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Abstract 

In actual life, dealing with uncertain information has become a challenge for researchers who strive day after day 

to develop more accurate mathematical tools for better dealing with this information. The Q-Fuzzy soft model can 

process uncertain information in two dimensions by dealing with the subjective judgments of users effectively. 

Therefore, this article aims to increase the effectiveness of the Q-fuzzy soft model and address the challenges of 

design-making under uncertain information by proposing a new model called the interval-valued Q-fuzzy soft (IV-

Q-FSS) model. Under the IV-Q-FSSs, we discuss strongly set-theory operations such as subset, union of two IV-

Q-FSSs, intersection of two IV-Q-FSSs, complement of IV-Q-FSS, AND operation, and OR operation for IV-Q-

FSSs, and some operations like the possibility and necessity operations of an IV-Q-FSS. In addition, we hand over 

numerous properties held up by numerical examples that describe how they toil. Finally, this recently developed 

model has been successfully trying out in dealing with one of the design-making problems based on hypothetical 

data for a respiratory disease. This algorithm is built based on the aggregation operator for IV-Q-FSS data to break 

this issue (i.e., selecting the optimal alternative). 

Keywords: fuzzy set; soft set; Q- fuzzy set; Q- fuzzy soft set; interval Q- fuzzy soft set; design-making 

1. Introduction 

Design-making innovation among multi-attributes requires a comprehensive understanding to address effectively. 

To meet that Zadeh [1] (1965) came up with the idea of a fuzzy set (FS) as an extension of a crisp set to describe 

how things belong to certain feelings even when they are unsure. Zadeh's FS is characterized by one part called 

single truth membership, such that its value belongs to a closed interval [0, 1]. In 1986, Atanassov [2] presented 

the intuitionistic fuzzy set (IFS) after pointing out that many types of uncertainty cannot be dealt with it via single-

truth membership. Later, Smarandache pointed out in 1999 that FS and IFS are incapable of dealing with issues 

involving indeterminate and imprecise data. As a result, he built up the idea of the neutrosophic set (NS) [3] as a 

generalization of the crisp set, FS, and IFS. A neutrosophic structure consists of three functions: truthness, 

indeterminacy, and falsity, such that every element in the universal set has three membership functions, all of 

which lie in the closed interval [0, 1]. However, FS, IFS, and NS have inherent problems because they cannot give 

universal set elements (alternative set) more detail (attributes). To eliminate this weakness, Molodtsov [4] 

proposed a new mathematical tool called soft set (SS), which works to give the elements of the alternative set more 

detail. Later, an interval fuzzy soft set (IVFSSs) was explored by Yang et al.[5] as a hybrid notion that combines 

the advantages of both FS and SS both under interval. Researchers are busily engaged in developing the NSS 

environment [6-10]. 

For example, Liu et al. [11] defined similarity methods on FSS.  Saleh [12] constructed the IVFSS's topology 

structure and discussed some of its properties. Al-sharqi et al.[13,14] established a link between the possibility 

degree and the FSS, IVFSS. Romdhini et al. [15] illustrated the sequence of IVFSS as a new form to address 
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uncertainty issues.  Khan et al.[16] explored the idea of an m-polar interval-FSS and studied its different algebraic 

structures. Al-Sharqi et al.[17,18] extended the FSS from real space to complex space and applied these extensions 

to solve MCDM. Recently, Abu Qamar and Hassan [19] established a novel idea called Q-neutosophic soft set (Q-

NSS) as an extension of Q-fuzzy soft set (Q-FSS) [20] and Q-intuitionistic fuzzy soft set (Q-IFSS)[21] by adding 

a second dimension of a universal set to FSS. In fact, this concept is more efficient in dealing with two-dimensional 

uncertainty issues that contain indeterminate data and are difficult to handle using Q-FSS and Q-IFSS. As a result, 

this idea inspired researchers around the world to contribute, such as Dalklç and Demirtaş [22] who demonstrated 

how to build a relationship between the two Q-FSS. Abuqamar and Hassan [23] described the algebraic structure 

of Q-NSS[24-30].  

This approach has good capabilities compared to the works mentioned in this literature, but the outputs of this 

model are single values. As we mentioned previously, these values constitute an obstacle for the decision-maker 

and do not give him sufficient freedom to build numerical data that describes the data of the problem to be solved. 

This manuscript aimed to suggest techniques a new idea called IV-Q-FSSs, which stands for IV-Q-FSSs. These 

are a more developed form of Q-FSSs, and each membership function is unique to Q-NSSs given in interval form. 

This format gives the user more freedom and efficiency when dealing with everyday scenarios, especially those 

saturated with neutral, two-dimensional uncertainty information.  

 

The main contributions shown in this work that were made to achieve these objectives are: 

i.A new technique (IV-Q-FSSs) is proposed to contain the effects of uncertainty information in two-

dimensional. 

ii. To demonstrate the theoretical side of this model, we presented the basic operations, supported by an 

illustrative numerical example. In addition to presenting the basic properties and theories of IV-Q-FSSs. 

iii. On the applied side, these techniques have been added to solve one of the decision-making problems in the 

medical field by proposing a multi-step algorithm that works on IV-Q-FSS data 

 

 

2. Preliminaries 

In this part, we recollect some critical notions related to our proposed approach like FS, Q-FS, IVFS and SS. 

 

Definition 2.1. [1] Assume that 𝔘 = {𝔲1, 𝔲2, 𝔲3, … , 𝔲𝓃} be the initial points space (non-empty  universal set). Then 

an FS ℱ on 𝔘 is defined by following form:  

ℱ = {𝔲𝑗 , 𝑃̂
𝑡(𝔲𝑗)|𝔲𝑗 ∈ 𝔘} 

Where ℱ is a mapping defined as ℱ:𝔘 → [0,1] such that 𝑃̂𝑡 ∈ [0,1] and called truth membership function (TMF). 

Definition 2.2. [20] Assume that 𝔘 = {𝔲1, 𝔲2, 𝔲3, … , 𝔲𝓃} be the initial points space (non-empty universal set) and 

𝔔 = {𝔮1, 𝔮2, 𝔮3, … , 𝔮𝓃} be nonempty set. Then a Q-FS ℱ𝔔 on the order pair (𝔘,𝔔)is defined by following form:  

ℱ𝔔 = {(𝑢, 𝔮), 𝑃̂𝑡(𝑢, 𝔮)|(𝑢, 𝔮) ∈ 𝔘 × 𝔔} 

Where ℱ is a mapping defined as ℱ𝔔: 𝔘 × 𝔔 → [0,1] such that 𝑃̂𝔔
𝑡 ∈ [0,1] and called Q-truth membership function 

(TMF). 

Definition 2.5. [5] Assume that 𝔘 = {𝔲1, 𝔲2, 𝔲3, … , 𝔲𝓃} be the initial points space (non-empty  universal set). Then 

an IVFS 𝑁 on 𝔘 is defined by following form:  

N = {𝔲𝑗 , 𝑃̂
𝑡(𝔲𝑗)|𝔲𝑗 ∈ 𝔘} 

Where 𝑃̂𝑡(𝔲𝑗) = [𝑃̂
𝑡,𝑙(𝔲𝑗), 𝑃̂

𝑡,𝑢(𝔲𝑗)], such that the domen of these terms is 𝔘 and the co-domen is [0,1] and 

𝑃̂𝑡,𝑙(𝔲𝑗), 𝑃̂
𝑡,𝑢(𝔲𝑗) are lower and upper of TMF with two stander conditions  0 ≤ 𝑃̂𝑡,𝑙(𝔲𝑗) ≤ 1 and 0 ≤ 𝑃̂𝑡.𝑢(𝔲𝑗) ≤

1. 
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Definition 2.6. [5] Assume that 

𝑁1 = {𝔲𝑗 , 𝑃̂1
𝑡(𝔲𝑗)|𝔲𝑗 ∈ 𝔘}, 𝑁2 = {𝔲𝑗 , 𝑃̂2

𝑡(𝔲𝑗)|𝔲𝑗 ∈ 𝔘} be two IVFS on initial points space (non-empty  universal set) 

𝔘  

where 𝑃̂1
𝑡(𝔲𝑗) = [𝑃̂1

𝑡,𝑙(𝔲𝑗), 𝑃̂1
𝑡,𝑢(𝔲𝑗)] and  𝑃̂2

𝑡(𝔲𝑗) = [𝑃̂2
𝑡,𝑙(𝔲𝑗), 𝑃̂2

𝑡,𝑢(𝔲𝑗)] Then,  

i. Complement:  𝑁1
𝐶 = {𝔲𝑗 , [1 − 𝑃̂1

𝑡,𝑢(𝔲𝑗), 1 − 𝑃̂1
𝑡,𝑙(𝔲𝑗)], |𝔲𝑗 ∈ 𝔘} 

ii. Union: 𝑁1 ∪ 𝑁2 = {𝔲𝑗 , 𝑚𝑎𝑥[𝑃̂1
𝑡,𝑙(𝔲𝑗), 𝑃̂2

𝑡,𝑙(𝔲𝑗)],max[𝑃̂1
𝑡,𝑢(𝔲𝑗), 𝑃̂2

𝑡,𝑢(𝔲𝑗)]|𝔲𝑗 ∈ 𝔘}. 

iii. Intersection: 𝑁1 ∩ 𝑁2 = {𝔲𝑗 , 𝑚𝑖𝑛[𝑃̂1
𝑡,𝑙(𝔲𝑗), 𝑃̂2

𝑡,𝑙(𝔲𝑗)],min[𝑃̂1
𝑡,𝑢(𝔲𝑗), 𝑃̂2

𝑡,𝑢(𝔲𝑗)]|𝔲𝑗 ∈ 𝔘}. 

iv. Subset: 𝑁1 ⊆ 𝑁2 if 𝑃̂1
𝑡(𝔲𝑗) ≤ 𝑃̂2

𝑡(𝔲𝑗) then 𝑃̂1
𝑡,𝑙(𝔲𝑗) ≤ 𝑃̂2

𝑡,𝑙(𝔲𝑗)and 𝑃̂1
𝑡,𝑢(𝔲𝑗) ≤ 𝑃̂2

𝑡,𝑢(𝔲𝑗)  . 

 

Definition 2.7. [4] A pair (ℱ, Α̅ ⊆ ℰ ) is named SSs over a non-empty universe of discourse 𝔘 if ℱ: Α̅ ⊆ ℰ ⟶
𝑃(𝔘), such that the term 𝑃(𝔘) indicate the power set of 𝔘. 

3. Interval Valued-Q-fuzzy Soft Sets (IV-Q-FSSs) 

 

This section proposes the general framework definition of our concept IV-Q-FSS with fundamental operations like 

empty IV-Q-FSS, absolute IV-Q-FSS, subset IV-Q-FSS, and equality between two IV-Q-FSS. Also, to clarify our 

model more, we will give some numerical examples. 

 

Definition 3.1. Assume that 𝔘 = {𝔲1, 𝔲2, 𝔲3, … , 𝔲𝓃} be the initial points space(non-empty  universal set), 𝔔 ≠
∅, 𝑖𝑒  𝔔 = {𝔮1, 𝔮1, 𝔮1, … , 𝔮𝓃} and ℰ = {ℯ1, ℯ2, ℯ3, … , ℯ𝓃} be a set of attribute (parameters set). Let  Α̅ ⊆ ℰ be subset 

of attribute set, then a duet (𝑃̂𝔔, Α̅) is called a interval-valued 𝔔-fuzzy soft set over the initial points space (non-

empty universal set) 𝔘, where 𝑃̂𝔔  given as following mapping  

𝑃̂𝔔: Α̅ → 𝔔 − 𝐼𝑉𝑁𝑆(𝔘) 

Then, the 𝐼𝑉 − 𝔔 − 𝐹𝑆𝑆(𝔘) can be characterized by the following get form  

 (𝑃̂𝔔, Α̅) = 𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

Where  

𝑃̂𝔔
𝑡 (𝑢, 𝔮)(𝔢) = [𝑃̂𝔔

𝑡,𝑙(𝑢, 𝔮)(ℯ), 𝑃̂𝔔
𝑡,𝑢(𝑢, 𝔮)(𝔢)] 

Such that , the terms here 𝑃̂𝔔
𝑡,𝑙(𝑢, 𝔮)(𝔢), 𝑃̂𝔔

𝑡,𝑢(𝑢, 𝔮)(𝔢) refer to true interval-valued membership function of objects 

(𝑢, 𝔮) ∈  𝔘 × 𝔔, with two stander conditions  0 ≤ 𝑃̂𝔔
𝑡,𝑙(𝑢, 𝔮)(ℯ) ≤ 1 and 0 ≤ 𝑃̂𝔔

𝑡,𝑢(𝑢, 𝔮)(𝔢) ≤ 1. 
 

Now, to shed more light on the above definition, we present below the following numerical example, which 

describes the mechanism of action of our approach presented in this work. 

Example 3.2. Assume that we are interested in analyzing the attractiveness of three houses that one person is 

thinking of buying one of them. Now, let us analyze this attractiveness according to our model (IV-Q-FSS), 

therefore we assume that the three houses present as following universal set 𝔘 = {𝔲1, 𝔲2, 𝔲3} and 𝔔 = {𝔮1, 𝔮2} be 

a set constituting two cities under consideration and ℰ = {ℯ1, ℯ2, 𝑒3} be a collection of 

𝑃̂𝔔Α̅ = 

{(𝔢1,
〈[0.2,0.8]〉

(𝔲1, 𝔮1)
,
〈[0.1,0.4]〉

(𝔲1, 𝔮2)
 

〈[0.1,0.5]〉

(𝔲3, 𝔮1)
,
〈[0.4,0.8]〉

(𝔲3, 𝔮2)
) 

(𝔢2,
〈[0.1,0.8]〉

(𝔲1, 𝔮1)
,
〈[0.1,0.8]〉

(𝔲1, 𝔮2)
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〈[0.5,0.8]〉

(𝔲2, 𝔮1)
,
〈[0.1,0.2]〉

(𝔲2, 𝔮2)
 

〈, [0.2,0.5]〉

(𝔲3, 𝔮1)
,
〈[0.4,0.5]〉

(𝔲3, 𝔮2)
) 

(𝔢3,
〈, [0.3,0.6]〉

(𝔲1, 𝔮1)
,
〈[0.4,0.7]〉

(𝔲1, 𝔮2)
 

〈[0.3,0.6]〉

(𝔲2, 𝔮1)
,
〈[0.5,0.6]〉

(𝔲2, 𝔮2)
 

〈[0.3,0.6]〉

(𝔲3, 𝔮1)
,
〈[0.4,0.8]〉

(𝔲3, 𝔮2)
)} 

Definition 3.3 Let 𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} be a 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆 on initial point space 

(universal set). Then 𝑃̂𝑄𝐴̅knowing as 𝐼𝑉 − 𝑄 − 𝐹𝑆 − 𝑛𝑢𝑙𝑙𝑠𝑒𝑡 𝑎𝑛𝑑 𝑟𝑒𝑓𝑒𝑟 𝑎𝑠𝑃̂∅(0)𝑖𝑓  𝑃̂∅(0)(𝑢, 𝔮) = {([0,0])}. 

Example 2.4. The term 𝑃̂∅(0)(𝔲3,𝔮2)(𝔢1) = (𝔢1,
([0,0])

(𝔲3,𝔮2)
) is consider 𝐼𝑉 − 𝑄 − 𝐹𝑆 − 𝑛𝑢𝑙𝑙𝑠𝑒𝑡 on 𝔘.  

Definition 3.5 Let 𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} be a 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆 on initial point space 

(universal set). Then 𝑃̂𝑄𝐴̅knowing as 𝐼𝑉 − 𝑄 − 𝐹𝑆 − absolute 𝑠𝑒𝑡 𝑎𝑛𝑑 𝑟𝑒𝑓𝑒𝑟 𝑎𝑠 𝑃̂∅(1)𝑖𝑓  𝑃̂∅(1)(𝑢, 𝔮) = {([1,1])}. 

Example 3.6. The term 𝑃̂∅(1)(𝔲3,𝔮2)(𝔢1) = (𝔢1,
([1,1])

(𝔲3,𝔮2)
) is consider 𝐼𝑉 − 𝑄 − 𝐹𝑆 − absolute 𝑠𝑒𝑡 on 𝔘. 

Definition 3.7 Let 𝑃̂𝑄𝐴̅𝑎𝑛𝑑𝑃̂𝑄𝐵̅be two 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 on non empty universal set (initial points space ) 𝔘 with 𝔔  

.Then we say that 𝑃̂𝑄𝐴̅is  𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑃̂𝑄𝐵̅  and refer  to this relation as 𝑃̂𝑄𝐴̅ ⊆ 𝑃̂𝑄𝐵̅if fulifed the 

following conditions  

For Α ⊆ 𝛣 and 𝑃̂𝑄𝐴̅ ⊆ 𝑃̂𝑄𝐵̅for all 𝑒 ∈ 𝐴 𝑎𝑛𝑑 𝐵 , (𝓊, 𝓆) ∈ 𝒰 × 𝒬 

Then  

𝑃̂𝔔𝐴̅
𝑡,𝑙 (𝑢, 𝔮) ≤ 𝑃̂𝔔𝐵̅

𝑡,𝑙 (𝑢, 𝔮), 𝑃̂𝔔𝐴̅
𝑡,𝑢(𝑢, 𝔮) ≤ 𝑃̂𝔔𝐵̅

𝑡,𝑢(𝑢, 𝔮). 

Example 3.8. Consider the two terms in example 3.2, where 𝐵 = {𝔢1},such that  

𝑃̂𝑄𝐴̅(𝔲1,𝔮2)(𝔢1) = (𝔢1,
〈[0.1,0.4]〉

(𝔲1,𝔮2)
) 

𝑃̂𝑄𝐵̅(𝔲1,𝔮2)(𝔢1) = (𝔢1,
〈[0.2,0.5]〉

(𝔲1,𝔮2)
) 

Then, it’s clear 𝑃̂𝑄𝐴̅ ⊆ 𝑃̂𝑄𝐵̅ . 

Definition 3.9. Let 𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

∈ IV − Q − FSS(𝔘). Then, its complement given as 𝑃̂𝔔𝛢̅
𝑐 𝑜𝑟 𝑐𝑃̂𝔔𝛢̅  and its defined as following:.  

 𝑃̂𝔔𝛢̅
𝑐 = {ℯ ∈ Α̅ , < 𝑃𝔔

𝑡 𝑐(𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

Or 𝑐𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑐𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

Where 

𝑃𝔔
𝑡 𝑐(𝑢, 𝔮)(ℯ) = [𝑃𝔔𝐴̅

𝑡,𝑙 𝑐(𝑢, 𝔮)(ℯ), 𝑃𝔔𝐴̅
𝑡,𝑢𝑐(𝑢, 𝔮)(ℯ)] = [1 − 𝑃̂𝔔𝐴̅

𝑡,𝑢(𝑢, 𝔮)(ℯ), 1 − 𝑃̂𝔔𝐴̅
𝑓,𝑙(𝑢, 𝔮)(ℯ)], 

Or 
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𝑐𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) = [𝑐𝑃̂𝔔

𝑡,𝑙(𝑢, 𝔮)(ℯ), 𝑐𝑃̂𝔔
𝑡,𝑢(𝑢, 𝔮)(ℯ)] = [1 − 𝑃̂𝔔𝐴̅

𝑡,𝑢(𝑢, 𝔮)(ℯ), 1 − 𝑃̂𝔔𝐴̅
𝑓,𝑙(𝑢, 𝔮)(ℯ)], 

Based on a above definition we sat that this 𝑃̂𝔔𝛢̅
𝑐 𝑜𝑟 𝑐𝑃̂𝔔𝛢̅   is the complement of IV − Q − FSS(𝔘). 

Example3.10. Assume that 𝔘 = {𝔲1, 𝔲2} be initial point (universal set) , 𝔔 = {𝓆1, 𝓆2} and 𝐴̅ = {ℯ1, ℯ2}. Then 

𝑃̂𝔔Α̅ = 

{(𝔢1,
〈[0.2,0.8], 〉

(𝔲1, 𝔮1)
,
〈[0.1,0.4], 〉

(𝔲1, 𝔮2)
 

〈[0.1,0.5], 〉

(𝔲2, 𝔮1)
,
〈[0.4,0.8], 〉

(𝔲2, 𝔮2)
) 

(𝔢2,
〈[0.1,0.8], 〉

(𝔲1, 𝔮1)
,
〈[0.1,0.8], 〉

(𝔲1, 𝔮2)
 

〈[0.1,0.4], 〉

(𝔲2, 𝔮1)
,
〈[0.1,0.6], 〉

(𝔲2, 𝔮2)
)} 

Then the complement operation defining 𝑃̂𝔔Α̅ 𝑎𝑠 𝑃𝔔𝐴̅
𝑐  𝑜𝑟 𝑐𝑃𝔔𝐴̅ basedon definition as following  

𝑃̂𝔔𝐴̅
𝑐 = 𝑐𝑃̂𝔔𝐴̅ = 

{(𝔢1,
〈[0.2,0.8], 〉

(𝔲1, 𝔮1)
,
〈[0.6,0.9]〉

(𝔲1, 𝔮2)
 

〈[0.5,0.9], 〉

(𝔲2, 𝔮1)
,
〈[0.2,0.6]〉

(𝔲2, 𝔮2)
) 

(𝔢2,
〈[0.2,0.9], 〉

(𝔲1, 𝔮1)
,
〈[0.2,0.9], 〉

(𝔲1, 𝔮2)
 

〈[0.6,0.9], 〉

(𝔲2, 𝔮1)
,
〈[0.4,0.9], 〉

(𝔲2, 𝔮2)
)} 

Proposition 3.11 If 𝑃̂𝔔Α̅ ∈ IV − Q − FSS(𝒳). Then 𝑐(𝑐𝑃̂𝔔Α̅) = (𝑃̂𝔔𝐴̅
𝑐 ) 𝑜𝑟 (𝑃̂𝔔𝐴̅

𝑐 )
𝑐

= 𝑃̂𝔔Α̅ 

Proof: From above definition, we have  

𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔}  

Then,  

𝑃̂𝔔𝛢̅
𝑐 = {ℯ ∈ Α̅ , < 𝑃𝔔

𝑡 𝑐(𝑢, 𝔮)(ℯ), > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

= {ℯ ∈ Α̅ , 〈[𝑃𝔔𝐴̅
𝑡,𝑙 𝑐(𝑢, 𝔮)(ℯ), 𝑃𝔔𝐴̅

𝑡,𝑢𝑐(𝑢, 𝔮)(ℯ)]〉 |(𝑢, 𝔮) ∈𝔘 × 𝔔}  

(𝑃̂𝔔𝛢̅
𝑐 )

𝑐

= {ℯ ∈ Α̅, 〈[(1 − 𝑃̂𝔔𝐴̅
𝑡,𝑢(𝑢, 𝔮)(ℯ))

𝑐

, (1 − 𝑃̂𝔔𝐴̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ))

𝑐

]〉 : |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

= {ℯ ∈ Α̅, 〈[(1 − (1 − 𝑃̂𝔔𝐴̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ))) , (1 − (1 − 𝑃̂𝔔𝐴̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)))]〉 : |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

= {ℯ ∈ Α̅ , < [𝑃̂𝔔𝐴̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐴̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)] > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

= 𝑃̂𝔔Α̅ = {ℯ ∈ Α̅ , < 𝑃̂𝔔
𝑡 (𝑢, 𝔮)(ℯ) > |(𝑢, 𝔮) ∈𝔘 × 𝔔} 

Hence, we get 𝑐(𝑐𝑃̂𝔔Α̅) = 𝑃̂𝔔Α̅. 
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Definition 3.12 The union of two I𝑉 − 𝑄𝐹𝑆𝑆  𝑃̂𝔔c̅ and written as 𝑃̂𝔔Α̅ ∪ 𝑃̂𝔔B̅ = 𝑃̂𝔔c̅  , where 𝐶̅ = 𝐴̅ ∪ 𝐵̅ and for all 

𝑐 ∈ 𝐶̅ , (𝔲, 𝓆) ∈  𝔘 × 𝔔,the three I𝑉 − 𝑄 − 𝐹𝑆𝑆  member ships function given as follows :.  

𝑃̂𝔔𝑐̅
𝑡 (𝑢, 𝔮)

{
 
 

 
 𝑃𝔔𝐴̅

𝑡 (𝔲, 𝓆) = [𝑃̂𝔔𝐴̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐴̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)]       𝑖𝑓 𝑐 ∈ 𝐴̅ − 𝐵̅                         

𝑃𝔔𝐵̅
𝑡 (𝔲, 𝓆) = [𝑃̂𝔔𝐵̅

𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐵̅
𝑖,𝑢(𝑢, 𝔮)(ℯ)]       𝑖𝑓 𝑐 ∈ 𝐵̅ − 𝐴̅                          

𝑃𝔔
𝐶̅̅

𝑡 (𝔲, 𝓆) = max [𝑃̂𝔔𝐶̅
𝑡,𝑙(𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐶̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)]       𝑖𝑓 𝑐 ∈ 𝐴̅ ∩ 𝐵̅                       

  

Where  

𝑃̂𝔔𝐶̅
𝑡,𝑙(𝑢, 𝔮)(ℯ) = max [𝑃̂𝔔𝐴̅

𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐵̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ)],𝑃̂𝔔𝐶̅

𝑡,𝑢(𝑢, 𝔮)(ℯ) = max [𝑃̂𝔔𝐴̅
𝑡,𝑢(𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐵̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)], 

Here. The max represents the largest value of I𝑉 − 𝑄𝐹𝑆𝑆  and min represents the smallest value of I𝑉 − 𝑄𝐹𝑆𝑆. 

 

Definition 3.13 The intersection of two I𝑉 − 𝑄𝐹𝑆𝑆  𝑃̂𝔔c̅ and written as 𝑃̂𝔔Α̅ ∪ 𝑃̂𝔔B̅ = 𝑃̂𝔔c̅  , where 𝐶̅ = 𝐴̅ ∩ 𝐵̅ and 

for all 𝑐 ∈ 𝐶̅ , (𝔲, 𝓆) ∈  𝔘 × 𝔔,the three I𝑉 − 𝑄 − 𝐹𝑆𝑆  member ships function given as follows :.  

𝑃̂𝔔𝑐̅
𝑡 (𝑢, 𝔮)

{
 
 

 
 𝑃𝔔𝐴̅

𝑡 (𝔲, 𝓆) = [𝑃̂𝔔𝐴̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐴̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)]       𝑖𝑓 𝑐 ∈ 𝐴̅ − 𝐵̅                         

𝑃𝔔𝐵̅
𝑡 (𝔲, 𝓆) = [𝑃̂𝔔𝐵̅

𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐵̅
𝑖,𝑢(𝑢, 𝔮)(ℯ)]       𝑖𝑓 𝑐 ∈ 𝐵̅ − 𝐴̅                          

𝑃𝔔
𝐶̅̅

𝑡 (𝔲, 𝓆) = min [𝑃̂𝔔𝐶̅
𝑡,𝑙(𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐶̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)]       𝑖𝑓 𝑐 ∈ 𝐴̅ ∩ 𝐵̅                       

  

Where  

𝑃̂𝔔𝐶̅
𝑡,𝑙(𝑢, 𝔮)(ℯ) = min [𝑃̂𝔔𝐴̅

𝑡,𝑙 (𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐵̅
𝑡,𝑙 (𝑢, 𝔮)(ℯ)],𝑃̂𝔔𝐶̅

𝑡,𝑢(𝑢, 𝔮)(ℯ) = min [𝑃̂𝔔𝐴̅
𝑡,𝑢(𝑢, 𝔮)(ℯ), 𝑃̂𝔔𝐵̅

𝑡,𝑢(𝑢, 𝔮)(ℯ)], 

Here. The min represents the largest value of I𝑉 − 𝑄𝐹𝑆𝑆  and min represents the smallest value of I𝑉 − 𝑄𝐹𝑆𝑆. 

Example 3.14. Let 𝒳 = {𝑢1, 𝑢2} be non-empty initial universal set, 𝔏 = {𝑒1, 𝑒2}𝑎𝑛𝑑 𝒬 = {𝔮1}. 𝑡ℎ𝑒𝑛 , 𝑖𝑓 𝐴̅ =
{𝑒1} ⊆ 𝔏 ,  

𝐵̅ = {𝑒1, 𝑒2} ⊆ 𝔏 , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 (𝑃̂𝑄 , 𝐴̅), (𝑃̂𝑄 , 𝐵̅) will be analyze as following  

(𝑃̂𝑄 , 𝐴̅) = 

{(𝔢1,
〈[0.4,0.8]〉

(𝔲1, 𝔮1)
,
〈[0.5,0.7]〉

(𝔲2, 𝔮1)
)} 

(𝑃̂𝑄 , 𝐵̅) = 

{(𝔢1,
〈[0.6,0.7]〉

(𝔲1, 𝔮1)
,
〈[0.4,0.6]〉

(𝔲2, 𝔮1)
) 

(𝔢2
〈[0.6,0.8]〉

(𝔲1, 𝔮1)
,
〈[0.6,0.7]〉

(𝔲2, 𝔮1)
)} 

Then, (𝑃̂𝔔, 𝐴̂)  ∪ (𝑃̂𝔔, 𝐵̂) = 

{(𝔢1,
〈[0.4,0.7]〉

(𝔲1, 𝔮1)
,
〈[0.6,0.9], 〉

(𝔲1, 𝔮2)
) 

(𝔢2,
〈[0.6,1]〉

(𝔲1, 𝔮1)
,
〈[0.3,0.5]〉

(𝔲2, 𝔮1)
)} 

(𝑃̂𝔔, 𝐴̂)  ∩ (𝑃̂𝔔, 𝐵̂) = 
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{(𝔢1,
〈[0.2,0.5]〉

(𝔲1, 𝔮1)
,
〈[0.1,0.6]〉

(𝔲1, 𝔮2)
) 

(𝔢2,
〈[0.6,1]〉

(𝔲1, 𝔮1)
,
〈[0.3,0.5]〉

(𝔲2, 𝔮1)
)} 

Proposition 3. 15. Let (𝑃̂𝔔, 𝐴̂), (𝑃̂𝔔, 𝐵̂)𝑎𝑛𝑑(𝑃̂𝔔, 𝐶) be three 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 𝑜𝑛 𝑛𝑜𝑛 − 𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑎𝑙 𝑠𝑒𝑡 𝑈. The, the 

following points are satisfied: 

1. (𝑃̂𝔔, 𝐴̂) ∪ (𝑃̂𝔔, 𝐵̂)=(𝑃̂𝔔, 𝐵̂) ∪ (𝑃̂𝔔, 𝐴̂) 

2. (𝑃̂𝔔, 𝐴̂) ∩ (𝑃̂𝔔, 𝐵̂)=(𝑃̂𝔔, 𝐵̂) ∩ (𝑃̂𝔔, 𝐴̂) 

Proof (1). Now we will show that (𝑃̂𝔔, 𝐴̂) ∪ (𝑃̂𝔔, 𝐵̂)=(𝑃̂𝔔, 𝐵̂) ∪ (𝑃̂𝔔, 𝐴̂)based on Definition 3.12  Also, in this case 

we will consider the case 𝑐 ∈ 𝐴̅ ∩ 𝐵̅ and other case are trivial . 

Now, take the left side  (𝑃̂𝔔, 𝐴̂) ∪ (𝑃̂𝔔, 𝐵̂), 𝑡ℎ𝑒𝑛 

(𝑃̂𝔔, 𝐴̂) ∪ (𝑃̂𝔔, 𝐵̂) = {max{𝑃̂𝔔𝐴̅
𝑡 (𝑢, 𝑞), 𝑃̂𝔔𝐵̅

𝑡 (𝑢, 𝑞): (𝑢, 𝑞) ∈ 𝑈 × 𝑄 > 

={< 𝑐(max [max 𝑃𝑄𝐴̅
𝑡,𝑖(𝑢, 𝑞), 𝑃𝑄𝐵̅

𝑡,𝑙(𝑢, 𝑞)] , [max  [𝑃𝑄𝐴̅
𝑡,𝑢(𝑢, 𝑞), 𝑃𝑄𝐵̅

𝑡,𝑢(𝑢, 𝑞)]} 

, min { min [𝑃𝑄𝐴̅
𝑖,𝑙 (𝑢, 𝑞), 𝑃𝑄𝐵̅

𝑖,𝑙 (𝑢, 𝑞)] , (𝑢, 𝑞) ∈ 𝑈 × 𝑄}, 

= {< 𝑐 (max{𝑃̂𝔔𝐴̅
𝑡 (𝑢, 𝑡), 𝑃̂𝔔𝐵̅

𝑡 (𝑢, 𝑡), (𝑢, 𝑞) ∈ 𝑈 × 𝑄 >} 

= (𝑃̂𝔔, 𝐴̂) ∪ (𝑃̂𝔔, 𝐵̂) 

Definition 3.16. Assume that (𝑃̂𝔔, 𝐴̂) 𝑎𝑛𝑑 (𝑃̂𝔔, 𝐵̂) 𝑎𝑟𝑒 𝑡𝑤𝑜 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 on initial point space (non-empty 

universal set) 𝑈,then (𝑃̂𝔔, 𝐴̂) 𝐴𝑁𝐷(𝑃̂𝔔, 𝐵̂) 𝑖𝑠 𝑎𝑛 𝐼𝑉 − 𝑄 − 𝑁𝑆𝑆𝑠 and denoted by (𝑃̂𝔔, 𝐴̂)⋀(𝑃̂𝔔, 𝐵̂) and it defined 

by the following formalh (𝑃̂𝔔, 𝐴̂) 𝐴𝑁𝐷(𝑃̂𝔔, 𝐵̂) = (𝑃̂𝔔, 𝐴̅ × 𝐵̂), 𝑤ℎ𝑒𝑟𝑒 

𝑃̂𝔔(𝑎̅, 𝑏̅)
(𝑢,𝑞)

= 𝑃̂𝔔(𝑎̅)
(𝑢,𝑞)

∩ 𝑃̂𝔔(𝑏̅)
(𝑢,𝑞)

 

For all (𝑎̅, 𝑏̅) ∈ 𝐴̅ × 𝐵̅ , where ∩ 𝑖𝑠 𝑡ℎ𝑎 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 operation of two 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 on initial points pace (non-

empty universal set)   

Now, based on the intersection definition the three 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 membership function defined as following  

𝑃𝑄(𝑎̅,𝑏̅)
𝑡 (𝑢, 𝑞) = min{ 𝑃𝑄(𝑎̅)

𝑡 (𝑢, 𝑞), 𝑃𝑄(𝑏̅)
𝑡 (𝑢, 𝑞)} =

min {min [𝑃𝑄(𝑎̅)
𝑡,𝑙 (𝑢, 𝑞), 𝑃𝑄(𝑏̅)

𝑡,𝑙 (𝑢, 𝑞)] ,min [𝑃𝑄(𝑎̅)
𝑡,𝑢 (𝑢, 𝑞), 𝑃𝑄(𝑏̅)

𝑡,𝑢 (𝑢, 𝑞)]}, 

Definition 3.17. Assume that (𝑃̂𝔔, 𝐴̂) 𝑎𝑛𝑑 (𝑃̂𝔔, 𝐵̂) 𝑎𝑟𝑒 𝑡𝑤𝑜 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 on initial point space (non-empty 

universal set) 𝑈,then (𝑃̂𝔔, 𝐴̂) 𝑂𝑅(𝑃̂𝔔, 𝐵̂) 𝑖𝑠 𝑎𝑛 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 and denoted by (𝑃̂𝔔, 𝐴̂)⋁(𝑃̂𝔔, 𝐵̂) and it defined by 

the following formalh (𝑃̂𝔔, 𝐴̂)𝑂𝑅(𝑃̂𝔔, 𝐵̂) = (𝑃̂𝔔, 𝐴̅ × 𝐵̂), 𝑤ℎ𝑒𝑟𝑒 

𝑃̂𝔔(𝑎̅, 𝑏̅)
(𝑢,𝑞)

= 𝑃̂𝔔(𝑎̅)
(𝑢,𝑞)

∪ 𝑃̂𝔔(𝑏̅)
(𝑢,𝑞)

 

For all (𝑎̅, 𝑏̅) ∈ 𝐴̅ × 𝐵̅ , where ∪ 𝑖𝑠 𝑡ℎ𝑎 𝑢𝑛𝑖𝑜𝑛operation of two 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 on initial points pace (non-empty 

universal set) 𝑈.  

Now, based on the 𝑢𝑛𝑖𝑜𝑛 definition the three 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 membership function defined as following  

𝑃𝑄(𝑎̅,𝑏̅)
𝑡 (𝑢, 𝑞) = mix{ 𝑃𝑄(𝑎̅)

𝑡 (𝑢, 𝑞), 𝑃𝑄(𝑏̅)
𝑡 (𝑢, 𝑞)} = mix {mix [𝑃𝑄(𝑎̅)

𝑡,𝑙 (𝑢, 𝑞), 𝑃𝑄(𝑏̅)
𝑡,𝑙 (𝑢, 𝑞)] ,mix [𝑃𝑄(𝑎̅)

𝑡,𝑢 (𝑢, 𝑞), 𝑃𝑄(𝑏̅)
𝑡,𝑢 (𝑢, 𝑞)]}, 

Example 3.18. Let 𝒳 = {𝑢1, 𝑢2} be non-empty initial universal set, 𝔏 = {𝑒1, 𝑒2, 𝑒3}𝑎𝑛𝑑 𝒬 = {𝔮1}. 𝑡ℎ𝑒𝑛 , 𝑖𝑓 𝐴̅ =
{𝑒1} ⊆ 𝔏 ,  

𝐵̅ = {𝑒2, 𝑒3} ⊆ 𝔏 , 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 (𝑃̂𝑄, 𝐴̅), (𝑃̂𝑄, 𝐵̅) 

Will be analyzed as following  
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(𝑃̂𝑄 , 𝐴̅) = 

{(𝔢1,
〈[0.2,0.8]〉

(𝔲1, 𝔮1)
,
〈[0.1,0.6]〉

(𝔲2, 𝔮1)
)} 

(𝑃̂𝑄 , 𝐵̅) = 

{(𝔢2,
〈[0.3,0.5]〉

(𝔲1, 𝔮1)
,
〈[0.6,0.9]〉

(𝔲2, 𝔮1)
) 

(𝔢3
〈[0.6,1]〉

(𝔲1, 𝔮1)
,
〈[0.3,0.5]〉

(𝔲2, 𝔮1)
)} 

Then,  

(𝑃̂𝔔, 𝐴̂) 𝐴𝑁𝐷(𝑃̂𝔔, 𝐵̂) = (𝑃̂𝔔, 𝐴̅ × 𝐵̂) = 

{((𝔢1, 𝔢2),
〈[0.2,0.5]〉

(𝔲1, 𝔮1)
,
〈[0.1,0.3]〉

(𝔲1, 𝔮2)
) 

((𝔢1, 𝔢3),
〈[0.3,0.5]〉

(𝔲2, 𝔮1)
,
〈[0.3,0.5]〉

(𝔲2, 𝔮2)
)} 

And (𝑃̂𝔔, 𝐴̂) 𝑂𝑅(𝑃̂𝔔, 𝐵̂) = (𝑃̂𝔔, 𝐴̅ × 𝐵̂) = 

{((𝔢1, 𝔢2),
〈[0.3,0.8], 〉

(𝔲1, 𝔮1)
,
〈[0.6,0.9]〉

(𝔲1, 𝔮2)
) 

((𝔢1, 𝔢3),
〈[0.6,1]〉

(𝔲2, 𝔮1)
,
〈[0.3,0.6]〉

(𝔲2, 𝔮2)
)} 

Proposition 3.19 Assume that (𝑃̂𝑄 , 𝐴̅), (𝑃̂𝑄 , 𝐵̅)𝑎𝑛𝑑 (𝑃̂𝑄, 𝐶̅) be three 𝐼𝑉 − 𝑄 − 𝐹𝑆𝑆𝑠 no non-empty initial 

universal set 𝑈. Then following point (properties) will be satisfied: 

1. (𝑃̂𝑄 , 𝐴̅)⋀(𝑃̂𝑄, 𝐵̅)⋀(𝑃̂𝑄 , 𝐶̅) = ((𝑃̂𝑄 , 𝐴̅)⋀(𝑃̂𝑄, 𝐵̅))⋀(𝑃̂𝑄 , 𝐶̅) 

2. (𝑃̂𝑄 , 𝐴̅)⋁(𝑃̂𝑄, 𝐵̅)⋁(𝑃̂𝑄 , 𝐶̅) = ((𝑃̂𝑄 , 𝐴̅)⋁(𝑃̂𝑄, 𝐵̅))⋁(𝑃̂𝑄 , 𝐶̅) 

Proof.1. Assume that 𝑎̅ ∈ 𝐴̅, 𝑏̅ ∈ 𝐵̅ and the thired one 𝑐̅ ∈ 𝐶̅ and (𝑃̂𝑄 , 𝐵̅)⋀(𝑃̂𝑄 , 𝐶̅) = (𝑃̂𝑄 , 𝐵̅ × 𝐶̅), 𝑠𝑎𝑐ℎ 𝑡ℎ𝑎𝑡  

𝑃̂𝑄(𝑏̅, 𝑐̅) = 𝑃̂𝑄(𝑏̅) ∩ 𝑃̂𝑄(𝑐̅) 

Now , we have (𝑃̂𝑄 , 𝐴̅) ⋀ ((𝑃̂𝑄, 𝐵̅) ∧ (𝑃̂𝑄 , 𝐶̅)) =  (𝑃̂𝑄, 𝐴̅)⋀(𝑃̂𝑄 , 𝐵̅ × 𝐶̅) = (𝑃̂𝑄, 𝐴̅ × 𝐵̅ × 𝐶̅),  

Such that  

(𝑃̂𝑄 , 𝑎̅ × 𝑏̅ × 𝑐̅) = 𝑃̂𝑄(𝑎) ∩ 𝑃̂𝑄(𝑏, 𝑐) = 𝑃̂𝑄(𝑎) ∩ 𝑃̂𝑄(𝑏) ∩ 𝑃̂𝑄(𝑐) 

Also we have (𝑃̂𝑄, 𝐴̅)⋀(𝑃̂𝑄 , 𝐵̅) = (𝑃̂𝑄, 𝐴̅ × 𝐵̅) such that  

𝑃̂𝑄(𝑎̅, 𝑏̅) = 𝑃̂𝑄(𝑎̅) ∩ 𝑃̂𝑄(𝑏̅) 

Therefor ((𝑃̂𝑄 , 𝐴̅) ∧ (𝑃̂𝑄 , 𝐵̅)) ∧ (𝑃̂𝑄, 𝐶̅) =  (𝑃̂𝑄 , 𝐴̅  × 𝐵̅)⋀(𝑃̂𝑄 , 𝐶̅) 

= (𝑃̂𝑄, 𝐴̅ × 𝐵̅ × 𝐶̅) 𝑤ℎ𝑒𝑟𝑒 (𝑃̂𝑄, 𝑎̅ × 𝑏̅ × 𝑐̅) = 𝑃̂𝑄(𝑎̅, 𝑏̅) ∩ 𝑃̂𝑄(𝑐̅) = 𝑃̂𝑄(𝑎̅) ∩ 𝑃̂𝑄(𝑏̅) ∩ 𝑃̂𝑄(𝑐̅). 

Hence (𝑃̂𝑄 , 𝐴̅)⋀(𝑃̂𝑄 , 𝐵̅)⋀(𝑃̂𝑄, 𝐶̅) = ((𝑃̂𝑄 , 𝐴̅)⋀(𝑃̂𝑄 , 𝐵̅)) ⋀(𝑃̂𝑄, 𝐶̅) 

Proof 2. Same proof (1) 
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4. An Application of IV-Q-FSs  

In this portion, our model is employed to handle design-making problems under uncertainty information. we will 

work on creating an algorithm consisting of several sequential steps that analyze the algebraic structure of our 

proposed model and the data it represents. 

Now we will provide some definitions that will be useful to us in building the above algorithm. 

 

Definition 4.1 Let (𝑃̂𝑄 , 𝐴̅) be IV-QFSS on non-empty initial universal set 𝑈. Then, an IV-QNS aggregation 

operator of (𝑃̂𝑄 , 𝐴̅) and denoted by Π̌𝑄
𝑎𝑔𝑔

 is defined by  

 Π̌𝑄
𝑎𝑔𝑔

= {< 𝑎̅[(𝑢, 𝑞), 𝑃̂𝑄(𝑎̅)
𝑡,𝑎𝑔𝑔(𝑢, 𝑞)] ∶ (𝑢, 𝑞) ∈ 𝑈 × 𝑄 >} 

Where 𝑃̂𝑄
𝑡,𝑎𝑔𝑔

: 𝑈 × 𝑄 → [0,1], such that  

 

𝑃̂𝑄
𝑡,𝑙,𝑎𝑔𝑔

=
1

|𝐴̅|
. ∑ 𝑃̂

𝑄((𝑢,𝑞))
𝑡,𝑙 ,

(𝑢,𝑞)∈𝑈×𝑄

𝑃̂𝑄
𝑡,𝑢,𝑎𝑔𝑔

=
1

|𝐴̅|
. ∑ 𝑃̂𝑄(𝑢,𝑞)

𝑡,𝑢 ,
(𝑢,𝑞)∈𝑈×𝑄

 

 

Now, using the above definitions, we lever up the following algorithm for a decision medical field method: 

 

Algorithm 

Step 1. Put up an IV-Q-FSSs on U. 

Step 2. Calculate IV-Q-FS aggregation operator 

Step 3. Convert IV-QFS aggregation operator (𝑃̂𝑄
𝑡,𝑙 , 𝑃̂𝑄

𝑡,𝑢) to  SV-QFS aggregation operator (𝑃̂𝑄
𝑡 ),i.e. 𝑃̂𝑄

𝑡 =
𝑃̂𝑄
𝑡,𝑙
,+𝑄
𝑡,𝑢

2
 

. 

Step 4. The optimal decision is the element available in M, such that 𝑀 = 𝑚𝑎𝑥(𝑢,𝑞)∈𝑈×𝑄{𝑃̂𝑄
𝑡}. 

 

Now, we provide a case study related to the medical field for IV-Q-FSS strategic decision-making method. 

 

Assume that Mr. Ahmed wants to buy a modern house which commensurate with qualifications with the trait in 𝐴̅ 

to the greatest extent from obtainable houses in 𝔘.  

Now, Suppose that that 𝔘 = {𝔲1, 𝔲2, 𝔲3, 𝔲4} includes four modern houses, 𝔔 = {𝔮1, 𝔮2} where 𝔮1 =suitable and 

𝔮2 =unsuitable,while 𝐴̅ ⊆ ℰ = {𝑎̅1, 𝑎̅2, 𝑎̅3, 𝑎̅4} be a set of traits contains four trait such that 𝑎̅1 = size, 𝑎̅2 = number 

of floors, 𝑎̅3 = location, 𝑎̅4 = Available services.  

 

Now the decision maker will evaluate these modern homes according to the criteria mentioned above. So this 

evaluation grade is in the form of IV-Q-FSS. 

 

𝑃̂𝔔Α̅ = 

{(𝑎̅1,
〈[0.2,0.8]〉

(𝔲1, 𝔮1)
,
〈[0.1,0.4]〉

(𝔲1, 𝔮2)
 

〈[0.3,0.6], 〉

(𝔲2, 𝔮1)
,
〈[0.4,0.6], 〉

(𝔲2, 𝔮2)
 

〈[0.6,0.8], 〉

(𝔲3, 𝔮1)
,
〈[0.3,0.7], 〉

(𝔲3, 𝔮2)
 

〈[0.1,0.5], 〉

(𝔲4, 𝔮1)
,
〈[0.4,0.8], 〉

(𝔲4, 𝔮2)
) 

(𝔢2,
〈[0.1,0.8], 〉

(𝔲1, 𝔮1)
,
〈[0.1,0.8], 〉

(𝔲1, 𝔮2)
 

〈, [0.2,0.7]〉

(𝔲2, 𝔮1)
,
〈[0.4,0.7]〉

(𝔲2, 𝔮2)
 

〈[0.6,0.8]〉

(𝔲3, 𝔮1)
,
〈[0.3,0.7], 〉

(𝔲3, 𝔮2)
 

〈[0.1,0.4], 〉

(𝔲4, 𝔮1)
,
〈[0.1,0.6], 〉

(𝔲4, 𝔮2)
) 
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(𝔢3,
〈[0.1,0.8], 〉

(𝔲1, 𝔮1)
,
〈[0.1,0.8], 〉

(𝔲1, 𝔮2)
 

〈[0.5,0.8], 〉

(𝔲2, 𝔮1)
,
〈[0.1,0.2], 〉

(𝔲2, 𝔮2)
 

〈[0.6,0.8], 〉

(𝔲3, 𝔮1)
,
〈[0.3,0.7], 〉

(𝔲3, 𝔮2)
 

〈[0.1,0.4], 〉

(𝔲4, 𝔮1)
,
〈[0.1,0.6], 〉

(𝔲4, 𝔮2)
) 

(𝔢4,
〈[0.7,0.9], 〉

(𝔲1, 𝔮1)
,
〈[0.4,0.7], 〉

(𝔲1, 𝔮2)
 

〈[0.1,0.8], 〉

(𝔲2, 𝔮1)
,
〈[0.5,0.6], 〉

(𝔲2, 𝔮2)
 

〈[0.3,0.5]〉

(𝔲3, 𝔮1)
,
〈[0.3,0.7], 〉

(𝔲3, 𝔮2)
 

〈[0.4,0.6], 〉

(𝔲4, 𝔮1)
,
〈[0.4,0.8], 〉

(𝔲4, 𝔮2)
)} 

Step 2. The IV-Q-FS aggregation operator is given as 

 

Π̌𝑖𝑣𝑄−𝑁𝑆
𝑎𝑔𝑔

= 

{((𝔲1, 𝔮1), 〈[0.275,0.825], 〉), 

 ((𝔲1, 𝔮2), 〈[0.124,0.342], 〉), 

((𝔲2, 𝔮1), 〈〈[0.335,0.673], 〉〉),  

((𝔲2, 𝔮2), 〈〈[0.453,0.765], 〉〉), 

((𝔲3, 𝔮1), 〈〈[0.237,0.763], 〉〉), 

 ((𝔲3, 𝔮2), 〈〈[0.287,0.325], 〉〉), 

((𝔲4, 𝔮1), 〈〈[0.128,0.342], 〉〉), 

 ((𝔲4, 𝔮2), 〈〈[0.234,0.432], 〉〉)} 

Step 3. Convert IV-Q-FS aggregation operator (𝑃̂𝑄
𝑡,𝑙 , 𝑃̂𝑄

𝑡,𝑢) to  SV-QFS aggregation operator (𝑃̂𝑄
𝑡 ). 

Π̌𝑖𝑣𝑄−𝐹𝑆
𝑎𝑔𝑔

= 

{((𝔲1, 𝔮1), 〈0.515〉), ((𝔲1, 𝔮2), 〈0.426〉), 

((𝔲2, 𝔮1), 〈0.492〉), ((𝔲2, 𝔮2), 〈0.506〉), 

((𝔲3, 𝔮1), 〈0.500〉), ((𝔲3, 𝔮2), 〈0.379〉), 

((𝔲4, 𝔮1), 〈0.501〉), ((𝔲4, 𝔮2), 〈0.478〉)} 

Step 5. The optimal decision is the element available in𝑀𝑖, such that  

𝑀1 = 𝑚𝑎𝑥(𝔲1,𝔮1,2)∈𝑈×𝑄{0.515,0.426} = 0.515. 

𝑀2 = 𝑚𝑎𝑥(𝔲2,𝔮1,2)∈𝑈×𝑄{0.492,0.506} = 0.506. 

𝑀3 = 𝑚𝑎𝑥(𝔲3,𝔮1,2)∈𝑈×𝑄{0.500,0.379} = 0.500. 

𝑀4 = 𝑚𝑎𝑥(𝔲4,𝔮1,2)∈𝑈×𝑄{0.501,0. .478} = 0.501. 

it is clear that all patients 𝖚𝟐, 𝖚𝟑, 𝖚𝟒 are infected except the patient 𝖚𝟏. 

 

5. Conclusion 

IV-Q-FSS is a useful tool for dealing with Q-two-dimensional universal information in interval form. It is made 

up of three NS membership degrees in interval form. Also, this tool was created to deal with the relationship 

between parameters in the SS environment when these parameters play a key role in the deep description of two-

dimensional universal information. So, in this paper, we suggested an interval-valued Q-fuzzy soft set (IV-Q-FSS) 

mean set theory. This theory includes special operations like the necessity and possibility operations of an IV-Q-

FSS, as well as operations like the complement of an IV-Q-FSS, the union of two IV-Q-NSSs, the intersection of 

two IV-Q-FSSs, and the AND and OR operation of two IV-Q-FSSs.  In addition, we presented many properties 

supported by numerical examples that explain how they work. Finally, this new model has been successfully tested 

in dealing with one of the design-making problems based on hypothetical data for a respiratory disease when a 

new algorithm based on the aggregation operator for IV-Q-FSS data was built to solve this issue. 
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