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Abstract

We introduce the concept of sine trigonometric (91, 02, 03) neutrosophic normal interval valued set. An iden-
tifying sine trigonometric (91, 02, 03) neutrosophic normal interval valued set is a combination of (31, 02, 03)
neutrosophic interval valued set and neutrosophic interval valued set. We communicate the new aggregating
operator such as sine trigonometric (91, 92, J3) neutrosophic normal interval valued weighted averaging, sine
trigonometric (01, 02, 3) neutrosophic normal interval valued weighted geometric, sine trigonometric gener-
alized (04, 02, 03) neutrosophic normal interval valued weighted averaging and sine trigonometric generalized
(01,02, 03) neutrosophic normal interval valued weighted geometric.

Keywords: Aggregating operator; weighted averaging; weighted geometric; generalized weighted averaging
and generalized weighted geometric.

1 Introduction

There are many uncertainties namely fuzzy set (FS). intuitionistic FS (IFS)® interval-valued FS
(IVFS) 2 Pythagorean FS (PyFS),% Pythagorean IVFS (PyIVES)# neutrosophic set (NS)° and interval-valued
NS (IVNS)® are put forward. There is only one grade of membership for an element in FS, such as 0 or 1.
FS applications include fuzzy time series using clustering algorithms and fuzzy c-numbers” Atanassov devel-
oped IFS logic, and the sum of membership grade (MG) and non-membership grade (NMG) does not exceed
15 Occasionally, we use the decision-making (DM) method to solve a single problem: the sum of MG and
NMG exceeds 1. Therefore, Yager® explained PyFS as an extension of IFS whose sum of squares of MG and
NMG do not exceed 1. According to Akram et al. >*l' PyFS can be used for a wide range of applications.
AOs in PyIVFS have been studied by Rahman et al.'# which we extend to group DMs. Khan!? introduced a
PyFS for the Einstein choquet integral operator application under the PyIVFS-Einstein AO. Rahman et al'#
introduced the MAGDM approach under the PyIVFS-Einstein AO. Recently, Palanikumar et al. discussed
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the new aggregating operators™>-'1® The PyNIVF technique is based on the AOs developed by Yang et al 2"
Smarandache” introduced the NS several years ago. Neutrosophy refers to the knowledge of neutrality, and
neutrality is described as the difference between FS and IFS. It is a truth grade (TG), an indeterminacy grade
(IG), and a falsehood grade (FG). It ranges from O to 1. The NS is a generalization of the classical set, which
includes FS, IVFS, and so on. Smarandache et al >’ developed the PyNIVS with several applications. Medical
diagnostics** and context analysis®® were both the subjects of a single-valued NS application. By enhancing
distances for IFSs, such as HD and ED and applying them to MADM situations, Ejegwa®* produced many
similar features to PyFSs. Shami® discussed the new notion of (2, 1)-FS properties, weighted AOs and their
applications to MCDM methods. Recently, Shami et al 2 introduced the concept of generalized frame for
orthopair FSs and (m, n)-FSs and their applications to MCDM. Yang?’ et al. discussed the concept of fuzzy
c-numbers clustering procedures for fuzzy data. In many applications and AOs and its algebraic structures are
explained?®- 2V

The paper is divided into five sections. Section [I]contains the introduction. In section [2] describes the
preliminaries. In Section 3] deals fundamental operations of ST (31,02, 33) NNIVN. The section [4] describes
the new aggregating operators such as ST (01, 93, 03) NNIVWA, ST (91, 92, 33) NNIVWG, STG (01, 02, 03)
NNIVWA and STG (01, 92, 03) NNIVWG.

2 Preliminaries

The fundamental definitions for PyIVFS and PyNIVS are presented below in this section.

Definition 2.1. ¥ The PyIVFS % = {g, <E¥g(g),5£(§)>’g e %} where 5, 2%« % — Int([0, 1))
denotes MG and NMG of ¢ € % to R, respectively with 0 < (ZL1(¢))? + (E:7(5))? < 1. For ® =
< {E;;*, Egﬁ] ; {Eg -, E]mfﬂ > is called a Pythagorean interval-valued FN (PyIVEN).

Definition 2.2. ® The NS R in 7% is R = {g, (E5(<), ZE(<),EL (9))|s € 02/} where 2%, Z5, 28 % —

[0,1] represents TG, IG and FG of ¢ € % to R, respectively with 0 < Z%(s) + E&(s) + Z5%(s) < 3. For
R = (2], 5%, S5 ) is called a neutrosophic number (NN).

Definition 2.3. ¥ Let R = <[ET*, =T+, [EF, Ef+]>,m1 = <[EIT’, =T+, [EF, Ef+]> and

Ry = <[EZ—*, 14, [ES, E§+]> be any three PyIVFNs and A > 0. Then

L Ry LR — _[\/(51”)2 +E] - ET)2(E]N)?, \/(EFV +(ET+H)2 — (2T+):2. (52T+)2]7]’

N N = = = )

Definition 2.4. *¥ The PyNIVS R in % is ® = { <:7$Rf(g), =L5(s), E% (s >’g € %} where =%, 2L, =5
% — Int(]0,1]) represent the TG, IG and FG of ¢ € % to R, respectively with 0 < (2% (¢))? + (& (<)) +
(2 (s))? < 2, itis observe that 0 < (25 7(¢))2 + (Z&T(¢))? + (2L T ()2 < 2.

For ® = (|Zf, Eg*}, [Eg;, EQ}, {:g’, :g*b is called a Pythagorean neutrosophic interval-valued

number (PyNIVN).
Definition 2.5. ™ Let % = ([=77,=1*], 25,25, [257,25"]) be the PYNIVN. Then the score

function of R is S(R) = ( ET?P;(ETHQ - (517)2;@”)2 +2- E) ;E Mk ),Where S(R) € [-1,1].

2
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Definition 2.6. “¥ Let (¢,h) € N R = <(€ R); [27—,27+], [22-, 214, [Ef’,E]:+]> is a Pythagorean

neutrosophic normal interval-valued number (PyNNIVN), TG, IG and FG are defined as [ET_, ET+] =
2 N2

[ET—e—(yT’,Z) =7+ () . [E7.5%) = [Ef—e—(y%‘) 27+ () | and 27, 274] = [1 -

— y—~ 2

(1 — E}-*)ef(yT) , 1 — (1 — E}-*)e*(T[) ],y € Y respectively, Here Y is a non-empty set with

[E7-,27+], [EZ-,224], [27~,27+] € Int([0,1]) and 0 < (E7+(<))* + (EZH(¢))* + (27 (s))* < 2.
_ 2

Definition 2.7. “’ The set of real number R and Z(s) = 67(%) , (k> 0) be the fuzzy numbers. Hence,

Z = (¢, h) is called the normal fuzzy number (NFN) and N denote normal FS.

Definition 2.8. " Let Z; = (¢1,h1) € Nand Zy = (fa, hg) € N,(hy, hy > 0), then Z; and Z5 is D(Z1, Zo) =

\/(51 —l9)2 + %(51 — hg)?

3 Basic operations

There are connections between ST- (01, 92, 03) NIVN and NFN. Thereafter, ST- (81,32, d3) NNIVN was
defined along with its basic operations, here our convenience X = /2.

Definition 3.1. Let (£,i) € N, R = <(z By [ET-, 274, [”I*,EI+],[EF*,EJT+]> be the (3y,ds,33)
NNIVN. We define a ST- (31, d2, 95) NNIVN set is sin R = { [sin (R- (EL (<)) ,sin (R - (2L (<))™) } ,

[sin (R (25 ())%2) ,sin (R - (E2R7(5))%2) }7 [l—sin (R (1 —Zx7(5))%) , 1—sin (R (1 — Z57(c))%) } }
Clearly, sin R is a (01, 02, 03) NNIVN, where TG, IG and FG of (9;, 02, d3) NNIVN are defined correspond-
ingly, sin (X - Z77(c)) : % — [0,1] such that 0 < sin (R - (E5(5))%) < 1 and sin (N ERTQ) % —

[0, 1] such that 0 < sin (X (Z5(5))?2) < land 1 —sin (R (1 — “”( ))) : % — [0,1] such that 0 <
1—sin(R-((1- T (6))%: 3)) < 1. Therefore, sin R = {[sm (N . R ~(5))? ) sin(N- (2 £+(g))61> }7
[sin (N- (%~ (g))m) ,sin (X - (Eé”'(g))éz) } , [1—sin (N-(1-Z37(9) 95)  1—sin (N-(1- E£+(§))63) } }

y—~£ 2 —r)?2
is a (91, By, 33) NNIVN, where [:g::gﬁ] - [E;;*e (45 ) =T+ (47) }
[Eé_;E?_] = {Egz%_e_(y%z) ,ERTe” (%)z] and {Eg_,Eg"_} = [:; e (y£2)27:£+€—(%)2}7
y € Y, where Y is a non-empty set.

Definition 3.2. Let R = <(£, R [ET-, =T+, [T, 57+, [E7 -, Ef+]>,§re1 = <(£1, hn);

=7 2T BT L ET T 2 and W = (b, ho); (2] 7,217, B, 250,27, =17 be any
three ST- (01, 02, 03) NNIVNs and A > 0. Then

g (1 + Lo, b + ha); ]
5 (sm2 (%) E=7) ) - (sin2 () - (E;_)al))gl
— (sm2 ((N) . (EZ:)&))Esl (sin2 ((N) : (Egi)al))gl’
| (- ETP) ™+ i (8 T %)™ |
N\ = e (0 &)™ ein? () ()™
Losin®y Usin®y = | | | (sin® (%) (FF7)%)™ + (sin? (09 - (E)™)) ™ | |,
— (sin? (%) - ET)%)™ - (sin? () - (22)%))™
L] % (0 - @)™ 4 (sin? () - (=5F97)™ |
i . (sin2 ((N) . (E%-‘r)ag))sZ . (Sin2 ((N) . (E§+)52)>52 ]
sin? ((N) : (E{:_)63> - sin? ((N) (Eg_)sg) ’
sin? ((N) (:er)m) -sin’ ((N) (E§+)63> i

https://doi.org/10.54216/IJNS.240213 149
Received: October 13, 2023 Revised: February 03, 2024 Accepted: April 18, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 02, PP. 147-162, 2024

r (01 - Lo, By - Fig); |
lsm2 (00 7)) -sin? (W) (1)),
(@) s (=79 |
| (07 (00 (FF)7)” + (sin () (5))) ™
— (sin® () - (E7)7)™ - (sin® () - (557)%))™
2. sin®y Msin®Rs = | | o[ (sin® (8- (EFH)P)™ + (sin® () - &)™) ™ |||
N (0 (EF)™ e (00 5™
| (507 (09 (EF)%))% 4 (sin? () ()™))”
— (sin? (%) - (7)) - (sin? () - (E5)™)™
J (sin® (%) - (5 H)%))™ + (sin? (0 (2)™)) ™
LN = (o (09 @79™))™ - sin? (09 - EFH™)™ ]
- (A0, A-h);
A iR — (/1= (0 =sin? (0 @)™, Y= (1= sin? () (2705) ™
F o [%/1— (1= sin? () - (57)%))™, /1 - (1 sin? (%) - (27H)5))™ |, |
_ [(sinQ ((R)- (E77)%))™, (sin® (V) (Ef+)53))63]
i (7, 1);
(sin? (%) (7)), (sin? () (579)7)) ™ ]
4. (sinR)* = [5 1— (1 —sin? (8) - (5T-)P2)) ™, ° 1—(1781112((?‘2)'(51*)32))62]a
[3 1— (1—sin? () - (3F)3))%, %/1— (1 —sin® (V) (““)53)63}

4 New aggregation operators

ST- (51, 52, 53) NNIVWA, ST- (61, 62, 63) NNIVWG, ST-G (61, 62, 63) NNIVWA, and ST-G (51, 52753)
NNIVWG are introduced in this section.

4.1 ST- (01,02,03) NNIV weighted averaging(ST- (01, 02, 03) NNIVWA) operator

Definition 4.1. Let ®; = <(€i,hi); (=7, 2T, [EF 221, [EF 7,27 ") be the set of ST- (3y,ds,J3)

K3

NNIVNS, # = (K1, K2, --s kn), and U ;k;—1. Prove that ST- (31,02, 03) NNIVWA (R1,R2,...,%n) =
U2 kesin®; (6=1,2,...,n).

Theorem 4.2. Let§; = <(£i, hi); (27,271,

= 5 =y

Syl N icrdas El]:+]> be a finite collection of ST- (01, 02, 03)

3 7

NNIVNs. Prove that ST- (01, 09,03) NNIVWA (R1, Rs, ..., R,)=

I (u;‘zl kils, U?:lliihi);
1= (1t (00 &))" o= (1 (0 @70 ).
o/t = i (1o (00 &)™) - m (- (09220 ).

[y (sin® (0 (B7)™))™ 1, (sin® (0 - (E77)%))" |
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Proof. The proof follows from mathematical induction. Put n = 2, then ST- (31, 02, 95) NNIVWA (R, R2) =

K1 - sin’1 U ko - sin R, since

(fﬁfl, /‘61711)%

K

5§/1 - (1 —sin2 () - (2T )?) ) ﬁi/l - (1 — sin? ((R) - (ET+)51)> 1

K1 -sin’R; = ~ -
zs§/1 - (1 — sin? (N) - (S77)02) ) " 6§/1 - (1 —sin? ((R) - (E77)%2) ) 1
[(sin2 () - (Elf_)m))m1 ) (SmQ () - (Ef+)63))m}
(5252, K2h2> ;
R ) i S o= ey |
Ko - sinRg =

6§/1 - (1 — sin? (R) - (2Z7)32) )R27 6§/1 - (1 — sin? ((R) - (55[*)52))

[ (s (09~ %)™ s (00 (%))

Now, k1 - sin ;1 U ko - sin Ry =

(Klel + Kkola, k1h1 + K2h2)§

~——
/
—
|
S
—
I
2]
@
=)
(V)
—
z
N
—
[1]
SN
\
N
[e)]
S
~——
N—
3
[V
N——

[ ) (1 - (1 — sin? ((N) - (EI*)"’I) )m
(

92

(1-sin® (-
| (1= (1sin® (00 ETH™)
(

o (00 e ) (- @)

ST- (91,32, 35) NNIVWA (R, Rs) =

( U2, kil Uf:ﬂiihz);

[ (sin® (09 (577)%)" ik (sin® () B7H™))" |
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Itis valid for n > 3 and hence ST- (01,02,03) NNIVWA (R, R, ..., 1))
('—'é:l kil ué:lﬁihi)Q

7)) i (1 s (09

7).

1= (1 s (- @
5</1 — i (1=si? (- &)™) ) i/ 1=y (1 - sin () - (5F)%)

[P (sin (00 - (57)™))™ iy (sin® () - (7))

—_
—

—_
=
— —

Ki

%

Putn =1 + ]., then ST- (61, 62,63) NNIVWA (§R1, 8’%2, ceey §Rl, %lJrl) =

! l
i + kig1lip1, Ui kil + Ko higa

(ui:l i );

5 Ui (1 - (1 — sin’ ((N) : (EZT_)GI) )H> + (1 - (1 — sin? ((N) , (55—1)61)'%1) )
—r (1= (1-sin? (0 @) ) (1= (1-si? (09 - &™) ),
o R e R )
- 3 Hims (1 B (1 —sin’ ((N) ' (Eiz_)52) )K) = (1 - (1 — sin? ((N) (Ezlfl)az)ml) )
Y ) N B ()

J S (1 (1t (09-EE0™) ) ) + (1= (1= (00- E50™) ) )
oo (o6 ) (1o (o 7))

A R W R
e (sin® (00 &))" (sin® (09 &70)™)) ™

- (1= () - =77 ) ]

o= (1= (00-F ™) 1 (1 (00 &2 ) .
[T (s (0) - (=77)7)™ i (sin? (09 (57 H)™))"

1
1

-
=7

T

—_
—
—

Theorem 4.3. If all R; = <(€Z—7hi); [sin(R - =7 7),sin(R - Z7 )], [sin(R - EX7), sin(R - ZZ1)], [sin(R -
77),sin(R - Ef:+)]>(z = 1,2,...,n) are equal and [sin*(R - (E7 7)), sin®(X - (27 1)91)] = [(sin(R -
T—

77)))92], then ST- (91,02, 33) NNIVWA (R1, Rz, ..., R,.) = R (idempotency property).

(=
(=

Proof. Since (£;, ;) = (£, h), [sin(R-27 7),sin(R-E7 7)] = [sin(R-Z7 ), sin(R-Z7 )], [sin(R-ZZ ), sin(R-
=ZFH)] = [sin(R - Z77),sin(R - Z2F)] and [sin(R - 7 7),sin(R - 7 1)) = [sin(R - E77), sin(X - 271, for
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i=1,2,..,nand U™ k; = 1. Now, ST- (31, 02, 03) NNIVWA (R1, Ra, ..., Rn)

(u;;l kil I_I?:lmihi);
L - @) o (s - €T)” .
{af/l —Miz (1 —sin? (%) - (EF7)™) )K ?/1 —~ ﬂ?:1(1 — sin? ((8) - (EZH)%) )“ ’
[P s (09 (7)) My (sn? (O E24%)) "]
(v i B U 1)
Y (1 (09 @) i - @)

| |
K 1 —sin? (%) - (277)) )f‘lmv 11— s (9 &) ).

{ i/l 1 —sin® () - (27)%

)
{ i/ 1 (1=sin® () - (57)%)
sm ((N) : (EF_)BS)) , (sin2 ((N) . (EF+)63))]

= sinRk.

Theorem 4.4. Let R; — <(eij,hij) r]j'—,:gﬂ,[:fj—,zfj+][:;§—,zfj+]>(i =1,2,00):(j = 1,2, 0yi5)

%

be the ST- (01,02,03) NNIVWAs. Since @ = inf 4,5, E = sup{;j, h = sup hyj, h = inf R, =T- =

il . —_Tt — —_Tt - —_7 " 7L —
inf 2 U 7T BT- = supuw a7t = 1nf:£ ETH = SupHZ; BT = inf 2] BT = supEf; , BT =
: =T+ _ oF— _ ioemFT o mF- —F~ =F+ _ =Ft oFf —F+
inf = j,_ + —sup_” , 2T = infE, 277 = supE]; ,EMT = f =], BPT = supE], j =
1,2,...,i5and 1 < i < n. Prove that,

S e = SI- =It] [oF— =

<(€a h)a[:‘T ":'TJr]a[ y = +]7[:‘}- 7:'}—+]> < ST (61332363) NNIVWAGRM&EQ; 7§Rn)

This is known as boundedness property.

— — N _
Proof. Since, 27~ = inf = za 2T = sup Ei , 2T+ = inf EZ; , 2T+ = sup EZ and 27— < TZ; <
:_and:+§:ij <ZT+ Wehave, 27— + =7+

Ki

- a§/1 =y (1= sin? () (7))

(
(= 0 &))@ %))
(

- (1-sin? (%) - 7))

_ i/
< ai/l
<

1=y (1= sin? () (7)) + ai/l—ﬂ?ﬂ(l—sinQ (- ETH7))"
— —
= 27457+,
— L — p— — — . —
Since, =X~ = inf ElIJ , 277 = sup ElI] , 22+ — inf "lIJ , BT+ = supu " and 27 < ElI] < ZZ- and
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T P e
=t <= ”I < ZZ+. We have, 22— 4 =2+

= B +Et
— — — — . —
Since, =%~ = 1nf:£ ,BEF - = sup:f; JEF T = 1nfE;7; ,EF T = supEZ];+ and =7~ < EZ; < E7~ and
— L. —%
Xt < Bl <EFT. We have,
—
EFT+ETT = nr (sin? ((N) - (EF7)%))% 4+ My (sin? (R) - (E7)%9)) =
2

0 )%))" + s (sin? (- &)™)
=P )0 4 m (sin? ((R) - (E7F)%))™

IA
|
5
|
—
/N
. 172}
.
=
V)
— /N

I IA
|
T3
Il
—_
—
2]
=

[ V)
—
Z4
S~—"
—~

>T

. — . — - — —
Since, ¢ = inf{;;, 7 =supl;j, h =suphy;, h =infh;;and € < /4;; < 7 and h < hy; <
Hence, LI} K; /< I_Ii:mi&j < LGk and l—lz 1Ki h < l—lz 1/61}7,”‘ < LK h.

Therefore,
_ (31 1= (1-sin® () (ET‘>61))M>2+< L i (1 s (- (Eﬁ)m))f”)

T | (s (1 (0@ %)) ) (i (s (00 =) )

2 _
[ (- &) [l (- & )]
12—

i <5‘/1—I_I?:1<1—sin2 ((N)~(E£7 > +< Q/l— n 1 1—bln ((N)-(EZ;Jr)Gl))M)

< #X _<3§/1—I_I?:1(1—sin2 (- &)™) >+< ﬁ/l— (1 sin? ((N),(Eg)%))ﬁi)z
(mi (sin® (- &)™) ) +(T (sin? ((N)-(Ez*?*)%))m)z

i +2—
_ (61 1fﬂ?:1(17(sin2 ((N)-(f )”1))M> +(51 1*“?:1(1*(sin2 ((N).(Eﬂf’l))“
g 2
o Sl (oo (o)) (o e (o0 )"
(m sin? (00 (Ef—f’*))'“)i(n? (sin? (09 (&)™) )
i +2 - ~
Hence,
<(7,<ﬁ);[F,ﬁ],[?iéﬁ],[?,a—ﬂw < ST—(Dy,0,,03) NNIVWAR,, Ry, ..., R,,)

< (@ RRET TLEELEE),

Theorem 4.5. Let R; = <( vy ey ); [EL T BT, [BE 55, [Ei;,agfﬂ> and

tij tij tij
Wi = {0y ) (B ETHLEL ZEL R ZE1)6 = 120m)i( = 1.2..0iy) be the ST-
(01,02, 03) NNIVWAs. For any i, if £y, < hy,

ij?
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Proof. For every i, {1, < hy,,. Therefore, LI}, ¢y, < Ui hy, ;.

For any 7, sin? <(N) (:Z] ) >+sm2 ((N) : (Egj)2> < sin? ((N) : (E[ﬁ;f) +sin® <(N) : (EhT;)2>.

Therefore, 1—sin ((N)~(E 7)) +1-sin ((N)-(EZ;JF)Q) > 1—sin® ((N)-(:{;)Q)H—sm? (- (ETH7).

For any 7, sin2 ((N) : (Eij)52)+sin2 ((N) : (Efj)%) < sin? ((N) : (Efij)&) + sin? ((N) : (Eﬁ)%).
Therefore, 1 — sin? ((N) . (Etzf)ﬁz) +1 —sin® ((N) (EtIi+)82) 2

1 — sin® ((N) . (Ef;)iiQ) + 1 —sin ((N) ‘ (H%Jr)a )

Hence, M7, (1 _ &in? ((N) . (EtI:)%)) + N, (1 — sin? ((N) . (Etff)c’)z))’ﬂ >
ey (1-sin? (v) - (Ef;)az))m 1y (1= sin? (%) (Eff)ﬁz))m~

Hence, 6</1 -, (1 _ sin2 ((N) . (Ei_)ﬁz) Ki n ai/l -, (1 — sin? ((N) . (Ei+)52))ﬁi

< qft=rm (1 (09 @F)™)) g1 (1 (00529 ™))

For any i, sin <(N) ( ) >—|—s1n <(N) . (Efj‘*‘)m) > sin? <(N) . (:',f”_ )53) + sin? ((N) . (Efj)sg)

Ly sin’ %)) +(Timsint (00 &™)

2
Therefore, 2 — 5

&
(s (o >) (e (00- &™)

2

<

Now

2 7

[ (Ev\/kmggl (1-sin? (&)™) ) +< §/1 My (1 sin ((N).(Eﬁ)al))“)
% y _<5§/17|‘|’;:1 (1 - sin® ((N)A(Ef[)%))nl)Z( §/1fni:1 (1 - sin® ((N)-(E?)%))“")

. <m;;1 sin? ((N) (=) )2 : (n * , sin? ((N) : (5@)33))2

_(5‘/1—#:1 (1—sin2 ((N)‘("T )3 ))*’") +< §/1 - 1(1 i ((N).(Eﬁ)al))“i) -
¢ St | (i (1w (00 @) (i (o (00 @807) ) |

P
(ﬂ?zl sin? ((N) . ,]:

D)

Hence, ST- (61, 62, 63) NNIVWA (%1, %2, ceny %n) < ST- (61, 62, 53) NNIVWA (7/1, %, ceny Wn)

2

+2 -
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4.2 ST- (01,02,03) NNIV Weighted Geometric(ST- (31,02, 03) NNIVWG) Operator

Definition 4.6. Let R; = <(zz, hi); [E] =, 27, 82, 25, [&F -, =T +}> be the collection of ST- (31, dz, d3)

(2 K3

NNIVNs. Then ST- (31, 3z, 5) NNIVWG (Ry, Ra, ..., Ry,) = M, (sin ®,)™ (i = 1,2, ..., n).

Theorem 4.7. Let R; = <(€l, hi); (27,274, [”F*7:F+}> be the set of ST- (31, 0z,03) NNIVNs. Prove
that ST- (61, 62, 63) NNIVWG (§R1, §R2, ey ?Rn) =

|—|n 1£Kl |—|n 1hl'€1)_
[Mry (sin® () - (E7)™)™ ,miy (sin® () - (BT 5)%)) ™

= (s - @)y (- 0 =0™) |
(e 0@ ) g (e - &)

Proof. The theorem [4.2]provides the proof.

Corollary 4.8. Idempotency, boundedness and monotonicity are satisfied by the ST- (01, 02,03) NNIVWG
operator.

Proof. The proof is provided by the following Theorem 4.3 Theorem 4.4] and Theorem {.5]

4.3 Generalized ST- (01,02, 03) NNIVWA (ST-G (0,32, 93) NNIVWA) Operator

Definition 4.9. Let %; = <(€“ hi); (27—, =7+, [2X-, =24, [=F -, 57 +}> be the collection of ST- (3, Iz, J3)

(2

NNIVN. The ST-G (97, 2, 03) NNIVWA operator is ST-G (91,32, 93) NNIVWA (R, Ro, ..., R,) = ( T
1/A
Ki(sin ;) )

Theorem 4.10. Ler R; = <(a,h) 57,274, [:I—,:I+},[:f—,:f+]> be the set of ST- (31, D, I3)

3 7 3 K3

NNIVNs. Prove that ST-G (01,02, 03) NNIVWA (R1, Ra, ..., Ry) =

(cramt) " (cranat)”)
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Proof. It is necessary to demonstrate that, LI?_; x; (sin %;)* =

lal\l L, (1 _ sin2 ((N) ) (Ezl)al) )51>m R (1 — (Sin2 ((N> . (EZ+)51) )61>Hi] )
Hl (1 sin? (%) - (7)) )) (L (1 = (sin? (9 (5F)) )H
e (- (1 o 2 >>) (- (=t @™ |

Putn = 2, k1 (sin ) A gy 51n§R2) =

(K1£1 +f$2€2 :‘ilfh + Kol

)
<5&/1 _ (1, (sz ((N) . (5{*)51) )61) >al+ <5&/1 - (1 - (sin2 ((N) : (EZ’)GI) )61)“1
(- (- G )™ ) ) (- (1 (s (o))

91
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| — |
|
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l

i

A,
7 z 1l€ih'>

Uizt
M/l—rll <1 sin? (EZ—)&))&

&/1—I‘Ii1< sm

<ET+>51>)BI>M] 7

[ (/1—ﬂ§ 1(1 sin? (E%_)52))52
_[ré:l(ai/l—@_(sm () E))° )
n ¥t

If n =1+ 1, then LI'_, k;(sin ®;)* + /—15+1(
Now, I_Iézlni(sin%) + R (sin Ry )N =

Z

3
¥
)

+1

i/l_l_li:L( blIl

SHEDD )52)“] ,

7I_Ii 1<3§/ ( sm

= Uk (sin RN

I A A 1 A A
(uizl rily + R4l Wiz R Ry +Nz+1hz+1>;

(6{/1 - rwé:l(l — (sin

2 ((N) . si

2 (o (aﬁﬁl)))ﬁl)“ )

+

(e

= (a2 (00 ™)) ) )

,( 31/1 —rly (1= (s (o

) - 51))

n? () - (=] )

<%<1

- (sin® (- &)%) o

)

(svlfﬂizl(lf(sinz((N).(37+>51))61> )5 N
5, (aQ/I - (1= (s (o0 - &))" )31
_(5t/1— rhy (1= (02 (0 T HP1))P1) )51
(GQ/I’ (1= (sm2 (00 - & 1)) 7)™ )61
: (2= e (2= (o2 (00 @772 )%2) )32;
52 (65/1 - (1= (s (v =F72) )2
7<63/1’”l=1(1*( u? (v - (277)02) 52>~1)
(o4 (ot (o o)) )™
(a%/l—mrli:1<1—( u? (00 - FH)T2) )72) " )52+ ,
I T R D
7<3%’”l*1(1*( 2 (0 (=FH)02) )2 >
(b )

91 ]

(=T

K3

ey |

ko1 (sin R Uk (sin o) U L sy (sin 1) U kg (sin Ry ) A

)P (e (- G (o0 ) ™))

K1

+1
= 1Ri

Thus, L; (sin )™ =

UH—I

i=1 Rit;

ot (G e (o 0% ) (3o G (o

eA

o -G

+1
7211

mii )

%)% )"

[ai/l -t (1 - (sin2 (®)- (=

™)) V - (1 (s (09

(

aﬁf"l))ﬁl)m] ,

+1
i=1

lai/l —n <1 - (sin2 ((®) - (E77)P) )62)
(Ddi/l — (1 s (-

=F

|—|l+1

=1 [

|
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Hence, (U1} k;(sin ﬂ%i)A)l/A -

' ((utrt )™ (utzt ) ") _

It is true for any /.

A ST- (01, 02, 03) NNIVWG operator is substituted for ST-G (91, 2, 93) NNIVWA when A = 1.
Corollary 4.11. Idempotent, bounded, and monotonic properties are fulfilled by the ST-G (31, 02, 03) NNIVWA

operator.

Proof. Proof is provided by Theorem [4.3] Theorem 4.4]and Theorem

4.4 Generalized ST- (01,02, 03) NNIVWG (ST-G (01, 02, 03) NNIVWG) Operator

Definition 4.12. Let R; = <(£z,h) [E7-, =7+, [52-, 74, [2F -, ”f+]> be a finite collection of ST-
(31, 02, 03) NNIVNs. Then ST-G (9, 3, 33) NNIVWG (R, Ro, ..., Ry, :%( (A - sin®;)" ) (i =
1,2,....n).

Theorem 4.13. Let R; = <(e“h) [”T—,:Tﬂ,[”I—,:I+},[:f—,:f+]> be the set of ST- (31,02, 03)

7 3 3 K3

NNIVNs. Prove that ST-G (01,02, 03) NNIVWG (R, Ra, ..., Rp,)=
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Proof. Theorem provides the proof.

The ST- (01, 02,05) NNIVWG operator is substituted for the ST-G (91, 02, 05) NNIVWG operator when
A=1.

Corollary 4.14. Idempotent, boundedness, and monotonicity properties must be fulfilled by the ST-G (01, 0, 03)
NNIVWG operator.

Proof.The proof is provided by the following Theorem 4.3 Theorem [.4] and Theorem .5]
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