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Abstract

Uryson's operators are very famous in the theory of fuzzy functional analysis. This paper is dedicated
to studying and generalizing many results about the compactness and the continuity of Uryson's
operator in two-variables defined with integral equation on G with the norm

llullf = suppw,f)< sv(x) €Ly, ulx) € L.

f u(x)v(x)dx
G

Also, we study the convergence of Urysons' sequences K, defined with the family of functions
K, (x,y ; u) by using the convergence with respect to the defined measure and Caratheodory Condition.
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1. Introduction and basic concepts

Linear and non-linear integral effects are considered among the important topics that depend in their
study on convex, continuous, and compact rows of functions, which play an important role in various
branches of mathematics and in the development of the theory of spaces in general and the Orlicz's
space (regular space, and in particular the L” spaces) and its applications in fuzzy function analysis.
Due to their special importance, nonlinear integral equations of the form were studied:

Ap(x) f kGo ) Flo()1dy.
0

As f(u) is a steadily increasing function for any positive function u since the effects defined on the
right side of the integral equation are not defined in any LF space. Therefore, studying the integral
equations using the non-linear method in the function analysis showed its difficulty, then resorting to
Studying rows of nonlinear equations through nonlinear problems of integral equations for those effects
with two variables (x,y € G, — < u < ).

These integral and nonlinear effects were studied by many mathematicians:
[2,3,5,6,7,11,14,16,17,18,20,21]. In this research, we will study the complete continuity and
compactness of one of the most important nonlinear integral operators, which is the Uryson Operator in
the Orlicz space.

We will consider that the operator K is defined on the Orlicz space, which consists of the rows of real
functions. For this reason, we begin by mentioning some basic concepts that we rely on in our study,
including the finite closed set G in the finite-dimensional regional space, and we will introduce it to the
measure and the set G, which is the topological product.
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G X G has a measure, and the concept of measurement continuity means that there is a subset in each
group such that:

1
G, cG;uG) = E#(G)-

The function f(u) is called N-function if it can be represented by

[ul
fw) = f P(O)dt,

0
where p(t) is positive for t > 0 and continuous from the right when t > 0 and has the
property:
P(0) =0, P(e) = lim P(t).
The functions f(u), g(v) defined with
[ul

fw) = j POt ,  g(v) = q(s)ds ;q(s) = suppores b

0
are called N-complements of each other.
The N-function f(u) has the property A for big values of u if there exists f(2u) < kf(w) ,
(u = uyp).
We denote by L, (G) to the class of functions defined on G with:

p(u,g) = f glu(x)]dx < oo.
G

We denote byLj to the set of functions with the condition:

(u,v) = f u(x)v(x)dx < o ,Vv(x) € Ly(G).

G
For the definitions of Orlicz's norm and Caratheodory conditions, see [8,6]. For more details
on fuzzy functional analysis, check [15-19].

2. Main Discussion

Remark 2.1: Uryson's operator is defined as follows:

Ku(x) = j Kx,y,u()]dy. )
G

If the function k(x, y, u) is a function with Caratheodory condition, then it is measurable and
continuous almost everywhere, then we have:

k(e y, Wl < k(@) + R(JubDl (x,y €6,—0 <u<+0)  (2)

ffg[k(x,y)]dxdy <b< 4w, 3
G

Conditions (2) and (3) implies that:
IKulle < ¢, (llulle < 7). 4

Where ¢ is a positive constant and K(x) is a non-negative function with the condition:

The operator defined with:
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ku(x) = f

G

k(x) + k()

——R(uG)Ddy,

has the properties (2) and (3), and from (4) we get the formula:

<2c. (5)

[}

G
Theorem 2.1. Assume that f is an N-function with the following conditions (A) (2), (3) and:

@(au) < f(u) ; function — N @, (6)

fIBR(y w)] < k@(au). (7

Then there exists a sequence of closed sets {G,}%_, that has the property G,, G, and (G\Gn) < %such

that the function k(x, y, ) is continuous on G,, X ]—oo, +oo[, and the functions k(x, y)@(¥), k(x, )
are continuous on G,,, therefore we can define the sequence

o[ 15
with,
Ku(@) = ke @) = [ Fel 3K (5, G\ G,
1K~ Kyl < | [ G2 616l () + ROl | <
ke nx(ry; @G, (lullo <2).
Remark 2.2:

For an N-function f, we have:
fBRyw] <kg), )]

! )

IKully < cllkCe g llullo < —-

Theorem 2.2

The continuity and compactness properties for an arbitrary operator K equivalents with the properties
of Uryson's operator

G
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Proof:
Since k(x,y,u) is compact, then we have:
lkGe, )| < @) + Rlu()];(x,y € G,—00 <u < +00) (10)

Thus we can define:

k(x,y,u) ;ollull<n
k(xfyvu)(N+1_u) ;n<u<n+1
k(x,y,—m)u+n+1) ;-n—-1<u<-n’
0 sul=n+1
7ll_r){)lo sup”uum% [|[Ku — kyullp =0 (1)

so that for u(x) €T (9,2; L’;) and G = G{|lu(x)| > n},

u(G) < ! f@[au(x) dx < ! ||Eu(x)|| SL
o(5)s L7 o) e e(F)

lku(x) — kpu(x)| < f X(x,y;6)le + R(IuG)D)]dy + f X(x,y;6)lo + RUP GOy ;
G G

G=6x¢G,

thus

2Cu(G) an y
K = kenllo <~z £ [0 (5)] 5 (Iullo < 2),
o(5) Y ‘
Y
which implies the proof.

Also, we can easily regard that:

lk(x,y,w)|<d ;(x,y €G,—0 <u< +m) (12)
k(x,yu)=0 (Jlul=u, & uy;=const>0 (13)
Theorem 2.3

Uryson's operators k,, defined with k., (x, y, u) are compact and continuous.
Proof:

Since k, (x,y,u) are compact and continuous, and they make together an Orlicz space, then we can .
write:

bt @) = [ Ky, uG)1dy = lim [ Kby, u@)ldy = fim ey (3)
G G
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So that
k, € {sz, - C; a.e} >k, € {LB - L*;a.e.}Vu(x) €Ly,
thus
|Ku — k,u(x)| < 2d f X(x,y;G,\G)dy
G
K = kyullg < el y; GGl
Theorem 2.4

Let f(u), g(u) be two N-functions and complements to each other, and the second one has the property
Aq, and let

| k(x,y, W] < k(x,y) @) + R(luDl k(x,y € G, —00 <u < ),

where ¢(x) € L¢,and k(x,y) € E"y , then we can find the positive constants £, y, ¢ such that
fIBROyw)] < cg(w), (14)

and the operator defined with

kww=koMMwM% (15)
G

has the property Ku € {T(8,y; - Ly) - Lj;; a. e}, i.e. we can find an N-function @(w) with
fIBR(yw)] < c@(w). (16)

Proof:

It holds by adding a condition on the definition of the operator K, not only on T(8,y, Lj), but over the
all of the space L, then by using (14),(16) and making the constant y very large, we get the desired
proof.

In the special case that K is defied on Ly, we get f[BR(2%u)] < cB(w) < ¢, g(w), and for large values
of u, we can see that f[@(u))] < @(au), and

Rlayu]l < cp(u) <cgw), a7
which implies:
Ro ] < £[e0 (5)] < c0@) < cyg().

Theorem 2.5
Let f(u), g(u) be two N-functions and complements to each other, and the second has the property

lk(x,y, w)l < kC, )@@ +R(JuD ] (x,y € G, -0 <u<+0),  (18)

RWw),k(x,y) €Ly =Ly ,p(x) € L; ,

then we can find ¢ = const > 0 such that

R(u) < Cgiu) . (19)

Also, the function R (u) is defined on Orlicz space and Uryson's operator

Ku(y) = J klx,y,u(y)ldy, (20)
G

is completely continuous.
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Proof:

Since the function g[k(x,y)] is bounded on G, we can find an N-function @(u) with the conditions
A;,Aand

[| ettiee ymaxay <o
G

From (20) we get

1
fIBRw)] = S (21

foruy < u, u(x) € Ly = Ly with

1 1
llpCe) + R(lu@)DIlF < llpCllf +EIIﬁR(|u(x)|)I|f < ey ] 1+ f fIBR(Ju(x)|1dx
G

1 1
loGo) + RQu@Dy < oGl + 5 {1 + FIBRGIHG) + - felu(ldx] <

1
loCOlly + [—;{1 + fIBR(up)]u(G) + Allullg}  ; A = const,

hence if ||ullg < r we get:
lloCx) + R(Iu@)DIly < c(r), (22)

so that by using the integral operator

Av(x) = f k(e y)v(y)dy,
G

lAvllg < 2UIkCe, W llgllvlly 5 P = dlg)] . (23)

According to (20), we find that:
|Ku(x)| < Alp(x) + R(lu(x)]]

IKullg < 2UkCx, V) Iy~ llox) + R([uG) DIl < 2l ke, )l
3. Conclusion

Linear and non-linear effects have been of particular importance in studying issues of complementarity
from an analytical point of view in various types of dependent analysis spaces, which depend in their
study on rows of specific, continuous functions, in particular on the properties of the N-function in the
Orlicz's space and their importance in forming the sequence of continuous and compact effects, and the
study of various Types of convergence, such as convergence by regularity and convergence by analogy
in that space. The question that can be asked is if the series of non-linear integral operators are
convergent by measure, then what is the condition that these operators must fulfill in order for
convergence to the mean to be achieved, and is the normality of the groups defined by these operators
necessary? What is the role of the N-dependent in this, and can the Carlson measurement be used in
this?
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