x € 1g,for A€ A; S A, implies UxeAl(Abp)A € Ty
Let By, = Unen, (Abp), € Ts

where By, = (Bop ™, Bop ™) = (Vaca, (Aop ™), » Anens (Bop ), ).
By € T implies (BbP)I € (fg):

Forx € X,
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Consider,

(’Bprr)I (x) =By "

= Vaen, (Anp"),
) (x))

v (7)),
= (Vaen, ((A"),) ) 0
implies (Byy ") = Vacn, ((Z\b;)h)l
(Bop ), () = Buy™
= Men, (Abp ),

~ Moo (B ),), )

= (/\;\eA1 ((A\bp_)}\)l) )
implies(Bup ), = Aen, (Bop ),).
Therefore (Ebp)l = ((gbp+)li(§bp_)l) = (VxeA1 ((Aprr)}\)I./\xeAl ((Abp_);\)l)

Therefore(Bpp)1 = Unea, ((Abp)x)l € (Tg);.
The proof for the finite intersection can also be proved in similar manner.

Theorem : 3.5

Let T = {(Kbp)x/}‘ € A} be a SOBPFT (lowen) on X. Then the collection (tg). = {((‘K‘bp)x) /(Kbp)x € %%}
c
is also a SOBPFT (Lowen) on X where

(857),) 9@ = (Bey"), GI(1 — ) and

((Abp_)x)c ®) (o) = (Z\bp_)x(x)(l — «). The correspondence g — (). is denoted as Cs.
Proof:
The proof of this theorem is obvious.

4. Connections between crisp topological spaces and second order bipolar fuzzy topological spaces

Definition : 4.1
Let Ay, = (A", Abp ) € SOBPFS
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For € € (0,1), define

(Ling), = e X (B "00) 011 =1(85760) ' [-1,-0) = 1}
Definition : 4.2

Let Ay, = (Ayp ", Ay, ) € SOBPFS. Define

(Lgbp) = {X €EX: (Kbp+(x))_1 (1] =1, (Kbp_(x))_l [-1,—¢) = I, for some ¢ € (0,1)}

Remark : 4.3
1) (L;\bp)S c (Lgbp), for every € € (0,1)
2) (LAbp) = Ueewon) (]"Ablo)E

Proposition : 4.4

Let (X,Tg) be a SOBPFTS. Then the collection {(Lgbp) /Ebp ef%} is closed with respect to finite
€
intersection.

Proof:

Consider (Lﬁbp) n(LA )s

B
€ bp

=(xEX: (Ab;(x))_1 (1] =1, (Abp‘(x))'1 [-1,—€) = I and

(Ebp+(x)) Ce1]=1, (Bop ©0) " [~L—) =1, for every s € (0,1)}
= (xEX: Ay, (3)(@) > 5 A, ()(e) < —eand By (0(@) > & By, (X)(0) < —¢

for every € € (0,1) and for every a € I}
— (xeX: (Z\bp+(x)(a) A Ebp+(x)(a)) > & (Rup 6)(@) V By (@) < —¢,

for every € € (0,1) and for every a € I}

={x€X: (Kbp+ A ’Bbp+) ®) () > ¢ (Ap, VB, ) (a) < —¢, forevery e € (0,1)

and for every a € [}
—~ —~ -1 - -1
= xeX: (R 2By ) @) @11=1((Ay VB, )®) [FL-2=1
= (L(Abpngbp))s(Therefore the given collection is closed with respect to finite intersection)
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Proposition : 4.5
Let (X, Tg) be a SOBPFTS Then the collection {(Lgbp) / Bpp € %Q;} is closed with respect to finite intersection.

Proof:
The proof of this proposition is similar as above.
Definition : 4.6

Let (X, T) be a topological space

(1) Fore € (0,1), define (Ry,)_ = {Ab, € SBPF(X)/ (Lg,,) €7T)
(2) Define Ky, = {App € SBPF(X)/ (L;\bp) € 1, for every € € (0,1)}.
(3) Define (Ryp), = (Ayp € SBPF(X)/ (Lg,, ) € T}

Proposition : 4.7

Each of the above three sets (Kyy,)_, Kop, (Kbp), is closed with respect to finite intersection.
The proof is immediate from the preposition 2.3.4 and preposition 2.3.5.

Definition : 4.8

Let (X, T) be a topological space. Then define

(i)  w.(t) to be a SOBPFT generated by (Kbp)E
(i) (o) to be a SOBPFT generated by Ky,
(iii) ., (T) to be a SOBPFT generated by (Ky,)_

Theorem : 4.9

Let (X, T) be a topological space. Then

(i) »(7) € w. (1), for every £ € (0,1).
(i) o <.

Proof:
(i) Consider Ay, € Ky,
Then by the definition (Lgbp)s € T, forevery e € (0,1)
implies Ay, € (Kbp)s for every £ € (0,1)
Therefore »(T) € w.(T) , for every £ € (0,1).
(ii) Consider Ay, € Ky,

implies (L;“bp)S € T, forevery € € (0,1)

implies Uge(o,1) (Lﬁbp)g €t
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implies (Lgbp) € t (from remark (2.3.3))
implies Ay, € (Kpp)
Therefore w(t) € w, (7).

Proposition : 4.10

Let t,, T, be two topologies on X such that T, < t,. Then
0 ) < u)
(i) we(T1) € we(T2)
(”I) (*)*(Tl) c (1)*(1?2)

Proof:

(i) Let Ky € w(ty).

implies (Lgbp) € 1, forany € € (0,1)
€

implies (Lgbp) € t,, forany e € (0,1) (since T, S T,)
€

implies Ky, € o (t,)

Therefore w(t;) S w(t,)

The proofs of the other are similar.
Definition: 4.11

Let (X, £) SOBPFT. Define

(i) ig.(Tg) to be the topology generated by the collection {(Lgbp) / Kbp € %93}
€
(if) i*(*y) to be the topology generated by the collection {(Lgbp) / Kbp € %23}

(iii) i(Tg) to be the topology generated by the collection {(Lg ) / Kbp ETy,EE€ (0,1)} as a subbasis.

bp €
Theorem : 4.12

Let (X, T) be a topological space. Then

(i) tci'(e.()
(i) Foree€ (0,1),tci(w. (D)

(iii) T<i(w(D)
Proof:

Q) Consider M € t

Consider the SOBPF characteristic function

DOT: https://doi.org/10.54216/1]NS.240410
Received: November 03, 2023 Revised: February 01, 2024 Accepted: June 01, 2024

145


https://doi.org/10.54216/IJNS.240410

International Journal of Neutrosophic Science (IINS) 1ol 24, No. 04, PP. 133-150, 2024

(fcbp)M = ((xb;)m .(f(bp_)M) on X as follows:
("), ) =1,ifxEM
=0,ifxegM
("), 0 =—1,ifxeM

=0,ifxegM

Consider,

-1

=i{x€X/ (f(pr“)M (x)) (1] = I,<(§(bp_)M (X)) [-1,—¢) = Ifor some e € (0,1)

<
m
>
~
=
o
el

x)(a) > ¢, ()A(bp_)M (x)(a) < —¢,for some € € (0,1) and for every a € I}
()@ #0,(2,,7) (9 # 0, for every a € 1}
) #0,(2,,7) ) * 0}

©=1,(2, ) =-1]

M € timplies (L(fcb ) ) €T
P/Mm

implies ()sz)M € (Rop),

implies (ibp)M is a basis element of w, (1)

implies (L(X ) ) is a basis element of i*(w,(T))
bp/m

implies M is a basis element of i*(w, (7))

implies t < i*(, (1))

Proofs of (ii) and (iii) are similar.
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Example : 4.13
Let g = {0y} U (App € SBPE(X) /supp (1 - Abp+(x)),supp (~1-App @)
is finite for every x € X}.

Then T is a SOBPFT on X.

Proof:
()  Since supp (1 - ibp+(x)) = 0,5upp (1~ Ty () = 8, oy € T
(ii) (Ft,bp)X € tg, for L€ A
implies supp <1 - ("), (X)) , supp (—1 - (Abp‘)h(x)) are finite
Consider supp (1 =~ (Vaea (Bwy"),) (x)) = supp (1= Vaen ((Bp "), )
C supp (1 - (2\bp+)A (x))
implies supp <1 — (Vaca (Ab;)x) (x)) is finite
similarly supp (1 = (Anea(Bup ), ) 69) = supp (=1 = Asea (B ), )
> supp (—1 - (Z\bp‘)h(x))

implies supp (—1 ~ (Mer@sp),) (x)) is finite
Therefore UMA(Kbp)A € 1y
(i)  (Awp), € T, fori=12,..m

implies supp <1 - (Kb;)_ (x)) , supp (—1 - (Kbp_)i(x)) are finite

Consider supp (1 - (/\{’;1 (f“bp+)i) (X)) = supp (1 — A%y ((IA*prr)i (X)))

There exists k such that
supp (1 — AL, ((Abp+) (®)) < supp (1 Abp (x)) which is finite

Similarly supp (—1 — ( Vi 1(Abp ) (x)) = supp -1-VZ, ((Abp_)i(x)))
There exists k such that

supp (—1 -V, ((Kbp_)k(x) S supp < 1- (A, ) (x)) which is also finite
Therefore ni“;l(ﬂbp)i € Ty

Therefore Ty is a SOBPFT on X.

Example : 4.14
Let 2y = {Tpp} U {Apy € SBPF(X)/Kprr(X)(oc) =0,Ap, () () = 0,foreveryx € Xand
for a # ﬁ ,r=0,1,2,...n}
Then Ty is a SOBPFT on X.
Proof:
147
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(i) Since ﬁbp+(x)(a) =0,0p, (x)(a) =0, for every x € Xand for every a € I.
implies Oy, € Ty

(i) (Kbp)x € 2y, for LE A

—~  + R

(Abp ))l ®x)(x) =0, (Abp ))\(x)((x) = 0, for every x € X, for a # i ,
r=0,1,2,...n
implies Ve <(Abp+)X (x)(a)) =0, Aaea <(Kbp_)}\(x)(a)) =0
for every x € X and for a # i, r=0,1,2,...n
. . —~ + —~ —_
implies (Vaea (Bop ") ) G0(@) = 0.(Maea(Bop ), ) (@) =0,
for every x € X and for a # %, r=0,1,2,..n
Therefore U;\eA(Kbp))\ € g

(iii) Similarly we can prove for finite intersection.
Therefore Ty is a SOBPFT on X.

Example : 4.15

Le 2y = {Ap, € SBPF(X)/ for every x € X, either Kbp+(x) =0,A,, (x) =0 (or)

App (0(@) >0, Ay, (x)(a) < 0, for every a € I}

Then Ty is a SOBPFT on X.

Proof:

(i)
(i)

(iii)

DOIL: https:

Obviously Opyp, Tpp, @pp € T

Consider (Ayp), € T, forA € A

Suppose (V;\EA (Kbp+)}\) x) =0, (/\;\eA(Kbp_)A) (x) =0, foreveryx € X

Then U;\E,\(Kbp)x € g

Suppose (VAEA (Abp-'-)}\) (x) # 07(A)\EA(Abp_)A) (x) # 0,

Then (V;\E,\ (Kb;);\) ) (o) > 0,(A—,\6A(Kbp_)}\) (x)(a) < 0, for some a € 1

there exists a A € A such that

(Ab;)A (®)(0) > 0, (Ayp ), (x)(e) < 0 forsome o € I

for that 2.€ A, (Rbp ") GO(@) > 0,(Rp, ), ()(e) < O,for every a € 1

implies (Vica (Ab;)x) ®)() > 0, (Area(Bop ), ) ©(@) <0, forevery a € 1
Therefore U;\E,\(Kbp)}\ € Ty

Consider (App), € T, fori=1tom

Suppose ( m (Kprr)i) x) =0, (V?;l(ﬁbp_)i) x =0

Then ﬂ{‘;l(f&bp)k € 1y

Suppose ( m (Kprr)i) x) %0, (V?;l(ﬁbp_)i) x) %0

Then ( m (Ab;)i) ) () > 0, (vgl(ﬁbp‘)i) ) () < 0, for some a € 1
Therefore (bep*)i ()(@) > 0, (A, ). ()(e) <0, for some a € 1 & fori = 1,2,...m
Therefore (Kbp+)i x)(a) > 0, (Kbp_)i(x)(a) <0, foreverya €l &fori=1,2,..m

Therefore ( m (Kprr) ) x)(a) > 0, (V{‘;l(ﬁbp_)i) x)(a) < 0, forevery a € I

i
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Therefore N2, (Apy), € T
Therefore Ty is a SOBPFT on X.

Example : 4.16

Consider the closed unit interval 1. For a € 1, define (Ay,,)_:1 - 1' such that
(Bop")_ BYW) = By, (Bop ) (BY¥) = ~ay, Torevery B,y € 1.

Then the collection T = {(ﬁbp)a/ o€ I} U{1yp} is a SOBPFT on I.

Proof:

()  Since Oy, = (Byp")
implies Oy, € T

(ii) Let (Kbp)a € tg for a belongs to an arbitrary set S €
For B,y €1, Consider

Now UaeS(Abp)a = <(Vaes (Abp+)a)' (AaeS(Abp_)aD

(Vaes (Kbp+)a) B)Y) = Vges ((Kprr)u (B)(Y))

= Vees(aBy)
= (VOLES O() By
= o'By

= (&),
(aes(Bop ),) BN = Aues(Bop ), B

/\aES(_aBY)
(Aqes(—a))By
= (:0('2[3\/
= (Abp )a,
Therefore Uaes(ﬁbp)a = (Kbp)a, € 1y
(iii) The proof for finite intersection is similar
Therefore T isa s SOBPFT on 1.
5. Conclusion:
In this paper, the detailed study about SOBPFT relating to FOBPFT and crisp topology are established and some
examples for SOBPFT are provided. The connections between FOBPFT and SOBPFT under five different cases
are discussed. And from a crisp topology t on X there exists three different SOBPFT denoted by w (1), w, (T)
and w, (t) and from a SOBPFT on X there exists three crisp topologies denoted by i(%g), i* (Fg) and i, (Tg).
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