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Abstract

The ring of n-cyclic refined neutrosophic integers is a logical extension of the integer ring Z based on a special
multiplication operation defined between the indeterminacy algebraic elements. In this paper, we provide a full
description of the 4-cyclic refined neutrosophic integer roots of unity, where we prove that for odd values of n we
get exactly two different solutions. For even values of n, we get exactly 15 different solutions. On the other hand,
we characterize the m-cyclic refined neutrosophic modulo integers rings and present many of their algebraic
properties based on neutrosophic homomorphisms and substructures.
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1. Introduction

The ring of the n-cyclic refined neutrosophic integers was proposed for the first time in [9]. The authors combined
algebraic rings with neutrosophic algebraic indeterminate elements in one algebraic structure by using a
multiplication property very similar to the structure of the cyclic abelian group Z,,.

Later, this concept became a fertile material for studying generalizations of algebraic structures associated with it, in
which we find several important results related to n-cyclic refined neutrosophic groups [11], n-cyclic refined
neutrosophic spaces [10], and even complex numbers [14]. Von Shtawzen et.al [1-4, 12] studied the group of units
in different types of n-cyclic refined neutrosophic rings, where they showed a close correlation between the
classification of the group of units and the nonlinear Diophantine equations [5].

In [6-8], Sankari et.al have proved Von Shtawzen's conjectures and found all solutions for the related Diophantine
equations. Laterally, Salman and others have presented an important result that clarifies how 3-cyclic refined
neutrosophic integers can be represented using complex unity roots [13].

The 3-cyclic refined neutrosophic solutions of the Diophantine equation X™ = 1 were proposed in [15] by using the
classification isomorphism of the 3-cyclic refined neutrosophic ring of integers.

This has prompted us to study the 4-cyclic refined neutrosophic integer solutions for the equation X™ = 1, where we
show that it has two different solutions if n is odd, and 15 different solutions if n is even and to characterize the m-
cyclic refined neutrosophic modulo integers rings and present many of their algebraic properties based on
neutrosophic homomorphisms and substructures.

Definition [9]
If R is a ring, the corresponding n-cyclic refined neutrosophic ring is defined as
Rn(l) = {rO +rl + g € Rv[i[j = Ii+j (mod n)} :
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Addition on R, (I) is defined as follows:

(ro + Iy + -+ L) +(mg + myly + -+ myl,)= (rg + my) + (r, + mpL + -+ (1, + my)I,.

Multiplication on R, (I) is defined as follows:

(ro + by + -+ 1 0y).(mg + myly + - + my )= (r5.mg) + (Zi+j51(mod n) ri.m]-)ll + -t

(Ziﬂ'zn(mod n) Ti- mj)In-

Remark:

The 4-cyclic refined neutrosophic roots of unity are exactly the solutions of the Diophantine equation X™ = 1 in the
4-cyclic refined neutrosophic ring of integers Z,(I).

2. Main Discussion

Definition:
LetX = x, + Yt  x; I; € Z,(I), then X is called a Diophantine 4-cyclic refined neutrosophic root of unity if and
only if: X™ = 1 withn € N.

Remark:
According to [13], X™ = 1 if and only if:
xg =1 €Y)
4
O xy =1 @
< izO
O (D)t =1 ©)
i=0
[Coo + x4 —x2) +i( —x3)]" =1 (4)
Main Results:

Equation (1) means that: x, = 1 if nis odd, and x, € {—1.1} if nis even.
Equation (2) means that:Y?_,x; = 1 if nisodd, and ¥?_, x; € {—1.1}if n is even.
Equation (3) means that:(¥f_o(—1)'x;)" = 1 if nis odd, and ¥t ,(—1)'x; € {—1.1} if nis even.
Equation (4) is equivalent to: |(xo + x, — x5) + i(x; — x3)| = 1.hence: (xy + x4, — %)% + (x; —x3)? =1
The possible solutions are:
Xo + x4 —x, € {—1.1} Xog+ x4 —%x,=0
{ X1 —x3 =0 ’ {xl —x; € {—1.1}
We discuss the possible cases:
For n is odd, we have:
Case (1):
xo =1
Xy +x,+x3+x,=0
—X1t X, —x3+x,=0
Xo+ x4, —%, =1
X, —x3=0
Thus:x, =x, =x3=x;, =0,and X =1
Case (2):
xo =1
Xy +x,+x3+x,=0
—X1+ X, —x3+x,=0
Xo+ X4 — %y =—1
X, —x3=0
Thus:x, =—-1. x, =1. x3=x=0,and X =1+1, - I,
Case (3):
xo =1
X +x,+x3+x,=0
—X1+X, —x3+x,=0
Xo+x4—%x,=0
X, —x3=1
Thus: x, = —% a contradiction.
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Case (4):
( xo=1
X, +x,+x3+x,=0
—X1+ X, —x3+x,=0
Xo+ X4 —%, =0
X, —x3=-—1
Thus: x, = —% a contradiction.
For n is even, we see:

Cases (1),(2),(3), and (4) are similar to the case of odd n.

The rest of cases are:
Case (5):
xo =1
X, +x,+x3+x,=0
—X1 + Xy — X3+ x4, =2
Xotxg—x,=1
x;1—x3=0
1

Xy =—5a contradiction.

Case (6):
xo =1
X+ X +x3+x, =—2
— X +x,—x3+x,=0
Xotxg—x,=1
x1—x3=0
Xy = —% a contradiction.
Case (7):
xo =1
X+ Xy +x3+x, = —2
—X1t Xy — X3+ X, =—2
Xo+X4,—%, =1
X, —x3=0
X, = —% a contradiction.
Case (8):
Xo = —1
Xy + X, +x3+x, =2
—X1t Xy — X3+ X, =2
Xo+Xx4,—%, =1
X, —x3=0

Thus:x; =x3=0. x4, =2. x, =0. ,and X = -1+ 2I,.

Case (9):
xXo=-—1
X1+ X, +xX3+x4 =2
—X1+X, —x3+x,=0
Xotxg—2x,=1
X —x3=0
Thus: x, = S a contradiction.
Case (10):
Xo =—1
Xy +x,+x3+x,=0
—X1+ Xy — X3+ X, =2
Xo+x4—x,=1
X, —x3=0
Thus: x, = % a contradiction.
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Case (11):
( xo=1
X +x,+x3+x,=0
—X1t Xy — X3+ X, = —2
Xo+ X4 —%x; =—1
X, —x3=0

-3 ..
Thus: x, = - a contradiction.

Case (12):
xo =1
X+ Xy +x3+ x4 =—2
— X +x,—x3+x,=0
Xot x4 —x, =—1
x;1—x3=0
Thus: x, =_73 a contradiction.
Case (13):
( xo =1
X+ Xy +x3+x, = —2
{—xl + X, — X3+ x,=-2
Xg+ x4 —x, =—1
k X, —x3=0
X, =X3=x,=0.x,=—-2,and X =1-2I,.

Case (14):
Xo = —1
Xy + Xy, +x3+x, =2
—X1t Xy — X3+ X, =2

Xo+ X4 — %y =—1
xl_X3=0
X =x3=0.x,=x, =1, and X =-1+1,+1,
Case (15):
Xo =-—1

X1+ X, +X3+x4 =2
—X1+X, —x3+x,=0
X+ x4 —x, =—1
X —x3=0
Thus x; =§ a contradiction.
Case (16):
xXo =1
X1+ X, +x3+x,=0
—X1 + Xy — X3+ x4, =2
Xg+x4—%x,=0
X, —x3=1
X3 =0.x=1x,=0.x, =—1l,andX=1+1, — I,
Case (17):
xo =1
X+ Xy +x3+ x4 = —2
— Xt x—x3+%x,=0
Xo+XxX4,—%x,=0
xXg—x3=1
x3=—1x=0x=0x,=-l,andX=1-1;—1,
Case (18):
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xo =1
X1+ X, + X3+ x4 =2
—X1 + Xy — X3+ x4 =2
Xog+tx4—%x,=0
x;1—x3=1

Hence x, = _73 which is forbidden.

Case (19):
Xo =-—1
X +x,+x3+x,=0
—X1+ Xy — X3+ x4 =2

X+ X4 —x, =—1
Xy —x3=0
Hence x, = % is a contradiction.
Case (20):
Xo =-—1

X+ X, +x3+x, =2
—X1+X2—X3+X4=2
X0+X4—X2=0

Xl - X3 = 1
We get x, = ; , Which is impossible.
Case (21):
xo =-1

Xy + Xy +x3+x, =2
—X1t X, —x3+x,=0
Xo+ X4, —%, =0
X —x3=1
Wegetx; =1.x3=0.x,=0. x, =1,andX =-14+1, + 1,
Case (22):
Xo =-—1
X1+ X, +x3+x,=0
—X1+ Xy — X3+ X4 =2
Xg+x4—%x,=0
X, —x3=1
Wegetx, =1.x,=0.x;, =0. x3=—1,andX =—-1—-I;+1,
Case (23):

xo =1
X, +x,+x3+x,=0
—X1t Xy — X3+ X, =—2
Xo+XxX4,—%x,=0
X, —x3=-—1

Weget:xs =1.xy =0.x, =0.x, =—1,and X =1+1;— I,
Case (24):
xo =1
X+ Xy +x3+ x4 =—2
— Xt X —x3+%x,=0
Xo+XxX4,—%x,=0
X, —x3=-—1
Wegetx; = -1.x3=0.x,=-1. x, =0,andX=1-1, — I,
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Case (25):
( xo=1
X+ Xy +x3+x, = —2
—X1t Xy — X3+ X, = —2
Xo+xX,—%, =0
X, —x3=-—1
We get x, = _?3 which is a contradiction.
Case (26):
Xo =-—1
Xp+ X +x3+x, =2
—X + Xy —X3+x, =2
Xog+X4—%x, =0
Xy —x3 =-—1
We get x, = ; , Which is a contradiction.

Case (27):
( Xo = —1
Xy + Xy, +x3+x, =2
{—x1+x2—x3+x4=0
Xg+x4—x,=0

k X —x3 =—1
Wegetx, =1.x,=0.x,=0. x3=1,andX =-1+1 +1,
Case (28):

Xo =-—1

X +x,+x3+x,=0
—X1+X2—X3+X4=2
X0+X4—X2=0

X, —x3=-—1
Weget: x, =1.x,=0.x; =—-1. x3=0,and X =-1—-1, + I,
Case (29):
Xo =-—1

X1+ X, +x3+x4,=0
—X1+XZ—X3+X4=O
X0+X4—X2=1

X —x3=0
Weget:x; =x3=0.x, =1lx,=—1,andX=-1-1, + 1,
Case (30):
Xo = —1

Xy +x,+x3+x,=0
—X1+ X, —x3+x,=0
Xo+xX4,—%, =0
X —x3=1
We get: x, = % , which is impossible.

Case (31):
Xo =—1
Xy +x,+x3+x,=0
—X1+ X, —x3+x,=0
Xo+ X4 — %y =—1
X, —x3=0
Weget:x; =x, =x3=x,=0,and X = -1
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Case (32):
( xXo =—1
Xy +x, +x3+x,=0
—X1+X; —x3+x,=0
Xg+x4—%x,=0
X, —x3=-—1
We get: x, = % , which is a contradiction.
3. The General result:
Foroddn: X € {1. 1+, — I}
Forevenn: X €
T.1+L,-1,.-1+2,.1-2I, -1+L+L, 1+ -1, 1-L—-1,.-1—-L+1I1,. -1+ +1,.
{ 1+L-L,1-L—-L.-1+L+,.-1-L+L.-1-L+1,.-1 }

m-cyclic refined neutrosophic modulo integers rings:

Definition:

Let Z,, = {0.1.....m — 1} be the ring of integers modulo m, let n be fixed positive integer, the n-cyclic refined
neutrosophic ring of integers modulo m is defined as follows:

ZID) = {ap + arly + -+ apl, ;a; € Ty}

Addition is defined as follows:

+: 2D x 2™ (1) - 28 (D), such that:

(ap +Xiz1ai ;) + (bo + Xiz1 by ;) = (ag + by) + Xiq(a; + by

Multiplication is defined as follows:

(ag + Xiz1a; ;) X (bo + Xiz1 b I;) = agby + X' j=1 a; bjli I; + Xi=q aoh; I; + Xi-; boa; I;, where:
Ll = Iiyjomoa n)

Example:

For m = 2.n = 3, we have:

ZOMN) = 011 L. L. I + L. L + 1.1, + I},

Forexample (L + L)X (L + L) =L+ L+ L+, =1+ 1.

Remark:

1] (Z,(,?)(I). +.X) is commutative finite ring.

21|1z8 ()] = mn+t,

Definition:

The 2-cyclic refined ring modulo m is:

Zr(rf)(l) ={xo +x. 1y + x50 ;% € L}

Itis clear that |22 (1| = m3.

Theorem:

The mapping f: ZZ (1) - Z,, X Zpy X Zy such that f(xo + x,1y + x51,) = (0. X + X1 + X3 %0 — X, + X;) iS @
ring homomorphism.

Proof:

For xg + x.1; + x50, = yo +y11; + v, ,thenx; =y, forall 0 < i < 2, thus (xg.x¢ + x; + X5.%0 — X1 + x3) =
Vo-Yo + Y1+ ¥2.Y0 —y1 +y2) sothat f(xo + x,. 1y +x2015) = f(Vo +y1ly + ¥213).

ForX =xo+x.0; +x,1,.Y =y +y.1; + y,1,, then:

FX+Y) = (X0 + Yo Dico(xi + ¥i)- Diwa (i + ) — (%1 + 1)) = (X0 %0 + X1 + X560 — %1 + %) +
o-Yo +y1+¥2-Y0 —y1 +¥2) = f(X) + f(Y).

X XY =x0y + Iy (oY1 + X1Y0 + X172 + %291) + L, (XY + X2Y0 + X171 + X2)2),

fXxY)= (XOYO-ZiZ.j=0 X; Yj-XoYo — XoY1 — X1Yo — X1Y2 — X2¥Y1 t XoY2 + X2Yo + X1Y1 + xz)’z) =
(x0- X0 + %1 + X2.20 — X1 + x2) X (Vo- Yo + Y1 + ¥2-Y0 — y1 +¥2) = FX)fF (V).

Remark:
Xy =0
If f(X)=(0.0.0).then: { x; +x, =0
—x1+x,=0

SO that X1 = X3, 2x1 = 0, thUS. ker(f) = {.xl[l + xllz; X1 € Zm . 2X1 = 0}.
This implies that if gcd(m. 2) = 1.then k.- (f) = {0} and (f) will be injective.
On the other hand, if m is even, then:
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ker(f) = 5 (I +1,),0,

Remark:

If m is odd, then for every (x,.x;.x;) € Z3,, we have:

X =30+ L0t —x) ()1 + Ly + x5, — 2%0)(271) € ZP(I). such that:

FOO = (0. 27122, — 2%0) + Xg. %0 — 27201 — 22) + 271 (%1 + x5 — 2%)) = (%o. X1 X2), thus f will be a
bijection.

This implies that Z2 (1) = Z,, X Z, X Z,, if m is odd.

Remark:

If mis even, then:

28D/ ker(f) = FZL (D).

Theorem:
For even m, we have f (Z,(,f)(l)) =L ;whereL ={(a,b,c);a €Z,,b—c €(2)}.
Proof:

LetX = xo + x, 1, + x,1, € ZZ (1), then:
f(X) = (.xo..xo + X1 +X2.x0 — X1 +x2) € f(Z.,(T%)(I)), and (xO + X1 + xZ) - (xo — X1 + xZ) = le €

(2) .thus f(X) € L.

On the other hand, for (a, b, c) € L, then:

T=a+"25 + (? - a) I, € ZP ), with £(T) = (a.b.c).thus f (zf,f)(l)) =1L
Result:

If m is even, then Z,(,f)(l)/ Z, =L.

Idempotents in Zf,zl)(l):

Definition:
Let X = xo + x, 1, + x50, € ZZ (D), then X is idempotent if X2 = X.
Theorem:

Let Z,(,f)(l) be the 2-cyclic refined modulo m ring, then we have:
1] X is idempotent in Z,(nz)(l) if and only if: x4. xy + x; + x,. % — x; + x, are idempotents in Z,,,.
2] If mis odd, then the idempotent elements in Z,(,f)(l) are{1.1+ 27 + ' =D .14+ (m -
DL.0.L,.27 " m =1L + 27 L. 1+ 27 m - DL + (27 = D274, + 271, )
3] If miseven, then X = xy + x11; + x,1, is idempotent in Z,(,f)(l)/ ke, (f) if and only if:
m|xo(xo — 1)
ml(xo +x; +x)(xg +x, +x, — 1)
m|(xo — x1 + x2) (%o — X% +x; — 1)
Proof:
1]X is idempotent in Z,(,f)(l) if and only if f(X) is idempotent in f(Z,(,f) (1)), thus X is idempotent in Z,(,f)(l) if and
X0
only if {Xo + X1 + X, are idempotents in Z,,,.
Xo + X1 + x5
2] For odd m, we have Z,Sf)(l) = Ly X Ly X Zopy.
So that, we must find idempotents in Z,,, x Z,, X Z,, firstly the idempotents of (Z,,)3are:
£(0.0.0). (1.1.1). (1.1.0). (1.0.0). (0.1.0). (0.0.1). (0.1.1). (1.0.1)}
Hence, the idempotents of Z,(,f) (I) are exactly the inverses of previous elements, which are:
01142 L+ Q' = DL 1+m =11, L,.27m - DL + 27,14+ 27 m - DI + (27 -
DL,.27, + 271, 3.
3] For even m, if a € Z,,,, then a is idempotent if and only if a? = a(mod m), thus m|a(a — 1)which implies the
proof.
Example:
Form = 5.2~ = 3, and the idempotents of Zéz)(l) are:
{0.1.1+ 30, + 2I,.1+ 41, .1,.21, + 31,.1 + 21, + 21,.31; + 31,}.
For m = 12. We have: m|a(a — 1) if and only if: a € {4.0.1}.
The idempotents of f(Zg) () are:
£(0.0.0). (1.1.1). (4.4.4). (0.4.0). (0.0.4). (1.0.4). (1.4.0). (4.0.4). (4.4.0). (4.1.1). (0.1.1)}.
The idempotents of Z2 (1) / ke, (f) are:
45
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£71(0.0.0) = 0. f~1(1.1.1) = 1. f "1 (4.4.4) = 4
£71(0.4.0) = 21, + 2L,.f~1(0.0.4) = 10L, + 2I,.f~1(1.0.4) = 1 + 10, + L,
£71(1.4.0). f~1(4.0.4). f~1(4.4.0)
f~1(4.1.1). f~1(0.1.1).
Theorem:
For even values of m, the element X = x, + x,I; + x,I, is idempotent in Z,(,f)(l) if and only if:
m|xo(xo — 1)
mlx; (2xy + 2x, — 1)

mlxy(x, + 2x9 — 1) + x,2

Proof:
Xo% = xg
X? = Xisequivalentto:{ 2xox; + 2x.%, = x4
X2 + %2 + 2x0%, = X,
m|xo(xo — 1)
Thus{ m|x;(2xy + 2x, — 1)
mlx, (x, + 2x9 — 1) + x,2
Example:
For m = 12, the possible idempotents are:
£71(0.0.0) = 0. f71(1.1.1) = 1. f "' (4.4.4) = 4.
Definition:
Anelement X = x, + x,[; +x,1, € Z,(,f)(l) is called 2-potent if and only if X2 = 0.
This definition is equivalent to:
%92 = 0(mod m)
2x1(xg + x5) = 0(mod m)
X% + %32 + 2x0x, = 0(mod m)

Example:
For Zéz)(l), the 2-potent elements can be found under the following conditions:
X, € {0.4}
2x1(xo +x2) =8k ; ky €EZ X1.X; € Zg.

X2+ %2+ 2x9x, =8ky; ky EL
2x,%x, = 0(mod 8)
X2 + x,2 = 0(mod 8)
= (x1.%,) € {(2.2).(0.4).(4.0).(6.6).(6.2).(2.6)}
Thus X € {21, + 21, .41, .41,.6I1; + 61,.61; + 21,.21, + 61, }.
2x,%x, = 0(mod 8)
%% + x,2 = 0(mod 8)
= (x1.%,) €{(2.2).(0.4).(4.0).(6.6).(6.2).(2.6)},
Thus X € {4+ 21, + 2I,.4 + 41,.4 + 41,.4 + 61, + 61,.4 + 61, + 21,.4 + 21, + 61,}.
Idempotents in 3 cyclic refined modulo m rings:
Remark:
If X =x+x1; +x,0,+x31; € Z,(f)(l), then X is idempotent if and only if X2 = X , which is equivalent to:
Xo2 = xo(mod m)
X2 + 2x9x; + 2x,x3 = x;(mod m)
X2 + 2x0%, + 2x,%3 = x,(mod m)
xX32 + 2x9x3 + 2x,x, = x3(mod m)
Example:
For m = 3, consider Z§3)(I). X = xy + x;I; + x,1, + x31; is idempotent, hence:x, € {0.1}.

For x, = 0, we have:{

For x, = 4, we get:{

%% + 2x,x3 = x;,(mod 3)
If x, = 0, we getid x;2 + 2x,x3 = x,(mod 3)
x32 + 2x,x, = x3(mod 3)

Forx; = 0,weget:x, =x3 =0.and X = 0.
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x,% + 2x3 = 1(mod 3)

Forx; = 1, we get{ 1 + 2x,x3 = x,(mod 3)
x32 + 2x, = x3(mod 3)
Which implies a contradiction.
x,2 + x3 = 2(mod 3)
For x; = 2, we get:{ 1 + 2x,x3 = x,(mod 3)

x3% + x, = x3(mod 3)
Which is impossible.
X% + 2%, + 2x,x3 = x;,(mod 3)
Now, if x, = 1, we get: < x;2 + 2x, + 2x,x3 = x,(mod 3)
xX3% + 2x3 + 2x,%, = x3(mod 3)
Forx; =1, we get: x, = 0.x5 € {0.2}.
Thus: ;)X =1.X =1+ 2I;.
x,% + 2x3 = 2(mod 3)
For x; =1, we gets 1+ 2x, + 2x,x5 = x,(mod 3)
%32 + 2x3 + 2x,%3 = x3(mod 3)
Which is impossible.
X% + x3 = 1(mod 3)
For x; = 2, we get{ 2x, + 2x,x3 + 1 = x,(mod 3)
x3% + 2x5 + x, = x3(mod 3)
Which is impossible.

2-potent element in Zﬁ,?) (n:
Remark:
X =xq+x0y +x,1, +x315 € Z,(,f)(l) is 2-potent if and only if:
%92 = 0 (mod m)
X% + 2x9x; + 2x,x3 = 0 (mod m)
X% + 2x9%, + 2x,x3 = 0 (mod m)
x32 + 2x9x3 + 2x,x, = 0 (mod m)
Example:
Form =4, letX = x, + x,I; + x,1, + x31; be a 2-potent element, then:
%% + 2x,%3 = 0 (mod 4)
xo € {0.2} and:{ x;% + 2x,x3 = 0 (mod 4)
%32 + 2x;%, = 0 (mod 4)
For x; = 0, we get: x, € {0.2}.x3 € {0.2}.
For x; = 2, we get: x, € {0.2}.x5 € {0.2}, so that:
X €{0.21,.21,. 213. 21} + 21,. 21, + 2I3. 21, + 213.2.2 + 21,.2 + 21,.2 + 213.2 + 21, + 21,.2 + 21, + 215.2 +
2L + 21, + 213.2 + 21, + 215. 21, + 21, + 215}

4, Conclusion

In this paper, we computed all 4-cyclic refined neutrosophic Diophantine roots of unity, where we proved that only
two solutions exist for the case of odd order (n), and 15 different solutions for the case of even order (n). In the
future, we aim to extend our results for the general case of the n-cyclic refined neutrosophic ring of integers.
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