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Abstract 

This paper is concerned with studying symbolic m-plithogenic vector spaces with finite orders between 6 and 10, 

where it defines and characterizes the AH-subspaces, AH-kernels, and AH- linear transformations in five different 

symbolic m-plithogenic spaces (6-plithogenic, 7-plithogenic,10-plithogenic vector spaces). Also, we prove many 

theorems that describe the computation of the kernels and direct images of the plithogenic AH-linear 

transformations. 
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1. Introduction 

The study of plithogenic vector spaces is a new generalization of the concept of vector spaces, as they differ from 

classical vector spaces in that they are not vector spaces but modules over rings [1-3,19]. The generalization of 

vector spaces and the study of the properties associated with it is a broad algebraic field in which many deep results 

and concepts play an important role in the rest of the branches of algebra [4-12]. 

AH-substructures were defined in [20] as an applied study on neutrosophic and refined neutrosophic vector spaces 

[21], where these substructures were studied, and several results related to them were proved [22]. Many studies 

have also been applied to other types of algebraic structures such as matrices and integers [13-16, 24-28]. 

The development of plithogenic spaces of various orders starting at order 2 and ending at 5 was carried out by 

many researchers [3-6], where the structures of the type (AH) related to this type of spaces were studied in addition 

to many algebraic dependencies represented by them [23]. 

Proceeding from this importance, we expanded the study and generalized the results to include five different types 

of plithogenic spaces, which are 6-plithogenic, 7-plithogenic, 8-plithogenic, 9-plithogenic, and 10-plithogenic 

vector spaces.  
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2. Main Results  

Definition:  

Let 𝑉 a vector space over the field 𝐹, and let 6 − 𝑆𝑃𝐹 be the corresponding symbolic 6-plithogenic field defined 

as follows: 

6 − 𝑆𝑃𝐹 = {𝑑0 + ∑ 𝑑𝑖𝑃𝑖
6
𝑖=1 ; 𝑎𝑖 ∈ 𝐹}, we define the symbolic 6-plithogenic vector space as follows: 

6 − 𝑆𝑃𝑉 = {𝑞0 + ∑ 𝑞𝑖𝑃𝑖

6

𝑖=1

; 𝑡𝑖 ∈ 𝑉} 

Definition. 

The addition on 6 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
6
𝑖=1 ) + (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

6
𝑖=1 ) = (𝑑0 + 𝑐0) + ∑ (𝑑𝑖 + 𝑐𝑖)𝑃𝑖

6
𝑖=1 ; 𝑑𝑗 , 𝑐𝑗 ∈ 𝑉. 

multiplication on 6 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
6
𝑖=1 ) × (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

6
𝑖=1 ) = 𝑑0𝑐0 + ∑ 𝑑𝑖𝑐𝑖𝑃𝑚𝑎𝑥(𝑖,𝑗)

6
𝑖,𝑗=1 , where 𝑎𝑖 ∈ 𝐹, 𝑡𝑖 ∈ 𝑉. 

Theorem 
(6 − 𝑆𝑃𝑉 , +, . ) Is module over 6 − 𝑆𝑃𝐹. 

Proof : 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
6
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

6
𝑖=1 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖𝑃𝑖

6
𝑖=1 ∈ 6 − 𝑆𝑃𝑉. 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)𝑃𝑖

6

𝑖=1

= (𝑦0 + 𝑥0) + ∑(𝑦𝑖 + 𝑥𝑖)𝑃𝑖

6

𝑖=1

= 𝑌 + 𝑋 

𝑋. 1 = 𝑋, −𝑋 = −𝑥0 + ∑ (−𝑥𝑖)𝑃𝑖
6
𝑖=1  such that 𝑋 + (−𝑋) = 𝑂. 

𝑋 + 𝑂 = 𝑂 + 𝑋 = 𝑋. 

Let 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
6
𝑖=1 , 𝐵 = 𝑏0 + ∑ 𝑏𝑖𝑃𝑖

6
𝑖=1 ∈ 5 − 𝑆𝑃𝑅 , then: 

(𝐴 + 𝐵). 𝑋 = [(𝑎0 + 𝑏0) + ∑(𝑎𝑖 + 𝑏𝑖)

6

𝑖=1

𝑃𝑖] (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

6

𝑖=1

) = (𝑎0 + 𝑏0)𝑥0 + ∑ (𝑎𝑖 + 𝑏𝑖)𝑥𝑗

6

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴𝑋 + 𝐵𝑋 

𝐴. (𝑋 + 𝑌) = (𝑎0 + ∑ 𝑎𝑖𝑃𝑖

6

𝑖=1

) [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

6

𝑖=1

𝑃𝑖] = 𝑎0(𝑥0 + 𝑦0) + ∑ 𝑎𝑖(𝑥𝑗 + 𝑦𝑗)

6

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴. 𝑋 + 𝐴. 𝑌 

(𝐴. 𝐵)𝑋 = (𝑎0𝑏0 + ∑ 𝑎𝑖𝑏𝑗

6

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)) (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

6

𝑖=1

) = 𝑎0𝑏0𝑥0 + ∑ 𝑎𝑖𝑏𝑗

6

𝑖,𝑗,𝑘=1

𝑥𝑘𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴(𝐵. 𝑋) 

Definition. 

Let 𝑤𝑗; 0 ≤ 𝑗 ≤ 6 be subspaces of 𝑉, then: 

𝑊 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖
6
𝑖=1 ; 𝑥𝑖 ∈ 𝑤𝑖} is called symbolic 6-plithogenic AH-subspace. 

If 𝑤𝑗 = 𝑤𝑠 for all 0 ≤ 𝑗, 𝑠 ≤ 6, then 𝑊 is called AHS-subspace. 

Theorem 

Let 𝑊 = 𝑤0 + ∑ 𝑤𝑖𝑃𝑖
6
𝑖=1  be an AHS-subspace of 6 − 𝑆𝑃𝑉, hence 𝑊 is submodule of 6 − 𝑆𝑃𝑉 . 

Proof  

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
6
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

6
𝑖=1 ∈ 𝑊, and 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖

6
𝑖=1 ∈ 6 − 𝑆𝑃𝑅, then: 

𝑋 − 𝑌 = (𝑥0 − 𝑦0) + ∑ (𝑥𝑖 − 𝑦𝑖)6
𝑖=1 𝑃𝑖 ; 𝑥𝑗 − 𝑦𝑗 ∈ 𝑤𝑗; 0 ≤ 𝑗 ≤ 6, hence 𝑋 − 𝑌 ∈ 𝑊. 

𝐴. 𝑋 = 𝑎0𝑥0 + ∑ 𝑎𝑖𝑥𝑗
6
𝑖,𝑗=1 𝑃𝑚𝑥(𝑖,𝑗) ∈ 𝑊, that is because 𝑎𝑖𝑥𝑗 ∈ 𝑤𝑗. 

Definition. 

Let 𝐿𝑗: 𝑉 → 𝑇 be linear transformation between 𝑉, 𝑇; 0 ≤ 𝑗 ≤ 6, we define the AH-linear transformation s follows: 

𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
6
𝑖=1 : 6 − 𝑆𝑃𝑉 → 6 − 𝑆𝑃𝑇 such that: 

 𝐿(𝑥0 + ∑ 𝑥𝑖𝑃𝑖
6
𝑖=1 ) = 𝐿0(𝑥0) + ∑ 𝐿𝑖(𝑥𝑖)𝑃𝑖

6
𝑖=1 . 

If 𝐿𝑗 = 𝐿𝑘 for all 0 ≤ 𝑗, 𝑘 ≤ 6, then 𝐿 is called AHS-linear transformation. 

Definition. 

Let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
6
𝑖=1 : 6 − 𝑆𝑃𝑉 → 6 − 𝑆𝑃𝑇  be an AHS-linear transformation, we define: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)𝑃𝑖
6
𝑖=1 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)𝑃𝑖
6
𝑖=1   

If 𝐿 is an AHS-liner transformation, then we get the AHS-kernel and AHS image. 

Theorem 

Let 𝐿 be an AHS-liner transformation such that 𝐿: 6 − 𝑆𝑃𝑉 → 6 − 𝑆𝑃𝑇 , then 𝐿 is a module homomorphism. 

Proof  

https://doi.org/10.54216/IJNS.240322
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Let 𝐿 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1  be an AHS-linear transformation, let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

6
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

6
𝑖=1 ∈ 6 −

𝑆𝑃𝑉 , 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
6
𝑖=1 ∈ 6 − 𝑆𝑃𝑅, then: 

𝐿(𝑋 + 𝑌) = 𝐿 [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

6

𝑖=1

𝑃𝑖] = 𝐿0(𝑥0 + 𝑦0) + ∑ 𝐿0(𝑥𝑖 + 𝑦𝑖)

6

𝑖=1

𝑃𝑖

= [𝐿0(𝑥0) + ∑ 𝐿0(𝑥𝑖)

6

𝑖=1

𝑃𝑖] + [𝐿0(𝑦0) + ∑ 𝐿0(𝑦𝑖)

6

𝑖=1

𝑃𝑖] = 𝐿(𝑋) + 𝐿(𝑌) 

𝐿(𝐴. 𝑋) = 𝐿 [(𝑎0𝑥0) + ∑ 𝑎𝑖𝑥𝑗

6

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)] = 𝐿0(𝑎0𝑥0) + ∑ 𝐿0(𝑎𝑖𝑥𝑗)

6

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝑎0𝐿0(𝑥0) + ∑ 𝑎𝑖𝐿0(𝑥𝑗)

6

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴. 𝐿(𝑋) 

 

Theorem 

Let 𝐿 be an AH-liner transformation, then: 

1).  𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is n AH-subspace of 6 − 𝑆𝑃𝑉 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) is n AH-subspace of 6 − 𝑆𝑃𝑇. 

Proof 

1). Since 𝑘𝑒𝑟(𝐿𝑖) is a subspace of 𝑉, then: 

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)6
𝑖=1 𝑃𝑖  is an AH-subspace of 6 − 𝑆𝑃𝑉. 

2). Since 𝐼𝑚(𝐿𝑖) is a subspace of 𝑇, then: 

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)
6
𝑖=1 𝑃𝑖  is an AH-subspace of 6 − 𝑆𝑃𝑇 .  

Definition:  

Let 𝑉 a vector space over the field 𝐹, and let 7 − 𝑆𝑃𝐹 be the corresponding symbolic 7-plithogenic field defined 

as follows: 

7 − 𝑆𝑃𝐹 = {𝑑0 + ∑ 𝑑𝑖𝑃𝑖
7
𝑖=1 ; 𝑎𝑖 ∈ 𝐹}, we define the symbolic 6-plithogenic vector space as follows: 

7 − 𝑆𝑃𝑉 = {𝑞0 + ∑ 𝑞𝑖𝑃𝑖

7

𝑖=1

; 𝑡𝑖 ∈ 𝑉} 

Definition. 

The addition on 7 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
7
𝑖=1 ) + (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

7
𝑖=1 ) = (𝑑0 + 𝑐0) + ∑ (𝑑𝑖 + 𝑐𝑖)𝑃𝑖

7
𝑖=1 ; 𝑑𝑗 , 𝑐𝑗 ∈ 𝑉. 

multiplication on 7 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
7
𝑖=1 ) × (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

7
𝑖=1 ) = 𝑑0𝑐0 + ∑ 𝑑𝑖𝑐𝑖𝑃𝑚𝑎𝑥(𝑖,𝑗)

7
𝑖,𝑗=1 , where 𝑎𝑖 ∈ 𝐹, 𝑡𝑖 ∈ 𝑉. 

Theorem 

(7 − 𝑆𝑃𝑉 , +, . ) Is module over 7 − 𝑆𝑃𝐹. 

Proof : 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
7
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

7
𝑖=1 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖𝑃𝑖

7
𝑖=1 ∈ 7 − 𝑆𝑃𝑉. 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)𝑃𝑖

7

𝑖=1

= (𝑦0 + 𝑥0) + ∑(𝑦𝑖 + 𝑥𝑖)𝑃𝑖

7

𝑖=1

= 𝑌 + 𝑋 

𝑋. 1 = 𝑋, −𝑋 = −𝑥0 + ∑ (−𝑥𝑖)𝑃𝑖
7
𝑖=1  such that 𝑋 + (−𝑋) = 𝑂. 

𝑋 + 𝑂 = 𝑂 + 𝑋 = 𝑋. 

Let 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
7
𝑖=1 , 𝐵 = 𝑏0 + ∑ 𝑏𝑖𝑃𝑖

7
𝑖=1 ∈ 7 − 𝑆𝑃𝑅 , then: 

(𝐴 + 𝐵). 𝑋 = [(𝑎0 + 𝑏0) + ∑(𝑎𝑖 + 𝑏𝑖)

7

𝑖=1

𝑃𝑖] (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

7

𝑖=1

) = (𝑎0 + 𝑏0)𝑥0 + ∑ (𝑎𝑖 + 𝑏𝑖)𝑥𝑗

7

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴𝑋 + 𝐵𝑋 

𝐴. (𝑋 + 𝑌) = (𝑎0 + ∑ 𝑎𝑖𝑃𝑖

7

𝑖=1

) [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

7

𝑖=1

𝑃𝑖] = 𝑎0(𝑥0 + 𝑦0) + ∑ 𝑎𝑖(𝑥𝑗 + 𝑦𝑗)

7

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴. 𝑋 + 𝐴. 𝑌 

(𝐴. 𝐵)𝑋 = (𝑎0𝑏0 + ∑ 𝑎𝑖𝑏𝑗

7

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)) (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

7

𝑖=1

) = 𝑎0𝑏0𝑥0 + ∑ 𝑎𝑖𝑏𝑗

7

𝑖,𝑗,𝑘=1

𝑥𝑘𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴(𝐵. 𝑋) 

 

Definition. 
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Let 𝑤𝑗; 0 ≤ 𝑗 ≤ 7 be subspaces of 𝑉, then: 

𝑊 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖
7
𝑖=1 ; 𝑥𝑖 ∈ 𝑤𝑖} is called symbolic 7-plithogenic AH-subspace. 

If 𝑤𝑗 = 𝑤𝑠 for all 0 ≤ 𝑗, 𝑠 ≤ 7, then 𝑊 is called AHS-subspace. 

Theorem 

Let 𝑊 = 𝑤0 + ∑ 𝑤𝑖𝑃𝑖
7
𝑖=1  be an AHS-subspace of 7 − 𝑆𝑃𝑉, hence 𝑊 is submodule of 7 − 𝑆𝑃𝑉 . 

Proof  

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
7
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

7
𝑖=1 ∈ 𝑊, and 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖

7
𝑖=1 ∈ 7 − 𝑆𝑃𝑅, then: 

𝑋 − 𝑌 = (𝑥0 − 𝑦0) + ∑ (𝑥𝑖 − 𝑦𝑖)7
𝑖=1 𝑃𝑖 ; 𝑥𝑗 − 𝑦𝑗 ∈ 𝑤𝑗; 0 ≤ 𝑗 ≤ 7, hence 𝑋 − 𝑌 ∈ 𝑊. 

𝐴. 𝑋 = 𝑎0𝑥0 + ∑ 𝑎𝑖𝑥𝑗
7
𝑖,𝑗=1 𝑃𝑚𝑥(𝑖,𝑗) ∈ 𝑊, that is because 𝑎𝑖𝑥𝑗 ∈ 𝑤𝑗. 

Definition. 

Let 𝐿𝑗: 𝑉 → 𝑇 be linear transformation between 𝑉, 𝑇; 0 ≤ 𝑗 ≤ 7, we define the AH-linear transformation s follows: 

𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
7
𝑖=1 : 7 − 𝑆𝑃𝑉 → 7 − 𝑆𝑃𝑇 such that: 

 𝐿(𝑥0 + ∑ 𝑥𝑖𝑃𝑖
7
𝑖=1 ) = 𝐿0(𝑥0) + ∑ 𝐿𝑖(𝑥𝑖)𝑃𝑖

7
𝑖=1 . 

If 𝐿𝑗 = 𝐿𝑘 for all 0 ≤ 𝑗, 𝑘 ≤ 7, then 𝐿 is called AHS-linear transformation. 

Definition. 

Let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
7
𝑖=1 : 7 − 𝑆𝑃𝑉 → 7 − 𝑆𝑃𝑇  be an AHS-linear transformation, we define: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)𝑃𝑖
7
𝑖=1 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)𝑃𝑖
7
𝑖=1   

If 𝐿 is an AHS-liner transformation, then we get the AHS-kernel and AHS image. 

Theorem 

Let 𝐿 be an AHS-liner transformation such that 𝐿: 7 − 𝑆𝑃𝑉 → 7 − 𝑆𝑃𝑇 , then 𝐿 is a module homomorphism. 

Proof  

Let 𝐿 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1  be an AHS-linear transformation, let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

7
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

7
𝑖=1 ∈ 7 −

𝑆𝑃𝑉 , 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
6
𝑖=1 ∈ 7 − 𝑆𝑃𝑅, then: 

𝐿(𝑋 + 𝑌) = 𝐿 [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

7

𝑖=1

𝑃𝑖] = 𝐿0(𝑥0 + 𝑦0) + ∑ 𝐿0(𝑥𝑖 + 𝑦𝑖)

7

𝑖=1

𝑃𝑖

= [𝐿0(𝑥0) + ∑ 𝐿0(𝑥𝑖)

7

𝑖=1

𝑃𝑖] + [𝐿0(𝑦0) + ∑ 𝐿0(𝑦𝑖)

7

𝑖=1

𝑃𝑖] = 𝐿(𝑋) + 𝐿(𝑌) 

𝐿(𝐴. 𝑋) = 𝐿 [(𝑎0𝑥0) + ∑ 𝑎𝑖𝑥𝑗

7

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)] = 𝐿0(𝑎0𝑥0) + ∑ 𝐿0(𝑎𝑖𝑥𝑗)

7

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝑎0𝐿0(𝑥0) + ∑ 𝑎𝑖𝐿0(𝑥𝑗)

7

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴. 𝐿(𝑋) 

 

Theorem 

Let 𝐿 be an AH-liner transformation, then: 

1).  𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is n AH-subspace of 7 − 𝑆𝑃𝑉 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) is n AH-subspace of 7 − 𝑆𝑃𝑇. 

Proof 

1). Since 𝑘𝑒𝑟(𝐿𝑖) is a subspace of 𝑉, then: 

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)7
𝑖=1 𝑃𝑖  is an AH-subspace of 7 − 𝑆𝑃𝑉. 

2). Since 𝐼𝑚(𝐿𝑖) is a subspace of 𝑇, then: 

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)
6
𝑖=1 𝑃𝑖  is an AH-subspace of 7 − 𝑆𝑃𝑇 .  

 

Definition:  

Let 𝑉 a vector space over the field 𝐹, and let 8 − 𝑆𝑃𝐹 be the corresponding symbolic 8-plithogenic field defined 

as follows: 

8 − 𝑆𝑃𝐹 = {𝑑0 + ∑ 𝑑𝑖𝑃𝑖
8
𝑖=1 ; 𝑎𝑖 ∈ 𝐹}, we define the symbolic 8-plithogenic vector space as follows: 

8 − 𝑆𝑃𝑉 = {𝑞0 + ∑ 𝑞𝑖𝑃𝑖

8

𝑖=1

; 𝑡𝑖 ∈ 𝑉} 

Definition. 

The addition on8 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
8
𝑖=1 ) + (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

8
𝑖=1 ) = (𝑑0 + 𝑐0) + ∑ (𝑑𝑖 + 𝑐𝑖)𝑃𝑖

8
𝑖=1 ; 𝑑𝑗 , 𝑐𝑗 ∈ 𝑉. 

multiplication on 8 − 𝑆𝑃𝑉  is defined as follows: 
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(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
8
𝑖=1 ) × (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

8
𝑖=1 ) = 𝑑0𝑐0 + ∑ 𝑑𝑖𝑐𝑖𝑃𝑚𝑎𝑥(𝑖,𝑗)

8
𝑖,𝑗=1 , where 𝑎𝑖 ∈ 𝐹, 𝑡𝑖 ∈ 𝑉. 

Theorem 

(8 − 𝑆𝑃𝑉 , +, . ) Is module over 8 − 𝑆𝑃𝐹. 

Proof : 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
8
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

8
𝑖=1 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖𝑃𝑖

8
𝑖=1 ∈ 8 − 𝑆𝑃𝑉. 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)𝑃𝑖

8

𝑖=1

= (𝑦0 + 𝑥0) + ∑(𝑦𝑖 + 𝑥𝑖)𝑃𝑖

8

𝑖=1

= 𝑌 + 𝑋 

𝑋. 1 = 𝑋, −𝑋 = −𝑥0 + ∑ (−𝑥𝑖)𝑃𝑖
8
𝑖=1  such that 𝑋 + (−𝑋) = 𝑂. 

𝑋 + 𝑂 = 𝑂 + 𝑋 = 𝑋. 

Let 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
8
𝑖=1 , 𝐵 = 𝑏0 + ∑ 𝑏𝑖𝑃𝑖

8
𝑖=1 ∈ 8 − 𝑆𝑃𝑅 , then: 

(𝐴 + 𝐵). 𝑋 = [(𝑎0 + 𝑏0) + ∑(𝑎𝑖 + 𝑏𝑖)

8

𝑖=1

𝑃𝑖] (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

8

𝑖=1

) = (𝑎0 + 𝑏0)𝑥0 + ∑ (𝑎𝑖 + 𝑏𝑖)𝑥𝑗

8

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴𝑋 + 𝐵𝑋 

𝐴. (𝑋 + 𝑌) = (𝑎0 + ∑ 𝑎𝑖𝑃𝑖

8

𝑖=1

) [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

8

𝑖=1

𝑃𝑖] = 𝑎0(𝑥0 + 𝑦0) + ∑ 𝑎𝑖(𝑥𝑗 + 𝑦𝑗)

8

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴. 𝑋 + 𝐴. 𝑌 

(𝐴. 𝐵)𝑋 = (𝑎0𝑏0 + ∑ 𝑎𝑖𝑏𝑗

8

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)) (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

8

𝑖=1

) = 𝑎0𝑏0𝑥0 + ∑ 𝑎𝑖𝑏𝑗

8

𝑖,𝑗,𝑘=1

𝑥𝑘𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴(𝐵. 𝑋) 

Definition. 

Let 𝑤𝑗; 0 ≤ 𝑗 ≤ 8 be subspaces of 𝑉, then: 

𝑊 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖
8
𝑖=1 ; 𝑥𝑖 ∈ 𝑤𝑖} is called symbolic 8-plithogenic AH-subspace. 

If 𝑤𝑗 = 𝑤𝑠 for all 0 ≤ 𝑗, 𝑠 ≤ 8, then 𝑊 is called AHS-subspace. 

Theorem 

Let 𝑊 = 𝑤0 + ∑ 𝑤𝑖𝑃𝑖
8
𝑖=1  be an AHS-subspace of 8 − 𝑆𝑃𝑉, hence 𝑊 is submodule of 8 − 𝑆𝑃𝑉 . 

Proof  

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
8
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

8
𝑖=1 ∈ 𝑊, and 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖

8
𝑖=1 ∈ 8 − 𝑆𝑃𝑅, then: 

𝑋 − 𝑌 = (𝑥0 − 𝑦0) + ∑ (𝑥𝑖 − 𝑦𝑖)8
𝑖=1 𝑃𝑖 ; 𝑥𝑗 − 𝑦𝑗 ∈ 𝑤𝑗; 0 ≤ 𝑗 ≤ 8, hence 𝑋 − 𝑌 ∈ 𝑊. 

𝐴. 𝑋 = 𝑎0𝑥0 + ∑ 𝑎𝑖𝑥𝑗
8
𝑖,𝑗=1 𝑃𝑚𝑥(𝑖,𝑗) ∈ 𝑊, that is because 𝑎𝑖𝑥𝑗 ∈ 𝑤𝑗. 

Definition. 

Let 𝐿𝑗: 𝑉 → 𝑇 be linear transformation between 𝑉, 𝑇; 0 ≤ 𝑗 ≤ 8, we define the AH-linear transformation s follows: 

𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
8
𝑖=1 : 8 − 𝑆𝑃𝑉 → 8 − 𝑆𝑃𝑇 such that: 

 𝐿(𝑥0 + ∑ 𝑥𝑖𝑃𝑖
8
𝑖=1 ) = 𝐿0(𝑥0) + ∑ 𝐿𝑖(𝑥𝑖)𝑃𝑖

8
𝑖=1 . 

If 𝐿𝑗 = 𝐿𝑘 for all 0 ≤ 𝑗, 𝑘 ≤ 8, then 𝐿 is called AHS-linear transformation. 

Definition. 

Let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
8
𝑖=1 : 8 − 𝑆𝑃𝑉 → 8 − 𝑆𝑃𝑇  be an AHS-linear transformation, we define: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)𝑃𝑖
8
𝑖=1 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)𝑃𝑖
8
𝑖=1   

If 𝐿 is an AHS-liner transformation, then we get the AHS-kernel and AHS image. 

Theorem 

Let 𝐿 be an AHS-liner transformation such that 𝐿: 8 − 𝑆𝑃𝑉 → 8 − 𝑆𝑃𝑇 , then 𝐿 is a module homomorphism. 

Proof  

Let 𝐿 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
8
𝑖=1  be an AHS-linear transformation, let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

8
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

8
𝑖=1 ∈ 8 −

𝑆𝑃𝑉 , 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
8
𝑖=1 ∈ 8 − 𝑆𝑃𝑅, then: 

𝐿(𝑋 + 𝑌) = 𝐿 [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

8

𝑖=1

𝑃𝑖] = 𝐿0(𝑥0 + 𝑦0) + ∑ 𝐿0(𝑥𝑖 + 𝑦𝑖)

8

𝑖=1

𝑃𝑖

= [𝐿0(𝑥0) + ∑ 𝐿0(𝑥𝑖)

8

𝑖=1

𝑃𝑖] + [𝐿0(𝑦0) + ∑ 𝐿0(𝑦𝑖)

8

𝑖=1

𝑃𝑖] = 𝐿(𝑋) + 𝐿(𝑌) 
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𝐿(𝐴. 𝑋) = 𝐿 [(𝑎0𝑥0) + ∑ 𝑎𝑖𝑥𝑗

8

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)] = 𝐿0(𝑎0𝑥0) + ∑ 𝐿0(𝑎𝑖𝑥𝑗)

8

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝑎0𝐿0(𝑥0) + ∑ 𝑎𝑖𝐿0(𝑥𝑗)

8

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴. 𝐿(𝑋) 

 

Theorem 

Let 𝐿 be an AH-liner transformation, then: 

1).  𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is n AH-subspace of 8 − 𝑆𝑃𝑉 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) is n AH-subspace of 8 − 𝑆𝑃𝑇. 

Proof 

1). Since 𝑘𝑒𝑟(𝐿𝑖) is a subspace of 𝑉, then: 

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)8
𝑖=1 𝑃𝑖  is an AH-subspace of 8 − 𝑆𝑃𝑉. 

2). Since 𝐼𝑚(𝐿𝑖) is a subspace of 𝑇, then: 

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)
8
𝑖=1 𝑃𝑖  is an AH-subspace of 8 − 𝑆𝑃𝑇 .  

Definition:  

Let 𝑉 a vector space over the field 𝐹, and let 9 − 𝑆𝑃𝐹 be the corresponding symbolic 9-plithogenic field defined 

as follows: 

9 − 𝑆𝑃𝐹 = {𝑑0 + ∑ 𝑑𝑖𝑃𝑖
9
𝑖=1 ; 𝑎𝑖 ∈ 𝐹}, we define the symbolic 8-plithogenic vector space as follows: 

9 − 𝑆𝑃𝑉 = {𝑞0 + ∑ 𝑞𝑖𝑃𝑖

9

𝑖=1

; 𝑡𝑖 ∈ 𝑉} 

Definition. 

The addition on9 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
9
𝑖=1 ) + (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

9
𝑖=1 ) = (𝑑0 + 𝑐0) + ∑ (𝑑𝑖 + 𝑐𝑖)𝑃𝑖

9
𝑖=1 ; 𝑑𝑗 , 𝑐𝑗 ∈ 𝑉. 

multiplication on 9 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
9
𝑖=1 ) × (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

9
𝑖=1 ) = 𝑑0𝑐0 + ∑ 𝑑𝑖𝑐𝑖𝑃𝑚𝑎𝑥(𝑖,𝑗)

9
𝑖,𝑗=1 , where 𝑎𝑖 ∈ 𝐹, 𝑡𝑖 ∈ 𝑉. 

Theorem 

(9 − 𝑆𝑃𝑉 , +, . ) Is module over 9 − 𝑆𝑃𝐹. 

Proof : 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
9
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

9
𝑖=1 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖𝑃𝑖

9
𝑖=1 ∈ 9 − 𝑆𝑃𝑉. 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)𝑃𝑖

9

𝑖=1

= (𝑦0 + 𝑥0) + ∑(𝑦𝑖 + 𝑥𝑖)𝑃𝑖

9

𝑖=1

= 𝑌 + 𝑋 

𝑋. 1 = 𝑋, −𝑋 = −𝑥0 + ∑ (−𝑥𝑖)𝑃𝑖
9
𝑖=1  such that 𝑋 + (−𝑋) = 𝑂. 

𝑋 + 𝑂 = 𝑂 + 𝑋 = 𝑋. 

Let 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
9
𝑖=1 , 𝐵 = 𝑏0 + ∑ 𝑏𝑖𝑃𝑖

9
𝑖=1 ∈ 9 − 𝑆𝑃𝑅 , then: 

(𝐴 + 𝐵). 𝑋 = [(𝑎0 + 𝑏0) + ∑(𝑎𝑖 + 𝑏𝑖)

9

𝑖=1

𝑃𝑖] (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

9

𝑖=1

) = (𝑎0 + 𝑏0)𝑥0 + ∑ (𝑎𝑖 + 𝑏𝑖)𝑥𝑗

9

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴𝑋 + 𝐵𝑋 

𝐴. (𝑋 + 𝑌) = (𝑎0 + ∑ 𝑎𝑖𝑃𝑖

9

𝑖=1

) [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

9

𝑖=1

𝑃𝑖] = 𝑎0(𝑥0 + 𝑦0) + ∑ 𝑎𝑖(𝑥𝑗 + 𝑦𝑗)

9

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴. 𝑋 + 𝐴. 𝑌 

(𝐴. 𝐵)𝑋 = (𝑎0𝑏0 + ∑ 𝑎𝑖𝑏𝑗

9

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)) (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

9

𝑖=1

) = 𝑎0𝑏0𝑥0 + ∑ 𝑎𝑖𝑏𝑗

9

𝑖,𝑗,𝑘=1

𝑥𝑘𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴(𝐵. 𝑋) 

Definition. 

Let 𝑤𝑗; 0 ≤ 𝑗 ≤ 9 be subspaces of 𝑉, then: 

𝑊 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖
9
𝑖=1 ; 𝑥𝑖 ∈ 𝑤𝑖} is called symbolic 9-plithogenic AH-subspace. 

If 𝑤𝑗 = 𝑤𝑠 for all 0 ≤ 𝑗, 𝑠 ≤ 9, then 𝑊 is called AHS-subspace. 

Theorem 

Let 𝑊 = 𝑤0 + ∑ 𝑤𝑖𝑃𝑖
9
𝑖=1  be an AHS-subspace of 9 − 𝑆𝑃𝑉, hence 𝑊 is submodule of 9 − 𝑆𝑃𝑉 . 

Proof  

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
9
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

9
𝑖=1 ∈ 𝑊, and 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖

9
𝑖=1 ∈ 9 − 𝑆𝑃𝑅, then: 

𝑋 − 𝑌 = (𝑥0 − 𝑦0) + ∑ (𝑥𝑖 − 𝑦𝑖)9
𝑖=1 𝑃𝑖 ; 𝑥𝑗 − 𝑦𝑗 ∈ 𝑤𝑗; 0 ≤ 𝑗 ≤ 9, hence 𝑋 − 𝑌 ∈ 𝑊. 
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𝐴. 𝑋 = 𝑎0𝑥0 + ∑ 𝑎𝑖𝑥𝑗
9
𝑖,𝑗=1 𝑃𝑚𝑥(𝑖,𝑗) ∈ 𝑊, that is because 𝑎𝑖𝑥𝑗 ∈ 𝑤𝑗. 

Definition. 

Let 𝐿𝑗: 𝑉 → 𝑇 be linear transformation between 𝑉, 𝑇; 0 ≤ 𝑗 ≤ 9, we define the AH-linear transformation s follows: 

𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
9
𝑖=1 : 9 − 𝑆𝑃𝑉 → 9 − 𝑆𝑃𝑇 such that: 

 𝐿(𝑥0 + ∑ 𝑥𝑖𝑃𝑖
9
𝑖=1 ) = 𝐿0(𝑥0) + ∑ 𝐿𝑖(𝑥𝑖)𝑃𝑖

9
𝑖=1 . 

If 𝐿𝑗 = 𝐿𝑘 for all 0 ≤ 𝑗, 𝑘 ≤ 9, then 𝐿 is called AHS-linear transformation. 

Definition. 

Let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
9
𝑖=1 : 9 − 𝑆𝑃𝑉 → 9 − 𝑆𝑃𝑇  be an AHS-linear transformation, we define: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)𝑃𝑖
9
𝑖=1 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)𝑃𝑖
9
𝑖=1   

If 𝐿 is an AHS-liner transformation, then we get the AHS-kernel and AHS image. 

Theorem 

Let 𝐿 be an AHS-liner transformation such that 𝐿: 9 − 𝑆𝑃𝑉 → 9 − 𝑆𝑃𝑇 , then 𝐿 is a module homomorphism. 

Proof  

Let 𝐿 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
9
𝑖=1  be an AHS-linear transformation, let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

9
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

9
𝑖=1 ∈ 9 −

𝑆𝑃𝑉 , 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
9
𝑖=1 ∈ 9 − 𝑆𝑃𝑅, then: 

𝐿(𝑋 + 𝑌) = 𝐿 [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

9

𝑖=1

𝑃𝑖] = 𝐿0(𝑥0 + 𝑦0) + ∑ 𝐿0(𝑥𝑖 + 𝑦𝑖)

9

𝑖=1

𝑃𝑖

= [𝐿0(𝑥0) + ∑ 𝐿0(𝑥𝑖)

9

𝑖=1

𝑃𝑖] + [𝐿0(𝑦0) + ∑ 𝐿0(𝑦𝑖)

9

𝑖=1

𝑃𝑖] = 𝐿(𝑋) + 𝐿(𝑌) 

𝐿(𝐴. 𝑋) = 𝐿 [(𝑎0𝑥0) + ∑ 𝑎𝑖𝑥𝑗

9

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)] = 𝐿0(𝑎0𝑥0) + ∑ 𝐿0(𝑎𝑖𝑥𝑗)

9

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝑎0𝐿0(𝑥0) + ∑ 𝑎𝑖𝐿0(𝑥𝑗)

9

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴. 𝐿(𝑋) 

 

Theorem 

Let 𝐿 be an AH-liner transformation, then: 

1).  𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is n AH-subspace of 9 − 𝑆𝑃𝑉 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) is n AH-subspace of 9 − 𝑆𝑃𝑇. 

Proof 

1). Since 𝑘𝑒𝑟(𝐿𝑖) is a subspace of 𝑉, then: 

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)9
𝑖=1 𝑃𝑖  is an AH-subspace of 9 − 𝑆𝑃𝑉. 

2). Since 𝐼𝑚(𝐿𝑖) is a subspace of 𝑇, then: 

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)
9
𝑖=1 𝑃𝑖  is an AH-subspace of 9 − 𝑆𝑃𝑇 .  

Definition:  

Let 𝑉 a vector space over the field 𝐹, and let 10 − 𝑆𝑃𝐹 be the corresponding symbolic 10-plithogenic field defined 

as follows: 

10 − 𝑆𝑃𝐹 = {𝑑0 + ∑ 𝑑𝑖𝑃𝑖
10
𝑖=1 ; 𝑎𝑖 ∈ 𝐹}, we define the symbolic 10-plithogenic vector space as follows: 

10 − 𝑆𝑃𝑉 = {𝑞0 + ∑ 𝑞𝑖𝑃𝑖

10

𝑖=1

; 𝑡𝑖 ∈ 𝑉} 

Definition. 

The addition on10 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
10
𝑖=1 ) + (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

10
𝑖=1 ) = (𝑑0 + 𝑐0) + ∑ (𝑑𝑖 + 𝑐𝑖)𝑃𝑖

10
𝑖=1 ; 𝑑𝑗 , 𝑐𝑗 ∈ 𝑉. 

multiplication on 10 − 𝑆𝑃𝑉  is defined as follows: 

(𝑑0 + ∑ 𝑑𝑖𝑃𝑖
10
𝑖=1 ) × (𝑐0 + ∑ 𝑐𝑖𝑃𝑖

10
𝑖=1 ) = 𝑑0𝑐0 + ∑ 𝑑𝑖𝑐𝑖𝑃𝑚𝑎𝑥(𝑖,𝑗)

10
𝑖,𝑗=1 , where 𝑎𝑖 ∈ 𝐹, 𝑡𝑖 ∈ 𝑉. 

Theorem 

(10 − 𝑆𝑃𝑉 , +, . ) Is module over 10 − 𝑆𝑃𝐹 . 

Proof : 

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
10
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

10
𝑖=1 , 𝑍 = 𝑧0 + ∑ 𝑧𝑖𝑃𝑖

10
𝑖=1 ∈ 10 − 𝑆𝑃𝑉. 

𝑋 + 𝑌 = (𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)𝑃𝑖

10

𝑖=1

= (𝑦0 + 𝑥0) + ∑(𝑦𝑖 + 𝑥𝑖)𝑃𝑖

10

𝑖=1

= 𝑌 + 𝑋 

𝑋. 1 = 𝑋, −𝑋 = −𝑥0 + ∑ (−𝑥𝑖)𝑃𝑖
10
𝑖=1  such that 𝑋 + (−𝑋) = 𝑂. 
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𝑋 + 𝑂 = 𝑂 + 𝑋 = 𝑋. 

Let 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
10
𝑖=1 , 𝐵 = 𝑏0 + ∑ 𝑏𝑖𝑃𝑖

10
𝑖=1 ∈ 10 − 𝑆𝑃𝑅, then: 

(𝐴 + 𝐵). 𝑋 = [(𝑎0 + 𝑏0) + ∑(𝑎𝑖 + 𝑏𝑖)

10

𝑖=1

𝑃𝑖] (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

10

𝑖=1

) = (𝑎0 + 𝑏0)𝑥0 + ∑ (𝑎𝑖 + 𝑏𝑖)𝑥𝑗

10

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴𝑋 + 𝐵𝑋 

𝐴. (𝑋 + 𝑌) = (𝑎0 + ∑ 𝑎𝑖𝑃𝑖

10

𝑖=1

) [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

10

𝑖=1

𝑃𝑖] = 𝑎0(𝑥0 + 𝑦0) + ∑ 𝑎𝑖(𝑥𝑗 + 𝑦𝑗)

10

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝐴. 𝑋 + 𝐴. 𝑌 

(𝐴. 𝐵)𝑋 = (𝑎0𝑏0 + ∑ 𝑎𝑖𝑏𝑗

10

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)) (𝑥0 + ∑ 𝑥𝑖𝑃𝑖

10

𝑖=1

) = 𝑎0𝑏0𝑥0 + ∑ 𝑎𝑖𝑏𝑗

10

𝑖,𝑗,𝑘=1

𝑥𝑘𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴(𝐵. 𝑋) 

Definition. 

Let 𝑤𝑗; 0 ≤ 𝑗 ≤ 10 be subspaces of 𝑉, then: 

𝑊 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖
10
𝑖=1 ; 𝑥𝑖 ∈ 𝑤𝑖} is called symbolic 10-plithogenic AH-subspace. 

If 𝑤𝑗 = 𝑤𝑠 for all 0 ≤ 𝑗, 𝑠 ≤ 10, then 𝑊 is called AHS-subspace. 

Theorem 

Let 𝑊 = 𝑤0 + ∑ 𝑤𝑖𝑃𝑖
10
𝑖=1  be an AHS-subspace of 10 − 𝑆𝑃𝑉, hence 𝑊 is submodule of 10 − 𝑆𝑃𝑉. 

Proof  

Let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖
10
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

10
𝑖=1 ∈ 𝑊, and 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖

10
𝑖=1 ∈ 10 − 𝑆𝑃𝑅, then: 

𝑋 − 𝑌 = (𝑥0 − 𝑦0) + ∑ (𝑥𝑖 − 𝑦𝑖)10
𝑖=1 𝑃𝑖 ; 𝑥𝑗 − 𝑦𝑗 ∈ 𝑤𝑗; 0 ≤ 𝑗 ≤ 10, hence 𝑋 − 𝑌 ∈ 𝑊. 

𝐴. 𝑋 = 𝑎0𝑥0 + ∑ 𝑎𝑖𝑥𝑗
10
𝑖,𝑗=1 𝑃𝑚𝑥(𝑖,𝑗) ∈ 𝑊, that is because 𝑎𝑖𝑥𝑗 ∈ 𝑤𝑗. 

Definition. 

Let 𝐿𝑗: 𝑉 → 𝑇 be linear transformation between 𝑉, 𝑇; 0 ≤ 𝑗 ≤ 10, we define the AH-linear transformation s 

follows: 

𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
10
𝑖=1 : 10 − 𝑆𝑃𝑉 → 10 − 𝑆𝑃𝑇  such that: 

 𝐿(𝑥0 + ∑ 𝑥𝑖𝑃𝑖
10
𝑖=1 ) = 𝐿0(𝑥0) + ∑ 𝐿𝑖(𝑥𝑖)𝑃𝑖

10
𝑖=1 . 

If 𝐿𝑗 = 𝐿𝑘 for all 0 ≤ 𝑗, 𝑘 ≤ 10, then 𝐿 is called AHS-linear transformation. 

Definition. 

Let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
10
𝑖=1 : 10 − 𝑆𝑃𝑉 → 10 − 𝑆𝑃𝑇  be an AHS-linear transformation, we define: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)𝑃𝑖
10
𝑖=1 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)𝑃𝑖
10
𝑖=1   

If 𝐿 is an AHS-liner transformation, then we get the AHS-kernel and AHS image. 

Theorem 

Let 𝐿 be an AHS-liner transformation such that 𝐿: 10 − 𝑆𝑃𝑉 → 10 − 𝑆𝑃𝑇 , then 𝐿 is a module homomorphism. 

Proof  

Let 𝐿 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
10
𝑖=1  be an AHS-linear transformation, let 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝑃𝑖

10
𝑖=1 , 𝑌 = 𝑦0 + ∑ 𝑦𝑖𝑃𝑖

10
𝑖=1 ∈ 10 −

𝑆𝑃𝑉 , 𝐴 = 𝑎0 + ∑ 𝑎𝑖𝑃𝑖
10
𝑖=1 ∈ 10 − 𝑆𝑃𝑅, then: 

𝐿(𝑋 + 𝑌) = 𝐿 [(𝑥0 + 𝑦0) + ∑(𝑥𝑖 + 𝑦𝑖)

10

𝑖=1

𝑃𝑖] = 𝐿0(𝑥0 + 𝑦0) + ∑ 𝐿0(𝑥𝑖 + 𝑦𝑖)

10

𝑖=1

𝑃𝑖

= [𝐿0(𝑥0) + ∑ 𝐿0(𝑥𝑖)

10

𝑖=1

𝑃𝑖] + [𝐿0(𝑦0) + ∑ 𝐿0(𝑦𝑖)

10

𝑖=1

𝑃𝑖] = 𝐿(𝑋) + 𝐿(𝑌) 

𝐿(𝐴. 𝑋) = 𝐿 [(𝑎0𝑥0) + ∑ 𝑎𝑖𝑥𝑗

10

𝑖,𝑗=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)] = 𝐿0(𝑎0𝑥0) + ∑ 𝐿0(𝑎𝑖𝑥𝑗)

10

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗)

= 𝑎0𝐿0(𝑥0) + ∑ 𝑎𝑖𝐿0(𝑥𝑗)

10

𝑖=1

𝑃𝑚𝑎𝑥(𝑖,𝑗) = 𝐴. 𝐿(𝑋) 

 

Theorem 

Let 𝐿 be an AH-liner transformation, then: 

1).  𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is n AH-subspace of 10 − 𝑆𝑃𝑉 . 

2). 𝐴𝐻 − 𝐼𝑚(𝐿) is n AH-subspace of 10 − 𝑆𝑃𝑇. 

Proof 

1). Since 𝑘𝑒𝑟(𝐿𝑖) is a subspace of 𝑉, then: 
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𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + ∑ 𝑘𝑒𝑟(𝐿𝑖)10
𝑖=1 𝑃𝑖  is an AH-subspace of 10 − 𝑆𝑃𝑉. 

2). Since 𝐼𝑚(𝐿𝑖) is a subspace of 𝑇, then: 

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + ∑ 𝐼𝑚(𝐿𝑖)
10
𝑖=1 𝑃𝑖  is an AH-subspace of 10 − 𝑆𝑃𝑇 .  

 

3. Conclusion 

In this paper, we have studied symbolic m-plithogenic vector spaces with finite orders between 6 and 10, where 

we defined and characterized the AH-subspaces, AH-kernels, and AH- linear transformations in five different 

symbolic m-plithogenic spaces (6-plithogenic, 7-plithogenic,10-plithogenic vector spaces). Also, we proved many 

theorems that describe the computation of the kernels and direct images of the plithogenic AH-linear 

transformations. 
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