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Abstract

We introduce the notion of g-neutrosophic cubic vague subbisemiring (¢-NSCVSBS) and level set of g-
NSCVSBS of a bisemiring. The g-NSCVSBS is a new concept of subbisemirings of bisemirings. Let =
be a neutrosophic vague subset of A. Then U = ([T2, %], [J5,32], [§=,3L]) is a ¢-NSCVSBS of A if
and only if all non empty level set 3(21:¢2:%) is also a SBS of A for every o1, 02,5 € [0,1]. Let Z be the
g-NSCVSBS of A and T be the strongest cubic g-neutrosophic vague relation of A. Then = is a ¢-NSCVSBS
of A x A. Let Z be the ¢-NSCVSBS of A, show that pseudo cubic g-neutrosophic vague coset (¢=)? is also a
g-NSCVSBS of A, for all ¢ € A. Let 21, Es, ..., Z,, be the any family of ¢ — NSCV . SBS® of Ay, Ao, ..., A,
respectively, then Z; X Zg X ... X =, is also a ¢-NSCVSBS of A; x As X ... X A,,. The homomorphic image
of every ¢-NSCVSBS is also a ¢-NSCVSBS. The homomorphic pre-image of every ¢-NSCVSBS is also a
g-NSCVSBS.

Keywords: Subbisemiring; cubic neutrosophic subbisemiring; vague bisemiring; homomorphism.
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1 Introduction

Mathematics has developed theories to address uncertainty and fuzziness as a result of the limitations of clas-
sical mathematics, such as fuzzy set (FS)! and vague set (VS)2 The FS introduced by Zadeh! is best suited
to uncertain or vague situations. FS has been used to develop many hybrid fuzzy models in recent years. The
notion of intuitionistic fuzzy sets (IFS) was first proposed in 1983 by Attanasov” In 1999, Smarandache®
proposed the neutrosophic set (NSS). The NSS estimates the truth, indeterminacy, and falsity degree of each
proposition. In Smarandache,” the theory of IFSs was further generalized and expanded to include the neutro-
sophic model. The various structures and their applications were discussed by many researchers’-1% In 2004,
Sen et al'X proposed a concept of bisemiring to develop semirings further. Biswas'? introduced vague groups,
vague cuts, and vague normal groups to vague algebra. A semiring (S, +, -) is a non-empty set in which (.S, +)
and (S, -) are semigroups such that - is distributive over “+”%/ Ahsan et al.? introduced fuzzy semirings
in 1993. According to Sen and colleagues'# bisemirings were introduced in 2001. The FS theory had, how-
ever, generalized many algebraic concepts. Vandiver has extensively examined fuzzy algebraic structures of
semirings!> Semirings have been extensively studied by Golan!® and Glazek® In/?* he introduced a vague
soft hyperring and a vague soft hyperideal. A concept of bisemiring was introduced to the field of semirings
by Sen et al'1' in 2004. Bisemiring homomorphisms and bisemirings are congruent studied by Hussain et al 2
Furthermore, Hussain et al %29 describe a semiring algebraic structure and a congruence relation between
homomorphisms and n-semirings. Recently, Faisal et al. discussed more aggregating operators based on fuzzy
approach. We discuss the notion of g-neutosophic cubic vague subbisemiring (g-NSCVSBS) and level sets.
The ¢-NSCVSBS is a new concept of subbisemiring. Following is an outline of the preliminary definitions
and results presented in Section 2] The concept of a ¢-NSCVSBS is introduced in Section 3]

2 Preliminaries

For our future studies, we will quickly review some fundamental terms in this section.

Definition 2.1. Let 2" and Q; denotes non-empty sets. The mapping A : 2" % Q1 — [0,1] is called a Q@
fuzzy setin 2 .

Definition 2.2. Let (M, +, ) be semiring. The @ fuzzy set A : M@ — [0, 1] is called a @ fuzzy subsemiring
of M if AZl ("9 +1,< ) 2> mi n{AZ1 (19 §) AZl (77’ )}’ AZ] (19 ’ 777€) 2 min{AZl (19’ g)’AZ1 (U,C)} for all
¥,neMandg € Q.

Definition 2.3. # A neutrosophic set (NSS) = in a universal set U is = = {(b, T=(b), J=(b),F=(b)) : b € U},
where T=,J=, §= : U — [0, 1] denotes the truth, indeterminacy and the falsity membership function, respec-
tively. For (T=, J=, §=) is used for the NSS = = {(b, T=(b), I=(b), F=(b)) : b € U}

Definition 2.4. ¥ Let = = (=, J=,F=) and I = (T, Ir, Sr) be the two NSS of U. Then

EAT = {0, min{%=(b), Tr(b)}, min{JI=(b), Ir(b) }, max{F=(b),§r(b)}) : b € U},
2. 2V T = {(b,max{%=(h),Zr(b) }, max{J=(b), Ir(v) }, min{F=(b),Fr(b)}) : b € U}.
=, J=,§=) of U, we defined a (p, s)-cut of as the crisp subset {b € U :

Definition 2.5. # For any NSS = = (Tz,
T=(v) = 0,7=(0) = 0,8=(b) X s} of U.

Definition 2.6. “ Let = and I be two neutrosophic subsets of S. The Cartesian product of = and I" is defined as
=xI' = {((b, h), ‘IEXF(b7 h), jgxp(b, h), SEXF(bv h)) : b, he S}, where Tgxr(b, h) = min{‘IE(b), Tr(h)}, jgxr‘(b, h) =
2200430 and Fzyr (b, h) = max{F=(b), Fr(h)}.

Definition 2.7. "'Z A vague set (VS) = = (Tz, §=) of A is said to be vague semiring if

{g_(ﬁ + 72) = min{%=(m1), T=(m)}
F=(m1 - 72) = min{T=(m1),T=(m2)}

https://doi.org/10.54216/IJNS.240308 86
Received: October 24, 2023 Revised: February 22, 2024 Accepted: May 07, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 03, PP. 85-101, 2024

and
1—3=(n + m2) = min{l — F=(m1),1 — F=(m2)}
1—3=(r1 - 72) = min{l — F=(r1),1 — F=(2)}

for all 7,75 € A.

Definition 2.8. '2 A VS = in U. Then

1. AVS E = (%g, §=), where Tz : U — [0,1],F= : U — [0, 1] are mappings such that T=(b) + F=(b) <
1, for all b € U where Tz and F= are called true and false membership function, respectively.

2. The interval [T=(b),1 — F=(b)] is called the vague value of b in = and it is denoted by Vz(b), i.e.,
Vz(0) = [T=(0),1 - F=(0)].

Definition 2.9. 2 Let = and T be the two VSs of U. Then

1. EiscontainedinT"as = C I'ifand only if Vz(b) < Vr(b),i.e. Tz(b) < Tr(b) and 1-F=(b) = 1-Fr(b)

forallb € U,

2. theunion of Zand ' as N = Z\/T', ¥y = max{%=,%r} and 1 — Fy = max{l — F=,1— Fr} =
1 — min{gF=,Sr}

3. the intersectionof ZandTas N = EAT, Ty = min{%=,%r}and 1 — Fy = min{l —§=,1 —Fr} =
1 — max{§=,3r}

Definition 2.10. 2 Let = be a VS of U. Then

1. T=(b) = 0 and F=(b) = 1is called zero VS of U,
2. T=(b) = 1 and F=(b) = 0 s called unit VS of U.

forallb € U.

Definition 2.11. 2 Let = be a VS of U with true membership function T= and false membership function
§=. For a,w € [0,1] with a < w, the (o, w)- cut or vague cut of a VS Z is the crisp subset of U is given by
E(aw) —{I?G[U Vz(b) = [a,w]}. Thatis, By ) = P € U: T=(b) = a, 1-3=(0) = w]}.

Definition 2.12. 2 Let = and T" be any two VSs in U. Then

L EAT = {(b,min{T=(), Tr ()}, min{1 — F=(), 1 — Fr(»)}) : b € U},
2. EVT = {(b, max{T=(b), Tr(b)}, max{l — §=(»),1 - Fr(b)}) : b € U},
3. 02 = {(b,T=(b),1 — T=(v)) : b € U},
4. OE={(b,1-F=0),5=(b)) : b € U}.

(

Definition 2.13. "' A bisemiring (A, A, ®,X) is an algebraic structure in which (A, A, ®) and (A, ®, X) are
semirings in which (A, A), (A, ®) and (A, X) are semigroups such that (a) ¢ ® (iAs) = b @ A)A(D @), (b)
(hLg) @b = (FheD)A(s@b), )R (hes) = (PXRA) e (PXR¢)and (d) (Ae¢)Xb = (AXbD) © (¢ K b) for
all b, i, ¢ € A.

Definition 2.14. "% A non-empty subset = of a bisemiring (A, A\, ®,X) is a subbisemiring (SBS) if and only
ifbAheEbe@heEandb X i € Zforallb, h € E.

https://doi.org/10.54216/IJNS.240308 87
Received: October 24, 2023 Revised: February 22, 2024 Accepted: May 07, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 03, PP. 85-101, 2024

3 g-neutrosophic cubic vague subbisemirings

Definition 3.1. A g-neutrosophic cubic VS = of A is called a ¢-NSCVSBS of A if

T=(b01h, ) = min{Z=(b,s), T=(h,9)},

1 —3F=001h,¢) = min{l — §=(b,<),1 — F=(h,s)}
T=(002h,¢) = min{T=(b,s), T=(A,¢)},

1 —F=(0V2h,¢) = min{l — F=(b,¢),1 — F=(h,¢)}
T=(bVsh,¢) = min{T=(b,s), T=(A,¢)},

1 —3F=(0Vsh,¢) = min{l — F=(b,¢),1 — F=(h,¢)}

(3%(b<91h <) > w)

3L (b,9) =L (y5)
(b1, <) = %

[I] L

OR
L (bDah, <) = 7%(*’&);3%%07
( L (bOah, ) = 713”’”;3[3(&’”)
OR
IL(6Dsh, ) x ELEEED,
( LDk, <) > Jls(bs);ls(ﬁ,c))

[l] =~

§=(bVsh, )
1-%=(003h,¢) =

F=(001h,¢) = max{F=(b,¢),F=(h, <)},
1 —T=(091h,¢) X max{l — T=(b,¢),1 — T=(h,<)}
F=(002h,¢) 2 max{F=(b,<),F=(h,<)},
1 —T=(bVak,¢) < ma x{l = T=(0,¢),1 = T=(h, )}
=m

T=(bV1h,¢) = min{T=(b,), %
T=(0V2, ¢) = min{T=(b, <), T=(h, <)},
T=(bV3h, ) = min{T=(b,), %

(JE(bQ?lh o) &= 3=0. g) Js (hc))
OR

(35(b@2h o) &= 3=0) 3 (hc))
OR

( E(b@:ﬁh §)>j (b,s)— Ehs)

[I]

3
602k, ¢) < max{F=(b,s), F=(h,<)},
3

F=(b01h,¢) X max{F=(b, <),
E b@gh § < maX{S ( )

forallb,h € Aandand¢ € Q C A.

Example 3.2. Let A = {1, p2, p3, p4} be the bisemiring.

Q1| o1 | 92| 3 | pa Do | 01| 92 | 93 | pa Os | 01| 92 | 93 | pa
P1 | ©1 | P1 | P1 | P1 P1 | P01 | 92 | £3 | P4 P1 | ©1 | P1 | P1 | P1
P2 | P1 | P2 | ©P1 | 92 P2 | P2 | P2 | P4 | 94 P2 | P1 | P2 | P3| 4
©3 | 1 | £1 | 93 | 93 23 | 93 | 94 | P3| P4 £3 | 24 | P4 | P4 | P4
P4 | P1 | P2 | 93 | 4 P4 | P4 | P4 | P4 | 94 P4 | P4 | P4 | 94 | 94
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[F=(w), 1 —F=(w)] | [FEW), eTE(w)] | B=(w), 1 — T=(w)]

w
w = o1 0.87,0.92] [0.76, 0.81] [0.08,0.13]
w = g 0.77,0.82] 0.66, 0.71] [0.18,0.23]
w= g3 [0.57,0.62] 0.46,0.51] [0.38,0.43]
w = pg 0.72,0.77] [0.51,0.50] [0.23,0.28]

Tz(w) | I=(w) | §=(w)
w—o1 | 074 | 084 | 039
w = (2 0.64 0.79 0.44
w =3 0.49 0.64 0.64
w=ps | 054 | 074 | 054

Clearly, = is a ¢-NSCVSBS of A.

Theorem 3.3. The intersection of a family of ¢ — NSCV SBS?® of A is a ¢-NSCVSBS of A.

Proof. Let {U; : ¢ € I} be the collection of ¢ — NSCV SBS?® of A and = = /\Ul
iel
Letb, i in A. Then

‘Eg(b@lh, §) = 1nf TUi(b(?lh,g)
= 1nf min{ %y, (v, <), Tws; (7, 6) }

iel
= min {inf T, (0,6), inf Tes, (b))
= min{%=(b, <), T=(h, <)}
= 82001h,¢) = inf 1 -5, 601h, <)
= inf min{l —§;,(0,¢) 1 = o5, (B, <)}
= min {inf 1 o5, 0,), inf 1 o5, ()}
= min{l — §=(b,<),1 — F=(h,<)}.

Thus, BZ(6O1f,6) = min{Us(b,5), U=(h,<)}. Similarly, GZ(6a,6) = min{Us(5,5),U=(h,<)} and
O (bVsh, <) = min{U=(b, ), U= (k<) }. Now,

L OOk, <) = inf 3ts, (017, )

Tk, (0,9) + 3k, (R, <)

1nf 7 i

icl 2

. 1 . ~l

inf g, (0, <) + inf g5, (A, <)
2

JL(b, <) + IL (B, <)

1Y

7?2? 35, 0, <)+1nf 3%, (h,<)
2

_ J2(0,9) +32(h,9)

= 5 ,
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Thus, B2 (bV1h,6) = min{V=(b,s),V=(h,<)}. Similarly, UZ(bVsh,¢) = min{U=z(b,s),U=(h,<)} and
B2 (:0sh,<) = min{Uz(s,c), = (o)}
Now,
SE(bQ?lh, () = SUE) gzjl(b@lh? ()
i€
= sup max{Jw, (7<), 5w, (7, <)}
1€
= max{sup 5o, (0, ¢),sup s, (A, g)}
iel el

= max{F=(b,<), F=(h,¢)}.

1 —-%=(0b01h,¢) =sup 1 — %5, (0017, )

il
=< sup max{l — Ty, (b,¢),1 — T, (A, <)}
icl
= max {sup 1—%p,(b,¢),sup 1 — TUi(h,c)}
i€l il

= max{1l — T=(b,¢),1 — T=(h,9)}.

Thus, U (b017,¢) < max{U=z(b,s),V=(h,)}. Similarly, UE(bQsh,¢) < max{U=z(b,s), U=(f,¢)} and
BE(03h, <) = max{Uz (b, <), U=(h,<)}.
Now,

T=(001h,6) = inf T, (0017, 6)
= inf min{%y, (b, ), Tws, (A, )}

icl
= min {12 .0, inf Tos ()}
= mln{‘zE(ba C), (SE(EG §)}

Thus, UZ(bV1A,¢) = min{U=(b,s),V=(h,¢)}. Similarly, UZ(bVah,¢) = min{U=z(b,s), U=(h,¢)} and
U2 (bV3h, <) = min{V=(b,s), U=(h,<)}. Now,

J=(0010,¢) = H61§ J5, (0911, <)

> inf jUi (b7 §) + jUi(h’ g)
iel 2
i %.0,9) +faf T (1)
N 2
J=(b,¢) + J=(h, )
2

Thus, B2 (bV1h,6) = min{V=(b,s),V=z(h,<)}. Similarly, UZ(bVsh, ) = min{U=z(b,s), U=(h,<)} and
B2 (6:0sh, <) = min{O=(b,<), U=(h o)},
Now,

F=(bQ1h, <) = su? S, (0017, ¢)
ic
=< sup max{gy, (7,<), 8w, (A <)}

icl

= max{sup S, (0,6),sup Fw, (A, §)}

iel i€l

= max{F=(b,<),5=(h <)}

Thus, U (b017,¢) < max{U= ( ,5), U=(h,¢)}. Similarly, BE (60, ¢) < max{U=z(b,s), V= (h,¢)} and
U (6V3h,s) < max{Uz(b,<), U=(h,<)}. Hence, = is a ¢-NSCVSBS of A.

Theorem 3.4. If = and " are the g — NSCV SBS? of A1 and A respectively, then = X T is a ¢-NSCVSBS of
A1 X AQ.
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Proof. Let = and " be the ¢ — NSCV SBS*® of A; and As respectively. Let (b1,b2) € Ay and (hy, hg) € As.
Then (b1, k1), ((b2, Ai2)) belong to A1 x As. Now
Texr[((01,71),9)01((b2, h2),<)] = Taxr(0191b2, 1 Q1h2, ¢
= min{%=(b1V1b2,<), Tr(h1 V1 kg, <)}
= min{min{%=(b1,¢), T=(b2, <)}, min{ZTr(h1,s), Tr(ha,<)}}
= min{min{T=(b1,<), Tr(fi1, <)}, min{ZT=(b2, <), Tr(ha,<)}}
= min{Tzxr((b1,1),<), Tzxr((b2, h2), <)}

1 —F=xr[((b1,1),5)Q1((b2, fi2), )] = 1 — Faxr(b1O1b2, L1017z, )
min{l — F=(b1V1b2,¢), 1 = Fr(mV1h2,¢)}

Y

min{min{1 — §=(b1,<), 1 — F=(b2, <)}, min{l — Fr(f1,<), 1 — Fr(h2,<)}}

= min{min{1 — F=(b1,<),1 — Fr(f1,¢)}, min{l — F=(b2,<),1 — Fr(ha,<)}}

= min{l — Fzxr((b1,71),5),1 — F=xr((b2, h2),5)}.
Thus, U2, (0014, ¢) = min{OZ 1 (b,<), 02, 1 (h,<)}. Similarly, O, - (0D2h, ¢) = min{OZ, (b,s), U
and OEXF(b@3h ) = mln{UExF(b S)s :xr(h S)}. Now,
I r[((01,71), €)1 ((02, h2), )] = Tk, p (01 D12, M D1 s, <)
la(b Q1ba, ) + Th (A1 D1 h2,¢)

2
_ 1[35(1,6) + 3L (.9 le(hl,owlp(m)]
- +
-2 2 2
_ 1[9561.9) + 3h(ha6) | T(2.6) + (a6
2 2 2
0
= 5[5 (1, 10). ) + I (62, 12), <))
e rl((b1,71),6)Q1((b2, h2), )] = T2 (01Q1b2, 11 Q1 A2, <)
_ j%(b1@1b2,§) +j%(h1@1h2,§)
2
_1[95061,9) + 32020 ﬁ%(h1,<>+3%<h27<>]
-2 2 2
_1[35061.9) +98(,) | T(2.9) + (B2, )
C2 2 2
r
= 5 [FEar(G1,7). ) + T (02, h2). 6)|.
Thus, B2, (6915, <) > [U{’Xr((bl,hl) O+OL 1 ((ba, Fiz), )] Similarly, 02 . (69aF, ) = g[ (b1, 1),
OL 1 (02, h2), )| and B2, 6Vs,6) = §[02,0((01, ), 6) + ULr (02 h2). ).
Now
S=xr[((01,71),6)Q1((b2, h2), )] = F=xr (019102, 71 V1 A2, <)
= max{§=(b101b2,¢), Fr (71 V1 h2,¢)}
= max{max{F=(b1,<), F=(b2, <)}, max{Fr(h1,<),Sr(h2,<)}}
= maX{maX{gE(bl, §)7 S’F (h17 C)}; maX{%’E(b27 §)7 S’F (h27 C)}}
= maX{SEXF((bhhl)ag)agExF((anh2)7§)}'
1= Faur[((01,71),5)Q1((b2, h2), )] = 1 — Taur (01V1b2, 11 V1A, <)
= max{l — ig(bﬁ?lbg,g), 1-— Sp(h1©1h2,§)}
=< max{max{l — Tz (b1,¢),1 — T=(ba,<) }, max{l — Tr(f1,5),1 — Tr(ha,
= max{max{l — T=(b1,<),1 — Tr(h1,<)}, max{l — T=(ba,<), 1 — I (

= max{1l — T=xr((b1,21),¢), 1 — T=xr((b2, h2),<)}.
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Thus, O, (0017, ¢) < max{UE_ . (b,5), B, -(h,<)}. Similarly, B (0Vsh, ) < max{0L (b,c), 0L, 1(h,<)}
and UEXF(b@i‘}hv §> = maX{UExF(bvg% UEXF(h7 C)}
Now
Texr[((01, 1), )01((02, h2),<)] = T=xr(01V1b2, 1101 A2, <)

= min{%=(b1O1b2,<), Tr(h1 D1 h2,9)}

= min{min{¥=(b1,¢), T=(b2, <)}, min{ZTr(h1,s), Tr(fha,<)}}

= min{min{T=(b1,<), Tr(fi1, )}, min{ZT=(b2, <), Tr(ha,<)}}

),$): Taxr((b2, h2), <)}

Thus, B2, (0014, ¢) = min{OZ, 1(b,<), 02, 1 (h,<)}. Similarly, 52, - (bVah, ¢) = min{OZ, (b,<), UL, 1(h,<)}
and UZ, 1 (bQ3h,¢) = min{UZ, 1 (b,<), UL, (A, <)} Now,

—mm{T~Xp (bl,hl ,S),

Jzxr[((b1,71),6)Q1((b2, h2), )] = T=xr (01 D12, 11 Q1 A2, <)
_ J=(0191b2,5) + Ir(1Q1ha, )
2

_3E(b1,§)+35(b27§) 7F(ﬁ1,§)+3r(ﬁz,§)]
2 + 2

1Y
| =

B [32(01,6) + Ir(h1,<) | Tz(ba,s) + 3F(hz7<)]
2 + 2

= N

Tzr((b1 ), 6) + Tzar (02, 72), )]

Thus, U2, 611, ) = 3 [0, ((01, 1), )+ (b, ) <) - Similarly, UL, 01, ) = [0, (01, 0), )+
02,1 (02, h2), )] and U2, (60sh,) = & [02, (01, ), <) + V2 p((b, ) 6) | Now

Szxr[((b1,71),9)01((b2, h2),<)] = F=xr (01V1b2, R1 D1 Az, <)
= max{F=(b1V1b2,<), Fr (A1 OV17i2,¢)}
=< max{max{F=(b1,5), §=(b2, <)}, max{Fr(h1,<), §r(he,<)}}
= max{max{F=(b1,<), Fr(fi1, <)}, max{F=(b2, <), Fr(fi2, <)} }
= max{sExF((bly hl),g),saxr((bz, h2),§)}-

Thus, O, (0017, ¢) = max{UE_ . (b,¢), B, (A, <)} Similarly, B . (0Vsh, <) < max{0L (b,c), UL, 1(h,¢)}
and U . (0O3h,¢) < max{US (b,), 0%, (%, <)}. Hence, = x T is a ¢-NSCVSBS of A.

Corollary 3.5. If =1, =, ..., 2, are the families of ¢ — NSCV SBS® of A1, As, ..., A, respectively, then
H1 X Z9 X ... X Ep isa q-NSCVSBS of A1 X Ao x ... X A,,.

Definition 3.6. Let = be a g-neutrosophic VS in A, the strongest g-neutrosophic cubic vague relation (Sq-
NSCVR) on A is defined as

630..<) = win{BZ(5.). BZ(1.)}
J 3
B3 (b, b, ) = Bal)tO2(hs)

U%”(b’ h, §) = maX{Ug(b7 C), Ug(ha C)}

Theorem 3.7. Let = be the g-NSCVSBS of A and Y be the SqNSVR of A. Then = is a ¢-NSCVSBS of A if and
only if Y is a g-NSCVSBS of A x A.

Proof. Let E be the ¢-NSCVSBS of A and T be the SgNSVR of A. Then for any b = ((b1,b2),<) and
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h = ((h1, h2),s) are in A x A. Now,

Ty (6015, 6) = Tr[(((b1,b2),6)V1 (A1, h2),<)]
=Ty (0191h1,b2 V1 7a, <)
= min{‘zg(h@lhl» )7 (
= min{min{T=(b1,), Tz (1, ) }, min{T= (b2, <), T=(h2, <) } }
= min{min{T= (01, <), T= (b2, <) }, min{T= (71, ), T=(h2, ) } }
= min{ZTy ((b1,b2),<), Tr((h1,h2),<)}
= min{%Tr(b,5),Tr(h,¢)}.

1 - Fr(6O1h,¢) = 1= Fr[(((01,b2), V1 (g, Fiz), )]
=1 — gr(blvlhl,b2@1h27 )

@ hQ» )}

=min{l — F=(b1 D1 h1,¢),1 — F=(0201h2,¢)}
= min{min{l — §F=(b1,¢),1 — F=(fi1,¢)}, min{l — F=(b2,¢),1 — F=(fiz,<)}}
= min{min{1 — F=(b1,¢), 1 E(b ¢)},min{l — F=(fi1,¢),1 — F=(ha,<)}}
= min{1 — Fr((b1,02),<),1 = Fr((hn, h2), <)}

=min{1l — Fr(b,¢),1 — Sr(ﬁ <)}

Thus, U3 (001A,¢) = min{U5(b,s), 55 (A,<)}. Similarly, UF (bV2h,¢) = min{UF(b,<), 5% (h,<)} and
U5 (0V3h,¢) = min{U% (b, <), U5 (h,<)}. Now,

T (0011, €) = T [((b1,52), <) D1 (R, B2, )]

T
=34 (0101 71,b2 01 i, <)
~ 3L (019101, 6) + TE(02D1ha, <)
N 2
o1 [jIE (1,9) jlz (h1,6) 3g(b2,9) +3l5(h2,§)]
=5 5
_1 lEbla + lEb27 )+ é(hla )+ é(h2,§)
T2 2 2
_ Iy ((1,02), ),s) + T4 ((ha, Ba), )
2

_ Tlljf(bﬂ)-l-jll-(hg)

5 )

I (01, ¢) = TL[(((b1,b2), ) Q1 (R, ha), <))
j?f(b @ hl,b2@1h27§)
j%(b O1h4, )+3%(b2@1h2,§)

2
JL(b1,¢) 42'3§(7117§) i

34 (ha, ) + I (hay s )]

[\

lﬂg@l, S)

9L(2) | Bl >+ﬂa<ng,<>]

\./[\D—‘—
[\

((hh h2)v §)

_|_

2

_ 94(,9) + 34 (A o)
' |

F{jhlz: )%(b(;?l)h jq) = LxldOx(he) - Similarly, UF (bQOah,¢) = Sxslt0r(s) 444 53 (bD3h,¢) =
1 (P,S gy S

Slmllarly, 53 8 (6O1h,¢) < maX{US (,), us 3 (n, oL UE (bQafi,¢) < maX{Ug (,9), Us S (R, ¢)}and U F00sh,¢) =
max{U%.(b, <), 5. (h, <)}
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Now,

‘ZT(b@Ji,C) = TT[(((bla bZ)a §)@1((h1, hQ)a §)}
=Ty (0191h1,0201ha, <)
:min{Kg(bl@lhl, ), (b2@1h2> )}
= min{min{%=(b1,¢), T=(h1,<)}, min{T= (b2, <),
(b2,
(

[I]

= min{min{%=(b1,<), T=(b2, <)}, min{T=(A1,¢),
:min{‘f'r((bhbg) ) e (h17h2) )}
=min{%y(b,), Tr(h,<)}.

Thus, U5 (bV1h,¢) = min{U%(b,<), 05 (h,<)}. Similarly, U5 (bVsh, ) = min{U%(b,<), 05 (h,<)} and
0% (09sh, <) = min{U% (b, <), U ( ).

Now,

I (0C1h,¢) = T [(((b1,b2), ) Q1 ((A1, h2),<)]
=TJv (5,9, ﬁl,bQQ?lﬁg, <)
320101y, ) J=(0201h2,¢)

o 1[ =(01,<) + J=(fu, <) n J=(b2,¢) +35(h2,<)1

-2 2

_ 11 3=(1,¢) +TI=(b2,9) + J=(ha,5) + Iz (he, <)

2 2 2
1((b1,02), ) + Iv ((ha, 2), <)

Thus, U%(bV1h,6) = w Similarly, U%(b02h,¢) = w and U3 (bQ3h,¢) =

Ox (b, <)+Ur(h c)

Slmllarly US.(6915,6) < max{U%(b, <), US.(h,6) }, US. (00ah, ) < max{U% (b, <), US.(h, <)} and US. (b3, ¢) <
max{U% (b, <), 55 (%, <) }. Thus, T is a ¢-NSCVSBS of A x A.

Conversely, assume that T is a g-NSCVSBS of A x A, then for any b = ((b1,b2),<) and i = ((%iy, hi2), <) are
in A x A. Now,

min{ig(bl@lhh §), TE(bgwlhg, §)} = ‘Sy(blﬁ?lhl, bg@lhg, §)

= ‘IT[((bla b2)> §)@1((h17 hQ)v §)]

= ST(b(?lha §)
min{r‘gT(bvg)vrzT(ha C)}
min{ % ((01,b2), <)}, Tx ((n, h2), <)}
min{min{%Tz(b1,5), Tz (ba, <)}, min{T=(%1,5), T=(h2,5)}}.
IfT=(0101h1,6) X T=(02V1h2, <), then T= (b1, 6) <X T=(bo, <) and T=(h, <) = T=(he, ). We get T=(b101h1,¢) =
min{%z=(b1,¢), T=(h1,<)} forall by, A € A, and
mln{s—(b1©2h17 ) {ZE(bQQQQth )} = min{min{{IE(blv§)7(3:E(b27<)}5min{TE(hhg%zE(hQag)}}
If T=(010201, <) X T=(h202h2, <), then T=(b1V2h1, <) = min{T=(b1, <), T=(h1, )}
min{‘zg(h@ghl, ), E(bg@ghg, )} i min{min{‘lg(bl,g),‘Ig(b27g)},min{‘ZE(h17§)7TE(h2,g)}}.

Y
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If‘zg(m@ghl,C) =< E(b2®3h2, ) then Sg(b1@3h1,§) = min{SE(bl,g),SE(hl,c)}.

min{l — §F=(0101h1,¢),1 — F= (0201 h2,<)}

=1=Fr(0190171,020172,¢)

=1—=37[((01,b2), )1 (1, h2), <]

=1—3Fr(bO1h,5)

= min{l — Fr(b,¢),1 — Fr(h,¢)}

=min{l — Fr((1,b2),)}, 1 = Fr((h1, h2), <)}

= min{min{1 — F=(b1,<),1 — F=(b2, <)}, min{1l — F=(h1,5),1 — F=(h2,9)}}.

If 1 — §=(01C1h1,6) < 1 — F=(0201h2,¢), then 1 — F=(b1,6) X 1 — F=(b2,¢) and 1 — F=(h1,5) =<
— F=(ha,s). We get 1 — F=(0101h1,¢) = min{l — F=(b1,9),1 3 (h1,5)} for all by, h; € A, and

min{l F=(0102h4,¢), 1-F=(b2V2h2,¢)} = min{min{1-F=(b1,5), 1—F=(b2,¢)}, min{1—-F=(f,¢),1—
S=(h2,¢)}}-

If1- S_(blchhl,g) = 1- SE(bQOQhQa ) then 1 — S_(b QQ2h17 ) ln{l - (b17§)7 1- SE(hlag)}'

mm{l 3' (I? @37"21, ) 1_%E(b2©3h2, )}>m1n{m1n{1 %._(blv )v]- 3’_('72, )}7min{1_35(h17<)71
F=(h2,¢)}} I 1 = F=(01Vsh1,¢) = 1 = F=(02Vshe,<), then 1 — F=(b1Vsh1, <) = min{l — F=(b1,<),1 —

S_(hla )}

Thus U%(b@lh,q) - min{U%(b,g),U%(h,q)}. Similarly, U%(b@gh,g) = min{U%(b,q),U%(h,g)} and

U%(b®3h7 () = min{U%(b7g)7 U%(ha §)} No

)

£

>

1

3L (0101h1,6) + T (b2V1h2, 6) | = T (01D 71, 0201 Fia, <)

= 3 l((b1,52), <) Q1 (P, h2), )]
=74

(0011, 6)
35 (0, ) + Ty (<)
- 2
_ 3 ((01,02),6) + I ((Br, ho), <)
2
_1[9L01,9) +9L02,9) |, I(r.<) + 3L (2. )
) D) 5 )

If 3L (b1 01 A1, 5) = TL (0291 ha, <), then TL (b1, ) =< TL (b2, <) and TL(hy, <) < TL(ha,<).
)

We get 3L (b, 1 /iy, ) = 22CLHI=9) Similarly, 3L (by Dyl ¢) = 22CLO4I29 ang 5L (5, Dghy <) =
le(blﬂg)+le(h17<)

Also, %[Jg(bli?lhl,g) +j;(b2@1h2’g):| -1 REIC <)+3u(b2 S 4 3z, <)+:7 (h2,9)

Ifj%(b1@1ﬁl,§) jﬁ%(bg@lhg,q),then ju<b1, ) j%(bg, )andJ%(hl, ) j%(ﬁg,{).

We get JL(b1O1h1,¢) > w and J%(b1Vakiy,¢) = M and J%(b;Vshy, ) =
5 .
Thus U3 (b01h,) = M. Similarly, U5 (b©ah,¢) = w and U3 (bV3h,¢) =

M . Similarly, max{§= (b1 D151, <), F= (0291 h2, )} < max{max{Fz(b1,<), F=(b2, <)}, max{F=(hy,<), F=(fiz, s

If §= (b1 @ 171,6) = F=(020172, ), then F=(b1,6) = F=(b2,¢) and F=(fir, s) = F=(he,9).

We get 3_([? © 17, §) = maX{%E(blvg)ng(hlvg)}'

max{F=(102h1,¢), F=(02V2h2,¢)} = max{max{F=(b1,¢),F=(b2, <)}, max{F=(f1,<), F=(h2,<)} }.

If §= (01020, <) = §=(02V2hs, <), then F=(b1V2h1,¢) = max{F=(b1,¢), F=(h1,9)}.

max{F=(010301,¢), = (02Vsh2,¢)} = max{max{F=(b1,5),F=(v2, <)}, max{F=(h,<), F=(h2,¢)}}

If = (01Vsh1,<) = §=(02V3hs, <), then F=(01V3h1,<) = max{F=(b1,<),F=(h1,<)}.

Also, Similarly to prove that max{1 — T=(b10171,¢),1 — T=(0201 72, <)} < max{max{l — T=(b1,¢),1 —

T=(b2,¢)}, max{l — T=(h1,¢),1 — T=(ha,<)} }.

If1-— Tg(bl(?lhl,C) = 1- Eg(b2@1h2,§), then 1 — zg(b1,§) = 1-— ‘IE(bQ,C) and 1 — Sg(hl,C) >~
— T=(he, ).

We get 1-— (IE(blvlhl, §) = max{l — TE(bl,C), 1-— (»{E(h17§)}-

max{1-%=(1V2h1,¢), 1 =Tz (020272, ¢)} < max{max{1-T=(b1,¢),1-F=(b2, <)}, max{1—-T=(A1,¢),1—
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T=(h2, <)}

If1-— Tg(blvghl,g) > 1-— ‘IE(bQ@QhQ,C), then 1 — Tg(b1©2517§) = maX{l — ‘IE(bl,C), 1-— Tg(hl,C)}.

maX{l —T=(11V3h1,¢), 1-T= (020302, ¢)} < max{max{1-T=(b1,¢),1-F=(b2,¢)}, max{1—F=(h1,5),1—
T=(h, <)}

If1-— ‘I:(b @3h1,§) i 1-— Sg(b2®3h2,§), then 1 — Ig(bloghl,C) j max{l - gg(b1,§), 1-— Tg(h1,§)}.

Hence, U3 (b1 1, ¢) < max{U5.(b, <), 0% (i, )}, US. (b0Vah, <) < max{UL(b,), US(h, <)} and

U5 (6030, ) < max{U%(b,¢), US.(h,)}.

Assume that T is a ¢-NSCVSBS of A x A, then for any b = ((b1,b2),<) and i = ((Fi1, iz), <) arein A x A.

Now,

min{T=(019171,¢), T=(0201h2,6) } = T (b10D1h1,0201 k2, <)
= Ty [((b1,b2),)Q1((h1, h2), )]
Ty (0011, 5)
min{%Ty(b,<), Ty (h,<)}
min{gr((bhbz),C)LIT((hlvh2)a§)}
= min{min{T=(b1,<), T=(b2, <) }, min{T= (A1, <), T=(ha, <) } }-

IfT~(b1Q?1hl, = E(bgvlhg, ) then‘IH(bl, ) = Sg(b2,§) and‘IE(hl,g) = ‘IE(}ZQ,C). Weget‘35<b1(?1h1,§) b
min{%z=(b1,5), T=(h1,<)} forall by, fi; € A, and

min{T=(h1V201,¢), T=(h2V2h2, )} = min{min{T=(b1,<), T=(b2, <)}, min{Z=(%1,<), T=(ha,¢) } }
Iff—(le?th, )_ E(bg@th, ) then Sg(b1®2h1,§) tIniIl{sE(bl,§),55(ﬁ1,§)}.

min{%T=(h1V3h1,5), T=(b2V3h2,¢)} = min{min{T=(b1,<), T=(b2,<) }, min{T=(h1,<), T=(ha,<) }}.
IfS:(le?ghl, ) ) _(bg@ghg,(),thel’l sg(b1@3h1,§) > min{gg(bl,c),fg(hl,g)}.

Thus, U5 (0V1h,¢) = min{U5F(b,<), 05 (h,<)}. Similarly, U5 (bVsh, <) = min{UF(b,<), U5 (h,<)} and

U7 (0V3h,¢) = min{U%(b,<), U5 (h,s)}.

Now,

Y

J=(0194 A, )+75(b2@1712,§)} =Ty (0101h1,0201hi2, <)

(o
r[((b1,02),6)Q1((h1, h2),<)]
1 (6V17,6)
JIr(b,s) + Ir(h,s)
2
Iy ((b1,b2), )

| =

=7
=7

((hh h2)7§)

_|_

2

[35(% <) +3J=(b2,¢)  T=(h1,<) + JT=(he,<)
9 + .

DN | =

Ifjg(b1@1h1, ) 35( ﬁg, ) thenf)’ (bl, ) jg(bg §) al’ldjg(h C) E(ﬁQ, )
We get J= (b @1711, = M Similarly, 3= (b1 D2k, <) = Maﬁd%(h@shhd =
5 .

ZTjhl(lbs Esfa(b(czl? y6) = SxCslOr(he) - gimilarly, U5.(bVah,¢) = SrCHEOrR) ang 53 (b04h,6) =
1 (P,S T S

Slmllarly, max{F=(b1011h1,¢), F= (0201 h2, <)} < max{max{F=(b1,<), F=(b2, <)}, max{F=z(h1,s), F=(ha, <)} }
If §=2 (01171, ¢) = F=(02V1 72, <), then F=(b1,<) = F=(b2,<) and F=(h1,<) = F=(he, ).

We get §=(0101h1,¢) = max{F=(b1,¢),F=(h1,9)}.

maX{%E(blozﬁhC),%E(bz@zhz,C)} = maX{maX{ga(th),%E(bz,C)},maX{%E(hl,C),SE(hQ,C)}}-

If = (010201, <) = §=(020V2h2, <), then F=(b1V2h1,<) = max{F=(b1,<),F=(h1,<)}.

max{Fz(01V3h1,¢), F=(02V3h2,¢)} = max{max{F=(b1,<), F=(b2,<)}, max{F=(h1,<), F=(h2,<)}}

If 2(01Vs01, <) = F=(02Vshs, <), then F=(01Vsh1, <) = max{F=(b1,<), F=(h1,¢)}.

Hence, Ui(b@lh, ¢) X max{Ui(b,g),Ui(ﬁ, 912 Uﬁr(b@gh, ¢) =< maX{Ui(b,g), Ui(ﬁ, )} and

U5 (6030, ¢) < max{U%.(b, <), US.(%,¢)}. Hence, = is a ¢-NSCVSBS of A.

Theorem 3.8. Let = be the gNSV subset in A. Then U = ([T=, %=, [J=, I=], [§=, §=]) is a ¢-NSCVSBS of A
if and only if all non empty level set 5(21-¢2:%) s q SBS of A for 01, 02, S E [0,1]

Proof. Assume that U is a ¢-NSCVSBS of A. For g1, 00,5 € [0,1] and b,7i € ©5(¢1:¢2:5) We have
T=(b,¢) = 01,%=(h,¢) = o1 and 1 — F=(b,¢) = 5,1 — F=(h,¢) = s and JlE(b <) >~ 02,IL (B, 5) = 02
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and J%(b, <) = 9273“( §) = 02, 1=%=(b,s) < 01,1 —F=(h,s) X o1 and F=(b,¢) = s5,F=(h, <) < s. Now,
T=2(0V1h,¢) = min{ E(b $),T=(h,¢)} = 01, 1 — F=(0V1h,¢) = min{l — F=(b,¢),1 — F=(h,¢)} =
s and JL(HO, A, g) m BOOHIEMG ) Ju(pOhc) m EEOHIEMD o) and F2(6O1h,6) <
max{%’_(b $),8=(fi,¢)} = sand 1 — T=(bO1A,¢) < max{l — Tz(b ,g), 1 —%=(h,¢)} < o01. This im-
plies that bQ1 i € U(@1-e2:%)  Similarly, bOyh € 130010225 and bQ3h € 13(01:¢2:5) Therefore 3(21:¢2:) is a
SBS of A, where o1, 02,5 € [0,1].
For 01, 02,5 € [0,1] and b, h € U(@1:¢2%5) We have T= (b, <) = 01, F=(h, <) = o1 and I=(b, <) = 02, T=(h, <) =
02 and §=(b,<) = s, 8=(h,¢) < s. Now, T=(bD1A,¢) = min{T=(b,s),T=(k,¢)} > 01 and T=(bDV1A,¢) =
2201 t3=s) -y, and F= (015, ¢) < max{F=(b,¢), F=(fi,s)} < s. This implies that b0, /i € Bler-02:9),
Similarly, bOyf € B(e1:02:%) and hQsh € U(e1:¢2:5)  Therefore U(1:¢2:%) is a SBS of A, where o1, 02,5 €
[0, 1].
Conversely, assume that Ule1.e2:9) s a SBS of A, where o1, 02,5 € [0,1]. Suppose if there exist b,h € A
such that Tg(b@lh ¢) < min{%=z(b,¢),T=(h,¢)}, 1 — F=(bV1h,¢) < min{l — F=(b,¢),1 — F=(h,9)},
IL(bD1h,¢) < EEDHIZMD 5u 4,05 o) < LOOPIZOD g g2 (b0, 5, 6) > max{Fz(b, ), F= (<)}
1 —-%=(001h,¢) > max{l —T=(b,¢),1 — F=(h,¢)}. Select o1, 02, s € [0, 1] such that T=(bO1A,¢) < 01 <
min{%T=(b,c), T=(h,s)} and 1 — F=(bV1A,¢) < 01 = min{l — F=(b,<),1 — F=(h, )} and TL >V A, ) <
03 = ZODHIZD) 4 38 (b0, 1, 6) < gy = ECDHIZMD yng & (5O 5y ) > 5 = max{F=(b, <), F=(h, o)}
1 — F=0001h,6) > s = max{l — T=(h,s),1 — T=(h,¢)}. Then b, h € B(@1:¢2:5) but b1k ¢ ler-ez),
This contradicts to that $3(¢1:¢2:%) is a SBS of A. Hence, T=(bV1h,5) = min{T=(h,s),T=(h,<)}, 1 —
F=(bD1h,<) = min{1-F=(b,5), 1—Fa(h, )}, I (b1, <) = =9I 50 (4,0, py ) - T2l F920)
e(OV1ih,<) = 2(0,¢),1=8=(h, <), Tz (0V1h,¢) = 5 , I2(0V1h, ) = 5
and §= (b1 A, ¢) = max{F=(0,<),5=(A,¢)} and 1 — T=(bV1 A, ¢) < max{l — T=(b,¢),1 — T=(%,<)}. Sim-
ilarly, ©O5 and Q3 cases.
Let assume that 3(¢1:¢2%) is a SBS of A, where g1, 02,5 € [0, 1]. Suppose if there exist b, i € A such that
T=(0V1h,¢) < min{T=(b,<), T=(hi, <)}, I= b1k, ¢) < 220 E3=9) 5 (5017, ¢) > max{F= (b, ), F=(h, ) }-
Select g1, 02,5 € [0, 1] such that Tz(bV17,¢) < o1 = min{T=(b,),T=(A,¢)} and T=(bO1A,¢) < g2 <
=0 I=(09) and F=(bO1h,¢) > s = max{F=(>,¢),F=(h,)}. Then b,i € B@e29) but b7 ¢
©5(1:22:9) This contradicts to that 3(¢1-¢2%) is a SBS of A. Hence, T=(b01 5, <) = min{T=(b,c), T=(h,<)},
J=(004h,¢) = M and §=(0O17,¢) = max{F=(b,<),F=(%,<)}. Similarly, Oy and Q3 cases.

Hence, U = ([ZT=, T=], [J— Jz], [§=, 8=]) is a ¢-NSCVSBS of A.
Definition 3.9. Let = be the any ¢-NSCVSBS of A and ¢ € A. Then the pseudo gNSV coset (¢E)P is defined
by

(«T=2)P(0,<) = p(c)T=(b,<), 1= (F=)P (b, <) = p(c)(1 —F=)(b,9),

(SIL)P(0,) = p()IE(, <), (sTL)P(b,<) = p(s)TL(, <),

(s8=)P(0, ) = p(s)F=(0:9), 1= (sTz)P(b,s) = p(s)(1 — T=)(b,)

eachb € A, ¢ € @ C X and for any non-empty set p € P.

Theorem 3.10. Let = be the ¢-NSCVSBS of A, then the pseudo gNSV coset (¢E)P is a ¢-NSCVSBS of A.

Proof. Let = be the ¢-NSCVSBS of A and for each b, i € A. Now, (¢T=)P(bO1h,¢) = p(s) T=(0O1h,¢) =

p(s) min{T=(b,¢),T=(h, <)} = min{p(c) T=(v,<), p(c) T=(h, <)} = min{(<T=)"(4,), (¢T=)"(h,<)}. Thus

(cT=)? (6018, ¢) = min{(¢T=)?(b,¢), (¢F=)? (h, <)} and 1 — (¢F=)? (0V1h,¢) = p(s) (1 = F=(V1h,9)) =

p(s) min{l—8=(b,<), 1-8=(h, <)} = min{p(s) (1-3=(,<)),p(s) (1=8=(h,<))} = min{1—(F=)"(b, <), 1-
(s8=)P(h,s)}. Thus 1 — (¢F=)P (0V1h, <) = min{l — (s§=)P (0, <), 1 — (sF=)P (R, ) }-

Now, (3L )P (6015, <) = p(s) T (6Dah, ¢) = p(c) [ﬁéw,c);ﬁg(m)} _ 209 900 p(0) Dlhe) _ (D) (.0 H6I) ().
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Thus (s35)P (69171, 6) = (<3’5)P(b,<)42-(<3l5)P(h,<) and (sTL)P (6014, <) = p(s) TLOV1h, <) = p(s) [jg(b,c)gjg(h,q] _

2O BECOTD) IES) _ (ICOTEI DG Thyg (L) (GO, ) = EECOHEING  Noy,

(682)7(0V1h,<) = pls) F=(bV1h,<) = pls) max{F=(,). §=(h,<)} = max{p(s) F=(0.<).p(s) F=(h.<)} =
max{(¢§=)" (b,<), (s8=)" (R, <) }. Thus ( <S~) (0D11, ) = max{(sF=)? (b,<), (T=)” (hx)}and 1=(c%=)" 6V1h, ) =
p(s) (1 = T=(6V1h,¢)) = p(s) max{l —T=(b,¢),1 — T=(h,¢)} = max{p(c) (1 —T=(b,5)),p(c) (1 —
T=(h,¢))} = max{1—(¢%=)P(h,c), 1—(¢T=)?(h, <) }. Thus 1—(sT=)P (0D 4, ¢) < max{1—(sT=)P(b,¢),1—

(c%=)P (7<)}

Now, (¢T=)? (0V1h,¢) = p(s) T=(0V1h, <) = p(s) min{Tz(b,<), T=(h, <)} = min{p(c) T=(b,<), p(s) T=(h,<)} =
min{(¢T=)? (b, <), (<Ts)” Ry <)}

Thus (s%=)?(bDO1h,¢) = mln{(gf~) (0,6), (sT=)P(h,s)}. Now, (sT=)P(001A,5) = p(s) T=(0O1h,5) =

(<) {ﬁs(b,c)gﬁs )3:(b,c)+p(<) I=(hs) _ (cf”s)p(b&);(cﬁs)”(ﬁ,c).
Thus (¢J=)? h,g) = (9= )p(b<)+(<5 )P(hs)

(O
Now, (<3_)”(Wlﬁ $) = pls) F=(601h,<) = pls) max{F=(,¢), 3=
max{(¢§=)" (b, <), (=) (7, <) }. Thus (¢F=)? (1A, <) < max{(c3:
and O cases. Hence, (¢E)? is a ¢-NSCVSBS of A.

|—|

(h, <)} = max{p(s) 3=(b,<),p(c) F=(h,¢)} =
2)P(h,¢), (¢§=)P(h,<)}. Similarly, Oy

Definition 3.11. Let (A1, 1,2, 3) and (A2, A1, Ao, A3) be the bisemirings. Let T : Ay — A, and Z be
an ¢-NSCVSBS in Ay, T be an ¢-NSCVSBS in T(A1) = Ay, the image of VS is defined as Uz(v)(h, <) =
[Tzv)(h,6), 1 =Tz (s )]s [T5 1y (B, €), Ty (s )]s vy (Rs 6), 1 = T=qvy (s 6)] where Tz (v (B, ) =
QTE(hv §), le(V) (hv §) = leE(h’ §), jE(V (h §) j%E(h, §) and gE(V) (h7 §) = STE(hv g) and gE(V) (h7 §) =
TyE(h, <), T=(vy(h, <) = IxE(h, <) and F=(vy(h, <) = FrE(h,<).

Definition 3.12. Let (A, 1,82, 13) and (Aa, Ay, Ao, A3) be the bisemirings. Let = : Ay — Ay be any
function. Let Y be a VS in Z(A1) = A. Then the inverse image of Y, =~ ! is the VS in A; by Oz-1v)(b,¢) =
[Te-10)(0,6), 1 = Fz-1 1) 05 ) [T 1y (05 6), T 1y (05 )]s [Bz-1(v) (0:6)5 1 = Fz-1 vy (0, 6)),

whete Sz 1) (5,6) = Tr(E10,0)). Isqy) (0:) = I (E10,0)) Ty (1) = FHE10,)),
Fa) (026) = Fr(E1(0,)) and Tzos (1 (5,6) = Tr(E-10,6)), Tza(y(0r6) = Tr(E-1(5,6)) and
F=-10v)(0,¢) = Fr(E71(b,9)).

Theorem 3.13. Every homomorphic image of ¢-NSCVSBS of Ay is a -NSCVSBS of As.

Proof. Let= : A; — Ay be ahomomorphism. Now, Z(bti1 1, <) = Z(b, <) A1Z2(h, <), E(btah, ¢) = Z(b,¢)A2Z(h, <)
and E(btish,¢) = Z(b,¢)A3Z(h,¢) forall b,i € A;. Let V = Z(E), Z is a ¢-NSCVSBS of A;. Let

=(6,),2(h5) € Ap, Tr(2(0, ) 1Z(h,)) = T=(ot1h, <) = min{T=(5,), Tz (<)} = min{TrZ(s,<), Tr(h, )}
and 1—Fy (2, ) A12(h, <)) = 1-F=(bt1A,¢) = min{1—-F=(v,¢), 1-F=(h,¢)} = min{1—-F+=(b,<), 1
SrE(h,6)}. Thus B (2(0, <) A1Z(h,)) = min{UFE(D, <), UFE(h. <) }-
Similarly, U5 (2(b, ¢) A2Z(h, <)) = mln{UTH(b S), UTH(E, g)}andU{I( (b,6)A3Z(hy <)) = min{UFE(b, <), DFZ(h, <)}
Now, 34 (2(b, <) A1E(R,<)) = TL (b, ¢) = =012 - FECOIERS g 34 (55, <) A1 E (R, <)) =
I (bt By ) Jz (b, s)-HT“(h S _ I%EQ, g)-&2-7~f~(h ) Thus 2 2B, ) AE(hy<)) = M Simi-
larly, 53 (20, ) A0Z (. ¢)) = min{UFZ(0,), UF=(h. o)} and U3 (20.) 252 (h, <)) = min{UFE(>, <), DFE(h, ).
Now, (2, ) A2 <)) = B=(otih, <) < max{F=(,c), 3= <)} = max{FrE(5,), F+= (o)} and
1—%r(E(D, )Alu(h g)) < 1-F=(bfih,¢) X max{l—TF=(b,¢),1 —Te(h,¢)} = max{l —FTyr=E(b,¢),1—
‘ZT_(h §)}. Thus G5 (Z(b, ¢) A12(h,6)) =< max{USE(b, <), %E(FL ¢)}. Similarly,

U (= ( §)N2E(h,6)) = max{USZ(b,¢), USE(h, <)} and UL (Z(b, ¢) A3E(h, <)) < max{USE(b, <), DSE(h, )}
), Zis a ¢-NSCVSBS of A;. Let 2(b, ), Z(h,¢) € Ao, I+ (E(b, <) A1E(R, <)) = T=(bi1h, ¢
$),T=(h, <)} = min{ZTrZE(b, <), Tx=(h, ) }. Thus BF(Z(b, ) A1Z2(h, <)) = min{UFZ(b, <)
U%(2(b,c) A2=(A, g)) = min{U3Z(b,<), 53Z(h, <)} and UF (E(b, g)AgE(h, §)) = min{U%F
Now, jT(E( () ( )) (bﬂlh §) J=(b, <)+3 (hys) 3'1“—1'7{)“’31’—‘(5 <) . Thus, Uj( ( ) )

(h,s)} and B3 (Z(b,
) = max{F=(b, <), §
), UEE(R, <)}

)}-
E(hy<)}-

=
=0
)

c st
SE A

[I] [I]

)
o)
(b,<)
(R, <))
$)A3E(h,<))
E(hvg)} =

Yy

/\

A,
min{U?r (b, ), U}:(h q)} Now ST( b, ) A1E(h, <
max{FrZ(b, <), §r=(h, <) }. Thus, BL(2(b, <) A1E(h, <)
Similarly Ug( (b,5)NaZ(h, ) = max{USZ(b, ), USZ (1, <)} and

U (2(b, ) A3E(h, <)) < max{U5Z(b, <), 53Z(h,<)}. Hence, T is a ¢-NSCVSBS of A,.

IA

g
)

><
~
G

)
’9}\

Theorem 3.14. Every homomorphic pre-image of ¢-NSCVSBS of Ay is a ¢-NSCVSBS of A;.
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Proof. Let = : Ay — Ay and Z(b#1 5, ¢) = Z(b, <) A1E(R, <), E(tah, <) = E(b, <) A2Z(h, <) and E(b3h, <) =

E(b,¢)As=Z(h, g) forallb,h € A1 Let V = E(E), where T is any ¢-NSCVSBS of As. Letb, i € A;. Now,
T=(f1h,5) = Tr(E0415,)) = Tr(E0,) A= (A <)) = min{TrE(,<), TrE(h, <)} = min{T=(,<), T=(h, o)}
Thus T=(b#15,¢) = min{T=(b,s), T=(h,<)} and 1 F=(bfi7,¢) = 1-Fr(E(G1A,¢)) = 1-Fr(E(D, <) A1E(R,6)) =

min{l — Fr=(b,<),1 — FrE(A, <)} = min{l — F=(b,<),1 — F=(A,<)}. Thus 1 — F=(vt17,¢) > min{l —
F=(,¢),1 — F=(h,<)}. Hence, UF (b1 5, <) = min{U5 (b, <), U5 (h, <)}

Similarly, UF (bfah, ¢) = min{U5 (b, <), U5 (h,<)} and U5 (bfzh, <) = min{U5 (b, <), Uf(h )}

Now, 3L (fah. <) = I (E0ah,)) = T (0, ) A1E(hy<)) = TrECelZeShe) — 2200 0), Thug
IL(btih, ) = OIS and 32 (58,1, <) = TE(EGE1R <)) = TE(ED, ) A1 E(h, ) = TEECDITESS)
Iz (b, <)+3 (h,9) _ Thus J& (bﬁlﬁ ¢) = J=( b<)+3 (hys) . Hence, U7 (bﬁlﬁ, g) - U%(MHQ-U%(TLS)'

Slmllarly, U% (b2, g) - % and U (bish, <) = w

Now, = (bt1,<) = Sx(E0Hih, ) = Fr(E(0,0) A= (R, 6)) < max (Fr3(b,), xZ(h6)} = max{F=(v,), F=(h )}

Thus §= (b1, <) < max{F=(b, <), F=(k,<)} and 1— T~(bﬁ1h ¢) =1-3v(EObH1h,¢)) = 1-3+(E(b, ) A1E(h, <)) =

max{1l — Tyr=E(b,¢),1 — TyrE(h,¢)} = max{l — T=(b,<),1 — T=(k,¢)}.

Thus 1 — ‘Eg(bﬁlh, ¢) Xmax{l — T=(b,¢),1 — F=(h,¢)}.

Hence, UT(bﬁlh ¢) < max{U%.(b, <), US(h,¢)}.

Similarly, U (b, g) = maX{Ug(b,g),UT(ﬁ §)} and U5 (b3, ¢) < max{US (b, <), US(

Now, T—(bﬂlh §) =Ty (EGHiA,9)) = Tx(E(b, ) A1 E(A, g)) = min{Tr=(b, <), TE(h,g

Thus T=(bfi1h,¢) = min{T=(b,s), T=(h,<)}. Hence, U5 (bt1A,¢) = min{UF(b,¢)
<)

UT(bﬁgh ) = min{U5(b, ), OT(’ﬁ, )} and UF (bsh,s) = min{U5(b,<), U5 (h,
Ir(EGHhR, ) = Ir (E(b, ) A E(R

)) JIrE(b, §)+j’ru(h ) _ J=(b,9)+T=(h,s)

7 - 2 .

Thus J=(bf1A,¢) = M Hence, U% (bjjlh S) = w Similarly, U% (bfaft,s) =
U%(b,c);ug}(m) and U?r(bﬂgh, g) - Uy (b, g);m(n <).

Now, F=(bf15, <) = Fr(E(0t1h, <)) = Fr(ED, <) A1E2(h, <)) = max{FrE(b,<),FrE(h,<)} =
max{Fz(0,<),F=(h,<)}. Thus F=(bt1h,¢) < max{F=(b,<),F=(h, <)}

Hence, U3 (b#171,6) < max{U%.(b,s), 0%(h,¢)}. Similarly, US (bfafi,¢) < max{U%.(b,s), 0% (k,¢)} and
U3 (bishi, ¢) < max{U%.(b, <), US(,¢)}. Hence, = is a ¢-NSCVSBS of A;.

h7
)ﬁ} = min.{T.E (b,¢),%=(h,9)}.

oW, jg(bﬂlh §)

Theorem 3.15. If= : Ay — Ay is a homomorphism, then Z(Z,, ,,,s)) is a level SBS of ¢-NSCVSBS Y of As.

Proof. Let = : A; — A be ahomomorphism and Z(bf1 A, ) = Z(b, ) A1E(AR, <), Z(bali, ¢) = E(b, ¢) AaZE(F, <)
and Z(b#zh, ) = Z(b,¢)A3E(h,<) for all b, € Ay. Let V = Z(E), E is a ¢-NSCVSBS of A;. By Theo-
rem [3.13} T is a ¢-NSCVSBS of Ay. Let Z(,, ,, s be any level SBS of =. Suppose that b, € E(,, 0s,9)-
Then Z(b#17, <), Z(bf2h, <) and Z(b3h, <) € E(4,,00,5)- Now, Tx(E(b,5)) = T=(b,<) = gl,‘ST( (h,9)) =
T=(h, <) = o1. Thus Ty (E(0, <) A1E(R,<)) = T=(bfhih, <) = o1 and 1 — Fr(E(b,<)) = 1 — F=(b,c) =

s,1 —Fr(E(R,s)) =1 —F=(h,¢) = s. Thus 1 — Fr(E(b,¢)AZ(R,<)) = 1 — F=(bf1h,¢) = s. Now,
T (Eb.<)) = IL(b,<) = 02, T4 (E(h,<)) = T (R, <) = 02. Thus T (E(0, <) AiE(R, <)) = TEGH1A, <) = 02
and T4 (2(0,6)) = T£(5,5) = 02, 3 (E (1)) = T2(h 5) = 2. Thus T(E(b, <) AyZ(h, <)) = I(ah. o) =
02. Now, Fr(Z(b,s)) = F=(b,¢) = s,Fr(E(h,¢)) = F=(h,¢) = s. Thus Fr(2(b,¢)A1E(k,¢)) =
F=(bfih,¢) X sand 1 — Ty (Z(b,¢)) = 1 — FT=(b,<) = 01,1 — Tx(E(h,s)) =1 — T=(h,¢) = 01. Thus
1 =%y (ED,¢)AE(R¢)) =1 —F=(bf1A,¢) <X o1, forall E(b,¢), E(A, ) € As.

Now, Tr(E(b,¢)) = T=(b,¢) = 01, Tx(E(h, <)) = T=(h,<) = 01.

Thus ‘IT(E(b7§)A15(h’ g)) = SE(bﬁl}L §) = 01.

Now, Jv(2(b, <)) = J=(b,<) = 02, T (E(A, <)) = T=(h, <) = 09.

Thus Jv(2(b,¢)A12(h, <)) = T=(biih,s) = 02. Now, Fr(E(,¢)) = F=(b

2 $) 2 8,3r(EM)) =
§=(h,¢) = s. Thus Fr(E(D,)A12(h,¢)) = F=0lih,<) =< s, for all Z(b,<),2(h,¢) € Ay. Similarly to

prove other operations. Hence proved.

Theorem 3.16. If=: Ay — A is any homomorphism, then is a level SBS of g-NSCVSBS = of A;.

Z(01,02,)

Proof. Let = : Ay — Ay be ahomomorphism and Z(b817, <) = Z(b, ) A12(F, <), E(btafi, ) = E(b, <) A2E(H, <)
and Z(bish, <) = Z(b,¢)A3E(A, <) forall b, € A;. Let V = E(Z), T is a ¢-NSCVSBS of Az. By Theo-
rem[3.14} = is a ¢-NSCVSBS of A;. Let Z(Z(,, ,,.5)) be a level SBS of T. Suppose that Z(b,<),Z(h,<) €
E(E(gl,gz,s))~ Then E(bﬂlh, §),E(bﬂ2h, §) and = (bﬁgh §) ( Z(o1,02, S)) Now, Tg(b,§) = ‘I (’—(b §))
01,%=(h,¢) = Ty (2(h,<)) = 01. Thus T=(b#1A,<) = min{T=(b,s),T=(h,¢)} = 01 and 1 — F=(b,¢) =

1 -8 (Eb,)) = 5,1 —F=(h,¢) =1 —Fr(E(R)) = s. Thus 1 — F=(bf1h,¢) = min{l — F=(b,¢),1 —
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S=(h,¢)} = s. Now, gL z(b,¢) = "lY(E(bg)) > Qg,jlg h,s) = jlar(E(iLg)) > 09. Thus le(btilh,c) >
M = 05 and JL(b,<) = TL(2(0,5)) = 02, T2(h,<) = T%(2(h,<)) = 02. Thus IL(b1h, <) &=
J2 (b, §)+3 (h,5) = 05. Now, = (b C) %’T(E(b7g)) < st"E(h, g) = ST(E(h §)) = s. Thus S“(bﬁlh §)
Sr(E (b <)A1—(h ) = max{F=(0,<),F=(h,¢)} = sand 1 — T=(b,s) = 1 — Ty (ZE(b,c)) < 01,1 —
Sg(h,§) = (E(h,()) = 01. Thus 1 —ig(bﬂlh,§) =1 —i{'r(E(b,()AlE(h,g)) = max{l
T=(b,¢),1 — ‘Z—( ¢)} 2 o1, forallb i € A;.

Now, T=(b, <) = Tr(2(b,<)) = @ﬂs(h ) =Zr(E(h9)) = o1

Thus T=(b41h,¢) = min{T=(b,<),T=(h,<)} = o01. Now, J=(b,5) = JIr(E(b,<)) = 02,7=(h,¢
I¢(2(h,s)) = 02. Thus Tz (bt h,¢) = 2=20TI=8) o) Now, F=(b,¢) = Fr(E(0,<)) < s, F=(f,<)

Fr(E(h,<)) = s.
Thus F=(bt17,<) = Fr(E(0,¢)A1E(R,¢)) <X max{F=(b,<),F=(A,¢)} =X s, forall b, € A;. Similarly to
prove other two operations. Hence proved.
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