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Abstract 

 

This paper is dedicated to studying for the first time the concept of weak fuzzy complex integers division 

and units, where we present a full classification of weak fuzzy complex integer units with necessary and 

sufficient conditions for division in the set of weak fuzzy complex integers. On the other hand, we 

provide an algorithm for solving weak fuzzy complex linear congruencies with many related examples 

that explain how algorithms work. 
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1. Introduction and basics 

 

The concept of weak fuzzy complex numbers has been defined as a new two-dimensional generalization 

of real numbers [1] in a similar algebraic building as split-complex numbers [12]. 

This new algebraic class of numbers has been used in the theory of vector spaces [11], and inner products 

[2]. 

The importance and interest of studying weak fuzzy complex integers come from the fact that the set of 

weak fuzzy complex integers is not an algebraic ring (it is not closed concerning multiplication) even 

though it contains the integer ring Z. 

The study of the theory of weak fuzzy complex Diophantine equations began with solving Pythagoras 

Diophantine equations 𝑥2 + 𝑦2 = 𝑧2, 𝑎𝑛𝑑 𝑥2 + 𝑦2 + 𝑧2 = 𝑡2 which called weak fuzzy complex 

Pythagoras triples/quadruples [5-6]. Also, the solutions of weak fuzzy complex linear Diophantine 

equations in two variables were studied in [9]. 

Recently, many authors have used weak fuzzy complex numbers in classifying A-curves [7-8], matrix 

theory [3], and computer applications [4]. 

These previous studies have prompted us to close an important research gap about the foundations of 

number theory and number theoretical concepts in the set of weak fuzzy complex integers, such as weak 

fuzzy complex division, weak fuzzy complex ordering and units, and the solutions of weak fuzzy 

complex linear congruencies. We recall some basic definitions: 

Definition: The set of Weak Fuzzy Complex numbers was defined as follows, where ‘𝐽’ is the Weak 

Fuzzy Complex operator ( 𝐽 ∉ 𝑹 ): 

𝑭𝐽  = {𝑥0 + 𝑥1 𝐽 ; 𝑥0 , 𝑥1 ∈ 𝑹 , 𝐽2 = 𝑡 ∈ ]0, 1[ }.             

Definition: 

Let 𝑋 = 𝑥0 + 𝑥1 𝐽, 𝑌 = 𝑦0 + 𝑦1 𝐽∈ 𝑭𝐽, where 𝑥0 , 𝑥1, 𝑦0, 𝑦1 ∈ 𝑹  

 Addition: 𝑋 + 𝑌 = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝐽 .  

 Multiplication 𝑋 × 𝑌 = (𝑥0𝑦0 + 𝑥1𝑦1𝑡) + (𝑥0𝑦1 + 𝑥1𝑦0)𝐽 . 

 The conjugate of X is: 𝑋̅ = 𝑥0 − 𝑥1 𝐽 
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The set of weak fuzzy complex integers is defined as follows: 

𝒁𝑤  = {𝑥0 + 𝑥1 𝐽 ; 𝑥0 , 𝑥1 ∈ 𝒁 , 𝐽2 = 𝑡 ∈ ]0, 1[ }. This set is not a ring that is because it is not closed for 

multiplication.            

Main Concepts and Discussion 

Definition: 

Let 𝐴 = 𝑎0 + 𝑎1𝐽, 𝐵 = 𝑏0 + 𝑏1𝐽 ∈ ℤ𝑤, where 𝑎𝑖 , 𝑏𝑖 ∈ ℤ, then 𝐴|𝐵 if there exists 𝐶 = 𝑐0 + 𝑐1𝐽 ∈ ℤ𝑤 

such that 𝐴. 𝐶 = 𝐵, where 𝐽2 = 𝑡 ∈]0,1[. 
Theorem: 

Let 𝐴, 𝐵 ∈ ℤ𝑤, then 𝐴|𝐵 if and only if: 

There exists 𝑐0, 𝑐1 ∈ ℤ such that: 

1) (𝑎0 − 𝑎1√𝑡)(𝑐0 − 𝑐1√𝑡) = 𝑏0 − 𝑏1√𝑡. 

2) (𝑎0 + 𝑎1√𝑡)(𝑐0 + 𝑐1√𝑡) = 𝑏0 + 𝑏1√𝑡;   𝐽
2 = 𝑡 ∈]0,1[. 

Proof:   

Assume that 𝐴|𝐵, then there exists 𝐶 = 𝑐0 + 𝑐1𝐽 ∈ ℤ𝑤 such that A.C=B. 

This is equivalent to: (𝑎0 + 𝑎1𝐽)(𝑐0 + 𝑐1𝐽) = 𝑏0 + 𝑏1𝐽, hence: 

{
𝑎0𝑐0 + 𝑎1𝑐1𝑡 = 𝑏0   (1)
𝑎0𝑐1 + 𝑎1𝑐0 = 𝑏1   (2)

 

We multiply (2) by √𝑡 and compute (1) − √𝑡(2), (1) + √𝑡(2), hence: 

{
(𝑎0 + 𝑎1√𝑡)(𝑐0 + 𝑐1√𝑡) = 𝑏0 + 𝑏1√𝑡

(𝑎0 − 𝑎1√𝑡)(𝑐0 − 𝑐1√𝑡) = 𝑏0 − 𝑏1√𝑡
 

For the converse, suppose that there exists 𝑐0, 𝑐1 ∈ ℤ such that  

{
(𝑎0 + 𝑎1√𝑡)(𝑐0 + 𝑐1√𝑡) = 𝑏0 + 𝑏1√𝑡    (1)

(𝑎0 − 𝑎1√𝑡)(𝑐0 − 𝑐1√𝑡) = 𝑏0 − 𝑏1√𝑡         (2)
 

Thus  

{
𝑎0𝑐0 + 𝑎1𝑐1𝑡 + √𝑡(𝑎0𝑐1 + 𝑎1𝑐0) = 𝑏0 + 𝑏1√𝑡     (1)

𝑎0𝑐0 + 𝑎1𝑐1𝑡 − √𝑡(𝑎0𝑐1 − 𝑎1𝑐0) = 𝑏0 − 𝑏1√𝑡     (2)
 

By adding (1)+(2), and subtracting 
1

2√𝑡
[(1) − (2)], we get  

{
𝑎0𝑐0 + 𝑎1𝑐1𝑡 = 𝑏0     (1)′

𝑎0𝑐1 + 𝑎1𝑐0𝑡 = 𝑏1     (2)′
 

Hence: (𝑎0 + 𝑎1𝐽)(𝑐0 + 𝑐1𝐽) = 𝑏0 + 𝑏1𝐽, thus 𝐴|𝐵. 

Definition: 

Let 𝐴 = 𝑎0 + 𝑎1𝐽, 𝐵 = 𝑏0 + 𝑏1𝐽 ∈ ℤ𝑤, we say that: 

𝐴 ≥ 𝐵 if and only if: {
𝑎0 − 𝑎1√𝑡 ≥ 𝑏0 − 𝑏1√𝑡 

𝑎0 + 𝑎1√𝑡 ≥ 𝑏0 + 𝑏1√𝑡
 

Theorem: 

(ℤ𝑤, ≥) is partially ordered set. 

Proof: 

Consider 𝐴 = 𝑎0 + 𝑎1𝐽, 𝐵 = 𝑏0 + 𝑏1𝐽, 𝐶 = 𝑐0 + 𝑐1𝐽 ∈ ℤ𝑤 , then: 

𝐴 ≥ 𝐴, that is because:  

{
𝑎0 − 𝑎1√𝑡 ≥ 𝑎0 − 𝑎1√𝑡 

𝑎0 + 𝑎1√𝑡 ≥ 𝑎0 + 𝑎1√𝑡
 

If 𝐴 ≥ 𝐵 and 𝐵 ≥ 𝐴, then: {
𝑎0 − 𝑎1√𝑡 ≥ 𝑏0 − 𝑏1√𝑡 

𝑎0 + 𝑎1√𝑡 ≥ 𝑏0 + 𝑏1√𝑡
 and  

{
𝑎0 + 𝑎1√𝑡 ≤ 𝑏0 + 𝑏1√𝑡 

𝑎0 − 𝑎1√𝑡 ≤ 𝑏0 − 𝑏1√𝑡
 

Hence:  

{
𝑎0 + 𝑎1√𝑡 = 𝑏0 + 𝑏1√𝑡 

𝑎0 − 𝑎1√𝑡 = 𝑏0 − 𝑏1√𝑡
 

Thus 𝑎0 = 𝑏0, 𝑎1 = 𝑏1, so that A=B. 

If 𝐴 ≥ 𝐵 and 𝐵 ≥ 𝐶, then: {
𝑎0 + 𝑎1√𝑡 ≥ 𝑏0 + 𝑏1√𝑡 ≥ 𝑐0 + 𝑐1√𝑡 

𝑎0 − 𝑎1√𝑡 ≥ 𝑏0 − 𝑏1√𝑡 ≥ 𝑐0 − 𝑐1√𝑡
  

Thus 𝐴 ≥ 𝐶  
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Remark: 

Let 𝐴 = 𝑎0 + 𝑎1𝐽 ∈ ℤ𝑤, then 𝐴 ≥ 0  if {
𝑎0 + 𝑎1√𝑡 ≥ 0 

𝑎0 − 𝑎1√𝑡 ≥ 0
. 

Also, A > 0 if {
𝑎0 + 𝑎1√𝑡 > 0 

𝑎0 − 𝑎1√𝑡 > 0
 

Example: 

For 𝐽2 = 𝑡 =
1

3
, then A=3-J > 0, that is because:  

{
3 + (−1)√𝑡 = 3 −

1

√3
> 0 

3 − (−1)√𝑡 = 3 +
1

√3
> 0

  

Definition: 

Let 𝐴 = 𝑎 + 𝑏𝐽 ∈ ℤ𝑤, then A is a unit if and only if: 

𝐴−1 =
𝑎

𝑎2−𝑏2𝑡
−

𝑏

𝑎2−𝑏2𝑡
𝐽 ∈ ℤ𝑤. The set of units in ℤ𝑤 is denoted by ∪ (𝑍𝑤). 

Theorem: 

If 𝐽2 = 𝑡 ∉ 𝑄, then ∪ (𝑍𝑤) = {1, −1}. 
Proof: 

Assume that 𝐽2 = 𝑡 ∉ 𝑄, then: 𝐴 = 𝑎 + 𝑏𝐽 ∈ 𝑍𝑤 is a unit if and only if:  

{

𝑎

𝑎2 − 𝑏2𝑡
∈ ℤ 

𝑏

𝑎2 − 𝑏2𝑡
∈ ℤ

 

Since 𝑎, 𝑏 ∈ ℤ, then 𝑎2 − 𝑏2𝑡 ∈ ℤ, which is possible if and only if b=0, 𝑎 ∈ {1, −1}, hence 

∪ (𝑍𝑤) = {1, −1}. 
Theorem: 

Let 𝐴 = 𝑎 + 𝑏𝐽 ∈ 𝑍𝑤, with 𝐽2 = 𝑡 =
𝑚

𝑛
∈ 𝑄 ∩]0,1[, 𝑔𝑐𝑑(𝑚, 𝑛) = 1, if A is a unit, then 𝑛|𝑏2. 

Proof: 

A is a unit implies that 𝑎2 − 𝑡𝑏2 = 𝑎2 −
𝑚

𝑛
𝑏2 ∈ ℤ, so that 𝑛|𝑏2. 

Remark: 

If 𝐽2 = 𝑡 =
𝑚

𝑛
, where 𝑛 = 𝑝𝑖

𝛼𝑖; 𝑝𝑖  is a prime, then 𝑛|𝑏 if 𝐴 = 𝑎 + 𝑏𝐽 is a unit. 

Theorem: 

Let 𝐽2 = 𝑡 =
𝑚2

𝑛2
∈ 𝑄 ∩]0,1[;  {

𝑔𝑐𝑑(𝑚, 𝑛) = 1,
𝑚 > 1

𝑛 = 𝑝𝑖
𝛼𝑖;  𝑝𝑖    𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 

  

Then, ∪ (𝑍𝑤) = {1, −1}. 
Proof: 

Assume that 𝑋 = 𝑎 + 𝑏𝐽 ∈∪ (𝑍𝑤), hence: 

{
𝑎2 − 𝑡𝑏2|𝑎

𝑎2 − 𝑡𝑏2|𝑏
𝑛|𝑏 

⇒ {
(𝑎 −

𝑚

𝑛
𝑏)(𝑎 +

𝑚

𝑛
𝑏)| 𝑎

(𝑎 −
𝑚

𝑛
𝑏)(𝑎 +

𝑚

𝑛
𝑏)| 𝑏

⇒ {
|𝑎 −

𝑚

𝑛
𝑏| ≤ |𝑎|

|𝑎 +
𝑚

𝑛
𝑏| ≤ |𝑏|

; 𝑎 −
𝑚

𝑛
𝑏 ∈ ℤ. 

If a > b, b >0, then |𝑎 +
𝑚

𝑛
𝑏| = 𝑎 +

𝑚

𝑛
𝑏 ≤ 𝑎 

Thus b=0, 𝑎 ∈ {−1,1} 

If a < 0, b < 0, then |𝑎 +
𝑚

𝑛
𝑏| = −𝑎 −

𝑚

𝑛
𝑏 ≤ −𝑎 

Thus −
𝑚

𝑛
𝑏 ≤ 0, so that b=0, 𝑎 ∈ {−1,1} 

If a > 0 , b < 0, then |𝑎 −
𝑚

𝑛
𝑏| = 𝑎 −

𝑚

𝑛
𝑏 ≤ 𝑎, 

Thus −
𝑚

𝑛
𝑏 ≤ 0, so that b=0, 𝑎 ∈ {−1,1}. 

If a < 0 , b > 0, then |𝑎 −
𝑚

𝑛
𝑏| = −𝑎 +

𝑚

𝑛
𝑏 ≤ −𝑎, 

So that 
𝑚

𝑛
𝑏 ≤ 0, hence b=0, 𝑎 ∈ {−1,1}. 

If a = 0 , then −
𝑚2

𝑛2
𝑏2|𝑏, hence: 

𝑚2

𝑛2
𝑏2|𝑏  

So there exists 𝑞 ∈ ℤ such that 𝑞
𝑚2

𝑛2
𝑏2 = 𝑏;  𝑏 ≠ 0. 

Thus: 𝑞𝑚2𝑏 = 𝑛2, so that 𝑚2|𝑛2 which is a contradiction. 

This means that ∪ (𝑍𝑤) = {1,−1}. 
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Theorem: 

For 𝐽2 = 𝑡 =
1

𝑛2
;  𝑛 = 𝑝𝑖

𝛼𝑖;  𝑝𝑖  is a prime, hence: 

∪ (𝑍𝑤) = {1, −1, 𝑝𝑖𝐽, 𝑝𝑖
2𝐽, . . . , 𝑝𝑖

2𝛼𝑖𝐽, −𝑝𝑖𝐽, −𝑝𝑖
2𝐽, . . . , −𝑝𝑖

2𝛼𝑖𝐽}. 
Proof: 

The only possible case is a=0, hence: 

𝑋 = 𝑏𝐽 ∈∪ (𝑍𝑤), and 𝑞𝑏 = 𝑛2, 𝑞 ∈ ℤ, thus: 

𝑏|𝑛2, hence: ∪ (𝑍𝑤) = {1, −1, 𝑝𝑖𝐽, . . . , 𝑝𝑖
2𝛼𝑖𝐽, −𝑝𝑖𝐽, . . . , −𝑝𝑖

2𝛼𝑖𝐽} 
Theorem: 

For 𝐽2 = 𝑡 =
𝑚

𝑛
∈ 𝑄 ∩]0,1[;  𝑔𝑐𝑑(𝑚, 𝑛) = 1,𝑚 > 1. 

Then ∪ (𝑍𝑤) = {1, −1}. 
Proof: 

We have {
𝑎2 − 𝑡𝑏2|𝑎

𝑎2 − 𝑡𝑏2|𝑏
⇒ {

|(𝑎 − √𝑡 𝑏)(𝑎 + √𝑡 𝑏)| ≤ |𝑎|

|(𝑎 − √𝑡 𝑏)(𝑎 + √𝑡 𝑏)| ≤ |𝑏|
 

If a > 0, b >0, then |𝑎 + √𝑡𝑏| ≤ |𝑎| ⇒ 𝑎 + √𝑡𝑏 ≤ 𝑎 ⇒ √𝑡𝑏 ≤ 0,  

Thus 𝑎 ∈ {−1,1}, 𝑏 = 0 

If a < 0, b < 0, then |𝑎 + √𝑡𝑏| ≤ |𝑎| ⇒ −𝑎 − √𝑡𝑏 ≤ −𝑎 ⇒ −√𝑡𝑏 ≤ 0,  

Then b=0, 𝑎 ∈ {−1,1}. 

If a > 0, b < 0, then |𝑎 − √𝑡𝑏| = 𝑎 − √𝑡𝑏 ≤ 𝑎 ⇒ −√𝑡𝑏 ≤ 0  

Then b=0, 𝑎 ∈ {−1,1}. 

If a < 0, b > 0, then |𝑎 − √𝑡𝑏| ≤ |𝑎| ⇒ −𝑎 + √𝑡𝑏 ≤ −𝑎 ⇒ √𝑡𝑏 ≤ 0,  

Then b=0, 𝑎 ∈ {−1,1}. 
If a=0, then: −𝑡𝑏2|𝑏, so there exists 𝑞 ∈ ℤ; −𝑞𝑡𝑏2 = 𝑏, hence -q t b=1, thus: 

−𝑞
𝑚

𝑛
𝑏 = 1 ⇒ −𝑞𝑚𝑏 = 𝑛, thus 𝑚|𝑛 which is a contradiction, 

so that ∪ (𝑍𝑤) = {1, −1} . 
Theorem: 

Let 𝐽2 = 𝑡 =
1

𝑛
∈ 𝑄 ∩]0,1[, then: 

∪ (𝑍𝑤) = {1, −1,∓
𝑛

𝑞
𝐽;  𝑞|𝑛}. 

Proof: 

If 𝑎 ≠ 0, we get 𝑎 = 1, 𝑎 = −1, 𝑏 = 0 by a similar argument of the previous theorem.  

𝐹𝑜𝑟 𝑎 = 0, then: −𝑡𝑏2|𝑏, so there exists 𝑞 ∈ ℤ such that:  

−𝑞 𝑡 𝑏2 = 𝑏 ⇒ −𝑞 𝑡 𝑏 = 1 ⇒
−𝑞

𝑛
𝑏 = 1 ⇒ 𝑏 =

−𝑛

𝑞
;  𝑞|𝑛.  

Example: 

For  

𝐽2 = 𝑡 =
1

30
,∪ (𝑍𝑤) =

{1, −1,30𝐽, −30𝐽, 15𝐽, −15𝐽, 10𝐽, −10𝐽, 5𝐽,−5𝐽, 6𝐽, −6𝐽, 3𝐽, −3𝐽, 2𝐽, −2𝐽, 𝐽, −𝐽}. 
Example: 

For 𝐽2 = 𝑡 =
2

35
, then ∪ (𝑍𝑤) = {1, −1}. 

Definition: 

Let 𝐴 = 𝑎 + 𝑏𝐽, 𝐵 = 𝑐 + 𝑑𝐽, 𝐶 = 𝑚 + 𝑛𝐽 ∈ 𝑍𝑤, we say that: 

𝐴 ≡ 𝐵 (𝑚𝑜𝑑 𝐶) if and only if: 𝐶|𝐵 − 𝐴, i.e. there exists 𝑥, 𝑦 ∈ 𝑍 such that: 

{
(𝑚 − 𝑛√𝑡)(𝑥 − 𝑦√𝑦) = (𝑎 − 𝑐) − √𝑡(𝑏 − 𝑑)

(𝑚 + 𝑛√𝑡)(𝑥 + 𝑦√𝑦) = (𝑎 + 𝑐) + √𝑡(𝑏 + 𝑑)
 

Where 𝐽2 = 𝑡 ∈ ]0,1[. 
Remark: 

If 𝐴, 𝐵, 𝐶, 𝐷 ∈ 𝑍𝑤, and 𝐴 ≡ 𝐵 (𝑚𝑜𝑑 𝐶), then: 

1] 𝐴 + 𝐷 ≡ 𝐵 + 𝐷(𝑚𝑜𝑑 𝐶) 
2] 𝐴 − 𝐷 ≡ 𝐵 − 𝐷(𝑚𝑜𝑑 𝐶) 
3] 𝐴𝐷 ≡ 𝐵𝐷(𝑚𝑜𝑑 𝐶) 
Definition: 

Let 𝐴, 𝐵 ∈ 𝑍𝑤, we say that A is invertible modulo B if there exists 𝐶 ∈ 𝑍𝑤 such that: 𝐴. 𝐶 ≡ 1(𝑚𝑜𝑑 𝐵). 
We denote it By 𝐴−1(𝑚𝑜𝑑 𝐵) = 𝐶. 

Definition: 

The linear congruence in one variable is defined as follows: 
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𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐶); 𝐴, 𝐵, 𝐶 ∈ ℤ𝑤  

Remark: 

Finding the inverse of A modulo B is equivalent to solving the linear congruence 𝐴𝑋 ≡ 1(𝑚𝑜𝑑 𝐵)  
Theorem: 

Consider ℤ𝑤 = {𝑎 + 𝑏𝐽;  𝑎, 𝑏 ∈ ℤ, 𝐽
2 = 𝑡 ∈ ]0,1[, and the linear congruence in one variable 𝐴𝑋 ≡

𝐵(𝑚𝑜𝑑 𝐶); where  

𝐴 = 𝑎0 + 𝑎1𝐽, 𝐵 = 𝑏0 + 𝑏1𝐽, 𝐶 = 𝑐0 + 𝑐1𝐽, 𝑋 = 𝑥0 + 𝑥1𝐽 ∈ ℤ𝑤, hence  

For 𝑡 ∉ 𝑄, each solution of 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐵) must be a solution of the following classical congruencies: 

{
𝑎0𝑥0 ≡ 𝑏0(𝑚𝑜𝑑 𝑐0)
𝑎1𝑥1 ≡ 0(𝑚𝑜𝑑 𝑐1)

 

For 𝑡 =
𝑚

𝑛
∈ 𝑄;  𝑔𝑐𝑑(𝑚, 𝑛) = 1, each solution of 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐵) must be a solution of: 

{

𝑛𝑎0𝑥0 +𝑚𝑎1𝑥1 ≡ 𝑛𝑏0(𝑚𝑜𝑑 𝑑)
𝑎1𝑥0 + 𝑎0𝑥1 ≡ 𝑏1(𝑚𝑜𝑑 𝑑)

𝑑 =  𝑔𝑐𝑑 (𝑐0, 𝑐1)
 

Proof: 

Assume that 𝑋 = 𝑥0 + 𝑥1𝐽 is a solution of 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐶), then there exists 𝑀 = 𝑚0 +𝑚1𝐽 ∈ ℤ𝑤  such 

that: 

𝑀𝐶 =  𝐴𝑋 − 𝐵, thus: 𝐴𝑋 =  𝐵 + 𝑀𝐶, which is equivalent to 

{
(𝑎0 − 𝑎1√𝑡) (𝑥0 − 𝑥1√𝑡) = 𝑏0 − 𝑏1√𝑡  + (𝑚0 −𝑚1√𝑡)(𝑐0 − 𝑐1√𝑡)   (1)

(𝑎0 + 𝑎1√𝑡) (𝑥0 + 𝑥1√𝑡) = 𝑏0 + 𝑏1√𝑡  + (𝑚0 +𝑚1√𝑡)(𝑐0 + 𝑐1√𝑡)   (2)
  

Which is equivalent to: 

{
𝑎0𝑥0 + 𝑎1𝑥1𝑡 + √𝑡(−𝑎1𝑥0 − 𝑎0𝑥1) = (𝑏0 +𝑚0𝑐0) + 𝑚1𝑐1𝑡 + √𝑡 (−𝑚1𝑐0 −𝑚0𝑐1 − 𝑏1)   (1)

𝑎0𝑥0 + 𝑎1𝑥1𝑡 + √𝑡(𝑎1𝑥0 + 𝑎0𝑥1) = (𝑏0 +𝑚0𝑐0) + 𝑚1𝑐1𝑡 + √𝑡 (𝑚1𝑐0 +𝑚0𝑐1 + 𝑏1)   (2)
  

By adding (1)' to (2)', and subtracting 
1

2√𝑡 
[(2)′ − (1)′], we get  

{
𝑎0𝑥0 + 𝑎1𝑥1𝑡 = 𝑏0 +𝑚0𝑐0 +𝑚1𝑐1𝑡  (𝐼)
𝑎1𝑥0 + 𝑎0𝑥1 = 𝑚1𝑐0 +𝑚0𝑐1 + 𝑏1  (𝐼𝐼)

 

If 𝑡 ∈ ℝ and 𝑡 ∉ 𝑄, then: 

(I) Implies: {
𝑎0𝑥0 = 𝑏0 +𝑚0𝑐0
𝑎1𝑥1 = 𝑚1𝑐1

 

Hence 𝑥0 is a solution of 𝑎0𝑥0 ≡ 𝑏0(𝑚𝑜𝑑 𝑐0), and 𝑥1 is a solution of 𝑎1𝑥1 ≡ 0(𝑚𝑜𝑑 𝑐1). 

If 𝑡 =
𝑚

𝑛
∈ 𝑄;  𝑔𝑐𝑑 (𝑚, 𝑛) = 1, then (I), (II) become: 

{
𝑛𝑎0𝑥0 + 𝑎1𝑚𝑥1 = 𝑛𝑏0 + 𝑛𝑚0𝑐0 +𝑚1𝑚𝑐1  (𝐼)′

𝑎1𝑥0 + 𝑎0𝑥1 = 𝑚1𝑐0 +𝑚0𝑐1 + 𝑏1  (𝐼𝐼)′′
 

Consider 𝑑 = 𝑔𝑐𝑑(𝑐0, 𝑐1), hence: 

{
𝑑|𝑛𝑚0𝑐0 +𝑚1𝑚𝑐1
𝑑|𝑚1𝑐0 +𝑚0𝑐1

 

Thus:  

{
𝑛𝑎0𝑥0 +𝑚𝑎1𝑥1 ≡ 𝑛𝑏0(𝑚𝑜𝑑 𝑑)
𝑎1𝑥0 + 𝑎0𝑥1 ≡ 𝑏1(𝑚𝑜𝑑 𝑑)

 

So that, the proof holds. 

Algorithms for solving weak fuzzy linear congruence in one variable: 

1] 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐶) in the case of 𝐽2 = 𝑡 ∉ 𝑄: 

Assume that (𝑚0, 𝑚1) is a solution of the following linear Diophantine equation in two variables 

(𝑚0, 𝑚1). 
(𝑎1

2𝑐0 − 𝑎0𝑎1𝑐1)𝑚0 + (𝑎0
2𝑐1 − 𝑎0𝑎1𝑐0)𝑚1 = 𝑎1(𝑎0𝑏1 − 𝑎1𝑏0)(𝜑),  

Hence: 𝑎1
2𝑐0𝑚0 − 𝑎0𝑎1𝑐1𝑚0 + 𝑎0

2𝑐1𝑚1 − 𝑎0𝑎1𝑐0𝑚1 = 𝑎1𝑎0𝑏1 − 𝑎1
2𝑏0. 

Then: 𝑎1
2𝑏0 + 𝑎1

2𝑐0𝑚0 + 𝑎0
2𝑐1𝑚1 = 𝑎0𝑎1𝑐0𝑚1 + 𝑎0𝑎1𝑚0𝑐1 + 𝑎0𝑎1𝑏1, 

So that, by dividing both sides with 𝑎0𝑎1 ≠ 0, we get: 

𝑎1
𝑏0+𝑎1𝑐0𝑚0

𝑎0
+ 𝑎0

𝑐1𝑚1

𝑎1
= 𝑚1𝑐0 +𝑚0𝑐1 + 𝑏1. 

If 𝑋 = 𝑥0 + 𝑥1𝐽 is a solution of 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐶), then we get directly from the previous theorem:  

{
𝑎0𝑥0 = 𝑏0 + 𝑐0𝑚0

𝑎1𝑥1 = 𝑐1𝑚1
⟺

{
 

 𝑥0 =
𝑏0 + 𝑐0𝑚0

𝑎0

𝑥1 =
𝑐1𝑚1

𝑎1
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Thus: 𝑎1𝑥0 + 𝑎0𝑥1 = 𝑚1𝑐0 +𝑚0𝑐1 + 𝑏1, which is the second Diophantine equation generated by 𝐴𝑋 ≡
𝐵(𝑚𝑜𝑑 𝐶). 
From this discussion, in the case of 𝑡 ∉ 𝑄, we can generat the solutions of the weak fuzzy linear 

congruence 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐶). 
By following these steps: 

Step (1): 

Solve the classical linear Diophantine equation (φ). 
Step (2): 

The Pair (𝑚0, 𝑚1) generates a solution of the congruence. 

If  

{
𝑎0|𝑏0 +𝑚0𝑐0
𝑎1|𝑚1𝑐1

 

And 𝑥0 =
𝑏0+𝑚0𝑐0

𝑎0
, 𝑥1 =

𝑚1𝑐1

𝑎1
 

Example: 

Consider the following weak fuzzy complex linear congruence: 

(5 + 3𝐽)𝑋 ≡ 3 + 6𝐽(𝑚𝑜𝑑 2 + 3𝐽), we have: for 𝐽2 = 𝑡 =
1

𝑒
 

{
𝑎0 = 5
𝑎1 = 3

, {
𝑏0 = 3
𝑏1 = 6

, {
𝑐0 = 2
𝑐1 = 3

 

The Diophantine equation (Q) is: −27𝑚0 + 45𝑚1 = 63 ⇔ −3𝑚0 + 5𝑚1 = 7. 

For the solution (𝑚0, 𝑚1) = (1,2), we get: 𝑥0 =
3+2

5
= 1, 𝑥1 =

6

3
= 2, hence X=1+2J. 

For the solution (𝑚0, 𝑚1) = (6,5), we get: 𝑥0 =
3+12

5
= 3, 𝑥1 =

15

3
= 5, hence X=3+5J. 

For (𝑚0, 𝑚1) = (11,8), we get: 𝑥0 =
3+22

5
= 5, 𝑥1 =

24

3
= 8, hence X=5+8J. 

2] 𝐴𝑋 ≡ 𝐵(𝑚𝑜𝑑 𝐶) in the case of 𝑡 =
𝑚

𝑛
∈ 𝑄 ∩]0,1[;  𝑔𝑐𝑑 (𝑚, 𝑛) = 1. 

It is clear that we must solve the linear system: 

  

{
𝑛𝑎0𝑥0 +𝑚𝑎1𝑥1 ≡ 𝑛𝑏0(𝑚𝑜𝑑 𝑑)
𝑎1𝑥0 + 𝑎0𝑥1 ≡ 𝑏1(𝑚𝑜𝑑 𝑑)

        𝑑 = 𝑔𝑐𝑑(𝑐0, 𝑐1) 

If 𝑔𝑐𝑑(𝑛 𝑎0
2 −𝑚 𝑎1

2, 𝑑) = 1, it has a unique solution modulo (d) the solution is: 

(
𝑥0′

𝑥1′
) = (𝑛 𝑎0

2 −𝑚 𝑎1
2)−1(𝑚𝑜𝑑 𝑑). (

𝑎0 −𝑚𝑎1
−𝑎1 𝑛𝑎0

) (
𝑛𝑏0
𝑏1
). 

So that 𝑥0 = 𝑥0′ + 𝑞1𝑑, 𝑥1 = 𝑥1′ + 𝑞2𝑑. 

We substitute  {
𝑥0 = 𝑥0′ + 𝑞1𝑑

𝑥1 = 𝑥1′ + 𝑞2𝑑
 in the linear system (I)', (II)' 

Then we accept the values of (𝑞1, 𝑞2) that generate only integer values of (𝑚0, 𝑚1). 
Example:  

For 𝐽2 = 𝑡 =
1

2
, m=1, n=2. Consider: 

(3 + 4𝐽)𝑋 ≡ (2 + 𝐽)(𝑚𝑜𝑑 9 + 6𝐽), we have: 

{
𝑎0 = 3
𝑎1 = 4

, {
𝑏0 = 2
𝑏1 = 1

, {
𝑐0 = 9
𝑐1 = 6

, 𝑑 = 𝑔𝑐𝑑(9,6) = 3. 

{
𝑛𝑎0𝑥0 +𝑚𝑎1𝑥1 ≡ 𝑛𝑏0(𝑚𝑜𝑑 𝑑)
𝑎1𝑥0 + 𝑎0𝑥1 ≡ 𝑏1(𝑚𝑜𝑑 𝑑)

    ⟺ {
6𝑥0 + 4𝑥1 ≡ 4(𝑚𝑜𝑑 3)
4𝑥0 + 3𝑥1 ≡ 1(𝑚𝑜𝑑 3)

 

𝑔𝑐𝑑(𝑛 𝑎0
2 −𝑚 𝑎1

2, 𝑑) = 𝑔𝑐𝑑 (2,3) = 1. 

(𝑛 𝑎0
2 −𝑚 𝑎1

2)−1(𝑚𝑜𝑑 3) = (2)−1(𝑚𝑜𝑑 3) = 2. 

(
𝑥0′

𝑥1′
) = 2. (

3 −4
−4 6

) (
4
1
) = 2 (

8
−10

) = (
16
−20

) = (
1
1
) (𝑚𝑜𝑑 3)  

Thus: {
𝑥0 = 1 + 3𝑞1
𝑥1 = 1 + 3𝑞2

;    𝑞1, 𝑞2 ∈ ℤ. 

Now, we use the linear system (I)', (II)': 

{
𝑛𝑎0𝑥0 + 𝑎1𝑚𝑥1 = 𝑛𝑏0 + 𝑛𝑚0𝑐0 +𝑚1𝑚𝑐1    (𝐼)′

𝑎1𝑥0 + 𝑎0𝑥1 = 𝑚1𝑐0 +𝑚0𝑐1 + 𝑏1  (𝐼𝐼)′
  

Hence:  

{
18𝑚0 + 6𝑚1 = 6(1 + 3𝑞1) + 4(1 + 3𝑞2) − 4    (𝐼)′

6𝑚0 + 9𝑚1 = 4(1 + 3𝑞1) + 3(1 + 3𝑞2) − 1  (𝐼𝐼)′
 

Which is equivalent to: 
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{
18𝑚0 + 6𝑚1 = 6 + 18𝑞1 + 12𝑞2    (𝐼)′

6𝑚0 + 9𝑚1 = 6 + 12𝑞1 + 9𝑞2  (𝐼𝐼)′
 

Hence.  

{
3𝑚0 +𝑚1 = 1 + 3𝑞1 + 2𝑞2    (𝐼)′

2𝑚0 + 3𝑚1 = 2 + 4𝑞1 + 3𝑞2  (𝐼𝐼)′
 

The solution of (I)', (II)' Is: 

{
𝑚0 =

1

7
(1 + 5𝑞1 + 3𝑞2) 

𝑚1 =
1

7
(4 + 6𝑞1 + 5𝑞2) 

 

The accepted values of (𝑞1, 𝑞2) are the values that have the following property: 

{
1 + 5𝑞1 + 3𝑞2 ≡ 0(𝑚𝑜𝑑 7)
4 + 6𝑞1 + 5𝑞2 ≡ 0(𝑚𝑜𝑑 7)

 

This implies: {
5𝑞1 + 3𝑞2 ≡ 6(𝑚𝑜𝑑 7)            (1)
6𝑞1 + 5𝑞2 ≡ 3(𝑚𝑜𝑑 7)            (2)

   

∆= |
5 3
6 5

| = 25 − 18 = 7 ≡ 0(𝑚𝑜𝑑 7). 

This means that the congruence (1) equivalents (2). 

It is easy to see that (2) holds from (1) by multiplying with 4, thus: 5𝑞1 + 3𝑞2 ≡ 6(𝑚𝑜𝑑 7)             
For example, 𝑞1 = 0, 𝑞2 = 2 is a solution, thus: 

𝑥0 = 1, 𝑥1 = 7, 𝑋 = 𝑥0 + 𝑥1𝐽 = 1 + 7𝐽 is a solution of (3 + 4𝐽)𝑋 ≡ (2 + 𝐽)(𝑚𝑜𝑑 9 + 6𝐽) 
We can see that 𝑚0 +𝑚1𝐽 = 1 + 2𝐽, and: 

(3+4J) (1+7J) – (2+J) = (9+6J) (1+2J). 

Also, 𝑞1 = 1, 𝑞2 = 5 is another solution, thus 

𝑥0 = 1 + 3 = 4, 𝑥1 = 1 + 15 = 16,𝑚0 =
1

7
(1 + 5 + 15) = 3,𝑚1 =

1

7
(4 + 6 + 25) = 5, hence 𝑋 =

𝑥0 + 𝑥1𝐽 = 4 + 16𝐽 is a solution of (3 + 4𝐽)𝑋 ≡ (2 + 𝐽)(𝑚𝑜𝑑 9 + 6𝐽). 
We can see easily that: (3+4J) (4+16J) – (2+J)=(9+6J)(3+5J) 

Remark: 

if 𝑔𝑐𝑑(𝑛 𝑎0
2 −𝑚 𝑎1

2, 𝑑) ≠ 1, then we must examine the solvability of  

{
𝑛𝑎0𝑥0 +𝑚𝑎1𝑥1 ≡ 𝑛𝑏0(𝑚𝑜𝑑 𝑑)
𝑎1𝑥0 + 𝑎0𝑥1 ≡ 𝑛𝑏1(𝑚𝑜𝑑 𝑑)

 

And if it has solutions, we can continue the other steps. 

Example: 

For 𝐽2 = 𝑡 =
1

2
, (4 + 2𝐽)𝑋 ≡ (3 + 𝐽)(𝑚𝑜𝑑 2 + 6𝐽) 

{
𝑎0 = 4
𝑎1 = 2

, {
𝑏0 = 3
𝑏1 = 1

, {
𝑐0 = 2
𝑐1 = 6

, 𝑑 = 𝑔𝑐𝑑(𝑐0, 𝑐1) = 2, {
𝑚 = 1
𝑛 = 2

 

𝑛 𝑎0
2 −𝑚 𝑎1

2 = 32 − 4 = 28, 𝑔𝑐𝑑 (28,2) = 2 ≠ 1 

{
𝑛𝑎0𝑥0 +𝑚𝑎1𝑥1 ≡ 𝑛𝑏0(𝑚𝑜𝑑 𝑑)
𝑎1𝑥0 + 𝑎0𝑥1 ≡ 𝑏1(𝑚𝑜𝑑 𝑑)

    ⟺ {
8𝑥0 + 2𝑥1 ≡ 6(𝑚𝑜𝑑 2)  (1)
2𝑥0 + 4𝑥1 ≡ 1(𝑚𝑜𝑑 2)  (2)

 

It is clear that congruence (2) has no solutions, thus  

(4 + 2𝐽)𝑋 ≡ (3 + 𝐽) (𝑚𝑜𝑑2 + 6𝐽) is not solvable. 

 

Conclusion and future directions 

In this paper, we have studied for the first time the concept of weak fuzzy complex integers division and 

units, where we presented a full classification of weak fuzzy complex integer units with necessary and 

sufficient conditions for division in the set of weak fuzzy complex integers. On the other hand, we 

provided an algorithm for solving weak fuzzy complex linear congruencies with many related examples 

that explain how algorithms work. 

As a future research direction, we aim to study how weak fuzzy complex integers can be used in 

generalizing some public-key crypto-algorithms in a similar way to other generalized systems of integers 

used in [10]. 
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