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ABSTRACT

coercive mapping, and we obtain several properties.

The purpose of this paper is to construct the concept of fuzzy regular proper mapping in fuzzy topological spaces.
We give some characterizations of fuzzy regular compact mappings and fuzzy regular coercive mappings. We study
the relation among the concepts of fuzzy regular proper mapping, fuzzy regular compact mapping, and fuzzy regular
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1. INTRODUCTION

The concept of fuzzy sets and fuzzy set operations was first
introduced by L. A. Zadeh [5]. Several other authors applied
fuzzy sets to various branches of mathematics. One of these
objects is a topological space. For the first time in 1968,
C. L. Chang [3] introduced and developed the concept of
fuzzy topological spaces and investigated how some of the
basic ideas and theorems of point—set topology behave in this
generalized setting. Moreover, many properties of a fuzzy
topological space were proved using Chang’s definition.

In this paper, we introduce and discuss the concepts of fuzzy
regular proper mappings from one fuzzy topological space to
another. We obtain several properties and characterizations
of these mappings by comparing them with other mappings.

2. PRELIMINARIES

First, we present some fundamental definitions and proposi-
tions that are needed in the following sections.

Definition 2.1. [6] Let X be a non-empty set and let / be the
unit interval, i.e., I = [0,1]. A fuzzy set in X is a function
from X into I (i.e., A: X — [0,1]). A fuzzy set A in X can be

represented by the set of pairs
A={(xA(x)):x e X}.

The family of all fuzzy sets in X is denoted by IX.
Remark 2.2.

(1) Ox (the empty set) is the fuzzy set whose membership
function is defined by Ox (x) = 0 for all x € X.

(i) 1y (the universal set) is the fuzzy set whose member-
ship function is defined by 1x(x) = 1 for all x € X.

Definition 2.3. [3,4,7] Let A, B, and A;, i € I, be fuzzy sets
in X. Then:
(i) A <Bifand only if A(x) < B(x) for every x € X;
(i) A = B if and only if A(x) = B(x) for every x € X;
(iii) Z= A AB if and only if Z(x) = min{A(x),B(x)} for
every x € X;
(iv) Z=AV B if and only if Z(x) = max{A(x),B(x)} for
every x € X;
(V) Z= VA, if and only if Z(x) = sup{A;(x) : i € I} for
every x € X;
(Vi) Z = AjcA; if and only if Z(x) = inf{A;(x) : i € I'} for
every x € X;
(vii) E = A€ if and only if E(x) = 1 —A(x) for every x € X;
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(viii) (A\B)(x) =A(x) AB(x) for every x € X.
Definition 2.4. [6] Let X and Y be two non-empty sets and

let f: X — Y be a function. For a fuzzy set B in Y, the inverse
image of B under f is the fuzzy set f~!(B) in X defined by

£~ (B)(x) = B(f(x)),

i.e., f71(B) = Bo f. For a fuzzy set A in X, the image of
A under f is the fuzzy set f(A) in Y whose membership
function is

xeX,

sup A(x), f 1) #@,
xef~1(y)

0, ) =2,

fA0) =

where f~!(y) = {x: f(x) = y}.
Theorem 2.5. [7] Let X and Y be non-empty sets, let f: X —
Y be a function, and let {A;}jc; and {B;} jc; be families of
fuzzy sets in X and Y, respectively. Then
0) S (VjesAj) = Ve, f(A):
(ii) f(/\jeJAj) < /\jle(Aj)§
(i) f'(VjesBj) =V es f 1 (B)):
@) f7 (AjesBj) = Njes F ' (B)):
Theorem 2.6. [3, 7] Let X, Y, and Z be non-empty sets and
let f: X —Y and g: Y — Z be functions. Then:
(i) f~1(B) = (f~'(B)) for every fuzzy set Bin Y.
(ii) For every fuzzy set A in X,
@ (F(A))° < f(A%);
(b) (f(A))° = f(A°)if f is bijective.
(iii) If By < By, then £~ (B1) < ' (Ba).
(iv) If A} < Aj, then f(A)) < f(A2).
(v) For every fuzzy set A in X,
@ A< fNf(A));
(b) f~Y(f(A)) = Aif f is injective.
(vi) Forevery fuzzy setBinY,
@ f(f7}(B)) <B;
(b) f(f~1(B)) = Bif f is surjective.
(vid) f(f~'(B)AA) =BAf(A).
(viii) f(A) <BifandonlyifA < f~!(B).
(ix) If go f: X — Z is the composition of g and f, then
(@ (gof)(A)=g(f(A)) for every fuzzy set A in X;
) (gof)~1C) = f~'(g71(C)) for every fuzzy set C

inZ.
Definition 2.7. [2, 6] A fuzzy point x4 in X is a fuzzy set
defined by
a? y = x7
X =
«0) {0, y#Xx,

where 0 < ¢ < 1. The number « is called its value and x is
the support of xy. The set of all fuzzy points in X is denoted
by FP(X).

Definition 2.8. [1, 6] A fuzzy point x,, is said to belong to a
fuzzy set A in X, denoted by x4 € A, if and only if & < A(x).
Definition 2.9. [1, 6] A fuzzy set A in X is called quasi-
coincident with a fuzzy set B in X, denoted by A ¢ B, if and
only if A(x) + B(x) > 1 for some x € X. If A is not quasi-
coincident with B, then A(x) + B(x) < 1 for every x € X,
denoted by A ¢ B.

Lemma 2.10. [2] Let A and B be fuzzy sets in X. Then:

(i) fAAB =0y, then A g B.
(ii) A ¢ Bif and only if A < B.
Proposition 2.11. [2] If A is a fuzzy set in X, then x4 € A if
and only if xy g A€.
Definition 2.12. [3] A fuzzy topology on a set X is a collec-
tion T of fuzzy sets in X satisfying:
(@) Ox,1x €T;
(i) ifA,BeT,thenAANBE€T;
(iii) if A; € T foreachi € I, then \/;,c;A; € T.
If T is a fuzzy topology on X, then (X,T) is called a fuzzy
topological space and X is called a fuzzy space. Members of
T are called fuzzy open sets. Fuzzy sets of the form 1y — A,
where A is fuzzy open, are called fuzzy closed sets.

Definition 2.13. [6] A fuzzy set A in a fuzzy topological
space (X, T) is called a quasi-neighborhood of a fuzzy point
xq if and only if there exists B € T such that x4 ¢ B and
B <A.

Definition 2.14. [6] Let (X,T) be a fuzzy topological space
and let x4 be a fuzzy point in X. The family Nan consisting
of all quasi-neighborhoods (g-neighborhoods) of x, is called
the system of quasi-neighborhoods of x.

Remark 2.15. Let (X,7T) be a fuzzy topological space
and A € IX. Then A is fuzzy open if and only if A is a g-
neighborhood of each of its fuzzy points.
Definition 2.16. [1] A fuzzy topological space (X,T) is
called fuzzy Hausdorff (a fuzzy 7>-space) if, for every pair
of fuzzy points x,,y, such that x # y, there exist A € Ng and
B € N2 such that AAB = 0.
Definition 2.17. [4] Let A be a fuzzy setin X and let T be a
fuzzy topology on X. The induced fuzzy topology on A is the
family of fuzzy subsets of A obtained by intersecting A with
fuzzy open sets in X. The induced topology is denoted by 7},
and (A,Ty) is called a fuzzy subspace of X.
Proposition 2.18. Let A <Y < X. Then:
(1) If Ais fuzzy openin Y and Y is fuzzy open in X, then
A is fuzzy open in X.
(i) If A is fuzzy closed in Y and Y is fuzzy closed in X,
then A is fuzzy closed in X.
Definition 2.19. [10, 7] Let (X,T) be a fuzzy topological
space and A € IX. Then:
(1) The union of all fuzzy open sets contained in A is called
the fuzzy interior of A and is denoted by A°:

A°=sup{B:B<A,BeT}.

(i1) The intersection of all fuzzy closed sets containinﬁg A
is called the fuzzy closure of A and is denoted by A:

A=inf{B:A<B, B°cT}.

Remarks 2.20. [7]

(i) A° is the largest fuzzy open set contained in A; hence
A is fuzzy open if and only if A = A°.

(ii) A is the smallest fuzzy closed set containing A; hence
A is fuzzy closed if and only if A = A.

Theorem 2.21. [10, 7] Let (X,T) be a fuzzy topological
space and let A, B be fuzzy sets in X. Then:
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(i) Ox =O0x and 1y = 1x;

(i) AVB=AVBandAAB <AAB;

(iii) (AAB)° =A°AB°and A°VB° < (AVB)°;

(iv) A=A and (A°)° =A°;

(V) A°<A<A;

(vi) if A < B, then A° < B°;
(vii) if A < B, then A <B.
Proposition 2.22. Let (X,T) be a fuzzy topological space
and let A be a fuzzy set in X. A fuzzy point x, € A if and
only if, for every fuzzy open set B in X, x4 g B implies A g B.

Proof. (=) Suppose that B is fuzzy open, x4 g B, and A g B.
Then é < B¢. However, xq ¢ B¢ and B¢ is fuzzy closed, so
Xq ¢ A, a contradiction.

(<) If xo ¢ A, there exists a fuzzy closed set B such that
A <Band x4 ¢ B. By Proposition 2.11, x¢ ¢ B¢. Since A < B,
Lemma 2.10(ii) gives A g B¢, contradicting the hypothesis.

Definition 2.23. [7] A fuzzy subset A of a fuzzy topological
space X is called fuzzy regular open (fuzzy r-open) if

A=(A).

The complement of a fuzzy r-open set is called fuzzy regular
closed (fuzzy r-closed). Thus A is fuzzy r-closed if A = A°.

Remark 2.24. [7] Every fuzzy r-open set is fuzzy open, and
every fuzzy r-closed set is fuzzy closed. The converse is not
true in general, as the following example shows.

Example 2.25. Let X = {a,b} and

T ={0x,{a03,bo05},{aos,bos},
{00.37b0.7}; {aO.Sa b0.7}a 1X}

be a fuzzy topology on X. The set A = {ag3,bp5} is fuzzy
open but not fuzzy r-open, and A° = {ag7,bo 5} is fuzzy
closed but not fuzzy r-closed.

Proposition 2.26. Let A <Y < X. Then:

(1) If A is fuzzy r-open in Y and Y is fuzzy r-open in X,
then A is fuzzy r-open in X.

(i1) If A is fuzzy r-closed in Y and Y is fuzzy r-closed in X,
then A is fuzzy r-closed in X.

Corollary 2.27. A fuzzy subset B of a fuzzy space X is fuzzy
clopen if and only if it is fuzzy r-clopen.

Definition 2.28. [8] The collection of all fuzzy r-open sets
of (X, T) forms a base for a fuzzy topology on X, denoted by
T, which is called the fuzzy semiregularization of 7.

Definition 2.29. [7] Let X and Y be fuzzy topological spaces.
A map f: X —Y is fuzzy continuous if and only if, for every
fuzzy point x4 in X and every fuzzy open set A in Y such
that f(xq) € A, there exists a fuzzy open set B in X such that
Xq € Band f(B) <A.

Theorem 2.30. [6] Let X,Y be fuzzy topological spaces and
let f: X — Y. The following are equivalent:

(i) f is fuzzy continuous.
(i) f~'(B) is fuzzy open in X for every fuzzy open set B
inY.
(iii) f~'(B) is fuzzy closed in X for every fuzzy closed set
BinY.
(iv) f~'(B) < f~'(B) for every fuzzy set Bin Y.
(v) f(A) < f(A) for every fuzzy set A in X.

(vi) f~1(B°) < (f~'(B))° for every fuzzy set Bin Y.
Proposition 2.31. [7]If f: X — Y and g: Y — Z are fuzzy
continuous, then go f: X — Z is fuzzy continuous.

Proposition 2.32. Let (X,T) be a fuzzy topological space
and let A be a non-empty fuzzy subset of X. The fuzzy
inclusion i : (A,T4) — (X,T) is fuzzy continuous.

Proof. Let B € T. Since i, (B) = BAA, it follows that
iy (B) € Ty. Therefore iy is fuzzy continuous.

Proposition 2.33. Let X,Y be fuzzy topological spaces and
let A be a fuzzy subset of X. If f: X — Y is fuzzy continuous,
then the restriction f|4: A — Y is fuzzy continuous.

Proof. Since fois = f|a, the result follows from Proposi-
tions 2.31 and 2.32.

Definition 2.34. Let f: X — Y be a map between fuzzy
topological spaces. The map f is called fuzzy r-irresolute if
f~(A) is fuzzy r-open in X for every fuzzy r-open set A in
Y.

Definition 2.35. A mapping f: X — Y is called fuzzy r-
closed if the image of every fuzzy closed subset of X is fuzzy
r-closedinY.

Proposition 2.36. If f: X — Y and g: Y — Z are fuzzy
r-closed mappings, then go f is a fuzzy r-closed mapping.
Proposition 2.37. If (X,T) is a fuzzy topological space and
A is a fuzzy r-closed subset of X, then the fuzzy inclusion
is: A — X is a fuzzy r-closed mapping.

Proof. Let F be fuzzy r-closed in A. Since A is fuzzy r-closed
inX and ig (F) = AAF, the set is (F) is fuzzy r-closed in X.

Proposition 2.38. Let f: X — Y be a fuzzy r-closed map-
ping. If F is a fuzzy r-closed subset of X, then the restriction
flp: F =Y is fuzzy r-closed.

Proof. By Proposition 2.37, ip: F — X is fuzzy r-closed.
Since f is fuzzy r-closed, Proposition 2.36 shows that foir =
f|F is fuzzy r-closed.

Definition 2.39. [1] A fuzzy filter base on X is a non-empty
subset .# of I such that:

(i) 0x ¢ 7;

(i) if A1,A, € Z, then there exists A3 € .% such that A3 <

AL NA,.

Definition 2.40. A fuzzy point x4 in a fuzzy topological
space X is called a fuzzy cluster point of a fuzzy filter base
F if xo € B forevery B € #.
Definition 2.41. [1] A mapping S: D — FP(X) is called a
fuzzy net in X and is denoted by {S(n) : n € D}, where D is
a directed set. If S(n) = x, for each n € D, the fuzzy net is
denoted by {xf, :n € D}, or simply {x, }.
Definition 2.42. [1] A fuzzy netJ = {y} :m € E}iscalleda
fuzzy subnet of {xj, :n € D} if and only if there is a mapping
¢: E — D such that:

(i) T=So¢.ie.,yp = xg;i()i) foreachi € E;

(ii) for each n € D, there exists m € E such that ¢ (m) > n.
Definition 2.43. [1] Let (X, T) be a fuzzy topological space,
let S = {x{, :n €D} beafuzzy netin X, and let A € I*. Then
Sis:

(i) eventually with A if and only if there exists m € D such
that xﬁcn q A for every n > m;
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(i) frequently with A if and only if, for every n € D, there
exists m > n such that x’&’m qA.
Definition 2.44. [1] Let (X, T) be a fuzzy topological space,
let S = {xj, : n € D} be a fuzzy net, and let xo € FP(X).
Then S:
(i) converges to xq, denoted by S — xg, if it is eventually
with every A € N)%;
(i1) has cluster point x4, denoted by § o< x4, if it is fre-
quently with every A € Nan.
Proposition 2.45. A fuzzy point x, is a cluster point of
a fuzzy net {x}, :n € D} if and only if the net has a fuzzy
subnet that converges to x,.
Proof. (=) Let x4 be a cluster point. For every U € NXQa and
every starting index, there exists n € D such that xi, g U. Put
E={(nU):neD, UcN?

Xa?

Xg, U}

Order E by (m,U) > (n,V) wheneverm >ninDand U <V
in N2. Then E is directed and the net J(m,U) = Xg, s a
subnet of the original net. Given B € N2, choose (1, B) € E.
For every (m,U) > (n,B), one has J(m,U) q U < B. Hence
J = xg.

(<) If the original net has no cluster point, then for every
fuzzy point x4 there are U € N,% and n € D such that xf; qU
for all m > n. Consequently, no subnet can converge to x.
Theorem 2.46. Let (X,T) be a fuzzy topological space,
xq € FP(X), and A € IX. Then x4 € A if and only if there
exists a fuzzy net in A converging to xg.

Proof. (=) Let xo € A. For every B € N)%, Proposition 2.22
gives A g B; choose xp such that A(xg) + B(xg) > 1, and
define the fuzzy point

) = {g‘("B)’ o

The directed family (N2 ,>) therefore defines a net S(B) =
xpinA. If D€ N)%, choose F € T such that x4 g F' and
F < D. For every E > F, one has E §F§Dandx§qD.
Thus § — xq.

(«=) Let {xg, : n € D} be a fuzzy net in A converging to xg.
For every B € Nan, there exists m € D such that xg, g B for all
n > m. Since xg, € A, Proposition 2.11 gives xg, g A°; hence
A g B. Proposition 2.22 now gives xq € A.

Proposition 2.47. A fuzzy topological space X is a fuzzy
T>-space if and only if every convergent fuzzy net in X has a
unique limit point.

Proof. Suppose first that X is fuzzy T, and that x;, — x¢ and
Xg, — Yp, where x # y. Choose A € N)% and B € N\% with
A A B = 0x. Eventually the net is quasi-coincident with both
A and B, and therefore with A A B, a contradiction.
Conversely, if X is not fuzzy T, there exist xq,yg € FP(X),
x # y, such that AAB # Ox for all A € N2 and B € NJ.
Directing the family NS . = {AANB:A € N&,B € N}
and choosing xp g D for every D produces a fuzzy net that
converges to both x¢ and yg.

3. FUZZY COMPACT SPACE

This section contains definitions, propositions, and theorems
concerning fuzzy compact spaces.

Definition 3.1. [3, 6] A family A of fuzzy sets is called a
cover of a fuzzy set A if

A<\/{Bi:B; € A}.

It is called a fuzzy open cover if each B; is fuzzy open. A
subcover of A is a subfamily that also covers A.

Definition 3.2. [3, 6] Let (X, T) be a fuzzy topological space
and A € IX. The set A is fuzzy compact if every fuzzy open
cover of A has a finite subcover. In particular, X is fuzzy
compact if, whenever A; € T forevery i € [ and \/;c;A; = 1x,
there are finitely many indices i1, .. .,i, such that

\ Aj; =1x.
j=1

Example 3.3. If (X,T) is a fuzzy topological space and 7 is
finite, then X is fuzzy compact.

Remark 3.4. Not every fuzzy point of a fuzzy space is fuzzy
compact in general, as the following example shows.

Example 3.5. Let X = {a} and
T= {Ox,lx,a%il ‘nezt, n23}.

Then {a, 1 :n > 3} is a fuzzy open cover of a; , with no
n
finite subcover. Thus a; ; is not fuzzy compact.

Definition 3.6. A fuzzy topological space (X,T) is called
a fuzzy singleton compact space (a fuzzy sc-space) if every
fuzzy point of X is fuzzy compact.

Example 3.7. Every fuzzy topological space with a finite
fuzzy topology is a fuzzy sc-space.

Proposition 3.8. Let Y be a fuzzy subspace of a fuzzy
topological space X and let A € I'. Then A is fuzzy compact
relative to X if and only if it is fuzzy compact relative to Y.

Proof. (=) Let A be fuzzy compact relative to X, and let
{V), : A € A} be a fuzzy open cover relative to Y. For each
A there is a fuzzy open set G, in X such that V), =Y AGj,.
Since A <Y, the family {G, } covers A in X. Hence there are
AM,...,Ad; such that A < \/;le G;Lj. Therefore

<
<=

A=YNA<\/(YAGy,) =

1 J

Vi,
1

J

Thus A is fuzzy compact relative to Y.

(«<=) Let A be fuzzy compact relative to Y and let {G) : A €
A} be afuzzy open cover of Ain X. Then {Y AG, : A € A}is
a fuzzy open cover relative to Y. Hence, for some Ay,..., A,

<
<

A<\ (YAGy) <

1 J

Gy,
1

J

Thus A is fuzzy compact relative to X.

Theorem 3.9. [3] A fuzzy topological space (X, T) is fuzzy
compact if and only if every collection {A; : j € J} of fuzzy
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closed sets with the finite-intersection property satisfies

/\A;j #0x.

jeJ

Proof. (=) Suppose X is fuzzy compact and {A; : j € J}
is a family of fuzzy closed sets with the finite-intersection
property. If A;c;A;j = Ox, then \ ;A5 = 1x. Compact-
ness gives indices ji,..., j, with \/;’:lA;Ii = lx, and hence
Ni=14j, = Ox, a contradiction.

(<) Let {A; : j € J} be a fuzzy open cover of X. If no fi-
nite subfamily covers X, then A, AS. # Ox for every finite
choice ji,..., ja. Thus {AS: j € J} has the finite-intersection
property, so A\ jc;Aj # Ox. This implies \/ jc;A; # 1x, con-
tradicting the fact that the family covers X.

Theorem 3.10. A fuzzy closed subset of a fuzzy compact
space is fuzzy compact.

Proof. Let A be a fuzzy closed subset of a fuzzy compact space
X, and let {B; :i € I'} be a family of fuzzy closed subsets of A
with the finite-intersection property. By Proposition 2.18(ii),
each B; is fuzzy closed in X. Theorem 3.9 gives A,;B; # Ox,
so A is fuzzy compact.

Theorem 3.11. A fuzzy topological space (X,T) is fuzzy
compact if and only if every fuzzy filter base on X has a fuzzy
cluster point.

Proof. (=) Let X be fuzzy compactand let % = {F,: @ € A}
be a fuzzy filter base with no fuzzy cluster point. For each
x € X and n € N, choose a fuzzy g-neighborhood Uy of x; 1,
and F' € & such that U} g F'. Put U, = \/,cnyU}. Since
U(x) = 1, the family % = {U; : x € X} is a fuzzy open cover
of X. Compactness gives finitely many Uy’ with

k
\ Ui = 1x.
i=1
Because .# is a filter base, some F € .%# satisfies F <
K Fi. Since Uy g F[' for every i, one obtains F g ly,
and therefore F' = Oy, contradicting the definition of a filter
base.

(<) Let B = {Fy : o« € A} be a family of fuzzy closed
sets with the finite-intersection property. The set of finite
intersections of members of % forms a fuzzy filter base .%.
By hypothesis, .# has a fuzzy cluster point x;. Hence x; € Fy
for every o, so Agep Fo # Ox. Theorem 3.9 implies that X
is fuzzy compact.

Theorem 3.12. A fuzzy topological space (X,T) is fuzzy
compact if and only if every fuzzy net in X has a cluster point.

Proof. (=) Let X be fuzzy compact and suppose a fuzzy net
{S(n) : n € D} has no cluster point. For every fuzzy point
Xo choose a g-neighborhood Uy, and ny,, € D such that
S(m) q Uy, whenever m > ny, . The family

¥V ={lx — Uy, : xq € FP(X)}

consists of fuzzy closed sets. Any finite subfamily has
nonzero intersection: if Uy, ,...,Ux,, are selected, choose
k beyond all corresponding indices; then S(p) belongs to
AL (1x — UXai) for every p > k. By Theorem 3.9, the whole
family has nonzero intersection, so it contains a fuzzy point

yp- In particular, yg € 1x — Uyﬁ, contradicting yg ¢ Uyﬁ.

(<) It is enough, by Theorem 3.11, to show that every fuzzy
filter base .# has a cluster point. For every F € .%, choose
a fuzzy point xp € F. Order .# by reverse inclusion and
consider the fuzzy net S = {xr : F € .%}. By hypothesis,
S has a cluster point x;. For every g-neighborhood W of
x; and every F € .7, there is G > F such that xg ¢ W. As
xg < G < F, it follows that F g W. Proposition 2.22 gives
x; € F for every F € % ; hence x; is a cluster point of .Z.

Corollary 3.13. A fuzzy topological space (X,T) is fuzzy
compact if and only if every fuzzy net in X has a convergent
fuzzy subnet.

Proof. This follows from Proposition 2.45 and Theorem 3.12.

Theorem 3.14. Every fuzzy compact subset of a fuzzy
Hausdorff topological space is fuzzy closed.

Proof. Let xo € A. By Theorem 2.46, there is a fuzzy net in A
converging to xq. Since A is fuzzy compact, Corollary 3.13
gives a convergent subnet with a limit in A. Since X is fuzzy
T, Proposition 2.47 gives uniqueness of the limit; therefore
xq € A. Hence A is fuzzy closed.

Theorem 3.15. In any fuzzy space, the intersection of a
fuzzy compact set and a fuzzy closed set is fuzzy compact.
Proof. Let A be fuzzy compact and B fuzzy closed. Let {x7, }
be a fuzzy net in A AB. It is also a net in A, so by Corol-
lary 3.13 it has a subnet converging to some xy € A. Since
the subnet lies in B and B is fuzzy closed, Proposition 2.22
gives xo € B. Thus x4 € AAB, and A A B is fuzzy compact.
Proposition 3.16. Let X,Y be fuzzy spacesandlet f: X =Y
be fuzzy continuous. If U is fuzzy compact in X, then f(U)
is fuzzy compactin Y.

Proof. Let {G; : i € I} be a fuzzy open cover of f(U) inY.
Since f is fuzzy continuous, { f~!(G;) : i € I'} is a fuzzy open
cover of U because

U<fri(fo)y<r! (\/G,) =\ 7 '(G).
i€l i€l

There are finitely many indices ij,...,i, such that U <
"_1 f7'(Gi;). Consequently,

S0 <\ (G < G
j=1 j=1

so f(U) is fuzzy compact.

4. COMPACTLY FUZZY CLOSED SET

This section introduces compactly fuzzy closed sets and gives
new results.

Definition 4.1. Let X be a fuzzy space. A fuzzy subset W of
X is called compactly fuzzy closed if W A K is fuzzy compact
for every fuzzy compact set K in X.

Example 4.2. Every fuzzy subset of an indiscrete fuzzy
topological space is compactly fuzzy closed.

Proposition 4.3. Every fuzzy closed subset of a fuzzy space
X is compactly fuzzy closed.

Proof. Let A be fuzzy closed and let K be fuzzy compact. By
Theorem 3.15, A AK is fuzzy compact. Thus A is compactly
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fuzzy closed.

The converse of Proposition 4.3 is not true in general, as the
following example shows.

Example4.4. LetX = {a,b} and let T be the indiscrete fuzzy
topology on X. The fuzzy set A = {ag.2,bo.3} is compactly
fuzzy closed but is not fuzzy closed.

Theorem 4.5. Let X be a fuzzy T>-space. A fuzzy subset
A of X is compactly fuzzy closed if and only if A is fuzzy
closed.

Proof. (=) Let A be compactly fuzzy closed and let x4, € A.
By Theorem 2.46, there is a fuzzy net {xf, } in A converging
to xg. Corollary 3.13 implies that F' = {xf, ,xq} is fuzzy
compact. Hence A A F is fuzzy compact. Since X is fuzzy
T>, Theorem 3.14 shows that A A F' is fuzzy closed. Because
the net lies in A A F and converges to xq, Theorem 2.46 gives
Xo € ANF, s0 xq € A. Therefore A < A, and A is fuzzy
closed.

(«<=) This follows from Proposition 4.3.

5. FUZZY REGULAR COMPACT SPACE

This section contains definitions and propositions concerning
fuzzy regular compact spaces.

Definition 5.1. Let (X,T) be a fuzzy space. A family & of
fuzzy subsets of X is called a fuzzy r-open cover of X if o
covers X and 6 is a subfamily of 7,.

Definition 5.2. A fuzzy space X is called fuzzy r-compact if
every fuzzy r-open cover has a finite subcover.

Example 5.3. The indiscrete fuzzy topological space is fuzzy
r-compact.

Proposition 5.4. Every fuzzy compact space is a fuzzy
r-compact space.

The converse of Proposition 5.4 is not true in general.
Example 5.5. Let X = {a,b} and T = {Ox, 1x, f, : n € N},
where f,: X — [0,1] is defined by f;,(x) = 1 — 1/n for every
x € X. The fuzzy topological space (X, T) is fuzzy r-compact
but is not fuzzy compact.

Remark 5.6. The fuzzy space (X, T) is fuzzy r-compact if
and only if (X,7,) is fuzzy compact.
Proposition 5.7. Every fuzzy r-closed subset of a fuzzy
r-compact space is fuzzy r-compact.

Proof. This follows from Remark 5.6 and Theorem 3.10.
Remarks 5.8.

(i) Every fuzzy r-closed subset of a fuzzy compact space
is fuzzy r-compact.

(i) Every fuzzy r-compact subset of a fuzzy T>-space is
fuzzy r-closed.

Proposition 5.9. Let X be a fuzzy compact fuzzy T>-space
and let A € IX. Then:
(i) A is fuzzy closed if and only if A is fuzzy r-closed.

(i1) A is fuzzy compact if and only if A is fuzzy r-compact.
Proof. (i) Let A be fuzzy closed. Since X is fuzzy compact,
Theorem 3.10 shows that A is fuzzy compact and hence fuzzy
r-compact. Since X is fuzzy 7>, Remark 5.8(ii) gives that A
is fuzzy r-closed. The converse follows from Remark 2.24.

(i) The forward implication follows from Proposition 5.4.

Conversely, let A be fuzzy r-compact. Since X is fuzzy 7>,
Remark 5.8(ii) shows that A is fuzzy r-closed and hence fuzzy
closed. As X is fuzzy compact, Theorem 3.10 implies that A
is fuzzy compact.

Proposition 5.10. Let X be a fuzzy space, let Y be a fuzzy
regular-open subspace of X, and let K < Y. Then K is fuzzy
regular compact in Y if and only if it is fuzzy regular compact
in X.

Proof. (=) Let K be fuzzy regular compact in Y, and let
{Uj, : A € A} be a fuzzy regular-open cover of K in X. Put
Vo = Uy AY. Each Vy is fuzzy regular open in ¥, and {V) }
covers K. A finite subcover V,,...,V), therefore yields a
finite subcover Uy ,...,U,, in X.

(<) Let K be fuzzy regular compact in X, and let {U; : A €
A} be a fuzzy regular-open cover in Y. Since Y is fuzzy
regular open in X, Proposition 2.26(i) makes this a fuzzy
regular-open cover in X. A finite subcover in X is also a finite
subcover in Y.

Proposition 5.11. Let f: X — Y be a fuzzy regular-irresolute
mapping. If A is fuzzy regular compact in X, then f(A) is
fuzzy regular compact in Y.

Proof. Let {G; : i € I} be a fuzzy regular-open cover of f(A)
in Y. Since f is fuzzy regular irresolute, {f~!(G;) :i € I} is

a fuzzy regular-open cover of A in X. Thus there are iy, ..., i,
with
n
A<\ Gy
j=1

It follows that

fA <\ (716G <V Gij,
j=1 j=1

so f(A) is fuzzy regular compact.

6. FUZZY REGULAR COMPACT MAPPING

This section introduces fuzzy regular compact mappings and
gives new results.

Definition 6.1. Let X and Y be fuzzy spaces. A mapping
f: X — Y is called fuzzy r-compact if the inverse image of
every fuzzy r-compact set in Y is fuzzy compact in X.

Example 6.2. Let X = {a} and Y = {b}, and consider the
fuzzy topology

T = {Ox,lx,bl,l/n:nZZ, n€Z+}.

Let f: X — Y be defined by f(a) =b. Then f is fuzzy r-
compact.

Proposition 6.3. If f: X — Y is fuzzy r-compact and
fuzzy continuous, and A is a fuzzy clopen subset of Y, then
fa: f71(A) — A is fuzzy r-compact.

Proof. Let K be fuzzy r-compact in A. Since A is fuzzy open
in Y, Corollary 2.27 shows that A is fuzzy r-open, and Proposi-
tion 5.10 shows that K is fuzzy r-compact in Y. Thus f~!(K)
is fuzzy compact in X. Since A is fuzzy closed and f is fuzzy
continuous, f~'(A) is fuzzy closed in X. Theorem 3.15 im-
plies that

LK) = A AfHK)
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is fuzzy compact. Hence f4 is fuzzy r-compact.
Proposition 6.4. Let f: X =Y and g: Y — Z be fuzzy
continuous mappings. Then:
(1) If f and g are fuzzy r-compact, then go f is fuzzy
r-compact.
(ii) If go f is fuzzy r-compact and f is onto, then g is fuzzy
r-compact.
(iii) If go f is fuzzy r-compact and g is fuzzy r-irresolute
and one-to-one, then f is fuzzy r-compact.
Proof. (i) Let A be fuzzy r-compact in Z. Then g~'(A) is
fuzzy compact, hence fuzzy r-compact, in Y. Therefore

s A) = (g0 ) (A)

is fuzzy compact in X.

(i) Let A be fuzzy r-compact in Z. Then (go )~ (A) is fuzzy
compact in X, so its fuzzy continuous image under f is fuzzy
compact in Y. Since f is onto,

f(go )71 (A)) =g~ (A).

Therefore g is fuzzy r-compact.

(iii)) Let A be fuzzy r-compact in Y. Since g is fuzzy
r-irresolute, g(A) is fuzzy r-compact in Z. Hence (go
f)~'(g(A)) is fuzzy compact in X. Since g is one-to-one,

(8of) " (s(4) = F'(4).

Thus f is fuzzy r-compact.

Proposition 6.5. For every fuzzy r-closed subset F' of a
fuzzy space X, the inclusion ir : F — X is a fuzzy r-compact
mapping.

Proposition 6.6. If f: X — Y is fuzzy r-compact and F is
fuzzy r-closed in X, then f|r: F — Y is fuzzy r-compact.
Proof. By Proposition 6.5, ir: F — X is fuzzy r-compact.
Since f|r = f oir, Proposition 6.4(i) gives the result.

7. FUZZY REGULAR COERCIVE MAPPING

This section introduces fuzzy regular coercive mappings and
studies their relation to fuzzy regular compact mappings.

Definition 7.1. Let X and Y be fuzzy spaces. A mapping
f: X =Y is called fuzzy r-coercive if, for every fuzzy r-
compact set G <Y, there exists a fuzzy compact set K < X
such that

f(Ix\K) <1y \G.

Example 7.2. Let f: (X,T) — (Y, 1), where X = {a} and

T = {OXaleb%,l ‘n>3, HGZ+}
is a fuzzy compact topology, and let 7 be any fuzzy topology
on Y. Then f is fuzzy r-coercive.

Proposition 7.3. If f: X —Y and g: Y — Z are fuzzy r-
coercive, then g o f is fuzzy r-coercive.

Proof. Let G be fuzzy r-compact in Z. Since g is fuzzy r-
coercive, there is a fuzzy compact set K in Y such that g(1y \
K) <17\ G. By Proposition 5.4, K is fuzzy r-compact. Since
f is fuzzy r-coercive, there is a fuzzy compact set H in X

such that f(1x \ H) < 1y \ K. Therefore

(gof)(Ix\H) <g(ly \K) < 1z\G,

and go f is fuzzy r-coercive.

Proposition 7.4. Every fuzzy r-compact mapping is fuzzy
r-coercive.

The converse of Proposition 7.4 is not true in general.
Example 7.5. Let X = {a}, Y = {b}, and

T:{Ox,lx,a%il n>3, n€Z+},

n

T={0y,by2, 1y}

Let f: X — Y be defined by f(a) =b. Then f is fuzzy r-
coercive but is not fuzzy r-compact.

Proposition 7.6. Let X,Y be fuzzy spaces such that Y is a
fuzzy T>-space, and let f: X — Y be fuzzy continuous. Then
f is fuzzy r-coercive if and only if it is fuzzy r-compact.

Proof. (=) Let G be fuzzy r-compact in Y. By Remark 5.8(ii),
G is fuzzy r-closed, hence fuzzy closed. Since f is fuzzy
continuous, f~!(G) is fuzzy closed in X. Since f is fuzzy
r-coercive, there is a fuzzy compact K in X such that f(1x \
K) < 1y \ G. Therefore f~'(G) < K. As a fuzzy closed
subset of the fuzzy compact set K, the set f~'(G) is fuzzy
compact. Thus f is fuzzy r-compact.

(<) This follows from Proposition 7.4.

Corollary 7.7. If f: X — Y is fuzzy r-compactand g: ¥ — Z
is fuzzy r-coercive, then go f: X — Z is fuzzy r-coercive.
Proposition 7.8. Let X.,Y be fuzzy spaces and let f: X —
Y be fuzzy r-coercive. If F is fuzzy r-closed in X, then
flp: F =Y is fuzzy r-coercive.

Proof. By Proposition 6.5, ir: F — X is fuzzy r-compact.
Since f|r = foiF, Corollary 7.7 gives the result.

8. FUZZY REGULAR PROPER MAPPING

This section introduces fuzzy regular proper mappings and
studies the relation among fuzzy regular proper, fuzzy regular
compact, and fuzzy regular coercive mappings.
Definition 8.1. A fuzzy continuous mapping f: X — Y is
called fuzzy r-proper if:

(i) f is fuzzy r-closed;

(i) f~!(vq) is fuzzy compact for every yo € FP(Y).
Corollary 8.2. If f: X =Y and g: Y — Z are fuzzy r-proper
mappings, then go f: X — Z is fuzzy r-proper.

Proof. The result follows directly from the definition.

Proposition 8.3. Let X,Y,Z be fuzzy spaces and let f: X —
Y and g: Y — Z be fuzzy continuous. Suppose go f: X —Z
is fuzzy r-proper. If f is onto, then g is fuzzy r-proper.
Proof. (i) Let F be fuzzy closed in Y. Since f is fuzzy con-
tinuous, f~!(F) is fuzzy closed in X. Since go f is fuzzy
r-proper,

(8o f)(f(F))

is fuzzy r-closed in Z. As f is onto, (go f)(f~(F)) = g(F);
hence g is fuzzy r-closed.

(ii) Let z4 € FP(Z). Then (go f) ' (zo) = ' (g7 (za)) is
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fuzzy compact. Since f is fuzzy continuous, its image

(187 () = 87" (za)

is fuzzy compact. Thus g is fuzzy r-proper.

Proposition 8.4. Let X,Y,Z be fuzzy spaces and let f: X —
Y and g: Y — Z be fuzzy continuous. Suppose go f: X — Z
is fuzzy r-proper. If g is one-to-one and fuzzy r-irresolute,
then f is fuzzy r-proper.

Proof. (i) Let F be fuzzy closed in X. Then (go f)(F) is fuzzy
r-closed in Z. Since g is one-to-one and fuzzy r-irresolute,

is fuzzy r-closed in Y. Hence f is fuzzy r-closed.

(ii) Let yo € FP(Y). Since g is one-to-one,

(gof) gba)) =F (g (g0a))) = ' (ax)

is fuzzy compact. Therefore f is fuzzy r-proper.

Proposition 8.5. If f: X — Y is fuzzy r-proper and A is
fuzzy r-closed in X, then f|4: A — Y is fuzzy r-proper.

Proof. By Proposition 2.38, f|4 is fuzzy r-closed. Let yq €
FP(Y). Since f is fuzzy r-proper, f~!(yy) is fuzzy compact
in X. Since A is fuzzy closed, Theorem 3.15 shows that

(f1a) ' 3a) =AAF (Va)

is fuzzy compact in A. Proposition 2.33 gives the fuzzy
continuity of f|4, so f|a is fuzzy r-proper.

Proposition 8.6. Every fuzzy r-proper mapping f: X —Y
is fuzzy r-compact.

Proof. Let K be fuzzy r-compact in Y and let {Uj };ca
be a fuzzy open cover of f~!(K). For each kq € K, the
fiber f~!(kq) is fuzzy compact and is contained in \/3 o5 Uy -
Hence there is a finite union U, = V;"Zl U, such that
(ko) < Uy,. Thus

ko <1y \ f(Ix\Uy,).

Because f is fuzzy r-closed, the sets 1y \ f(1x \ Uy,) are
fuzzy r-open and cover K. By fuzzy r-compactness, finitely
many cover K; consequently finitely many of the original Uy
cover f~1(K). Thus f~!(K) is fuzzy compact, and f is fuzzy
r-compact.

Proposition 8.7. Let X,Y be fuzzy spaces such that Y is
fuzzy 75, fuzzy compact, and a fuzzy sc-space. If f: X =Y
is fuzzy continuous, then f is fuzzy r-proper if and only if it
is fuzzy r-compact.

Proof. (=) This follows from Proposition 8.6.

(<) Suppose f is fuzzy r-compact. First, let F be fuzzy
closed in X and let K be fuzzy compact in Y. Then f~!(K) is
fuzzy compact in X, and Theorem 3.15 gives that F A f~!(K)
is fuzzy compact. Since f is fuzzy continuous,

FENFHK)) = F(F)AK

is fuzzy compact in Y. Thus f(F) is compactly fuzzy closed.

Since Y is fuzzy T», Theorem 4.5 shows that f(F) is fuzzy
closed. Proposition 5.9 then makes it fuzzy r-closed, so f is

fuzzy r-closed.

Second, let y, € FP(Y). Since Y is a fuzzy sc-space, yy, is
fuzzy compact and therefore fuzzy r-compact. Since f is
fuzzy r-compact, f~!(y,) is fuzzy compact in X. Thus f is
fuzzy r-proper.
Proposition 8.8. Let X,Y be fuzzy spaces such that Y
is fuzzy compact, a fuzzy sc-space, and fuzzy 7>, and let
f: X — Y be fuzzy continuous. The following statements are
equivalent:
(1) f is fuzzy r-coercive;

(i) f is fuzzy r-compact;

(ii1) f is fuzzy r-proper.
Proof. (i) = (ii) follows from Proposition 7.6, and (ii) = (iif)
follows from Proposition 8.7. For (iii) = (i), let G be fuzzy
r-compact in Y. Proposition 8.6 shows that f is fuzzy r-
compact, so f~!(G) is fuzzy compact in X. Moreover,

Sx\f1(G) < 1y \G.

Thus f is fuzzy r-coercive.
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