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Abstract

The purpose of this article is to present a novel approach to the (δ, ε) interval-valued neutrosophic set (IVNS).
This is an extension of the IVNS. As a result of this article, we will discuss the concept of (δ, ε) interval-
valued neutrosophic weighted averaging (IVNWA), (δ, ε) interval-valued neutrosophic weighted geometric
(IVNWG), (δ, ε) generalized interval-valued neutrosophic weighted averaging (GIVNWA) and (δ, ε) general-
ized interval-valued neutrosophic weighted geometric (GIVNWG). Additionally, the (δ, ε) IVNS approach is
characterized by idempotency, boundedness, commutativity and monotonicity.

Keywords: (δ, ε)IVNWA, (δ, ε)IVNWG, G(δ, ε)IVNWA and G(δ, ε)IVNWG.

1 Introduction

Every day, systems become more complex, which makes it harder for decision-makers to select the
best option. A single goal is hard to achieve, but you can do it. For many businesses, it was challenging to
inspire people, create objectives, and form attitudes. Therefore, many goals must be taken into account at the
same time when making decisions, whether they are made by an individual or a group. After giving it some
thought, it appears that the criteria are solved flexibly, which makes it challenging for any decision-maker to
come up with the best answer possible for each of the relevant criteria. Reliable and adequate methodologies
should be developed by decision-makers in order to identify the optimal solution. Generally, when dealing with
ambiguity and uncertainty in decision-making, crisp methods don’t work. To deal with the ambiguities, many
uncertain theories including fuzzy set (FS),1 intuitionistic FS (IFS),2 Pythagorean FS (PFS)3 and spherical FS
(SFS).4 A FS is a set of elements with membership grade (MD) in the given set values from zero to one; Later,
Atanassov proposed the concept of an IFS that is divided into categories using non-membership grade (NMD),
which cannot exceed one.2 It is possible to convey a single problem to the decision-making (DM) when MD
and NMD scores are greater than one. PFS is characterized by a square sum of MD and NMD less than one
for an IFS that has a value less than one as determined by Yager.3 Positive MD, neutral MD and negative MD
are the three pointers that make up the picture FS concept developed by Cuong et al.5 As a result, it has a
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number of advantages over PFS and IFS as well. A generalization of picture FS was examined by Liu et al.6

using AOs. A generalized PFS based on AO and its applications has been proposed by Liu et al.7 AO features
based on PFS and interval values.8 An AO-based picture FS was presented by Liu et al.6 In the DM approach
challenge, the sum of the positive, neutral and negative MD values rarely exceeds one. The concept of SFS is
presented by Ashraf et al.4 which makes sure the square sum of positive, neutral and negative grades doesn’t
exceed 1. The notion of SFS was examined by Fatmaa et al.9

Recently, Palanikumar et al. discussed many algebraic structures with applications by10-.13 In 2002, Li
et al.14 proposed generalized ordered weighted averaging operators (GOWAs). Many researchers introduced
new aggregating operators such as weighted and hybrid operators15-.21 Palanikumar et al. discussed new
aggregation operators with applications22-.24 I will follow the following structure throughout the remainder of
this paper. An introduction is found in section 1. PFS and NS were discussed in section 2. Section 3 discusses
some of the operations on (δ, ε) IVNNs. Section 4 discusses the arithmetic and geometric aggregating operator
(δ, ε) IVNNs.

2 Background

This section contains a number of important definitions that we must review for our further learning.

Definition 2.1. 8 Let X be an universal. The PIVFS ℓ =
{
ϵ,
〈
Ξ̃t
ℓ(ϵ), Ξ̃

f
ℓ (ϵ)

〉∣∣∣ϵ ∈ X
}

, where Ξ̃t
ℓ, Ξ̃

f
ℓ : X →

Int([0, 1]) denote the MD and NMD of ϵ ∈ X to the set ℓ, respectively, and 0 ≤ (Ξt
ℓ(ϵ))

2 + (Ξf
ℓ (ϵ))

2 ≤ 1.

For convenience, ℓ =
〈[

Ξt
ℓ,Ξ

t
ℓ

]
,
[
Ξf
ℓ ,Ξ

f
ℓ

]〉
is called a Pythagorean interval-valued fuzzy number (PyIVFN).

Definition 2.2. The NS ℓ =
{
x,
〈
Ξt
ℓ(ϵ),Ξ

m
ℓ (ϵ),Ξf

ℓ (ϵ)
〉∣∣ϵ ∈ X

}
, where Ξt

ℓ,Ξ
m
ℓ ,Ξf

ℓ : X → [0, 1] is denote the

positive MD, neutral MD and negative MD of ϵ ∈ X , respectively and 0 ≤ (Ξt
ℓ(ϵ))+ (Ξm

ℓ (ϵ))+ (Ξf
ℓ (ϵ)) ≤ 2.

For M =
〈
Ξt
ℓ,Ξ

m
ℓ ,Ξf

ℓ

〉
is called a neutrosophic number (SFN).

Definition 2.3. The Pythagorean NS ℓ =
{
ϵ,
〈
Ξt
ℓ(ϵ),Ξ

m
ℓ (ϵ),Ξf

ℓ (ϵ)
〉∣∣ϵ ∈ X

}
, where Ξt

ℓ,Ξ
m
ℓ ,Ξf

ℓ : X → [0, 1]

is denote the positive MD, neutral MD and negative MD of ϵ ∈ X , respectively and 0 ≤ (Ξt
ℓ(ϵ))

2+(Ξm
ℓ (ϵ))2+

(Ξf
ℓ (ϵ))

2 ≤ 2. For M =
〈
Ξt
ℓ,Ξ

m
ℓ ,Ξf

ℓ

〉
is called a Pythagorean neutrosophic number (PySFN).

Definition 2.4. 9 The SFS ℓ in X is given by ℓ =
{
ϵ,
〈
Ξt
ℓ(ϵ),Ξ

m
ℓ (ϵ),Ξf

ℓ (ϵ)
〉∣∣ϵ ∈ X

}
, where Ξt

ℓ,Ξ
m
ℓ ,Ξf

ℓ :

X → [0, 1] denote the truth, indeterminacy and falsity membership grade of ϵ ∈ X to ℓ, respectively and

0 ≤ (Ξt
ℓ(ϵ))

2+(Ξm
ℓ (ϵ))2+(Ξf

ℓ (ϵ))
2 ≤ 1. For all ϵ ∈ X,

√
1−

(
(Ξt

ℓ(ϵ))
2 + (Ξm

ℓ (ϵ))2 + (Ξf
ℓ (ϵ))

2
)

is called

the grade of refusal of membership of ϵ in ℓ. For convenience, ℓ =
〈
Ξt
ℓ,Ξ

m
ℓ ,Ξf

ℓ

〉
is called a spherical fuzzy

number (SFN).

Definition 2.5. 19 Let ℓ1 = (a1, b1) ∈ Nand ℓ2 = (a2, b2) ∈ N . Then the distance between ℓ1 and ℓ2 is

defined as D(ℓ1, ℓ2) =
√
(a1 − a2)2 +

1
2 (b1 − b2)2, where N is a natural number.

Definition 2.6. For any two IVNNs ℓ1 =
〈(

[Ξt−
1 (ϵ),Ξt+

1 (ϵ)], [Ξm−
1 (ϵ),Ξm+

1 (ϵ)], [Ξf−
1 (ϵ),Ξf+

1 (ϵ)]
)〉

and

ℓ2 =
〈(

[Ξt−
2 (ϵ),Ξt+

2 (ϵ)], [Ξm−
2 (ϵ),Ξm+

2 (ϵ)], [Ξf−
2 (ϵ),Ξf+

2 (ϵ)]
)〉

. Then

DE(ℓ1, ℓ2) =
1

2

√√√√√√√√√√√

[
1+(Ξt−

1 )2+(Ξt+
1 )2−((Ξm−

1 )2+(Ξm+
1 )2)−((Ξf−

1 )2+(Ξf+
1 )2)

2

− 1+(Ξt−
2 )2+(Ξt+

2 )2−((Ξm−
2 )2+(Ξm+

2 )2)−((Ξf−
2 )2+(Ξf+

2 )2)
2

]2

+
1

2

[
1+(Ξt−

1 )2+(Ξt+
1 )2−((Ξm−

1 )2+(Ξm+
1 )2)−((Ξf−

1 )2+(Ξf+
1 )2)

2

− 1+(Ξt−
2 )2+(Ξt+

2 )2−((Ξm−
2 )2+(Ξm+

2 )2)−((Ξf−
2 )2+(Ξf+

2 )2)
2

]2
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where DE(ℓ1, ℓ2) is called the ED between ℓ1 and ℓ2.

DH(ℓ1, ℓ2) =
1

2



∣∣∣∣∣∣∣∣
1 + (Ξt−

1 )2 + (Ξt+
1 )2 − ((Ξm−

1 )2 + (Ξm+
1 )2)− ((Ξf−

1 )2 + (Ξf+
1 )2)

2

−1 + (Ξt−
2 )2 + (Ξt+

2 )2 − ((Ξm−
2 )2 + (Ξm+

2 )2)− ((Ξf−
2 )2 + (Ξf+

2 )2)

2

∣∣∣∣∣∣∣∣
+ 1

2

∣∣∣∣∣∣∣∣
1 + (Ξt−

1 )2 + (Ξt+
1 )2 − ((Ξm−

1 )2 + (Ξm+
1 )2)− ((Ξf−

1 )2 + (Ξf+
1 )2)

2

−1 + (Ξt−
2 )2 + (Ξt+

2 )2 − ((Ξm−
2 )2 + (Ξm+

2 )2)− ((Ξf−
2 )2 + (Ξf+

2 )2)

2

∣∣∣∣∣∣∣∣


where DH(ℓ1, ℓ2) is called the HD between ℓ1 and ℓ2.

3 Operations for (δ, ε) IVNN

We discuss the concept of (δ, ε) interval-valued neutrosophic number (IVNN). As a result, the (δ, ε) IVNN
and its operations were defined.

Definition 3.1. The (δ, ε) NS ℓ =
{
ϵ,
〈(

[Ξt−
ℓ (ϵ),Ξt+

ℓ (ϵ)], [Ξm−
ℓ (ϵ),Ξm+

ℓ (ϵ)], [Ξf−
ℓ (ϵ),Ξf+

ℓ (ϵ)]
)〉∣∣∣ϵ ∈ X

}
,

where Ξt
ℓ,Ξ

m
ℓ ,Ξf

ℓ : X → [0, 1] denote the PMD, neutral MD and NMD of ϵ ∈ X to ℓ, respectively and

0 ≤ (Ξt+
ℓ (ϵ))δ +(Ξm+

ℓ (ϵ))lcm(δ,ε)+(Ξf+
ℓ (ϵ))ε ≤ 1. For convenience, ℓ =

〈(
Ξt+
ℓ ,Ξm+

ℓ ,Ξf+
ℓ

)〉
is represent

a (δ, ε) IVNN.

Definition 3.2. Let ℓ =
〈(

[Ξt−
ℓ ,Ξt+

ℓ ], [Ξm−
ℓ ,Ξm+

ℓ ], [Ξf−
ℓ ,Ξf+

ℓ ]
)〉

, ℓ1 =
〈(

[Ξt−
1 ,Ξt+

1 ], [Ξm−
1 ,Ξm+

1 ], [Ξf−
1 ,Ξf+

1 ]
)〉

and ℓ2 =
〈(

[Ξt−
2 ,Ξt+

2 ], [Ξm−
2 ,Ξm+

2 ], [Ξf−
2 ,Ξf+

2 ]
)〉

be any three (δ, ε) IVNNs, and ℜ > 0. Then

1. ℓ1
∨
ℓ2 =



 δ

√
(Ξt−

1 )δ + (Ξt−
2 )δ − (Ξt−

1 )δ · (Ξt−
2 )δ,

δ

√
(Ξt+

1 )δ + (Ξt+
2 )δ + (Ξt+

1 )δ · (Ξt+
2 )δ


 lcm(δ,ε)

√
(Ξm−

1 )lcm(δ,ε) + (Ξm−
2 )lcm(δ,ε) − (Ξm−

1 )lcm(δ,ε) · (Ξm−
2 )lcm(δ,ε),

lcm(δ,ε)

√
(Ξm+

1 )lcm(δ,ε) + (Ξm+
2 )lcm(δ,ε) + (Ξm+

1 )lcm(δ,ε) · (Ξm+
2 )lcm(δ,ε)


[(Ξf−

1 )ε · (Ξf−
2 )ε, (Ξf+

1 )ε · (Ξf+
2 )ε]


,

2. ℓ1
∧

ℓ2 =



[(Ξt−
1 )δ · (Ξt−

2 )δ, (Ξt+
1 )δ · (Ξt+

2 )δ] lcm(δ,ε)

√
(Ξm−

1 )lcm(δ,ε) + (Ξm−
2 )lcm(δ,ε) − (Ξm−

1 )lcm(δ,ε) · (Ξm−
2 )lcm(δ,ε),

lcm(δ,ε)

√
(Ξm+

1 )lcm(δ,ε) + (Ξm+
2 )lcm(δ,ε) + (Ξm+

1 )lcm(δ,ε) · (Ξm+
2 )lcm(δ,ε)


 ε

√
(Ξf−

1 )ε + (Ξf−
2 )ε − (Ξf−

1 )ε · (Ξf−
2 )ε,

ε

√
(Ξf+

1 )ε + (Ξf+
2 )ε + (Ξf+

1 )ε · (Ξf+
2 )ε





3. ℜ · ℓ =

 [
δ

√
1−

(
1− (Ξt−)δ

)ℜ
,

δ

√
1 +

(
1 + (Ξt+)δ

)ℜ
]

[
lcm(δ,ε)

√
1−

(
1− (Ξm−)lcm(δ,ε)

)ℜ
,

lcm(δ,ε)

√
1 +

(
1 + (Ξm+)lcm(δ,ε)

)ℜ
]

[((Ξf−)ε)ℜ, ((Ξf+)ε)ℜ]

 ,

4. ℓℜ =


[((Ξt−)δ)ℜ, ((Ξt+)δ)ℜ]

[
lcm(δ,ε)

√
1−

(
1− (Ξm−)lcm(δ,ε)

)ℜ
,

lcm(δ,ε)

√
1 +

(
1 + (Ξm+)lcm(δ,ε)

)ℜ
]

[
ε

√
1−

(
1− (Ξf−)ε

)ℜ
,

ε

√
1 +

(
1 + (Ξf+)ε

)ℜ
]

 .

4 AOs based on (δ, ε) IVNN

Here we describe the AOs using (δ, ε) IVNWA, (δ, ε) IVNWG, G(δ, ε) IVNWA, and G(δ, ε) IVNWG.
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4.1 (δ, ε)IV NWA

Definition 4.1. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε)IVNNs, W = (κ1, κ2, ..., κn)

be the weight of ℓi, κi ≥ 0 and
∨n

i=1 κi = 1. Then (δ, ε) IVNWA (ℓ1, ℓ2, ..., ℓn) =
∨n

i=1 κiℓi.

Theorem 4.2. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε) IVNNs.

Then (δ, ε)IV NWA(ℓ1, ℓ2, ..., ℓn)

=


[

δ

√
1−⃝n

i=1

(
1− (Ξt−

i )δ
)κi

, δ

√
1−⃝n

i=1

(
1− (Ξt+

i )δ
)κi

]
[

lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

i )lcm(δ,ε)
)κi

, lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

i )lcm(δ,ε)
)κi

]
[
⃝n

i=1((Ξ
f−
i )ε)κi ,⃝n

i=1((Ξ
f+
i )ε)κi

]

 .

Proof. If n = 2, then (δ, ε) IVNWA(ℓ1, ℓ2) = κ1ℓ1
∨

κ2ℓ2, where

κ1ℓ1 =


[

δ

√
1−

(
1− (Ξt−

1 )δ
)κ1

, δ

√
1−

(
1− (Ξt+

1 )δ
)κ1

]
[

lcm(δ,ε)

√
1−

(
1− (Ξm−

1 )lcm(δ,ε)
)κ1

, lcm(δ,ε)

√
1−

(
1− (Ξm+

1 )lcm(δ,ε)
)κ1

]
[
((Ξf−

1 )ε)κ1 , ((Ξf+
1 )ε)κ1

]



κ2ℓ2 =


[

δ

√
1−

(
1− (Ξt−

2 )δ
)κ2

, δ

√
1−

(
1− (Ξt+

2 )δ
)κ2

]
[

lcm(δ,ε)

√
1−

(
1− (Ξm−

2 )lcm(δ,ε)
)κ2

, lcm(δ,ε)

√
1−

(
1− (Ξm+

2 )lcm(δ,ε)
)κ2

]
[
((Ξf−

2 )ε)κ2 , ((Ξf+
2 )ε)κ2

]

 .

Now,

κ1ℓ1
∨

κ2ℓ2 =




δ

√√√√√
(
1−

(
1− (Ξt−

1 )δ
)κ1
)
+
(
1−

(
1− (Ξt−

2 )δ
)κ2
)

−
(
1−

(
1− (Ξt−

1 )δ
)κ1
)
·
(
1−

(
1− (Ξt−

2 )δ
)κ2
)
,
,

δ

√√√√√
(
1−

(
1− (Ξt+

1 )δ
)κ1
)
+
(
1−

(
1− (Ξt+

2 )δ
)κ2
)

+
(
1−

(
1− (Ξt+

1 )δ
)κ1
)
·
(
1−

(
1− (Ξt+

2 )δ
)κ2
)
,




lcm(δ,ε)

√√√√√
(
1−

(
1− (Ξm−

1 )lcm(δ,ε)
)κ1
)
+
(
1−

(
1− (Ξm−

2 )lcm(δ,ε)
)κ2
)

−
(
1−

(
1− (Ξm−

1 )lcm(δ,ε)
)κ1
)
·
(
1−

(
1− (Ξm−

2 )lcm(δ,ε)
)κ2
)
,
,

lcm(δ,ε)

√√√√√
(
1−

(
1− (Ξm+

1 )lcm(δ,ε)
)κ1
)
+
(
1−

(
1− (Ξm+

2 )lcm(δ,ε)
)κ2
)

+
(
1−

(
1− (Ξm+

1 )lcm(δ,ε)
)κ1
)
·
(
1−

(
1− (Ξm+

2 )lcm(δ,ε)
)κ2
)
,


[
((Ξf−

1 )ε)κ1 · ((Ξf−
2 )ε)κ2

]



=



[
δ

√
1−

(
1− (Ξt−

1 )δ
)κ1
(
1− (Ξt−

2 )δ
)κ2

, δ

√
1−

(
1− (Ξt+

1 )δ
)κ1
(
1− (Ξt+

2 )δ
)κ2

]


δ

√
1−

(
1− (Ξm−

1 )lcm(δ,ε)
)κ1
(
1− (Ξm−

2 )lcm(δ,ε)
)κ2

,

δ

√
1−

(
1− (Ξm+

1 )lcm(δ,ε)
)κ1
(
1− (Ξm+

2 )lcm(δ,ε)
)κ2


[
((Ξf−

1 )ε)κ1 · ((Ξf−
2 )ε)κ2 , ((Ξf+

1 )ε)κ1 · ((Ξf+
2 )ε)κ2

]


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Hence, (δ, ε)IV NWA(ℓ1, ℓ2)

=


[

δ

√
1−⃝2

i=1

(
1− (Ξt−

i )δ
)κi

, δ

√
1−⃝2

i=1

(
1− (Ξt+

i )δ
)κi

]
[

lcm(δ,ε)

√
1−⃝2

i=1

(
1− (Ξm−

i )lcm(δ,ε)
)κi

, lcm(δ,ε)

√
1−⃝2

i=1

(
1− (Ξm+

i )lcm(δ,ε)
)κi

]
[
⃝2

i=1((Ξ
f−
i )ε)κi ,⃝2

i=1((Ξ
f+
i )ε)κi

]

 .

It valid for n ≥ 3,
Thus, (δ, ε)IV NWA(ℓ1, ℓ2, ..., ℓl)

=


[

δ

√
1−⃝l

i=1

(
1− (Ξt−

i )δ
)κi

, δ

√
1−⃝l

i=1

(
1− (Ξt+

i )δ
)κi

]
[

lcm(δ,ε)

√
1−⃝l

i=1

(
1− (Ξm−

i )lcm(δ,ε)
)κi

, lcm(δ,ε)

√
1−⃝l

i=1

(
1− (Ξm+

i )lcm(δ,ε)
)κi

]
[
⃝l

i=1((Ξ
f−
i )ε)κi ,⃝l

i=1((Ξ
f+
i )ε)κi

]

 .

If n = l + 1, then (δ, ε) IVNWA (ℓ1, ℓ2, ..., ℓl, ℓl+1)

=





δ

√√√√√√√
l∨

i=1

(
1−

(
1− (Ξt−

i )δ
)κi
)
+
(
1−

(
1− (Ξt−

l+1)
δ
)κl+1

)
−⃝l

i=1

(
1−

(
1− (Ξt−

i )δ
)κi
)
·
(
1−

(
1− (Ξt−

l+1)
δ
)κl+1

)
,

δ

√√√√√√√
l∨

i=1

(
1−

(
1− (Ξt+

i )δ
)κi
)
+
(
1−

(
1− (Ξt+

l+1)
δ
)κl+1

)
+⃝l

i=1

(
1−

(
1− (Ξt+

i )δ
)κi
)
·
(
1−

(
1− (Ξt+

l+1)
δ
)κl+1

)
,




lcm(δ,ε)

√√√√√√√
l∨

i=1

(
1−

(
1− (Ξm−

i )lcm(δ,ε)
)κi
)
+
(
1−

(
1− (Ξm−

l+1 )
lcm(δ,ε)

)κl+1
)

−⃝l
i=1

(
1−

(
1− (Ξm−

i )lcm(δ,ε)
)κi
)
·
(
1−

(
1− (Ξm−

l+1 )
lcm(δ,ε)

)κl+1
)
,

lcm(δ,ε)

√√√√√√√
l∨

i=1

(
1−

(
1− (Ξm+

i )lcm(δ,ε)
)κi
)
+
(
1−

(
1− (Ξm+

l+1)
lcm(δ,ε)

)κl+1
)

+⃝l
i=1

(
1−

(
1− (Ξm+

i )lcm(δ,ε)
)κi
)
·
(
1−

(
1− (Ξm+

l+1)
lcm(δ,ε)

)κl+1
)
,


[
⃝l

i=1((Ξ
f−
i )ε)κi · ((Ξf−

l+1)
ε)κl+1 ,⃝l

i=1((Ξ
f+
i )ε)κi · ((Ξf+

l+1)
ε)κl+1

]



=



[
δ

√
1−⃝l+1

i=1

(
1− (Ξt−

i )δ
)κi

, δ

√
1−⃝l+1

i=1

(
1− (Ξt+

i )δ
)κi

]


lcm(δ,ε)

√
1−⃝l+1

i=1

(
1− (Ξm−

i )lcm(δ,ε)
)κi

,

lcm(δ,ε)

√
1−⃝l+1

i=1

(
1− (Ξm+

i )lcm(δ,ε)
)κi


[
⃝l+1

i=1((Ξ
f−
i )ε)κi ,⃝l+1

i=1((Ξ
f+
i )ε)κi

]


.

Theorem 4.3. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε) IVNNs. Then (δ, ε) IVNWA

(ℓ1, ℓ2, ..., ℓn) = ℓ (idempotency property).

Proof. Since Ξt−
i = Ξt− , Ξm−

i = Ξm− and Ξf−
i = Ξf−, Ξt+

i = Ξt+ , Ξm+
i = Ξm+ and Ξf+

i = Ξf+ and
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∨n
i=1 κi = 1. Now, (δ, ε)IV NWA(ℓ1, ℓ2, ..., ℓn)

=


[

δ

√
1−⃝n

i=1

(
1− (Ξt−

i )δ
)κi

, δ

√
1−⃝n

i=1

(
1− (Ξt+

i )δ
)κi

]
[

lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

i )lcm(δ,ε)
)κi

, lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

i )lcm(δ,ε)
)κi

]
[
⃝n

i=1((Ξ
f−
i )ε)κi ,⃝n

i=1((Ξ
f+
i )ε)κi

]



=


[

δ

√
1−

(
1− (Ξt−)δ

)∨n
i=1 κi

, δ

√
1−

(
1− (Ξt+)δ

)∨n
i=1 κi

]
[

lcm(δ,ε)

√
1−

(
1− (Ξm−)lcm(δ,ε)

)∨n
i=1 κi

, lcm(δ,ε)

√
1−

(
1− (Ξm+)lcm(δ,ε)

)∨n
i=1 κi

]
[
((Ξf−)ε)

∨n
i=1 κi , ((Ξf+)ε)

∨n
i=1 κi

]



=


[

δ

√
1−

(
1− (Ξt−)δ

)
, δ

√
1−

(
1− (Ξt+)δ

)]
[

lcm(δ,ε)

√
1−

(
1− (Ξm−)lcm(δ,ε)

)
, lcm(δ,ε)

√
1−

(
1− (Ξm+)lcm(δ,ε)

)]
[
(Ξf−)ε, (Ξf+)ε

]


= ℓ.

Theorem 4.4. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε) IVNNs.

Then (δ, ε) IVNWA(ℓ1, ℓ2, ..., ℓn), where Ξt−︸︷︷︸ = minΞt−
ij ,

︷︸︸︷
Ξt− = maxΞt−

ij , Ξ
m−︸︷︷︸ = minΞm−

ij ,
︷︸︸︷
Ξm− =

maxΞm−
ij , Ξf−︸︷︷︸ = minΞf−

ij ,
︷︸︸︷
Ξf− = maxΞf−

ij , Ξt+︸︷︷︸ = minΞt+
ij ,

︷︸︸︷
Ξt+ = maxΞt+

ij , Ξ
m+︸︷︷︸ = minΞm+

ij ,︷︸︸︷
Ξm+ = maxΞm+

ij , Ξf+︸︷︷︸ = minΞf+
ij ,

︷︸︸︷
Ξf+ = maxΞf+

ij and where 1 ≤ i ≤ n, j = 1, 2, ..., ij . Then,〈
[Ξt−︸︷︷︸, Ξt+︸︷︷︸], [Ξm−︸︷︷︸,Ξm+︸︷︷︸], [︷︸︸︷Ξf−,

︷︸︸︷
Ξf+]

〉
≤ (δ, ε)IV NWA(ℓ1, ℓ2, ..., ℓn)

≤
〈
[
︷︸︸︷
Ξt− ,

︷︸︸︷
Ξt+ ], [

︷︸︸︷
Ξm−,

︷︸︸︷
Ξm+], [Ξf−︸︷︷︸,Ξf+︸︷︷︸]〉.

(Boundedness property).

Proof. Since, Ξt−︸︷︷︸ = minΞt−
ij ,
︷︸︸︷
Ξt− = maxΞt−

ij and Ξt−︸︷︷︸ ≤ Ξt−
ij ≤

︷︸︸︷
Ξt− .

Now, Ξt−︸︷︷︸ = δ

√
1−⃝n

i=1

(
1− (Ξt−︸︷︷︸)δ)κi

≤ δ

√
1−⃝n

i=1

(
1− (Ξt−

ij )
δ
)κi

≤ δ

√
1−⃝n

i=1

(
1− (

︷︸︸︷
Ξt− )δ

)κi

=︷︸︸︷
Ξt− .

Since Ξt+︸︷︷︸ = minΞt+
ij ,
︷︸︸︷
Ξt+ = maxΞt+

ij and Ξt+︸︷︷︸ ≤ Ξt+
ij ≤

︷︸︸︷
Ξt+ . Now,

Ξt+︸︷︷︸ = δ

√
1−⃝n

i=1

(
1− (Ξt+︸︷︷︸)δ)κi

≤ δ

√
1−⃝n

i=1

(
1− (Ξt+

ij )
δ
)κi

≤ δ

√
1−⃝n

i=1

(
1− (

︷︸︸︷
Ξt+ )δ

)κi

=︷︸︸︷
Ξt+ .

Since, Ξm−︸︷︷︸ = minΞm−
ij ,

︷︸︸︷
Ξm− = maxΞm−

ij and Ξm−︸︷︷︸ ≤ Ξm−
ij ≤

︷︸︸︷
Ξm−.

Now, Ξm−︸︷︷︸ = lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−︸︷︷︸)lcm(δ,ε)

)κi

≤ lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

ij )lcm(δ,ε)
)κi

≤

lcm(δ,ε)

√
1−⃝n

i=1

(
1− (

︷︸︸︷
Ξm−)lcm(δ,ε)

)κi

=
︷︸︸︷
Ξm−.

Since, Ξm+︸︷︷︸ = minΞm+
ij ,

︷︸︸︷
Ξm+ = maxΞm+

ij and Ξm+︸︷︷︸ ≤ Ξm+
ij ≤

︷︸︸︷
Ξm+.

Now, Ξm+︸︷︷︸ = lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+︸︷︷︸)lcm(δ,ε)

)κi

≤ lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

ij )lcm(δ,ε)
)κi

≤
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lcm(δ,ε)

√
1−⃝n

i=1

(
1− (

︷︸︸︷
Ξm+)lcm(δ,ε)

)κi

=
︷︸︸︷
Ξm+.

Since, (Ξf−)ε︸ ︷︷ ︸ = min(Ξf−
ij )ε,

︷ ︸︸ ︷
(Ξf−)ε = max(Ξf−

ij )ε and (Ξf−)ε︸ ︷︷ ︸ ≤ (Ξf−
ij )ε ≤

︷ ︸︸ ︷
(Ξf−)ε. We have, (Ξf−)ε︸ ︷︷ ︸ =

⃝n
i=1((Ξ

f−)ε︸ ︷︷ ︸)κi ≤ ⃝n
i=1((Ξ

f−
ij )ε)κi ≤ ⃝n

i=1(
︷ ︸︸ ︷
(Ξf−)ε)κi =

︷ ︸︸ ︷
(Ξf−)ε.

Since, (Ξf+)ε︸ ︷︷ ︸ = min(Ξf+
ij )ε,

︷ ︸︸ ︷
(Ξf+)ε = max(Ξf+

ij )ε and (Ξf+)ε︸ ︷︷ ︸ ≤ (Ξf+
ij )ε ≤

︷ ︸︸ ︷
(Ξf+)ε. We have, (Ξf+)ε︸ ︷︷ ︸ =

⃝n
i=1((Ξ

f+)ε︸ ︷︷ ︸)κi ≤ ⃝n
i=1((Ξ

f+
ij )ε)κi ≤ ⃝n

i=1(
︷ ︸︸ ︷
(Ξf+)ε)κi =

︷ ︸︸ ︷
(Ξf+)ε.

Therefore,

1

2
×



(
δ

√
1−⃝n

i=1

(
1− (Ξt−︸︷︷︸)δ)κi

)2

+

(
δ

√
1−⃝n

i=1

(
1− (Ξt+︸︷︷︸)δ)κi

)2

2

−

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−︸︷︷︸)lcm(δ,ε)

)κi
)2

+

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+︸︷︷︸)lcm(δ,ε)

)κi
)2

2

+1−

⃝n
i=1((

︷︸︸︷
Ξf−

)ε)κi


2

+

⃝n
i=1((

︷︸︸︷
Ξf+

)ε)κi


2

2



≤ 1

2
×



(
δ

√
1−⃝n

i=1

(
1− (Ξt−

ij )
δ
)κi

)2

+

(
δ

√
1−⃝n

i=1

(
1− (Ξt+

ij )
δ
)κi

)2

2

−

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

ij )lcm(δ,ε)
)κi

)2

+

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

ij )lcm(δ,ε)
)κi

)2

2

+1− (⃝n
i=1((Ξ

f−
ij )ε)κi)

2
+(⃝n

i=1((Ξ
f+
ij )ε)κi)

2

2



≤ 1

2
×



 δ

√√√√1−⃝n
i=1

(
1− (

︷︸︸︷
Ξt− )δ

)κi

2

+

 δ

√√√√1−⃝n
i=1

(
1− (

︷︸︸︷
Ξt+ )δ

)κi

2

2

−

 lcm(δ,ε)

√√√√1−⃝n
i=1

(
1− (

︷︸︸︷
Ξm−)lcm(δ,ε)

)κi

2

+

 lcm(δ,ε)

√√√√1−⃝n
i=1

(
1− (

︷︸︸︷
Ξm+)lcm(δ,ε)

)κi

2

2

+1−

(
⃝n

i=1((Ξ
f−︸ ︷︷ ︸)ε)κi

)2

+

(
⃝n

i=1((Ξ
f+︸ ︷︷ ︸)ε)κi

)2

2


.

Hence,
〈
[Ξt−︸︷︷︸, Ξt+︸︷︷︸], [Ξm−︸︷︷︸,Ξm+︸︷︷︸], [︷︸︸︷Ξf−,

︷︸︸︷
Ξf+]

〉
≤ (δ, ε)IV NWA(ℓ1, ℓ2, ..., ℓn)

≤
〈
[
︷︸︸︷
Ξt− ,

︷︸︸︷
Ξt+ ], [

︷︸︸︷
Ξm−,

︷︸︸︷
Ξm+], [Ξf−︸︷︷︸,Ξf+︸︷︷︸]〉.

Theorem 4.5. Let ℓi =
〈(

[Ξt−
kij

,Ξt+
kij

], [Ξm−
kij

,Ξm+
kij

], [Ξf−
kij

,Ξf+
kij

]
)〉

and

Wi =
〈(

[Ξt−
hij

,Ξt+
hij

], [Ξm−
hij

,Ξm+
hij

], [Ξf−
hij

,Ξf+
hij

]
)〉

be the (δ, ε) IVNWAs. For any i, if there is (Ξt−
kij

)2 ≤

(Ξt−
hij

)2 and (Ξm−
kij

)2 ≤ (Ξm−
hij

)2 and (Ξf−
kij

)2 ≥ (Ξf−
hij

)2 and (Ξt+
kij

)2 ≤ (Ξt+
hij

)2 and (Ξm+
kij

)2 ≤ (Ξm+
hij

)2 and

(Ξf+
kij

)2 ≥ (Ξf+
hij

)2 or ℓi ≤ Wi. Prove that (δ, ε)IV NWA(ℓ1, ℓ2, ..., ℓn) ≤ (δ, ε)IV NWA(W1,W2, ...,Wn),
where (i = 1, 2, ..., n); (j = 1, 2, ..., ij) (monotonicity property).

Proof. For any i, (Ξt−
kij

)2 ≤
(
Ξt−
hij

)2
. Therefore, 1− (Ξt−

ki
)2 ≥ 1− (Ξt−

hi
)2.

Hence, ⃝n
i=1

(
1−

(
Ξt−
ki

)2)κi

≥ ⃝n
i=1

(
1−

(
Ξt−
hi

)2)κi

and δ

√
1−⃝n

i=1

(
1−

(
Ξt−
ki

)δ)κi

≤ δ

√
1−⃝n

i=1

(
1−

(
Ξt−
hi

)δ)κi

.

For any i, (Ξt+
kij

)2 ≤
(
Ξt+
hij

)2
. Therefore, 1− (Ξt+

ki
)2 ≥ 1− (Ξt+

hi
)2.

Hence, ⃝n
i=1

(
1−

(
Ξt+
ki

)2)κi

≥ ⃝n
i=1

(
1−

(
Ξt+
hi

)2)κi
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and δ

√
1−⃝n

i=1

(
1−

(
Ξt+
ki

)δ)κi

≤ δ

√
1−⃝n

i=1

(
1−

(
Ξt+
hi

)δ)κi

.

For any i, (Ξm−
kij

)lcm(δ,ε) ≤
(
Ξm−
hij

)lcm(δ,ε)

. Therefore, 1−
(
Ξm−
ki

)lcm(δ,ε) ≥ 1−
(
Ξm−
hi

)lcm(δ,ε)
.

Hence, ⃝n
i=1

(
1−

(
Ξm−
ki

)lcm(δ,ε)
)κi

≥ ⃝n
i=1

(
1−

(
Ξm−
hi

)lcm(δ,ε)
)κi

.

This implies that lcm(δ,ε)

√
1−⃝n

i=1

(
1−

(
Ξm−
ki

)lcm(δ,ε)
)κi

≤ lcm(δ,ε)

√
1−⃝n

i=1

(
1−

(
Ξm−
hi

)lcm(δ,ε)
)κi

.

For any i, (Ξm+
kij

)lcm(δ,ε) ≤
(
Ξm+
hij

)lcm(δ,ε)

. Therefore, 1−
(
Ξm+
ki

)lcm(δ,ε) ≥ 1−
(
Ξm+
hi

)lcm(δ,ε)
.

Hence, ⃝n
i=1

(
1−

(
Ξm+
ki

)lcm(δ,ε)
)κi

≥ ⃝n
i=1

(
1−

(
Ξm+
hi

)lcm(δ,ε)
)κi

.

This implies that lcm(δ,ε)

√
1−⃝n

i=1

(
1−

(
Ξm+
ki

)lcm(δ,ε)
)κi

≤ lcm(δ,ε)

√
1−⃝n

i=1

(
1−

(
Ξm+
hi

)lcm(δ,ε)
)κi

.

For any i,
(
Ξf−
kij

)2
≥
(
Ξf−
hij

)2
and

(
Ξf−
kij

)ε
≥
(
Ξf−
hij

)ε
. Therefore, 1−

(
⃝n

i=1Ξ
f−
kij

)ε

2 ≤ 1−
(
⃝n

i=1Ξ
f−
hij

)ε

2 .

For any i,
(
Ξf+
kij

)2
≥
(
Ξf+
hij

)2
and

(
Ξf+
kij

)ε
≥
(
Ξf+
hij

)ε
. Therefore, 1−

(
⃝n

i=1Ξ
f+
kij

)ε

2 ≤ 1−
(
⃝n

i=1Ξ
f+
hij

)ε

2 .

1

2
×



(
δ

√
1−⃝n

i=1

(
1− (Ξt−

ti )
δ
)κi

)2

+

(
δ

√
1−⃝n

i=1

(
1− (Ξt+

ti )
δ
)κi

)2

2

−

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

ti )lcm(δ,ε)
)κi

)2

+

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

ti )lcm(δ,ε)
)κi

)2

2

+1− (⃝n
i=1(Ξ

f−
tij )

ε)
2
+(⃝n

i=1(Ξ
f+
tij )

ε)
2

2



≤ 1

2
×



(
δ

√
1−⃝n

i=1

(
1− (Ξt−

hi )
δ
)κi

)2

+

(
δ

√
1−⃝n

i=1

(
1− (Ξt+

hi )
δ
)κi

)2

2

−

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

hi )lcm(δ,ε)
)κi

)2

+

(
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

hi )lcm(δ,ε)
)κi

)2

2

+1− (⃝n
i=1(Ξ

f−
hij)

ε)
2
+(⃝n

i=1(Ξ
f+
hij)

ε)
2

2

 .

Hence, (δ, ε)IV NWA (ℓ1, ℓ2, ..., ℓn) ≤ (δ, ε)IV NWA (W1,W2, ...,Wn).

4.2 (δ, ε) IVNWG

Definition 4.6. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε)IVNNs. Then (δ, ε)IVNWG
(ℓ1, ℓ2, ..., ℓn) = ⃝n

i=1ℓ
κi
i .

Theorem 4.7. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε) IVNNs. Then (δ, ε) IVNWG

(ℓ1, ℓ2, ..., ℓn)

=


[
⃝n

i=1((Ξ
t−
i )δ)κi ,⃝n

i=1((Ξ
t+
i )δ)κi

][
lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm−

i )lcm(δ,ε)
)κi

, lcm(δ,ε)

√
1−⃝n

i=1

(
1− (Ξm+

i )lcm(δ,ε)
)κi

]
[

ε

√
1−⃝n

i=1

(
1− (Ξf−

i )ε
)κi

, ε

√
1−⃝n

i=1

(
1− (Ξf+

i )ε
)κi

]
 .

Theorem 4.8. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε)IVNNs and all are equal. Then

(δ, ε)IVNWG(ℓ1, ℓ2, ..., ℓn) = ℓ.

Remark 4.9. It has other properties, including boundedness and monotonicity, as well as having (δ, ε)IVNWG.
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4.3 Generalized (δ, ε) IVNWA (G(δ, ε)IVNWA)

Definition 4.10. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε)IVNN. Then G(δ, ε) IVNWA

(ℓ1, ℓ2, ..., ℓn) =
(∨n

i=1 κiℓ
ℜ
i

)1/ℜ
.

Theorem 4.11. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε) IVNNs. Then G(δ, ε) IVNWA

(ℓ1, ℓ2, ..., ℓn)

=



( δ

√√√√1−⃝n
i=1

(
1−

(
(Ξt−

i )δ
)δ)κi

)1/δ

,

(
δ

√√√√1−⃝n
i=1

(
1−

(
(Ξt+

i )δ
)δ)κi

)1/δ


(
lcm(δ,ε)

√√√√1−⃝n
i=1

(
1−

(
(Ξm−

i )lcm(δ,ε)
)lcm(δ,ε)

)κi
)1/lcm(δ,ε)

,

(
lcm(δ,ε)

√√√√1−⃝n
i=1

(
1−

(
(Ξm+

i )lcm(δ,ε)
)lcm(δ,ε)

)κi
)1/lcm(δ,ε)




ε

√√√√1−

(
1−

(
⃝n

i=1

(
ε

√
1−

(
1− (Ξf−

i )ε
)ε)κi

)ε)1/ε

,

ε

√√√√1−

(
1−

(
⃝n

i=1

(
ε

√
1−

(
1− (Ξf+

i )ε
)ε)κi

)ε)1/ε





.

Proof. We can prove this first by demonstrating that,

∨n
i=1 κiℓ

δ
i =



 δ

√√√√1−⃝n
i=1

(
1−

(
(Ξt−

i )δ
)δ)κi

, δ

√√√√1−⃝n
i=1

(
1−

(
(Ξt+

i )δ
)δ)κi


lcm(δ,ε)

√√√√1−⃝n
i=1

(
1−

(
(Ξm−

i )lcm(δ,ε)
)lcm(δ,ε)

)κi

,

lcm(δ,ε)

√√√√1−⃝n
i=1

(
1−

(
(Ξm+

i )lcm(δ,ε)
)lcm(δ,ε)

)κi


[
⃝n

i=1

(
ε

√
1−

(
1− (Ξf−

i )ε
)ε)κi

,⃝n
i=1

(
ε

√
1−

(
1− (Ξf+

i )ε
)ε)κi

]



.
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Put n = 2, κ1ℓ1
∨
κ2ℓ2

=





δ

√√√√√√√√√√

(
δ

√
1−

(
1−

(
(Ξt−

1 )δ
)δ)κ1

)δ

+

(
δ

√
1−

(
1−

(
(Ξt−

2 )δ
)δ)κ1

)δ

,

−

(
δ

√
1−

(
1−

(
(Ξt−

1 )δ
)δ)κ1

)δ

·

(
δ

√
1−

(
1−

(
(Ξt−

2 )δ
)δ)κ1

)δ

δ

√√√√√√√√√√

(
δ

√
1−

(
1−

(
(Ξt+

1 )δ
)δ)κ1

)δ

+

(
δ

√
1−

(
1−

(
(Ξt+

2 )δ
)δ)κ1

)δ

,

−

(
δ

√
1−

(
1−

(
(Ξt+

1 )δ
)δ)κ1

)δ

·

(
δ

√
1−

(
1−

(
(Ξt+

2 )δ
)δ)κ1

)δ




lcm(δ,ε)

√√√√√√√√√√√√√√√√√√√√√√

(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm−

1 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

+(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm−

2 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

−

(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm−

1 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

·(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm−

2 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

,

lcm(δ,ε)

√√√√√√√√√√√√√√√√√√√√√√

(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm+

1 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

+(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm+

2 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

−

(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm+

1 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)

·(
lcm(δ,ε)

√
1−

(
1−

(
(Ξm+

2 )lcm(δ,ε)
)lcm(δ,ε)

)κ1
)lcm(δ,ε)



(

ε

√
1−

(
1− (Ξf−

1 )ε
)ε)κ1

·

(
ε

√
1−

(
1− (Ξf−

2 )ε
)ε)κ1

,(
ε

√
1−

(
1− (Ξf+

1 )ε
)ε)κ1

·

(
ε

√
1−

(
1− (Ξf+

2 )ε
)ε)κ1





=



[
δ

√
1−⃝2

i=1

(
1−

(
(Ξt−

1 )δ
)δ)κi

, δ

√
1−⃝2

i=1

(
1−

(
(Ξt+

1 )δ
)δ)κi

]


lcm(δ,ε)

√
1−⃝2

i=1

(
1−

(
(Ξm−

1 )lcm(δ,ε)
)lcm(δ,ε)

)κi

,

lcm(δ,ε)

√
1−⃝2

i=1

(
1−

(
(Ξm+

1 )lcm(δ,ε)
)lcm(δ,ε)

)κi

[
⃝2

i=1

(
ε

√
1−

(
1− (Ξf−

i )ε
)ε)κi

,⃝2
i=1

(
ε

√
1−

(
1− (Ξf+

i )ε
)ε)κi

]


.

Hence,
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∨l
i=1 κiℓ

ℜ
i =



[
δ

√
1−⃝l

i=1

(
1−

(
(Ξt−

1 )δ
)δ)κi

, δ

√
1−⃝l

i=1

(
1−

(
(Ξt+

1 )δ
)δ)κi

]


lcm(δ,ε)

√
1−⃝l

i=1

(
1−

(
(Ξm−

1 )lcm(δ,ε)
)lcm(δ,ε)

)κi

,

lcm(δ,ε)

√
1−⃝l

i=1

(
1−

(
(Ξm+

1 )lcm(δ,ε)
)lcm(δ,ε)

)κi

[
⃝l

i=1

(
ε

√
1−

(
1− (Ξf−

i )ε
)ε)κi

,⃝l
i=1

(
ε

√
1−

(
1− (Ξf+

i )ε
)ε)κi

]


.

If n = l + 1, then
∨l

i=1 κiℓ
ℜ
i + κl+1ℓ

ℜ
l+1 =

∨l+1
i=1 κiℓ

ℜ
i .

Now,
∨l

i=1 κiℓ
ℜ
i + κl+1ℓ

ℜ
l+1 = κ1ℓ

ℜ
1

∨
κ2ℓ

ℜ
2

∨
...
∨

κlℓ
ℜ
l

∨
κl+1ℓ

ℜ
l+1

l+1∨
i=1

κiℓ
ℜ
i =



[
δ

√
1−⃝l+1

i=1

(
1−

(
(Ξt−

i )δ
)δ)κi

, δ

√
1−⃝l+1

i=1

(
1−

(
(Ξt+

i )δ
)δ)κi

]


lcm(δ,ε)

√
1−⃝l+1

i=1

(
1−

(
(Ξm−

i )lcm(δ,ε)
)lcm(δ,ε)

)κi

,

lcm(δ,ε)

√
1−⃝l+1

i=1

(
1−

(
(Ξm+

i )lcm(δ,ε)
)lcm(δ,ε)

)κi

[
⃝l+1

i=1

(
ε

√
1−

(
1− (Ξf−

i )ε
)ε)κi

,⃝l+1
i=1

(
ε

√
1−

(
1− (Ξf+

i )ε
)ε)κi

]


.

(∨l+1
i=1 κiℓ

ℜ
i

)1/ℜ
=



( ℜ

√√√√1−⃝l+1
i=1

(
1−

(
(Ξt−

i )δ
)δ)κi

)1/δ

,

(
ℜ

√√√√1−⃝l+1
i=1

(
1−

(
(Ξt+

i )δ
)δ)κi

)1/δ


(
lcm(δ,ε)

√√√√1−⃝l+1
i=1

(
1−

(
(Ξm−

i )lcm(δ,ε)
)lcm(δ,ε)

)κi
)1/lcm(δ,ε)

,

(
lcm(δ,ε)

√√√√1−⃝l+1
i=1

(
1−

(
(Ξm+

i )lcm(δ,ε)
)lcm(δ,ε)

)κi
)1/lcm(δ,ε)




ε

√√√√1−

(
1−

(
⃝l+1

i=1

(
ε

√
1−

(
1− (Ξf−

i )ε
)ε)κi

)2)1/ε

,

ε

√√√√1−

(
1−

(
⃝l+1

i=1

(
ε

√
1−

(
1− (Ξf+

i )ε
)ε)κi

)2)1/ε





.

It is valid for any l.

Remark 4.12. An operator modified from the G(δ, ε) IVNWA operator to the (δ, ε) IVNWA operator is performed if
ℜ = 1.

Theorem 4.13. If all ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

and all are equal. Then G(δ, ε) IVNWA(ℓ1, ℓ2, ..., ℓn) =
ℓ.

Remark 4.14. In the G(δ, ε) IVNWA operator, boundedness and monotonicity are satisfied.

4.4 Generalized (δ, ε)IVNWG ( G(δ, ε)IVNWG)

Definition 4.15. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε)IVNNs. Then G(δ, ε)IVNWG (ℓ1, ℓ2, ..., ℓn) =

1
ℜ

(
⃝n

i=1 (ℜℓi)κi

)
.

Theorem 4.16. Let ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

be the (δ, ε) IVNNs. Then G(δ, ε)IVNWG(ℓ1, ℓ2, ..., ℓn)
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=




δ

√√√√1−

(
1−

(
⃝n

i=1

(
δ

√
1−

(
1− (Ξt−

i )δ
)δ)κi

)δ)1/δ

,

δ

√√√√1−

(
1−

(
⃝n

i=1

(
δ

√
1−

(
1− (Ξt+

i )δ
)δ)κi

)δ)1/δ




(
lcm(δ,ε)

√√√√1−⃝n
i=1

(
1−

(
(Ξm−

i )lcm(δ,ε)
)lcm(δ,ε)

)κi
)1/lcm(δ,ε)

,

(
lcm(δ,ε)

√√√√1−⃝n
i=1

(
1−

(
(Ξm+

i )lcm(δ,ε)
)lcm(δ,ε)

)κi
)1/lcm(δ,ε)

( ε

√√√√1−⃝n
i=1

(
1−

(
(Ξf−

i )ε
)ε)κi

)1/ε

,

(
ε

√√√√1−⃝n
i=1

(
1−

(
(Ξf+

i )ε
)ε)κi

)1/ε




.

Remark 4.17. There is a conversion that takes place when ℜ = 1, which converts the G(δ, ε) IVNWG into the (δ, ε)IVNWG.

Remark 4.18. Boundness and monotonicity properties that are satisfied by G(δ, ε)IVNWG operators.

Theorem 4.19. If all ℓi =
〈(

[Ξt−
i ,Ξt+

i ], [Ξm−
i ,Ξm+

i ], [Ξf−
i ,Ξf+

i ]
)〉

are equal.

Then G(δ, ε)IVNWG(ℓ1, ℓ2, ..., ℓn) = ℓ.

Declarations funding statement: This research was supported by University of Phayao and Thailand Science Research
and Innovation Fund (Fundamental Fund 2024).

References

[1] L. A. Ladeh, Fuzzy sets, Information and control, 8(3), (1965), 338-353.

[2] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets and Systems, 20(1), (1986), 87-96.

[3] R. R. Yager, Pythagorean membership grades in multi criteria decision-making, IEEE Trans. Fuzzy Systems, 22,
(2014), 958-965.

[4] S. Ashraf, S. Abdullah, T. Mahmood, F. Ghani and T. Mahmood, Spherical fuzzy sets and their applications in
multi-attribute decision making problems, Journal of Intelligent and Fuzzy Systems, 36, (2019), 2829-284.

[5] B.C. Cuong and V. Kreinovich, Picture fuzzy sets a new concept for computational intelligence problems, in Proceed-
ings of 2013 Third World Congress on Information and Communication Technologies (WICT 2013), IEEE, (2013),
1-6.

[6] P. Liu, G. Shahzadi, M. Akram, Specific types of picture fuzzy Yager aggregation operators for decision-making,
International Journal of Computational Intelligence Systems, 13(1), (2020), 1072-1091.

[7] W.F. Liu, J. Chang, X. He, Generalized Pythagorean fuzzy aggregation operators and applications in decision making,
Control Decis. 31, (2016), 2280-2286.

[8] X. Peng, and Y. Yang, Fundamental properties of interval valued Pythagorean fuzzy aggregation operators, Interna-
tional Journal of Intelligent Systems, (2015), 1-44.

[9] K.G. Fatmaa, K. Cengiza, Spherical fuzzy sets and spherical fuzzy TOPSIS method, Journal of Intelligent and Fuzzy
Systems, 36(1), (2019), 337-352.

[10] SG Quek, H Garg, G Selvachandran, M Palanikumar, K Arulmozhi,VIKOR and TOPSIS framework with a truthful-
distance measure for the (t, s)-regulated interval-valued neutrosophic soft set, Soft Computing, 1-27, 2023.

[11] M Palanikumar, K Arulmozhi, A Iampan, Multi criteria group decision making based on VIKOR and TOPSIS meth-
ods for Fermatean fuzzy soft with aggregation operators, ICIC Express Letters 16 (10), 1129–1138, 2022.

[12] M Palanikumar, K Arulmozhi, MCGDM based on TOPSIS and VIKOR using Pythagorean neutrosophic soft with
aggregation operators, Neutrosophic Sets and Systems,, 538-555, 2022.

[13] M Palanikumar, S Broumi, Square root (δ, ε)phantine neutrosophic normal interval-valued sets and their aggregated
operators in application to multiple attribute decision making, International Journal of Neutrosophic Science, 4, 2022.

[14] D.F. Li, Multi-attribute decision making method based on generalized OWA operators with intuitionistic fuzzy sets,
Expert Syst. Appl. 37, (2010), 8673-8678.

https://doi.org/10.54216/IJNS.240319
Received: september 08, 2023 Revised: February 05, 2024 Accepted: March 01, 2024

231



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 03, PP. 220-232, 2024

[15] X. Peng, H. Yuan, Fundamental properties of Pythagorean fuzzy aggregation operators, Fundam. Inform. 147, (2016),
415-446.

[16] Tansu Temel, Salih Berkan Aydemir,Yasar Hoscan, Power Muirhead mean in spherical normal fuzzy environment
and its applications to multi-attribute decision-making, Complex and Intelligent Systems, (2022), 1-19.

[17] K. Ullah, H. Garg, T. Mahmood, N. Jan, Z. Ali, Correlation coefficients for T-spherical fuzzy sets and their applica-
tions in clustering and multi-attribute decision making, Soft Comput. 24, (2020), 1647-1659.

[18] K. Ullah, T. Mahmood, H. Garg, Evaluation of the performance of search and rescue robots using T-spherical fuzzy
hamacher aggregation operators, Int. J. Fuzzy Syst. 22, (2020), 570-582.

[19] R.N. Xu and C.L. Li, Regression prediction for fuzzy time series, Appl. Math. J. Chinese Univ., 16, (2001), 451-461.

[20] Z. Xu, R.R. Yager, Some geometric aggregation operators based on intuitionistic fuzzy sets, Int. J. Gen. Syst. 35,
(2006), 417-433.

[21] S. Zeng, W. Sua, Intuitionistic fuzzy ordered weighted distance operator, Knowl. Based Syst. 24, (2011), 1224-1232.

[22] M Palanikumar, K Arulmozhi, Novel possibility Pythagorean interval valued fuzzy soft set method for a decision
making, TWMS J. App. and Eng. Math. V.13, N.1, 2023, pp. 327-340.

[23] M Palanikumar, N Kausar, H Garg, A Iampan, S Kadry, M Sharaf, Medical robotic engineering selection based on
square root neutrosophic normal interval-valued sets and their aggregated operators, AIMS Mathematics, 8(8), 2023,
17402-17432.

[24] M. Palanikumar, K. Arulmozhi, and C. Jana, Multiple attribute decision-making approach for Pythagorean neutro-
sophic normal interval-valued aggregation operators, Comp. Appl. Math. 41(90), (2022), 1-27.

https://doi.org/10.54216/IJNS.240319
Received: september 08, 2023 Revised: February 05, 2024 Accepted: March 01, 2024

232


	1 Introduction
	2 Background
	3 Operations for (,) IVNN
	4 AOs based on (,) IVNN
	4.1 (,) IVNWA
	4.2 (,) IVNWG
	4.3 Generalized (,) IVNWA (G(,)IVNWA)
	4.4 Generalized (,)IVNWG ( G(,)IVNWG)


