International Journal of Neutrosophic Science (IINS) Vol 24, No. 02, PP. 108-119, 2024

ASPG

American Scientific Publishing Group

Rare and Dense Sets in Fuzzy Neutrosophic Topological Spaces
Sara Q. khamis !, Fatimah M. Mohammed?”
1 Department of Mathematics, College of Education for Pure Sciences, Tikrit University, Tikrit, Iraq

2 Department of Mathematics, College of Education for Pure Sciences, Tikrit University, Tikrit, Iraq
Emails: Sara.q.khamis@st.tu.edu.iq; dr.fatimahmahmood@tu.edu.iq

“Corresponding author: dr.fatimahmahmood@tu.edu.iqg
Abstract

The purpose of the current paper is study some new concept of sets and called fuzzy neutrosophic rar and fuzzy
neutrosophic dense sets in fuzzy neutrosophic topology and investigate some properties. In fact, the subject of fuzzy
neutrosophic sets is already conducted by F. M. Mohammed et.al. [1-9]. However, the current study illustrates number
of notable examples to shed the light on some novel attributes of recently established terms, as well as showing related
interactions among these researches.
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1.Introduction

Since the definition of the fuzzy set concept by Zadeh [10] has invaded almost all branches of mathematics. Then, the
applications of fuzzy sets has been presents in many fields such as the theory of fuzzy topological spaces as soon as
studied and developed by Chang [11]. Since then various concepts in general topology have been generalized by
Chang’s fuzzy topological spaces. Aftar that, as a generalization of fuzzy topological spaces developed in many
directions by the concept of neutrosophic sets where the term of neutrosophic set was defined with membership, non-
membership and indeterminacy degrees and founded by Smarandche [12] as a branch of scince and as extend the idea
of fuzzy sets and intutionistic fuzzy sets, Then, the topological spaces of neutrosophic sets was study by A. Salama
et.al.[13]. Then, a survey article of the developed the term fuzzy neutrtrosophic topological spaces has been published
by Arockiarani [14,15].

Additionally, we may point out that the idea of “fuzzy neutrosophic sets” (that is now studied extensively. And our
paper areas (The reader can check the papers [16-15]) when they studied the notions in fuzzy neutrosophic topology.

Hence, the aim of this paper is to introduce and study the concept of rere sets and dense sets in the case of fuzzy
neutrosophic. Several new characteristics and instances based on this specified idea have been addressed.

2. Basic definitions and terminologies

Definition 2.1 [15]:_Let X*, be a non-empty fixed set. The fuzzy neutrosophic set (F'NS), A} is an object having
the form Ay ={< x*, gy (™), 0oy (x*), Vgry (x*) >:x* € X*y} where the function pg+, 04+ ve: X"y — [0,1]
denote the degree of membership function (namely pg-y(x*)), the degree of indeterminacy function (namely
ogen(x7)) and

the degree of non-membership function (namely v+ (x*)) respectively,

of each element x* € X*y tothe set Ay and 0 < pgsn(x™), 00y (x™), Vrn (x™) = 3, foreach x™ € X*y.
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Remark 2.2 [3]: F'NS A} = {< x*, gy (x*), 05y (x*), vgry (x*) >:x* € X*,} can be identified to an ordered
triple <X, 4y, G4y, Vay >in [0, 1] 0N Xy .

Lemma 2.3 [15]: Let X*, be a non-empty set the F'NS A}, and B}, be in
the form: Ay = {< x*, pgrn (x*), 048 (), Verp (x*) >:1x* € X*y}, and
By ={< x*, upen (™), 0y (), vpey (™) >:x* € X*y}on X*y. Then,
i AN S By iffuen(x") < ppen(x7), 00y (X7) < 0goy (X7) and vy (x7) = ey (x7) forall x* € X7y,
ii. Ay =By iff Ay S By and By € Ay,
iii. Ty- Ay = {< x5 vy (), 1 — 0oy (), e () > x" € X*3,
iv.  AUB™={< Max(ug n (x7), uprn (x7) ), Max(agey (x7), apn (x7)), Min(vgry (x7), vpry (x7)) > 1 x7 € X™},
V. Ay N By ={<Min(ugy (x7), ppen (x7), Min(agey (x7), 0prn (x7)), Max(vgey (x™), vpon (x)) >1x" €
X*N>}1
vii On=<x0,0,1>andIn=<x,1,1,0>.

Definition 2.4 [15]: _Fuzzy neutrosophic topology (F'NT) on a non-empty set X* is a family 75 of fuzzy
neutrosophic subsets in X* satisfying the following axioms.

i.0y,1y €, 1y
ii. Ay N By € 1y forany Ay, By € Tx.
iii.U Ay ; € 73,V {Ay i) €J} € 7
the pair (X"n,7y ) is called fuzzy neutrosophic topological space (F'NTS). The element of 7 are called
fuzzy neutrosophic-open sets (F'NOS). The complement of F'NOS in the F'NTS (X"n,7 ) is
called fuzzy neutrosophic —closed set (F"NCLS).

Definition 2.5 [4]: Let (X, 7x)be F'NTS and A} = x* Ug*n, Og*nr Varn> D€ F'NS in X*,. Then the fuzzy
neutrosophic-closure (F'NC) and the fuzzy neutrosophic-interior (F"NI) of A} are defined by:

F'NC (4y) =N {K:K is an F*NCLS in X*y and A} € K}

F'NI(43) =U{G:Gisan F*NOS in X*y and G < A}}

Now that F"NC (A4%) is FN-closed set and F*NI (43) is F'N-open set in X* . Further,

i. Ay isF'NCLS in X*y iff F'NC(4y) =4} ,

ii. Ay is F'NOS in X*y iff F'NI (4}) = Aj.

Proposition 2.6 [6]: Let (X"n, ) be F'NTS and A}, By are F'NS in X*,. Then , the following properties hold:

. F*NI(A}) € A and A € F*NC(AY),
i, A%, € B, = F*NI(A},) € F*NI(B},) andA}, € B, = F*NC(A}) € F*NC(B}),
i, F*NI(F*NI(A}))=F*NI(A}) and F*NC(F*NC(A}) = F*NC(A3),
iv. F*NI(A," N By) = F*NI(A;) n F*NI(B})
and F*NC(A} U B}) = F*NC(A%) U F*NC(B}).

Definition 2.7 [7]: F'NS Sy in F'NTS (X", t5) is called:
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i. Fuzzy neutrosophic semi-closed set (F'NS-closed set ) if F*'NI(F"NC(A")) € A"

ii. Fuzzy neutrosophic pre-closed set ( F'NP-closed set ) if F'NC(F'NI (A™) € A"

iii. Fuzzy neutrosophic a-closed set ( F"Na-closed set ) if F'NC(F'NI (F'NC(A*)))c 4"
v. Fuzzy neutrosophic S-closed set ( F'N S -closed set ) if F'NI (F'NC (F'NI (A*)))c 4*

The complement of Fuzzy neutrosophic semi-closed set is Fuzzy neutrosophic semi-open set, Fuzzy
neutrosophic pre-closed set is Fuzzy neutrosophic pre-open set , Fuzzy neutrosophic a-closed set is , Fuzzy
neutrosophic a-open set and Fuzzy neutrosophic B-closed set is Fuzzy neutrosophic -open_set respectively.

3. Rare Sets and Dense Sets in Fuzzy Neutrosophic Topology.
Definition 3.1: AF'NS A" in F'NTS (X"n,7y ) is called:
i. Fuzzy neutrosophic rare set and denoted by (F'NRA-S) in X"y if F'NI (A") = Oy where Oy =< x, 0,0,1 >

ii. Fuzzy neutrosophic dense set and denoted by (F'ND-S) in X"y if F'NC (A") =1y where 1y =<
x,1,1,0 >.

Definition 3.2: A NS A" is called neutrosophic nowhere dence set if F'NI (F'"NC (A™")) = On.

Theorem 3.3: AF'NS A" of F'NTS (X", 7y ) is F'NRA-S iff if 1n-A” is F'ND-S.
Proof: Suppose A" is F'NRA-S in X"y where A"=< A}, A3, A% >.
Then, E'NI (A%)= Oy or 1n-F*NI (A”) = 1x. Thus F'NC (A = 1,
Conversely, suppose 1n-A" is F'ND-S is X"n. Then F'NC(A") = 1y, that is, 1n-F'NI (A") = 1n. Thus F'NI
(A*) = ON.

Theorem 3.4: A F'NS A" of F'NTS (X"n,7y ) is both an F'NOS and a F*"NRA-S iff it is Oy where Oy = < x,0,0,1 >.
Proof: F'NS is A" is F'NOS and F'NRA-S so, F'NI(A") =A"= Oy

Corollary 3.5: AF'NS A" of F'NTS (X"n,tj) is both F'NCL and F'ND-S iff it is 1n.

Remark 3.6:i. AF'NS A" of F'NTS (X"n,75 ) can be both F'NRA-S and F*'ND-S .
ii. If F'NS A" of F'NTS (X", 7 ) is both F'NRA-S and F'ND-S, then A" is neither F"NOS nor F*"NCLS,
but the converse dose not hold from the following example.

Example 3.7: Let X ={a ,b ,c} define F'NS. S"v in X" and 7 = {0y, 1y, S'n} Where,
S"\=< x*,a(0.3,0.5,0.3), 5(0.4,0.2,0.2),¢(0.5,0.3,0.2) >, s0
M= < x*,a(0.5,0.4,0.2), b(0.5,0.5,0.4), ¢(0.4,0.2,0.4) > is neither F'NOS nor F*"NCLS, so
i F'NI (M*y) = < x*,a(0,0,1), 5(0,0,1), ¢(0,0,0) >

< < x%,a(0.5,0.4,0.2), b(0.5,0.5,0.4), ¢(0.4,0.2,0.4) >
that is My is F'NRA-S

i, F'NC (My ) = < x*,a(0.5,0.4,02),b(0.5,0.5,0.4),6(0.4,0.2,0.4) >
<< X% a(1,1,0),b(1,1,0),c(1,1,0) > which means M"y is F*"ND-S.

Theorem 3.8: A F'NS A"of F'NTS (X"n,7j ) is both a F'NOS contained in A" nor F'NCLS containing
A", except for Oy and 1y respectively.

Proof: Let A" be both F'NRA-S and F'ND-S. Then, by definition, F'NC (A") = 1x and F'NI (A") = 0y = A"
contains neither F"NOS except Oy nor contained in F'NCLS except 1y .

Theorem 3.9: In F*NTS (X"n, 7y ), We have:
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i. 1n is F'ND-S, but it is not F'NRA-S.

ii. On is F'NRA-S, but it is not F'ND-S.

ii. arbitrary intersection (resp . union) of F"NRA-S is F'NRA-S.
Proof: (i) and (ii) are obvious.

iii) Let A"= A ea U, b€ an arbitrary intersection of F'NRA-S s , that is F*NI (u,) = On for each « € A . Then,
A gen Mo = On.

we have ON= A gep g = F*NI (A gen tg) = On = F71 () or F'NI () = On

Similarly, Let A" = A ea p, be an arbitrary union of F'ND-S, that is F'NC (u,) = 1n for each a €
A.Then, Agep g = InWe have Iy = Agep g < F'NC (Agea o) = F'NC () = 1n.

Theorem 3.10: AF'NS A* of F'NTS (X"n,ty) is @ F'ND-S iff for every F'NOS (resp. F*NCLS) u satisfying A" <
u(resp. p < A"), we have F'NC (A") = A" (resp. F'NI(A") < p).

Proof: First assume that A" is F'ND-S and take F'NOS p with A"< ..
Then, FFNC(A") = 1n=

Conversely, suppose the necessary conditions hold and take u = 1y then, u is F'NOS and A" < . Thus F'NC
(A" > = 1y ; that is F'NC(A”") = 1n . So A" F'ND-S.

Suppose A”is F'NRA-S. Thus F'NI (A") < u = Oy ; that is F'NI (A") = On.
Then, pis F'NOS and A" > p and take p = On.
Remark 3.11: i. AF'NS A" of F'NTS (X"n,7*) is F'NRA-S, if there exists no F'NOS other than Oy contained in A"

ii. The union (resp. intersection ) of F'ND-S (resp. F'NRAS) and F*"NCLS (resp. F'NOS) is F'ND-S (resp. F"'NRA-
S).

Proof : i. Let A" be F'ND-S and p a F'NCLS. If v is F'NOS with A"V u <, then, A"< v. Thus F'NC (A") = v. Now
F'NC (A"V 1) = F'NC(A) VE'NC (w) = uVv>v.

So, the union of F'ND-S and F'NCLS is F'ND-S.

ii) Let A" be F'NRA-S and p a F'NOS. If v is F'NCLS with v< A" V y, then v< A" Thus F'NI (A") < v

Now, F*'NI (A"A 1) = F'NI (A AF'NI (1) S p AV < V.

So the intersection of F'NRA-S and F'NOS is F'NRA-S.

Theorem 3.12: F'NC (A") (resp. F'NI (A")) is F'ND-S (resp.F"'NRA-S) whenever A* is F'ND-S (resp. F'NRA-S).

Proof:
i. Let A" be F'ND-S. Then, F'NC (A") = 1y = F'NC (A") = F'NC (1) = 1n. Thus F'NC (A") is F'ND-S.
i, Let A" be F'NRA-S. Then, F'NI (A") = Oy = F'NI (A") = F*NI (On) = On. Thus F'NC (A) is F'NRA-

S.

Definition 3.13: A F'NS A" of F'NTS (X"y,7y ) is said to be F'N closed RA-S (resp. F'N open D-S) in X"y, if the
F'NS A" is both F*'NCLS and F"NRA-S (resp. F'NOS and F'ND-S) in X"\.

Theorem 3.14: A F'NS A* of F'NTS (X", Ty ) is F'N closed RA-S, iff A" is F'NCLS which does not contain any
F"NOS other than Ox.
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Proof: Let A" be F'N closed RA-S in X"n. Then we have F'NI (A") = Oy and F'NC (A") = A"
This shows that A" is F'NCLS which does not contain any F*'NOS other than Oy.

Theorem 3.15: A F'NS A" of F'NTS (X", 7y ) is F'N open D-S, iff A" is F'NCLS which does not contain any F*N
open D-S other than 1n.

Proof: Let A" be F'N open D-S in X"y .then, we get F'NI (A") = A"and F'NC (A") = 1.
This shows that A" is F'NOS, which does not contain any F'NCLS other than 1.
Definition 3.16: Let (X", T;; ) be F"NTS. Then we define Fr (A") = F'NC (A") A F'NC (4*°)
Example 3.17: Let X ={a ,b ,c} define 7, = {0y, 1, S'n} and the F'NS. S*y in X"\ by,
S"\=< x*,a(0.3,0.5,0.3), 5(0.4,0.2,0.2), ¢(0.5,0.3,0.2) >
Now, if A'v= < x*,a(0.5,0.4,0.2), b(0.5,0.5,0.4), c(0.4,0.2,0.4) > s0,
F'NC (1"v) = < x*,a(0.5,0.4,0.2), b(0.5,0.5,0.4), ¢(0.4,0.2,0.4) >
< < x*,a(1,1,0),b(1,1,0),¢(1,1,0) > so,
Fr (A"\) = F'NC (") A F'NC (A"\)°
=InAIn=1n
Theorem 3.18: If a F'NS A" of F'NTS (X"n,7y ) is F'ND-S. Then, Fr (A") = 1n-F'NI (A").
Proof: Let A" be F'ND-S in X"y, i.e, F'NC (A") = 1n.
Then, Fr. (A) = F'NC (A") A F'NC (1x-A”)
=In A F'NC (1n-A")
=F'NC (In - A
=1n— F'NI (A").
Theorem 3.19: If F'NS A” of F'NTS (X'x,7; ) is F'NRA-S then, Fr (A") = F'NC (A").
Proof: Let A" is F'NRA-S in X"n. Then, F*NI (A") = Oy
Thus we have, Fr (A") = F'NC (A") A F'NC (1n-A")
= F'NC (A" A (In — F'NI (A%)
=F"NC (A”) A (I -On)
= F'NC (A").
Theorem 3.20: AF'NS A"of F'NTS (X",7x ) is F'ND-S and F'NRA-S iff Fr (A") = 1n.
Proof: Let Fr (A") = 1n .Then F'NC (A") A F'NC (1n — A") = 1y,
ie, F'NC(A") =1y ™)
F'NC (In—A") =1y **)
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By (*), A" is F'ND-S in X", from (**) we have F'NC (1y — A") = 1n. F'NI (A") = 1y, i.e, F'NI (A") = On.
Thus A" is F'NRA-S. The converse follows from Theorem 3.16.
Theorem 3.21: In F'NTS (X"n,7x ) we have the following statement:

i. On is F'N closed RA-S in X'y.
ii. arbitrary intersections of F'N closed RA-S in X"y are F'N closed RA-S in X"\.

Proof: (i) by definition
(ii) Let (A});er be a collection of F*N closed RA-Ss in X"y, i.e,
F'NC (4}) = A} and F'NI (A7) = On foreach €T
Then, F'NC (Ajer4;) = Aier F'NC (A7) = AjerA; . This proves that arbitrary inter- section of F'NCLS is F'NCLS.
Since each 4; is F'NRA-S in X"y, F'NI (4;") = On.
Thus, F'NI (Ajer4;) = Aier F'NI (4;) = On.
4. Fuzzy Neutrosophic Generalized Semi —Closur and Fuzzy Neutrosophic Generalized Semi —Interior Operations
Definition 4.1: Let (X"n,7x ) be F'NTS, A" € X"y then, A" is called:

i. fuzzy neutrosophic semi-interior and denoted by F'NSI (A”) if F'NSI (A") = A" n F'NC (F'NI (A")).
ii. fuzzy neutrosophic semi-closure and denoted by F*NSI (A") if F'NSC (A") = A" U F'NI (F'NC (A")).

Definition 4.2: AF'NS A" in F'NTS (X"n,7y ) is called:
i. fuzzy neutrosophic semi-rare set and denoted by, F'NS-rs in X"y if F'NSI (A") = On where, On=<
ii. :l;zoz’gl'lieifrosophic semi- dense set and denoted by, F"NS-ds in X"y if F'NSC (A") = 1y where, 1y =<
x,1,1,0 >
Example 4.3: Let X" = {a, b, c} define F'NS. A"\ in X" by:
A'v=<x,2a(0.3,05,0.3),b(0.4,0.6,0.2), c (0.5, 0.3,0.2) >and let, 7}y = {On, 1n, A"} if
K'x =< X", a(05,050.2),b (0.5, 05,0.3), ¢ (0.5, 0.3, 0.4) > s0,
i-F'NSI (K™ = K' 0 E'NC (F'NI (K'))
= K'n N F'NC (0n)
=K'vNO0n=0n
That is Ky is F'NS-rs.
ii-F'NSC (K*n) = K\ U F'NI (F'NC (K"\))
= K'n U F'NI (1n)
=K'vU In=1n
That is, Ky is F*NS-ds.
Definition 4.4: Let (X"n,75 ) be F'NTS. ANS A" in (X"n,7y ) is said to be:
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i. generalized fuzzy neutrosophic semi-closed set if NC (A") € G" where A" € G"and G" is a F'NOS. The
complement of a generalized fuzzy neutrosophic closed set is called a generalized fuzzy neutrosophic open set.

ii. fuzzy neutrosophic generalized semi —closure and fuzzy neutrosophic generalized semi- interior of A" are defined
by:

F'NG"SC (A") = n {G™:G" is a generalized fuzzy neutrosophic semi- closed set in X"y and A" € G™}.
F'NG"SI (A") = u {G":G" is a generalized fuzzy neutrosophic semi-open set in X"y and A" 2 G'}.

Proposition 4.5: Let (X"n,7y ).be any NTS and let A" and B* be NSs in (X"n,7}, ). Then the fuzzy neutrosophic
generalized semi-closure operator satisfy the following properties:

. A" € F'NG’SC (A).
i. F'NG’SI (A") € A",
i, A" € B* = F'NG’SI (A") € F'NG*SI (BY).

iv. A" € B* = F'NG’SI (A") € F'NGSI (BY).

V. F'NG*SC (A" U B") = F'NG’SC (A") U F'NG*SC (B").
Vi F'NG*SI (A" n B*) = F'NG’SI (A") n F'NG’SC (B").
Vii. (F'NG*SC (A")° = F'NG’SI (A",

viii. (F'NG*SI (A"))° = F'NGSI (A")".

Proof: i. F'FNG"SC (A") = n {G™:G" is a generalized fuzzy neutrosophic semi-closed set in X"y and A"c G+}. Thus,
A" S F'NG"SC (A").

ii- F'NG™SI (A") = U {G":G" is a generalized fuzzy neutrosophic semi-open set in X"y and A" 2 G™}.
Thus F'NG*SI (A") € A",
iii- F'NG"SC (B") = n {G":G" is a generalized fuzzy neutrosophic semi-closed set in X"y and B'c G},

2{G":G"is a generalized fuzzy neutrosophic semi-closed set in X"y and A" € G™}, 2 NG"SC (A"). Thus,
F'NG"SC (A") € F'NG"SC (B").

iv- F'NG"SI (B") ={G":G" is a generalized fuzzy neutrosophic semi-open set in X"y and B* 2 G},
2 U {G":G" is generalized fuzzy neutrosophic semi-open set in X"y and A" G*},
2 F'NG’SI (A"). Thus, F'NG*SI (A") € F'NG*SI (B").

v- F'NG'SC (A" U B") = n {G":G" is a generalized fuzzy neutrosophic semi-closed set in X"y and A" U B" € G"}c
(n {G™:G" is generalized fuzzy neutrosophic semi-closed set in X"y and ,

A" € G} U (n {G":G" is generalized fuzzy neutrosophic semi-closed set in X"y and B € G™})= F'NG"SC (A") U
F'NG’SC (B"). Thus, F'NGSC (A" U B*) = F'NG"SC (A") U F'NG"SC (B").

vi- F'NG'SI (A" n B") = U {G™:G" is a generalized fuzzy neutrosophic semi-open set in X’yand A"Nn B* 2 G} &
(U {G":G" is a generalized fuzzy neutrosophic semi-closed set in X"y and,

A" 2 G"}) n (U {G":G" is a generalized fuzzy neutrosophic semi-open set in Xy and B* 2 G'})= F'NG'SI (A") n
F'NG’SI (B*). Thus, F'NGSI (A" n B) = F'NG’SI (A*) n F'NG’SI (B").

Vii- F'NG*SC (A") = n {G":G" is generalized fuzzy neutrosophic semi-closed set in X"y and A" € G"}and,
(F'NG"SC (A")° = U {G*: G*“is a generalized fuzzy neutrosophic semi-open set in X"y and A*° 2 G*}
= F*NG"SI (A°).
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Thus, (F'NG’SC (A")¢ = F'NG’SI (A°).

viii- F'NG”SI (A") = U {G":G" is generalized fuzzy neutrosophic semi-open set in X"y and A" 2G™} and,
(F'NG’SI (A") = n {G*: G*is generalized fuzzy neutrosophic semi-closed set in X"y and 4*° € G*}

= F*'NG"SC (4*°). Thus, (F"NG*SI (A")¢ = F*NG"SC (4*°).

Proposition 4.6: Let (X"n,75 ) be a NTS. If B is generalized fuzzy neutrosophis semi-closed set and B* € A"
F'NSC (B”) then A", is generalized fuzzy neutrosophic semi-closed set.

Proof: Let G" be a F*'NOS in (X"n,75 ) such that, A" € G". Since B* € A" s0, B* € G".
But, B" is generalized fuzzy neutrosophic semi-closed set and NSC (B*) € G™.
So, F'NSC (A") € F'NSC (B").

Since, F'NSC (A") € F'NSC (B") € G”, F'NSC (A") € G".Hence, A" is generalized fuzzy neutrosophic semi-closed
set.

Proposition 4.7: Let (X"n,7y ) be a NTS. A F'NS A" is generalized fuzzy neutrosophic semi-open set iff B* <
F"'NSI (A™), whenever B" is an fuzzy neutrosophic semi-closed set and B* € A",

Proof: Let A" be a generalized fuzzy neutrosophic semi-open set and B be generalized fuzzy neutrosophic semi-
closed set such that B* < A",

Now, B* € A" = A4*° € B*® and since A*“is generalized fuzzy neutrosophic semi-closed set then,
F'NSC (4°) € B**.This means that B" = (B**)" < (F*NSC(4™))".
But, (F*NSC(A*C))C= F*NSI (A"). Hence, B* € F'NSI (A").
Conversely, let A" be a NS such that B* € F'NSI (A") whenever, B* is F'NCS and B* € A™.
Let A*° € B whenever, B" is a NOS. Now, A*° € B" = B* C A".
Hence by assumption, B** € F'NSI (A"). That is, (F*NSI(A*)) € B".
But, (F*NSI(A*))" = F'NSC (4°°).
Hence, F'NSC (A*C) C B*. This means that 4*° is a generalized fuzzy neutrosophic semi-closed set.

Therefore, A" is a generalized fuzzy neutrosophic semi-open set.

Proposition 4.8: If NSI (A") € B* € A" and if A" is generalized fuzzy neutrosophic semi-open set then, B” is also a
generalized fuzzy neutrosophic semi-open set.

Proof: A*° € B** € (F*NSI(A))¢ = F'NSC (4*).

Since A" is a generalized fuzzy neutrosophic semi-open set then, A* is generalized fuzzy neutrosophic semi-closed
set.

By proposition 2.2.8, B*‘ is generalized fuzzy neutrosophic semi-closed set. That is, B is a generalized fuzzy
neutrosophic semi-open set.

Definition 4.9: Let X"\ be an NTS, an NS A" in X"\ is called:
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vi.

Vii.

viii.

generalized fuzzy neutrosophic closed and denoted by, gfn-closed, if FNC (A”") € U”, whenever A"
U"and U"is F'NOS.

regular generalized fuzzy neutrosophic closed and denoted by, rgfn-closed, if C (A*) € U" whenever,
A" c U"and U"is F'NROS.

semi- generalized fuzzy neutrosophic closed and denoted by, sgfn- closed, if SNC(A™) € U”, whenever
A" < U"and U" is F'NSOS.

generalized fuzzy neutrosophic semi-closed (and denoted by, gfns-closed), if NSC (A”) € U,
whenever A* € U™ and U” is F'NOS,

generalized fuzzy neutrosophic a-closed and denoted by, gfna-closed if, NaC (A*) € U”" whenever,
A" c U"and U"is F'NaOS.

a- generalized fuzzy neutrosophic closed and denoted by, agfn-closed if aNC (A™) € U”, whenever
A" c U"and U" is F'NOS.

Generalized fuzzy neutrosophic S-closed and denoted by, gfnB-closed if NBC (A") € U", whenever
A" c U"and U" is F'NOS.

generalized fuzzy neutrosophic pre-closed and denoted by, gfnp-closed if NPC (A") € U", whenever
A" c U"and U is F'NOS.

A F'NS A" in X"\ is gfn-open (resp. sgfn-open, rgfn-open, gfns-open, gfna-open, agfn-open, gfnp-open and gfnp-
open), if A*° is gfn-closed (resp. sgfn-closed, rgfn-closed, gfns-closed, gnfa-closed, agfn-closed, gfnB-closed and
gfnp-closed) but, not conversely.

closed
'

gfn- closed

y

rgfn-closed

gfna-closed

gfnp-closed gfns-closed

gfnf-closed

Digraml.

Example 4.10: Let X" = {a, b, c} define F'NS. 7}, in X"y

ny= <X a(0.3,0.5,0.3), b (0.4,0.2,0.2), c (0.5, 0.3,0.2) >

U"=<x"a(0.4, 04, 0.2),b (05,03, 0.3),c(04 02 03) >

T;{, = {ON, 1N, T]I*v} if

A"=< X" 2(0.3,0.4,03),b (04,02, 0.4), c (0.4,0.2,0.2) >

i-C (A") cU"=1y < U". So, A" is not gfn-closed and not rgfn- closed
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ii- F'SNC (A") = (A" U F*NI (F'NC (A")
= (A" U F"NI (1n))
= (A"U 1y) = 1y S U™,
Then, A" is not sgfn-closed and not gfns-closed .
iii- F'NaC (A") = (A" U (F'NI (F'NC (A"))
= (A" U (I (In))
=(A"UlN) = InG U
So, A" is not gfna-closed and not agfn-closed
iv- F'NBC (A") = (A"U F*NI (F'NC (F*NI (A"))
= (A" U F*NI (F'NC (0n)))
=(A"UF'NI(On) = (A"U Oy =A"C U
So, A" is gfnS-closed
v- F'NPC (A") = (A" U F*NC (F'NI (A"))
= (A" U F"NC (On))
=(A"UOy=A"cU"
Therefore, A" is gfnp-closed.

Theorem 4.11: Let X"y be any F'NTS. Afuzzy neutrosophic subset A" of X"y is gfn-open iff, for each F'NCLS F~ in
X"~ such that F* € F'NI (A") whenever, F* € A"

Proof: = Suppose that A" is gfn-open set in X"y, and let F* be any F"NCLS such that F* € A", so by definition, 4*°
is gfn-closed set in X"n. Therefore, for each F"NOS U say U* = F** in X"\, A*° € F** then,

F'NC (4°) € F**, 50 (F*) = F € (F"NC(4™))" = F'NI (A").

< Suppose that for each F'NCLS F* < then F* € F'NI (A"), we need to demonstrate that A" is gfn-open, i.e. we
need to demonstrate that A*“ is gfn- closed, let U* be any F"NOS in X"\ such that A*° € U”, we need to demonstrate
that F*NC (4*°) € U".

For if, since U” is F'NOS, then U*“is F'NCLS and U*“ € A", so by hypothesis U** € F*NI (A”). Therefore,
(F*NI (A*C))C =F"NC (4*) ¢ (U*C)C = U". So by definition we get that A** is gfn-closed.

Theorem_4.12: Let X"y be F'NTS. An neutrosophic subset A" in X"y is gfns-open (resp. afgn-open, gfnp-open,
gfnp-open) iff for each F'NCLS F” in X"y such that F* € A", then F* € gfns | (A") (resp. F* € agfn,

F* cofnp | (A"), F" < gfng | (A")

Proof: = Suppose that A" is gfns-open (resp. agfn-open, gfnp-open, gfng-open) in X"y, and let F* be any NCLS
such that F* € A", so by definition, A*° is gfns-closed (resp. agfn-closed, gfnp-closed, gfnB-closed) set in X"\.
Therefore, for each F*NOS U* say U* = F* in X"\, A*° € F*°, then F'NSC (4*°) € F*°, (resp. F'NaC (4*°) € F*°,
F'NPC (4°) € F* F'NBC (4°) € F**, s0 (F*)* = F* € (F*NSC (4"))" = F'NSI (A" (resp. (F*) = F" ¢
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(FNaC(4™))" =F'Nal (A"), (F*)° =F < (F*NPC (4"))" = F'NPI (A, (F*)" = F" < (F*NBC (4™))’ =
F*NBI (AY.

< suppose that for each F*NCLS F* € A" then F* € F'NSI (A", (resp. F* € NF*al (A"), F" € F'NPI (A"), F ¢
F*NB1 (A"), (we need to demonstrate that A* is gfns-open, ) (resp. agfn-open, gfnp-open, gfnB-open) i.e. we need to
demonstrate that A* is gfns-closed, (resp. afgn-closed, gfnp-closed, gfnB-closed),

Let U* be any F"NOS in X"\ such that A*° € U", we need to demonstrate that F"NSC (4*°) € U” (resp. F*NaC (4*°)
C U*, F*NPC (4*) €U", F*'NBC (4*°) € U". For if, since U" is F'NOS, then U* is F'NCLS and U* € A", so by
hypothesis U*° € F*NSI (A") (resp. U** € F*Nal (A"), U** € F*NPI (A"), U* € F*NB1 (A"). Therefore,

(F*NSI (4%)" = F'NSC (4°) € (U*)" = U" (resp. (F*Nal (4"))° = F*NaC (4*) € (U*) = U".

So, by definition we get that, A*° is gfns-closed (resp. gfna-closed, gfnp-closed, gfnB-closed).

Theorem 4.13: Let X"y be NTS. A fuzzy neutrosophic subset A" in X"y is sgfn-open (resp. gfna-open) iff for each
F'NCLS F" in X"y such that F* < A", then F* € F*'NSI (A") (resp. F* € F'Nal (A")).

= Suppose that A" is sgfn-open (resp. gfna-open) set in X"y, and let F* be any F'NCLS such that F* € A", so by
definition, A* is gfns-closed (resp. gna-closed) set in X*v. Therefore, for each F*NS-open set U*(resp. F"No-open
set) U say U" = F*“ in X'y, A° € F**, then F'NSC (4°) € F*, (resp. F'NaC (4°) € F*"so (F*) = F" ¢
(F*NSC (A4"))" = F'NSI (A") (resp. (F*)° = F* € (F*NaC (4")) = F*Nal (A").

< Suppose that for each F"NS-closed set F* € A" (resp. F*'Na-closed set) then F* < F'NSI (A"), (resp. F™ <

F*Nal (A*) we need to demonstrate that A* is sgfn-open, (resp. gfnaz-open ) i.e. we need to demonstrate that A* is
sgfn-closed (resp. gfna-closed), let U™ be any F*NS-open set (resp. F*Na-closed set). In X" such that 4*° € U", we
need to demonstrate that F'NC (4*°) € U*.For if, since U is F"NS-open set, (resp. F*Na-open set) then U* is F*NS-
closed set (resp. F*Na-closed set) and U*° € A*, so by hypothesis U** € F'NSI (A"), (resp. U** € F*'Nal (A",

Therefore, (F*NSI (A*))° = F'NSC (4°) € (U*)" = U* (resp. (F*Nal (A%))° = FNaC (4°°) € (U**)" = U". So by
definition we get that, A*° is sgfn-closed (resp. gfna-closed).

5.Conclusion

In this study, we have analyzed some properties of rare and dense sets in the light of the theory of fuzzy neutrosophic
sets which has been defined. Clearly, some of these results are more general than fuzzy set and intutionistic fuzzy set.
The study has proposed some characteristics recently established and attributes of this concept. Some relations
between the defined sets with others based of fuzzy neutrosophic topological spaces has been clarified.
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