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Abstract

This paper addresses fractional-order versions of multi-group neutron diffusion systems of equations, focusing
on two numerical solutions. First, it employs the Laplace transform method to solve the classical version of
multi-group neutron diffusion equations. Subsequently, it transforms these equations into their corresponding
fractional-order versions using the Caputo differentiator. To handle the resultant fractional-order system, a
novel approach is introduced to reduce it from a system of 2a-order to a system of a-order. This converted
system is then solved using the so-called Modified Fractional Euler Method (MFEM). As far as we know,
this is the first time that such numerical schemes have been used to deal with the systems at hand. The paper
covers the multi-group neutron diffusion equations in spherical, cylindrical, and slab reactors, all solved and
converted for verification purposes.

Keywords: multi-group neutron diffusion equations; Laplace transform method; fractional calculus; modified
fractional Euler method.

1 Introduction

The dispersion of neutrons within the reactor are one of the fundamental processes that control how the core
of a nuclear reactor behaves. The neutron balancing equation, often known as the neutron transport equation,
is the foundation for the mathematical description of a neutron distribution. In truth, the transport equation
is complex and the only physical models for which accurate solutions have been obtained thus far*2 The
neutron transport equation can be simplified into neutron diffusion equations using Fick’s law. These equations
describe the various velocities of neutrons in a reactor and categorize them by energy levels to model neutron
behavior*® In multi-group neutron diffusion equations, the influence of multiple energy-level interactions
on neutron behavior is considered. Solving these equations allows engineers to ensure reactor criticality,
maintaining a controlled and self-sustaining chain reaction within the nuclear reactor.”*!¥ Factors such as fuel
composition, reactor design, and control rod positions are considered for a comprehensive understanding and
regulation of the process 4112
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In nuclear reactor physics, cross-sections are fundamental for assessing the likelihood of specific nuclear
reactions. Cross-section (o) represents the effective size of a target nucleus, indicating the probability of
nuclear interactions when particles like neutrons interact with nuclei. Various types of nuclear processes have
associated cross-sections. Fission Cross Section (o) measures the likelihood of a nucleus splitting when
interacting with a neutron. It’s crucial for understanding and controlling nuclear fission, the process where a
heavy nucleus breaks into lighter nuclei, releasing energy and additional neutrons. Another important cross-
section is the absorption cross-section (o,) which indicates the probability of a nucleus absorbing a neutron
without undergoing fission. Neutron capture by the nucleus, explained by the absorption cross-section, leads to
the creation of heavier isotopes, or initiates different nuclear processes. This process is essential for regulating
reactor reactivity and neutron populations. Additionally, the radiative capture cross-section (o) quantifies the
probability of a nucleus capturing a neutron and then emitting a gamma-ray photon. This process occurs when
anucleus absorbs a neutron and transitions to a higher energy state, releasing energy in the form of gamma-ray
radiation. In a nuclear reactor, radiation capture plays a crucial role in both the creation of radioactive isotopes
and the generation of energy, significantly impacting reactor operations and outcomes 22!

This study initially presents an approach utilizing the Laplace Transform Method (LTM) to offer a numerical
solution for the classical multi-group neutron diffusion equations in various geometric shapes, including slab,
cylindrical, and spherical configurations. The LTM is an efficient method that enables the solution of these
equations without the need for discretization, perturbation, or linearization techniques. Instead, it constructs
an approximate, practical and effective solution for addressing complex neutron diffusion problems. Also, this
paper employs techniques to convert higher-order differential equations into first-order ones in the context of
Fractional Differential Equations (FDEs). The process involves introducing new variables and transforming
the equation into a system of interconnected a-order differential equations, where 0 < o < 1. The transformed
a-order system can then be tackled with one of powerful methods for dealing with fractional-order systems,
called the Modified Fractional Euler Method (MFEM). A recent advancement, the MFEM, has shown efficacy
in solving systems with fractional calculus of order .. This paper employs MFEM to address fractional multi-
group neutron diffusion equations.22%8

2 Preliminary concepts

In this section, we will introduce fundamental definitions and theorems related to fractional calculus, including
the Riemann-Liouville integral and derivative, the Caputo derivative and other relevant concepts 22224533 The
fractional Riemann-Liouville integral of a function f of order o > 0 is initially defined by

1 t
Jaft:—/th—Ta_ldT, t>0, a>0. (1)
=gy |, SONE=7)
Some of the properties of the Riemann-Liouville integral are given below for completeness: 2%
JUf(t) = f(2). )
Fy+1)
J(t—a)! = =———F—(t —a)*™ > -1 R. 3
( a) F(O{+’y+1)( a) , Y =2 ,GE ()
JOIPf(t) = JPIf(t), a,B>0. @)
JIOf () = TP f(t), @, B> 0. )

2433 Let m be the smaller number greater than . The Caputo fractional derivative of order a > 0 is defined
as
t —a+m— amf(r
ﬁfo(t_ﬂ + 1%7&%%’, m-—1<a<m,

dm f(t)

dtm a =1m,

where m € N, ¢t > 0 and f is a real-valued function. Some of the characteristics of the Caputo derivative are
listed below:=2
1. D®c = 0, where c is constant.
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2. For a € R we have

LDletl) 4 yo— _
D*(t —a)? ={ Tlp—atD) (t—a)™® p>a-—1, %
0, otherwise.
3. D% is a linear operator, i.e.,
D*(pf(t) + wk(t)) = D f(t) + wDk(2),
where 1 and w are constants.
4. The semigroup property holds >
DD?f(t) = D*Pf(t), ®)
under the additional assumption that f()(0) = 0 in the case a + 8 > 1.
In addition, we need to recall the following basic property. If m — 1 < o < m, m € N*, then we have
(e Yt _ Z + —_
JeDf Zfo ',t>0. 9)

Theorem 2.1. %° [Generalized Taylor’s formula] Suppose that D** f(x) € C(0,b] fork = 0,1,2,--- ,n+1,
where 0 < a < 1. Then we can expand the function f about the node x as follows:

- (x Z ZQ
;an—i-l (o) +

(1. _ xo)(nJrl)oc

CES LA (10)

with0 < & < x, Vo € (0,b).

20/ Let function f be defined on [0, 00). Then Laplace transform -#{f} is another function F'(s), which is
defined as

F(s) = 2{f} == /OOO et f(t)dt. (11)

Remark 2.2. Some properties of Laplace transform are listed below for completeness:*

iy =~ 2 2(y).
LU = ~07) + 527} = sF(5) ~ 1(0°),
LU0} = #F(s) — 57(0°) ~ £/0%).

3 Theoretical framework on multi-group neutron diffusion system

In this section, we intend first to recall the general form of the multi-group neutron diffusion system. Then we
will convert this system of multi-group neutron diffusion system into its fractional-order form.
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3.1 Classical form of multi-group neutron diffusion system

It is assumed that the multi-group neutron diffusion equations system has a single solution in the interval of
integration with the following form:®20

V241 (r) + C11¢1(r) + Crada(r) + Ci3¢s(r) + - -+ + Crndn(r) = 0,
V2¢2(7‘) + Co101 (1) + Coapa(r) + Caozds(r) + - - - + Conpn(r) = 0,
V2¢3(r) 4+ C3101(r) + Caapa(r) + Cs3d3(r) + - - - + C3n,¢ (1) = 0,

- (12)
v2¢)n(7,_) + Cn1¢1(T) + Cn2¢2(7") + Cn3¢3(7ﬂ) +-+ Cnnd)n(r) = 07
for which the constants Cj;, C;; and D; are defined as follows:
@iV Yy fi — (22;1 Vit i Z?=1 Sij)
Cii = D, ;
7-17 . + T;V; ?f i
Cij _ Zz_l Z]—l J J Z =1 f 7 (13)
D;
1
D;

3 (ZL fid 20y sii + 20y 2 Sig 2 %‘)

where D; is a group diffusion coefficient and ~; is the macroscopic radiative capture cross-section, which rep-
resents the probability of a nucleus capturing a neutron and emitting a gamma-ray photon. Herein, the function
¢;(r) is assumed to be an analytic function for adapting some essential needs, especially the semigroup prop-
erty reported in @), fori =1,2,3,--- ,n.

The constants in (I3)) are typically defined in terms of different macroscopic cross-sections, the number of
neutrons produced per fission for each group (v;), and the fraction of fission neutrons that are emitted with
energies in the i*"-group (z;). The above system of equations describes the behavior of the neutrons in nuclear
reactors where each flux ¢; expresses the neutron flux with a specific speed. Each flux reaches its maximum

at the center of the reactor; its derivative vanishes, so the initial conditions can be written as

where the fluxes ¢;(r) are functions of independent variable r and h; € R, Vi = 1,2,--- ,n. Throughout
this work, it is assumed that ¢;(r) are analytic functions for » > 0, Vi = 1,2,--- ,n. The multi-group

time-independent neutron diffusion system have three nuclear reactor essential geometries, namely spherical,
cylindrical and slab reactors which will be studied respectively. In the following content, we will discuss these
three cases in terms of finding their solutions by using LTM.

3.1.1 Multi-group neutron diffusion system in spherical reactor

A type of nuclear reactor design known as a multi-group neutron diffusion system in spherical reactor (MG-SR)
makes use of several energy groups to simulate the behavior of neutrons inside the reactor core. It is a variant
of reactor analysis’s more widely used multi-group neutron diffusion theory. The energy spectrum of neutrons
in a MEG-SR is split into a number of distinct energy groups. A set of diffusion equations approximates
the neutron behavior inside each energy group, which represents a particular range of neutron energies. The
multi-group neutron diffusion system in spherical reactor can be express as

r¢/1/ (r)+ 2¢/1(7°) +1rC1101(r) + rCrada(r) + rC1303(r) + - - - + 7C10dn(7)
Ty (1) + 200(r) + 1C2161(r) + 1Ca20a(r) + 1Ca303(r) + - - - + 7Copn (1)
’I“QZS;: (7") + QQS;) (7") + T031¢1 (7") + ’I“032¢2 (7") + ’I“Oggd)g (7") —+ -+ Tanqbn(r)

0
0
0

5)

rén (1) + 26, (1) 4+ 7Cn1d1 (1) 4 Cr22 (1) + rCrsds(r) + - - - + 1Crndn(r) = 0,
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with the following initial conditions:

(16)

To deal with such a system with the use of LTM, we take the Laplace transform of the both sides of the above
system to get

ZL(rdy (1) +22($1 (1) + CL1.L(r¢1(r)) + C1a L (r2(r)) + -+ - + C1oZ (1 (r))
L(roy (r)) + 2.2 ($5(r)) + Co1.L(r¢1 (1)) + Con L (12 (r)) + - -+ + Con L (rd (1))
L(rds (1) + 2.L(¢5(1))) + C31.L (r¢1 (1)) + Cs2.L(rda(r)) + -+ + Ca L (1 (r))

0
0
0

7 (17)

L(16,(r) +2L(6,(1) + Cr1 L (r¢1(r)) + Coa L (rda(r) + -+ + Coin L (r6(r)) = 0.
By using Remark [2.2] we can get
“UPLL01() — 561(07) — 1(07) + AsZ{61(r)} — 61(0%) + Oua( S0 Z{61())

OS2 {6a)]) + Cua 2 2105(I)) + -+ + Cunl o Z{6n(r)}) =0,
U LL02()) — 562(0%) — 2(07)) + As L [62(r)} — 62(0%)) + Ona (S0 Z{61())

+ OS2 {9a0)]) + Casl( T2 2105(I)) + -+ + Canl T2 Z{60(r)}) =0,
2L (0301}~ 565(0%) — 65(0) + 2As L (8501} — 65(07) + Con( L)) (B

+Coa( S22 + Cos LN + -+ Conl G52 {01} = 0

'fd
@
O 220 + Cs L5 + -+ Cun S22 (800D = 0.

(22 {6n(r)} = 56n(0%) = 6,07)) + 202 {90 ()} — 6n(07)) + Cos(1L{62())

With the help of assuming Z{¢;(r)}) = T;(s), foralli = 1,2,--- ,n, we get:
d

é(sQTl(s) —a15 —by) + 2(sTy(s) — a1) — C11 T (s) — CraTy(s) — CisTy(s) — - — Cin T (s) =0,
—d ’ ’ / ’
E(SQTQ(S) — ags — bg) + Q(STQ(S) — CLQ) — CQlTl (S) — CQQTQ(S) — 023T3(3) — s = anTn(S) = 0,
_d ’ ’ ’ ’
E(SQT;J,(S) — ass — bg) + 2(8T3(8) — ag) — C31T1 (S) — ngTQ(S) — C33T3(3) — s = C3nTn(8) = 0,
7d ’ ’ !’ !
E(SQTH(S) —ans —by) + 2(sT(8) — an) — Cn1T1(8) — CraTh(s) — CpsTs(s) — -+ — CppT,(s) = 0.
(19)

By simplifying the previous system (I9), we get

= (s* + C1)Ty(s) — CraTy(s) — ChaTy(s) — -+ — Crn T, (s) = an,

— O T (s) — (8% + Ca2)T(s) — CosTy(s) — - -+ — Con T (s) = ag,

— C51 Ty (s) — CsaTy(s) — (s> + C3)Ty(s) — -+ — C3,T},(s) = as, (20)

— Co1 Ty (5) — CraTy(s) — CrsTh(s) — -+ — (8% + Cpp )T (5) = .
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The matrix general form is then as follows:

—(82+C11) = Cra—Ci3— - — Cin T1:(3) ay
—C1 — (8% + Cg3) — Ca3 — -+ — Cay, Tg(S) as
—C31 — 032 — (82 + 033) — = C?)n T3(8) = (G2 . (21)
—Chi — Chg — Crz — - — (82 + Cpp) T;L(S) Qn,

Note that A(s), T and K are defined as follow:

—(s?+C11) —Cia—Ci3— - — C1py T/(S) ay
—Cy1 — (5% + C2) — Coz — - -+ — Cayp T, (s) as

A(s) = | O — Oz — (s> +Cs3) — -+ — Csp T (s) = | T3(8) | K = |az] . (22)
—Unl — Cn2 - Cnd -t (52 + Cnn) T,/L(S) Qp

By using the previous assumptions, we can write system as A(s)T'(s) = K. Also, if A(s) is invertible,
we can write it as follow ,
T (s) = A" (s)K. (23)

System can be then solved numerically by using a prepared MATLAB code with noting that ¢;(r) =
ZL~HT;(s)}, for all i = 1,2, ,n. This would give the solution ¢;(r) of system (15). In fact, such a
system’s solution makes it evident that the scheme provided to generate system (23)) is convergent, and this
what we will see in Section ] In particular, if the functions T;(s) have Laplace transforms ¢;(r), for all
i=1,2,---,n, then for the inverse Laplace transform to exist, the integral

S+iN
qz’)i(r)—L l'm/ ’ T(s)e*'ds

=— 1
2mj N—int J5_ ;N

must converge, where 4 is a real constant such that the contour of integration lies to the right of all singularities
T(s).

3.1.2 Multi-group neutron diffusion system in cylindrical reactor

The multi-group neutron diffusion system in a cylindrical reactor will be solved here by using LTM as well.
Such a system has the form

T¢,1, (r) + 45’1(7") + 7’<Cl1¢1 (r) + Cr2¢2(r) + C1303(r) + - - - 4+ C1nPn(7)

T¢,2, (r) + ¢;(T) + 7“<021¢1 (1) + Caoa(r) + Co3p3(r) + - - + Condn(r)

_o, 24)

~
I
o

T¢g(7”) + ¢;,(7’) + 7"(031¢1(7“) + C3202(1) + Ca3¢3(r) + - - + C3p0p (1)

r62(1) 4 60(r) 4 7 Condn () + Coratn(r) + Cuadalr) 4+ + Conin(r) ) =0
with the following initial conditions:

$:(07) = a;, ¢,(01) =b;, foralli=1,2,--- ,n. (25)
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By taking the Laplace transform of the both sides of the above system and by using the same manner of the
spherical case, we obtain

— (s + C11)T) (s) — CraTy(s) — CusTy(s) — -+ — C1n Ty (s) = sTi(s),

— Oo1Ty () — (52 + Ca2)Ty(s) — CozTy(s) — - — Con T (5) = sTh(s),

— 51T} () — C32Th(s) — (52 + Cs3)Ty(s) — - - - — Can T, (s) = sTs(s), (26)
— Co1 Ty (8) = CraTy(s) — CrsTy(s) — -+ — (5% + Cpp )T () = 8T (s).

The matrix general form will then be as follows:

—(s*+C1)—Cia—Ci3— - —Chpy T, (s) T (s)
—Co1 — (52 + Co) —Cag — -+ - — Cayy Tg(s) Tx(s)
—C31 — C39 — (52 + 033) — o= Oy Tg(S) =3 T3(s) . 27
—Un1 — Cn2 - CnS -t (52 + CTWL) T,;(s) Tn(S)

Note that A(s), T"(s) and T (s) will be defined as follow:

—(s2+Cyy)— C1o— Ciz— - — Ciy T/(s) Ti(s)
—Co1 — (82 + Cg2) —Caz — -+ — O T/(S) Ts(s)

A(S) _ —031 — 032 - (52 + C33) - C3n 7T,(s) = T3(S) ,T(S) = TS(S) (28)
—Cn1 = Cpg = Cpz — -+ = (8 + Cpp) T,/L'(s) T (s)

By using the previous assumptions, we can then write system as A(s)T' (s) = sT(s). Also, if A(s) is
invertible, we can then write it as follow:

T (s) = sA71(s)T(s). (29)

System can be then solved numerically by using a prepared MATLAB code with noting that ¢;(r) =
L~HTy(s)}, forall i = 1,2,--- ,n. This would give the solution ¢;(r) of system . This system is
regarded as a homogeneous linear system with coefficient variables. The solution of system (29) is of the
form:

T(s) = ¢(s)C, (30)

where C' is an n-dimensional vector consisting of arbitrary numbers. Note that ¢(s) defined as follow:
¢(S) _ efOS TA(T)dT. 3D

Consequently, we get T;(s) = £ (¢;(r)), foralli = 1,2, --- ,n. Also, we can find ¢;(r) = £~ 1(T;(s), for
alli =1,2,--- ,n, which represents the desired solution of system (24).

3.1.3 Multi-group neutron diffusion system in slab reactor

The multi-group of neutrons diffusion system in slab reactor has the form

1 (1) + C11¢1(r) + Cradha(r) + C13¢3(r) + - + Crun(r) = 0

(b; (r) + Co101(r) + Caada(r) + Cazps(r) + - - - + Capnpp(r) =0

3 (1) + Ca161(7) + Caaga(r) + Ca33(r) + - - + Canp (1) = 0 (32)

B (r) + Cr1$1(r) + Crata(r) + Cra(r) + -+ + Crnhn (r) = 0,
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with the following initial conditions:
$:(0%) = a;, ¢,(07) =b;, foralli =1,2,--- ,n. (33)

By taking the Laplace transform of the both sides of the above system and by using the same manner of the
spherical case, we get

82T1(S) —a18— by + C1Tis+ CioTos + Ci3T3s + - - - + Cr, T s = 0,
SZTQ(S) —a98 — by + Co1T18 + CooTns + CozT3s + - - - + Co,, Ty, s = 0,
§°T5(s) — ags — by + C31T1s + CyoTos + C33T38 + -+ - + C3, s = 0, (34)

52Tn(s) — ans — bn + Canls + CTLQTQS + Cn3T35 +-- Cn'nTrLS = 0.

In a similar manner to the previous subsections, the above system can be solved in frequency domain and
then we can obtain the desired solution ¢;(r) = Z~!(T}(s)) in the true domain by using MATLAB, for
1=1,2,---,n.

3.2 Fractional-order form of multi-group neutron diffusion system

In this subsection, we will introduce the fractional-order version of multi-group neutron diffusion equations
. For this purpose, it should be first noted that V2¢;(r) can be defined as follow:

V26u(r) = 0, (r) + “i(r), (35)

for every i = 1,--- ,n. Now, in view of (33), and by operating the Caputo differentiator on system (12)), we
obtain the following system:

D¥¢,(r) + %Dam(r) + C1161 (1) + Chada(r) + Crsds(r) + -+ Crodn(r) = 0,
D2 o (r) + §Da¢>2<r> + Co1y (1) + Cano(r) + Casds(r) + -+ Conon (1) = 0,
D?*p3(r) + ;DQ%(T) + C3101 (1) + Cs202(r) + Cs3d3(r) + - - - + Canepn(r) = 0, (36)

D¥,(r) + %D%n(r) + Co11 (1) + Couatpa(r) + Cruzds(r) + -+ + Crunhn(r) = 0.

Herein, the MFEM might be employed to find an approximate solution to the multi-group time-independent
neutron diffusion system of equations (36) for three nuclear reactor essential geometries, namely spherical,
cylindrical and slab reactors which will be studied based on the value of the parameter a, that it when a = 2,
a =1 and a = 0, respectively. But before dealing with this aim, we state and prove the next important result.

3.2.1 Reduction na-FDE to a-system of FDEs

In this part, we aim to reduce the FDE of order na to a system of FDEs of order o, where 0 < o < 1. For this
purpose, we provide the next lemma.

Lemma 3.1. Any FDE of order na, n € Z7% and o € (0, 1], with functions possessing values in R, can be
converted into a system of FDEs of order o with values in R™?.

Proof. To prove this result, we should first take the scalar case that takes place whenever d = 1 and then we
will consider the remaining case that is hold when d > 1. For this reason, we should note that the general form
of the FDE of order na in its scaler case can be given by

Dn(xy(t) _ G(t7 y(t), Day(t), D2@y(t), L ’D(TL—I)ay(t))7 37
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where G is a continuous function defined on the subset I x R x R x --- x R so that it takes values in R for a
given intend I. Now, define the function

‘I’(t7’U07’U17 e 7Un—1) = (U17U27 e ,G(t,’l)(),vl, e 7vn—1)) (38)

as a continuous function definedon I x R x R x - - - x R as G, but it takes the values in R”. In this regard, we
consider the following equation:
DY (t) = ¥(t,Y(t)), fort € I. (39)

Now, we want to show that z : I — R is a solution of equation if and only if the function
X I — R",

40
t — (x(t), D%z(t), D**x(t), - -- , D" Dog(t)), “0)

is a solution of equation (39). To this end, we assume that z is a solution to equation (38) such that X is
defined above. Then we have

Dex(t) Dex(t)
D?x(t) D?x(t)
DX(t) = : = : =W(t,X(t). @)
D(n—l)ax(t) D(n—l)ax(t)
D™ (t) G(t,x(t), Dx(t), D**x(t), - , D~ Dog(t))

Herein, the converse of the above discussion is similar. Now, for the case of d > 1, one can reread the above
proof again, and substitute each occurrence of R by R? to get the result. O

3.2.2 Fractional multi-group neutron diffusion system in spherical reactor

In this subsection, we will propose a fractional-order version of multi-group neutron diffusion system in a
spherical reactor, and then obtain its numerical solution using Lemma and the MFEM2J In fact, system
(T3] can be expressed in the fractional-order case as follows:

’I“D2a¢1 (’I”) + 2Da¢)1 (7“) + ’I"Clqu)l (7“) + T012¢2(T) + T013¢3(T) e T01n¢n(T) =0,
rD**¢o (1) + 2DPa(r) + 102161 (1) + 1C2202(r) + rCoz3(r) + - -+ + 1020, (1) = 0,
rD**¢3(r) + 2D%¢3(r) + rC31¢1(r) + rCs202(r) + 7C3303(r) + -+ + rC3p0,(r) = 0, (42)
rDQ"gbn(r) +2D%p (1) + 1Cp1d1 (1) + rCrada(r) + 1Crsds(r) + -+ + rCpndn(r) = 0.
This system can be defined also by
D261(r) = = (20°61(0) + Curdn (1) + Cuadalr) + Craga(r) 4+ Cund(r)).
D** ¢ (r) (TDaﬁbz + Co161(r) + Caapa(r) + Cogps(r) + -+ - + C2n¢n(r)>a
D**¢3(r) (iDaﬁﬁs )+ C3101(1) 4+ Ca22(r) + Cs3p3(r) + -+ - + Canbn(T))a 43)
D2a¢n (iDa¢n + Cn1¢1( ) + Cn2¢2(7n) + Cn3¢3(r) + -+ Cnngbn('r')) .
https://doi.org/10.54216/IJNS.240401 16
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Now, suppose that
Ji(r, d1,d2, ¢3,- , dny D01)
= (207610 + Cirén(r) + Crata(r) + Cradalr) + -+ + Cunin(r) ).
fa(r, @1, ¢2, $3, -+, pn, D P2)
=~ (20%0a(r) + Cor1() + Cannlr) + Caadalt) + -+ + Cann(r) ).
)
(

f3(r7¢1a¢27¢37"' a¢n7Da¢3 (44)
< D%¢3(r) + C31¢01(r) + Caa¢2(r) + Cazps(r) +--- + Csncbn(r)),
fn(ra ¢17 ¢27 ¢37 e a¢na Da¢n)
~(B0%0u0) + Cua1() + Cuadl0) + Coadal0) + -+ + Conn(1)).
Then, system @)becomes

D2a¢1(’r) = fl(ra ¢17 ¢27 ¢3) T a(bTH Da(bl)a
D2a¢2(r) = f2(7", ¢17 ¢27 ¢3; te 7(25717 Da¢2)7
D204¢3(,r):f3<7,,’¢17¢2,¢3,_” a¢n7Da¢3)’ (45)

Dza(bn(r) = fn(T7 ¢17¢27¢3a e a(b’ruDa(bn)‘

If one assumes that u; = D%¢;(r), foralls = 1,2, --- ,n, we obtain

D1 (r) = u1 = g1(r, ¢1, P2, @3, -+, Py ua),

D%y = D**¢1(r) = fu(r, d1, b2, 3, -, Pny 1),

Dpa(r) = ug = ga(r, @1, P2, 3, , P, u2),

D%uy = D**¢o(r) = for, ¢1,d2, d3, -+ , bn, u2),

D%¢3(r) = uz = g3(r, ¢1, P2, @3, + , Py u3), (46)
D%uz = D**¢3(r) = f3(r, o1, b2, b3, , dn, us),

Da¢n(T) = Up = gn(rra ¢17 ¢27 ¢37 e ,an,’u,n),
Daun = D20¢n(r) = f’n(ra ¢17¢2a¢37 e 7¢n;un)a

with the following initial conditions:
#:(01) = a;, u;(07) = b;, foralli =1,2,--- ,n. 47)

It should be noted here that the above system represents a fractional-order system consisting of 2n fractional
differential equations each of them is of order o. To solve this system, we shall use the MFEM. This can be
carried out by first dividing the interval I = [07,T] as 0" = ¢y < 1 =to+ h <ty =tg+2h < --- <
t, = to + nh = T such that the mesh point are t; = to + ih, i = 1,2,--- ,n, with step size h = T'/n. For
simplicity, we denote g; (¢, 7, ¢1, P2, -, Pn,u;) and fi(t, 7, 1, P2, -+, Pn,u;) by g;, fi respectively, for all
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1=1,2,--- ,n. Now, based on the main formula of the MFEM, we can obtain the following states:
« hOZ h()t hOZ
7 T/, 4\ t’L 77 t'L PSRN ) tl PV b e )
d1(tiv1) = ¢ (ts) + T(a+ 1)91< + M(a+1) o1(ti) + (ot 1)91 P2(ti) + M (a + 1)92

h* h®
On(ti) + mgm uy () + 1)f1>7

h* h® he
wfl(ti+M’¢l(t.)+2F(0&+1)gl,¢2(ti)+2r(a+1)g2’.”’

hOé hOé
On(ts) + mgm up (t;) + 21“(a+1)f1>’

uy (tigr) = wi(ts) +

h* h* h* h*
P2(tiv1) = Pa(ti) + Mm(tﬁ-7(/51(75‘)4'91,¢2(ti)+g2""7

h® B

¢n(tz) + mgn, UQ(ti) + 1)f2>7
he

wa(ti+Ma¢1(t-)+W91,¢2(ti)+wg27...’

d)n(ti) + Lgn; u2(t’L) + haf2)7

uz(ti+1) = u2(t;) +

oT(a + 1) oT(a + 1)
he e i he | he
¢s(tiv1) = ¢3(ts) + M%( +m7¢1( )‘f‘mgh%( ) Wt D)%
h()é hClC
On(ti) + mgm us(t;) + w]%)
us(tinn) = us(ts) + oy (4 =L Bu(t) + g1, alts) + o
3(li41) = uslily F(a+1) 3\ QF(a—I—l)’ 1(t4 2F( +1)91, 2 2F( +1)927 ,
h® h*
On(t;) + mgm us(t;) + Wf3)7
h* h* h* h*
On(tit1) —¢7L(ti)+wgn<ti+w7¢l(t)+ 2F(a+1)gl’¢2( ) 2F(a—|—1)92’ )

h® h®
¢n(tz) + mgn; un<ti) + an)v

Up (tig1) = un(ti) + mfz (ti + m;dﬁ(ti) + mgl7¢2(ti) + mQ% SRR

h* h®
¢n(t7,) + mgm un(tz) + Ufn)a

(48)
fori = 1,2,--- ,n — 1. The previous system (@8] represents an approximate solution of system (46), and
hence (¢1(t), #2(t), ¢3(t), - -+, ,(t)) is then the defined solution of system (42).

3.2.3 Fractional multi-group neutron diffusion system in cylindrical reactor

In this part, we will express the fractional multi-group neutron diffusion system in cylindrical reactor, then we
obtain its numerical solution by using reduction lemma (Lemma [3.1)) and MFEM. In fact, system (24) can be

https://doi.org/10.54216/1JNS.240401 18
Received: September 25, 2023 Revised: February 19, 2024 Accepted: May 07, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 04, PP. 08-38, 2024

reexpressed in light of the cylindrical reactor in its fractional-order case as follow:

rD**¢1(r) + D%y (r) + T<011¢1(7“) + Cr2¢2(r) + Cigps(r) + - - - + C1n¢n(7“)> =0,

7D**¢o(r) + Do (r) + 7”<021¢1(7“) + Cooa(r) + Cazps(r) + -+ + C2n¢n(r)) 0,

rD**¢3(r) + D%¢3(r) + 7"<C'31¢1(7”) + C3202(1) + Cagpz(r) + - + CSn¢n(r)> =0,

FD2 (1) + D () + 1 (cnm(r) + Coaa(r) + Crgbs(r) + -+ + cnn¢n<r>> 0.

(49)

The same solution for system (@8] can be regarded as an approximate solution of the previous system (@9), but

here the f; should be assumed as follows:
fi(r, o1, 2, ¢3, -+, pn, D P1)
=~ (3D701(0) + Ca61() + Craalr) + Cradalt) + -+ + Cunn(r) ).
Ja(r, b1, P2, h3, - -+, b, D 2)
= (1D%0n(r) + Cann (1) + Cratals) + Cantat) + -+ + Canrn (1))
f3(r, d1,d2, ¢3,- -+, by D03)
~(3076a(0) + Cardn(r) + Canta(r) + Caadalr) + -+ + Cancin(r) ).

f’n(ra (z)la ¢27 ¢37 T ¢n7 Dad)n)
~(FD70n0) + Cort1() + Coadnl0) + Coadalr) + -+ Conn(1)).

3.2.4 Fractional multi-group neutron diffusion system in slab reactor

(50)

In this subsection, we aim to propose a fractional-order version of the multi-group neutron diffusion system in
the slab reactor, and then obtain its numerical solution using Lemma@ and MFEM. In fact, system @) can

be fractionalized in view of the slab reactor as follows:

D¢y (r) + C11¢1(r) + C12¢2(r) + C1303(r) + - - - + Crndn(r)
D2a¢2(7”) + C2101(1) + Caapa(r) + Cozds(r) + - - + Condn (1)
D**¢3(r) + C31¢1(r) + Ca202(r) + Ca3¢3(r) + - -+ + Cann(r)

0
0,
0

9

D2a¢n(r) + Cn1¢l (T) + Cn2¢2(r) + Cn3¢3(r) +--- 4+ Cnn(bn(r) =0
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The same solution for system (@8) can also be regarded as an approximate solution of the previous system
(51), but here the f; should be assumed as follows:

f1(r, o1, 02,03, ,dp) = —<011¢1(7“) + C12¢a(r) + Ciapa(r) + - - + C1n¢n(7“)>,

fa(r, @1, P2, Pz, C2101(r) + Caadpa(r )+023¢3(T)+"'+02n¢n(r))a

P
f3(r, 01, 02,03, , dp) = <C31<Z51 ) + Csa02(r )+C33¢3(T)+"'+C3n¢n(r)>v (52)

fn(r;¢la¢27¢37"' »d)n = ( n1¢1 +Cn2¢2( )+Cn3¢3(r)++cnn¢n(r))

4 TIllustrative numerical simulations

Investigating the flux behavior in the reactor is important for reactor performance and safety. Typically, that
flux, indicating the number of neutrons flowing, has its maximum value at the center of the reactor and de-
creases at the surface. Traditionally, it’s thought that flux diminishes at the reactor surface based on the
zero-flux boundary condition that is commonly used for simulating reactor behavior.

This section numerically analyzes all energy flux behaviors in nuclear reactors and their effects on reactor
simulation outcomes. The study evaluates the influence on simulation accuracy and reliability. This research
contributes to nuclear system modeling and emphasizes the significance of suitable boundary conditions in
reactor simulations. In particular, we will introduce the three cases of multi-group neutron diffusion systems
related to spherical reactor, cylindrical reactor, and slap reactor. For this purpose, we list in the following
Table obtained from® is correspondingly used. According to the data given in Table |1} the values of Cij
can be determined as shown in Table (2). In the same regard, we consider the following initial conditions to
be applicable:

$1(0.0002) = 1, $5(0.0002) = 4.21, ¢3(0.0002) = 2.764, ¢4(0.0002) = 3.118,

and
D*$1(0.0002) = 0, D%¢2(0.0002) = 0, D*¢$3(0.0002) = 0, D*¢$4(0.0002) = 0.

The following subsections show numerical results for each reactor geometry.

4.1 Spherical reactor

The fractional multi-group neutron diffusion system associated with spherical reactor is addressed in this
subsection. With the use of the scheme discussed in Subsection [3.1.1] the classical system (T3] is numerically
solved by LTM, and then compared with the numerical solution (¢1(7), (1), ¢3(r), p4(r)) of system
obtained by MFEM when o = 1. The overall comparison between these two numerical solutions is depicted
in Figure[T]

In Figures El, and we present, respectively, several numerical comparisons for ¢1(r), ¢o(r), ¢3(r), and
¢4(r) between MFEM’s solutions according to different values of «.

For more illustration, in Figures @ and@], we plot respectively several numerical comparisons for ¢, (r),
@2(r), ¢3(r), and ¢4(r) between LTM’s and MFEM’s solutions when a = 0.950, 0.975, 1.
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Table 1: Group Data

Group 1 (1.35 Mev- 10 Mev)
ZDIE 0.0096cm =1 >, = 0.0049cm ! > g19 = 0.0831em ™!
> 13 = 0.00cm ™! > s14 = 0.00cm ™! Dy = 2.162cm
X1 = 0.575
Group 2 (9.1 kev - 1.35 Mev)
va s, = 0.0012em ™" > = 0.0028cm ™1 > 591 = 0.00cm ™1
> g99 = 0.00585¢m ™ > g93 = 0.00em ™! Dy =1.087cm
X2 = 0.425
Group 3 (0.4 ev - 9.1 kev)
v3 s, = 0.00177cm ™! >3 = 0.00305cm ™! > g31 = 0.00em ™!
> 432 = 0.00em ™! 433 = 0.0651cm ™! D3 = 0.632cm
X3 = 0.0
Group 4 (0.0 ev - 0.4 ev)
2D 0.1851em ™1 >4 = 0.1210cm ™! > ga1 = 0.00em ™1
> g40 = 0.00cm™? > ga3 = 0.00cm ™ D, = 0.354¢em
X4 = 0.0

Table 2: The values of the coefficients C;; where ¢, j = 1,2, 3, 4 are calculated from Equation

Cij 1=1 1=2 1=3 1=4
j=1/-0.038150 | 0.080202 | 0.092563 | 0.183898
j =2 0.000319 | -0.055925 | 0.092563 | 0.183898
j =3 | 0.004707 | 0.083370 | -0.151266 | 0.183898
j=4 | 0.049229 | 0.148820 | 0.092563 | -0.341808

Comparisons between LTM and MFEM solutions for a=1

----- MFEM solution of & (r) 3
4 = LTM solution of <I>1(r) . i
----- MFEM solution of <I>2(r)
——— LTM solution of <I>2(r)
37~ N e MFEM solution of (r) i

—— LTM solution of <I>3(r)
MFEM solution of <I>4(r)
——— LTM solution of & (r)

ury

o

Solution(®,(r),®,(r), ®,4(r),® (1))

Figure 1: LTM’s solution vs. MFEM’s solution for multi-group neutron diffusion system in spherical reactor
fora = 1.
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Comgarisons between MFEM and LTM solutions according to different values of a
I I T T T T

B,

Figure 2: MFEM’s solutions of ¢1 () in spherical reactor for different values of a.

Comgarisons between MFEM and LTM solutions according to different values of o

Figure 3: MFEM’s solutions of ¢ (r) in spherical reactor for different values of «.

8

MFEM solution for a=0.725
——— MFEM solution for =0.750
== MFEM solution for «=0.775
——— MFEM solution for «=0.800

MFEM solution for «=0.825
= MFEM solution for «=0.850

MFEM solution for a=0.875
== MFEM solution for «=0.900

14

= MFEM solution for =0.725
t-| ===MFEM solution for «=0.750
— MFEM solution for «=0.775
t-| ==MFEM solution for «=0.800
MFEM solution for «=0.825
L | ===MFEM solution for «=0.850
MFEM solution for «=0.875
|| ===MFEM solution for «=0.900
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Comgarisons between MFEM and LTM solutions according to different values of a
T T T T T

7 H

= MFEM solution for «=0.725
= MFEM solution for =0.750
~— MFEM solution for «=0.775

|| ==MFEM solution for «=0.800

MFEM solution for a=0.825
——— MFEM solution for «=0.850
MFEM solution for a=0.875
== MFEM solution for «=0.900

By

Figure 4: MFEM’s solutions of ¢3(r) in spherical reactor for different values of a.

Comgarisons between MFEM and LTM solutions according to different values of o

B,(r)

——— MFEM solution for «=0.725
= MFEM solution for «=0.750
= MFEM solution for «=0.775
= MFEM solution for «=0.800

MFEM solution for «=0.825
= MFEM solution for «=0.850

MFEM solution for «=0.875
— MFEM solution for «=0.900

-1

Figure 5: MFEM’s solutions of ¢4(r) in spherical reactor for different values of «.
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5 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

= MFEM solution for «=0.95
= MFEM solution for =0.975
4 - |=— MFEM solution for a=1
= LTM solution for a=1

B,

0 2 4 6 8 10 12 14 16 18 20

Figure 6: LTM’s and MFEM’s solutions of ¢ () in spherical reactor for o« = 0.95,0.975, 1.

5 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

——— MFEM solution for «=0.95
———MFEM solution for «=0.975
4 —— MFEM solution for a=1 4
= LTM solution for a=1
3 |- -
=
N2+ :
B
1 |- -
0 |- -
_1 Il Il Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16 18 20

Figure 7: LTM’s and MFEM’s solutions of ¢(r) in spherical reactor for e = 0.95,0.975, 1.
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5 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

= MFEM solution for «=0.95
~— MFEM solution for «=0.975
4 |- | MFEM solution for a=1
= LTM solution for a=1

By(r)

Figure 8: LTM’s and MFEM’s solutions of ¢3(r) in spherical reactor for o« = 0.95,0.975, 1.

4 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

———MFEM solution for «=0.95
== MFEM solution for «=0.975
=== MFEM solution for a=1

3r ——LTM solution for a=1 7
2k
=
=
=)
1+
or
-1
0

Figure 9: LTM’s and MFEM’s solutions of ¢4(r) in spherical reactor for o = 0.95,0.975, 1.
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4.2 Cylindrical reactor

This subsection discusses the fractional multi-group neutron diffusion system connected to the spherical reac-
tor. The classical system (24)) is numerically solved by LTM using the scheme described in Subsection [3.1.1]
The numerical solution (¢4 (1), @2 (1), P3(r), P4(r)) of system produced by MFEM when o = 1 is then
compared with it. Figure[I0|shows the general comparison of these two numerical solutions.

In Figures|[11] and[14] we present, respectively, several numerical comparisons for ¢1 (), ¢2(r), ¢3(r),
and ¢4 (r) between MFEM’s solutions according to different values of a.

For more illustration, in Figures [I5] [I6] [T7] and [I8] we plot respectively several numerical comparisons for
d1(r), p2(r), d3(r), and ¢4 (r) between LTM’s and MFEM’s solutions when o = 0.950, 0.975, 1.

4.3 Slab reactor

This subsection discusses the spherical reactor’s fractional multi-group neutron diffusion system. The numer-
ical solution (¢1(r), ¢2(r), p3(r), pa(r)) of system produced by MFEM when « = 1 is compared with
the numerical solution of the classical system using the scheme described in Subsection [3.1.1} However,
Figure[I9|presents an overall comparison of these two numerical solutions.

In Figures[20] and 23] we present, respectively, several numerical comparisons for ¢1 (), ¢2(r), ¢3(r),
and ¢4 (r) between MFEM’s solutions according to different values of a.

For more illustration, in Figures 24} [25] 26| and [27] we plot respectively several numerical comparisons for
d1(r), p2(r), ¢3(r), and ¢4 (r) between LTM’s and MFEM’s solutions when a = 0.950, 0.975, 1.

5 Discussion

In view of all previous discussed cases, we can state the following observations:

* The numerical solution of the integer-order multi-group neutron diffusion system generated by the LTM
is coincided with the numerical solution of the fractional-order multi-group neutron diffusion system
generated by the MFEM when o = 1 as one can see in Figures [T} [6} O
25} [26} and

* The influence of the fractional-order values on the multi-group neutron diffusion system of equations lies
in capturing memory effects, non-local interactions, and anomalous behaviors that are not adequately
described by classical integer-order models. This could apply to subdiffusion or superdiffusion in the
context of neutron diffusion, where the neutron flux behaves differently than in the traditional diffusion

model, see Figures 2] 3| @ Bl [11} [12] [13] [14] 20 21} 22] and 23]

* The stability of the two numerical schemes used to solve all cases of the integer- or fractional multi-
group neutron diffusion system has been fulfilled whenever all fluxes converge at the boundary of the
nuclear reactor. This what is known physically as the zero-flux boundary condition, and it can clearly
be seen in all provided figures. For instance, one might observe that all fluxes depicted in Figure[I] go to
zero at r ~ 8.6 in the spherical reactor, whereas all fluxes go to zero at = 7 in the cylindrical reactor,
as shown in Figure[I0] and also they go to zero at r ~ 4.3 in the slab reactor as shown in Figure[T9]

¢ In integer/fractional multi-group neutron diffusion system, the steady state is the state in which the dis-
tribution of neutron flux within the reactor remains constant across time. Stated differently, all charac-
teristics pertaining to neutrons, including neutron flux, power distribution, and other pertinent quantities,
become independent of time. Because it reflects the ideal operational state in which the reactor is stable
and running at a constant power level, this steady-state condition is essential to understanding reactor
operation and design. In the steady state, the time derivative of the neutron flux becomes zero, i.e.,
O¢i(r) — 0%i(r)

o~ o

As a result, the neutron flux ¢;(r) becomes independent of time, forall: = 1,2,--- | n.

https://doi.org/10.54216/1JNS.240401 26
Received: September 25, 2023 Revised: February 19, 2024 Accepted: May 07, 2024



International Journal of Neutrosophic Science (IJNS)

Vol. 24, No. 04, PP. 08-38, 2024

Solution(®,(r), ®,(r),®,(r),®,(r)))

Comparisons between MFEM and LTM solutions for a=1

----- MFEM solution of <I>1(r)
——— LTM solution of <I>1(r)
----- MFEM solution of <I>2(r)
——— LTM solution of <I>2(r)
----- MFEM solution of <I>3(r)
——— LTM solution of <I>3(r)
MFEM solution of <I>4(r)
——— LTM solution of <I>4(r)

10

15

Figure 10: LTM’s solution vs. MFEM’s solution for multi-group neutron diffusion system in cylindrical reactor

fora = 1.

Comgarisons between MFEM and LTM solutio

ns according to different values of o
T T T

MFEM solution for a=0.725
= MFEM solution for «=0.750
3= MFEM solution for a=0.775
= MFEM solution for «=0.800

MFEM solution for a=0.825
——— MFEM solution for «=0.850
3r MFEM solution for a=0.875
— MFEM solution for «=0.900

®,(r)

Figure 11: MFEM’s solutions of ¢4 () in cylindrical reactor for different values of a.

https://doi.org/10.54216/IJNS.240401

Received: September 25, 2023 Revised: February 19, 2024 Accepted: May 07, 2024

14

27



International Journal of Neutrosophic Science (IJNS)

Vol. 24, No. 04, PP. 08-38, 2024
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Figure 12: MFEM’s solutions of ¢2(r) in cylindrical reactor for different values of c.
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Figure 13: MFEM’s solutions of ¢3(r) in cylindrical reactor for different values of a.
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Figure 14: MFEM’s solutions of ¢4(r) in cylindrical reactor for different values of a.
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Figure 15: LTM’s and MFEM’s solutions of ¢4 () in cylindrical reactor for o« = 0.95,0.975, 1.
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Figure 16: LTM’s and MFEM’s solutions of ¢2 () in cylindrical reactor for & = 0.95,0.975, 1.
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Figure 17: LTM’s and MFEM’s solutions of ¢3(r) in cylindrical reactor for « = 0.95,0.975, 1.
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Figure 18: LTM’s and MFEM’s solutions of ¢4(r) in cylindrical reactor for « = 0.95,0.975, 1.
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Figure 19: LTM’s solution vs. MFEM’s solution for multi-group neutron diffusion system in slab reactor for
a=1
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Figure 20: MFEM’s solutions of ¢4 () in slab reactor for different values of «.
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Figure 21: MFEM’s solutions of ¢ (r) in slab reactor for different values of a.
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Figure 22: MFEM’s solutions of ¢3(r) in slab reactor for different values of a.

Comgarisons between MFEM and LTM solutions according to different values of a

——— MFEM solution for «=0.725
= = MFEM solution for =0.750 | |
~——MFEM solution for a=0.775
= MFEM solution for «=0.800
3 MFEM solution for «=0.825 | |
= MFEM solution for «=0.850
2t MFEM solution for «=0.875 | _|
— MFEM solution for «=0.900
= 1+ g
=
B
0 |- -
AF -
2+ g
3+ -
0 1 2 3 4 5 6

Figure 23: MFEM’s solutions of ¢4(r) in slab reactor for different values of a.

https://doi.org/10.54216/1JNS.240401 33
Received: September 25, 2023 Revised: February 19, 2024 Accepted: May 07, 2024



International Journal of Neutrosophic Science (IJNS)

Vol. 24, No. 04, PP. 08-38, 2024

B,(r)

Figure 24:

B,

Figure 25:

5 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

= MFEM solution for «=0.95
— MFEM solution for «=0.975
——— MFEM solution for a=1
= LTM solution for a=1

LTM’s and MFEM’s solutions of ¢ (r) in slab reactor for o = 0.95,0.975, 1.

5 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

== MFEM solution for «=0.95 i
4 ——— MFEM solution for a=0.975
3l — MFEM solution for a=1 i
= LTM solution for a=1
2 |- -
1 |- -
0 |- -
1+ g
2+ i
3+ g
-4+ g
-5 1 1
0 5 10 15

r

LTM’s and MFEM’s solutions of ¢ (r) in slab reactor for « = 0.95,0.975, 1.

https://doi.org/10.54216/1JNS.240401
Received: September 25, 2023 Revised: February 19, 2024 Accepted: May 07, 2024

34



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 04, PP. 08-38, 2024

5 Comparisons between MFEM and LTM solutions for «=0.95,0.975,1

— MFEM solution for «=0.95
== MFEM solution for «=0.975
= MFEM solution for a=1
=———LTM solution for a=1

By(r)

r

Figure 26: LTM’s and MFEM’s solutions of ¢3(r) in slab reactor for « = 0.95,0.975, 1.
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Figure 27: LTM’s and MFEM’s solutions of ¢3 () in slab reactor for e = 0.95,0.975, 1.
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6 Conclusion

In this study, two numerical solutions to multi-group neutron diffusion systems of equations with fractional-
order values have been discussed. First, it has solved the multi-group neutron diffusion equations in their
classical form using the Laplace transform method. It has then used the Caputo differentiator to convert these
equations into their equivalent fractional-order cases. A innovative strategy has been introduced to reduce the
resulting fractional-order system from a system of 2ca-order to a system of a-order in order to manage it. The
so-called modified fractional Euler method has subsequently been applied to solve this modified system. The
multi-group neutron diffusion equations in slab, spherical, and cylindrical reactors have been covered in the
work.
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