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Abstract

Plithogenic algebraic rings are considered novel generalizations of neutrosophic rings. This paper is
dedicated to studying and solving many different types of symbolic 2-plithogenic linear algebraic
equations where dual, split-complex, and weak fuzzy linear equations of symbolic 2-plithogenic type
will be solved and discussed. Also, we illustrate many numerical examples to clarify the validity of our
work.
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1. Introduction
The theory of algebraic equations is rich in a lot of different types of equations and algorithms that study
the solutions of these equations. With the continuation of generalizations in mathematics, many
numerical systems have appeared that expand the set of real or integer numbers such as neutrosophic
numbers [12], split-complex numbers [1,5], dual numbers, and weak fuzzy complex numbers [2-3].
In [8], the concept of symbolic 2-plithogenic numbers was defined for the first time, and it was used with
split-complex and weak fuzzy complex numbers to generate some new extended sets called symbolic 2-
plithogenic dual, weak fuzzy, and split-complex numbers. [9-11]
Many researchers around the world have studied algebraic equations in these generalized numerical
systems, studying Diophantine equations, algebraic equations, and even matrices [4,7,13].
These previous studies have prompted us to study three different kinds of algebraic linear equations in
one variable, where we present many algorithms to solve symbolic 2-plithogenic dual, split-complex,
and weak fuzzy complex linear algebraic equations in one variable. We will also support the theoretical
results of this study with numerous numerical examples showing how the algorithms and proofs we have
proved work.

2. Main discussion
Definition:
The symbolic 2-plithogenic dual linear equation with one Variable X is defined as follows:
AX = B; A= (ag + ar;p; + azp2) + t(ag' + a;'py + a3'p2),
B = (bg + b1py + bypy) + t(bo' + by'py + by'pa), X

= (Xo + x1p1 + X202) + t(xXo" + X1 'py + x,'p2), t* = 0.

Remark:
The previous equation is solvable uniquely if and only if A is invertible.
According to [8], A is invertible if and only if:
ag#0,ap+a; #0,ag+a; +a,#0
Algorithm for solution:
Let us assume that A is invertible, then:
AX = (2o +a;p; +2a;P2)(Xo + X1P1 + X2P2) + t[(ag +a1py + azp2)(Xo' +X1'p1 +%2'p2) + (@0 +
a;'p1 +a;'p2)(Xo + X1P1 + X2P2)],
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AX = B is equivalent to:

(ap +aipy +azp2)(Xo + X4py + szzl) = bol +b;p; + bzplz: , (1)
(ag +a1p; + a;p2) (X6 + X7 +x,72) + (ah + af* + ay?) (xo + X1P1 + Xap2) =
by" + b;y'p; + by 'ps. 2
By solving (1), we get:
b _ bo+by
bo+b4 bo
X1 = ap+a; ag

_ bo+bi+by  bo+by
27 ag+ajta;  ag+ag’
To solve equation(2), we put:
(@p" +a;'p1 +2a;'p2)(Xo + X1p1 + XzP2) + by’ +by'py +by'py = £y + €1y + £2p2,
Then
(ap +a;p; +azp2) (%o +X1'P1 +X2'P2) = £o + £1p1 + €202 (3).
The solution of equation(3) is:

1 _ Yo
XO =
ag
Lo+t
Xp+xp =22
ap+ag
1 _ totts 4o
X, === -=
ap+ag N
, , , tott 4t
Xpt+txi+txp=——>
dg + a; + dp

; _ Lotf1tts Lo+tq
Xy = ——

ag+aj+a, ag+ap

Example:

Consider the dual symbolic 2-plithogenic linear equation:

[(1+ 2p; +p;) +t(3 —p1 + 2p2)]X = 1+ 8py + 3p, + t(4 + 5p; + 3py).
We have:

ao:1,31:2,32:1,aO'=3,31':—1,32’:2,

b, =1,b; =8,b, =3,b,/ =4,b,”=5,b,’ =3,
bo

XO:;: s

1:b0+b1_b_0=2_1: ,

apta; ap 3
_ bo+by+b, bo+by _ 12 9 _
X2 = ap+aj+ap aptag 4 3
Now, we complete:
Yo +41p1 +4op; = —(B —p1 + 2p2)(1 + 2py) + 4+ 5p; +3p, = —(B+ 6p; —p1 —2p1 +2p, +
‘€0= 1,£1 =2,£2 =-3.
r_fo _1_
Xo = ap R L,

Lotty Lo 3
X1’=0———0=——1 =0,
ag+a; ap 3
o Lokt 0 3 _
2 ag+a;+a, ap+a; 4 3 ’

Thus: X = (1 + 2p,) + T(1 — p,) is the solution.

Definition:

The split-complex symbolic 2-plithogenic linear equation with one variable is defined as follows:
AX=B, with

A= (ap+a;p; +a,pz) +J(@y +a;'py +a3'p2),

B = (b + byp; + bzp;) +](by" + by 'py + by'py),

X = (X +X1P1 +X2pz) +](Xo' +X4'p1 +X2'p2), /2 = 1.
Remark:

This previous equation is solvable if and only if A is invertible.
This is equivalent to:

ag+ay #0,

ag—ay # 0,
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ag+a;+a, +a; #0,

(@ +a) —(ap' +a,) #0,

ag+a;+a,+a,+a;"+a, #0,

(ag+a;+a)—(a,’+a;"+a,)#0

Algorithm for the solution:

Let's assume that A is invertible, then:

AX = (ag +a1p; +a2p2) (Xo + X1P1 + X2P2) + (20" +a1'p1 +a2'p2) (o' +x1'P1 +X2'p2) +
J[(@o + a1ps +2a;P2) (X' + X1'P1 + X2'P2) + (20" +a1'p1 + a2'P2) (%o + X1P1 + X2P2)],
AX=B is equivalent to:

(ap +a;p1 +azp2) (Xo + X1P1 +X2P2) + (A0 +a1'py +a2'p2) (Xo" + %1 'p1 + x2'P2) = bg + byp; +
b,p, (1)

(ap +a;p; +azp2)(Xo" +x1'p1 +%x2'P2) + (20" +a1'py +a2'p2) (Xo + X1P1 + X2P2) = by’ +
by'p; +by'p, 2).

Equation (1) is equivalent to:

a(]XO + aOIXOI = bo (I).

(@p +a)(xo +x1) + (ap" +a;) (%" +%;") =bg + by (ll).

(ag+a;+ay)(Xe+x +%x3)+ (@ +a," +a, )Xo+ %" +x3,) =by + by +b, (.
Equation (2) is equivalent to:

a(]XO, + aOIXO = bol (IV),

(@p+a) (X' +x1") + (ap +2a;)(Xo +x1) =by" +b;" (11V),

(ag+a; +a)xXe +x +x,)+ (@ +a," +a,)(Xg + X1 +%x3) =by" +b;" + b’
(NIv),

By adding (I) to (IV), and subtracting (IV) from (1), we get:

{(ao +ap")(Xo +X¢") = by + by’
(g —ao")(Xg —Xo") = by — by’

This implies that:

by + by’

X0+X0,: 9 0,

ao+ao

X —X’—bo_b()’

0 0 ao_aor

So that,
1 b0+b0’ bo_bol
XOZE 7t 7
ao+ao ao_ao
’ 1 bo +b0’ bo_bO’
XO == -

_2 ao+aO’ ao_aol
By adding (I1I) to (11V), and subtracting (11V) from (1), we get:

{(ao + 31 + 30’ + 31’)(X0 + X1 + XOI + Xll) = bo + b1 + bo’ + b1’
(@apta; —ap’ —a;)(Xo + %4 —X¢' —%;') = by +b; —by" —b,’

So that:
by + by + by’ + by’
Xo+ X, +% +%x/ =——— 0 L
agt+a; ta, +a4
’ ’ b0+b1_b0,_b1,
Xo+Xs —Xo =X = 7 7
agta; —a; —a4
Hence,
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+ 1b0+b1+b0’+b1’+b0+b1_b0’_b1’

Xo+X; ==

0 1 2 ao+al +a0’+31’ ao+al_a0’_a1,

X,+X,=1bO+b1+b0’+b1’_b0+b1_bol_bll)
0 1 2 a0+al+a0’+a1, a0+al_a0’_a1,

By a similar argument, we get:
1b0+b1+b2+b0’+b1,+b2’ b0+b1+b2_b0’_b1’_b2,
Xot+ X tXp =5 G G 7t / 1 /)
2 ao+a1+az+a0 +a1 +az ao+a1+az_ao_a1_a2
X ,+X ,+X ’:1(b0+b1+b2+b0’+b1’+b2’_b0+b1+b2_b0’_b1’_b2’)
0 1 z 2 a0+a1+az+a0’+a1,+32’ ao+a1+az_a0’_a1,_32’

Example:

Consider the symbolic 2-plithogenic split-complex linear equation:

[B+2p; +p2) +J(1+py +p2)]X = (9+6p; +6p;) +](3 + 3p; +9py),
We have:

ag=3,a; =2,a, =1,

by =9,b; = 6,b, =6,

a,’=1,a,/=1,a, =1,

by’ =3,b;'=3,b,’ =9.

The solution is:

_1 b0+b0’+b0_b0’ _1 12
_2 ao+a0, ao_aol _2(4'
1 by+by’ byg—by 1
=) =5;3-3)=0
2 ao+a0 ao_ao 2
1 b0+b +b0’+b, b0+b _bol_b, 1 21 9
5 ( - - - 1,)=§(7+§)=3

6

Xo'

X0+X1= ! ! ’
ao+al+ao +al ao+al_ao_al

Thus
X, =3—-%,=3-3=0

r r I r
X’+X’—1 b0+b1+b0 +b1 b0+b1_b0 _bl)_1(3 3)_0
0 1 =5 - -5 - -
2 ag+a,+ay +a,” ag+a;—a,—a;” 2
Thus
Xll =0- XOI =0
_ 1 bg+bi+by+bg/+by/+by’ | bg+bi+by—bg/—by/—by/ 1,36
Xo + X1 + %2 =2 ( )= +3) =3
2 ~agtajtaz+ag’/tag/+ay’ apg+aj+az—ag/—aj/—ay’ 29

thUSX2=3—X0—X1=O.

' ’ ’ 1 ,bg+by+by+bgr+byr+byr  bg+bi+by—bg/=byr—bys 1,36 6
Xo +X1 +X2 =E( - )=_(___)=17
apgtaitaz+ag’/+ag/+ay’ ag+ajg+az—apg/—ag’/—ay’ 2°9 3
thusx,’ =1 —x,"—x,' = 1, hence X = 3 + p,J.
Definition:

The symbolic 2-plithogenic weak fuzzy complex linear equation with one variable is defined as follows:

AX=B, where

A= (ag +aip; +apz) +J(@0" +a;'p; +2a,'p2),

B = (b + byp; + bzp;) +J(by" + by'py + by'p2),

X = (X + X1P1 +XzP2) +](Xo' +X1'p1 +X2'p2), J? = t €]0,1[.

Remark:

The previous equation is solvable if and if A is invertible.

Algorithm for solution:

Let's assume that A is invertible, then:

AX = (ag +a1p; +2a;P2)(Xo + X1P1 + X2P2) +t(a" +2a1'p1 +a;'p2) (%o + X1’y +X2'P2) +][(a0
+a;p; +a;p2)(Xo' +X1'P1 +X2'P2) + (20" +a1'p1 +a3'p2) (Xo + X1p1 + X2P2)]

AX=B is equivalent to:

agXg + tag'xy = by (1)

(ao + al)(XO + Xl) + t(aol + alr)(XOI + Xll) = bO + b1 (II).

(ag+a;+ay)(xXg+x; +%x) +t(ay +a," +a,) (%' + %, +%x,°) =by + by + b, (1.
a0X0’ + aOIXO = bo’ (IV),
(@p+a) (X' +x1") + (ap’ +a;)(Xo +x1) =by" +b;" (11V),
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(ag+a; +a)xy +x +x,)+ (@ +a," +a,")(Xg + X1 +x3) =by" +b;" + b’
(NIv),

To solve the equation system (1) — (111V), we will follow these steps.
Step(1):

We multiply (1V) by vt, then compute: (1)+(1V) and (1)-(1V), to get:
(agXo + tag'x,y") + Vt(apx,' +ag'xe) = by + byt , thus

(ao + aol'\/f)(XO + XOI\/E) = bo + bo’\/z (El).
Also,
(a()XO + taOIXOI) 1 \/E(a()XO’ + aOIXO) = bo - bo’\/z y thUS
(3 — ag'Vt) (xo — Xo'Vt) = by — bVt (E2).
From (E1) and (E2), we get:
( by + by'VE
Xo + X ’\/E =
070 ag +a,'Vt
bO - bO"\/E
Xo — X'Vt = —————
0 0 ao _ ao,\/z
Hence:
( 1 bo + bo’\/? bo - bo’\/z]
Xo ==
0 2 ao + 30’\/5 ao - aol\/f
’ 1 bo + bo’\/z bO - bol'\/z
Xog = —= -
0 2\/? ao + aol'\/z ao - aO’\/E
Step (2):

We multiply (11V) by vt, then complete (II) F (1IV) to get:
[(ao +a1) + VE(ao' +a;)][(xo + x1) + VE(Xy +%1") = (by + by) + (by' + by )WVt
(E3)
[(ag +a1) — VE(ao' + a;)][(Xo + x1) — VE(xo +%1") = (by + by) — (by' + by )WVt
(E4)
From (E3), (E4), we get:

1 (bo+by) +Vt(by' +by")  (by +by) —VeE(by' +by")

Xo+Xy =7
0= D e F ) + Vi@ + 1) | (0 + a0) — VE(ag + a1)

1 (by +by) +VE(by +b:)  (bo +by) = VE(by' +bi)
2Vt (ap +a1) +Vt(@, +a,) (@ +a) —Vt(a,' +a,)
By applying the same method to (I11) and (I11V), we get:

. 1 (bo+by +by) +Vt(by' +b,"+b,")  (bg+by +by) —Vt(by' + b, +b,")
X X Xy ==
0 ! 2 2 (ao +al +az)+\/z(aol+alr+azr) (ao +31 +az) _\/E(aol‘}'al,‘l'az,)

1 (by+by +by) +Vt(by' +by"+by) (by+by+by) —+t(by' + by +b,)
24/t (ag+a; +ay) +Vt(a, +a;’ +a,) (apta;+a) —Vt(a, +a;’ +ay)
then, we get x;’,x; forall 0 < i < 2.

Example:

Consider the equation:

[(1+ 2p; +p;) +J(p1 + P2)]X =4+ 35p; — 5p, +/(48p; — 16py),

With j2 = ¢ =~

We have:

apg=1,a, =2,a,=1,a,=0,a,/ =1,a,’ =1,by = 4,b; =35,b, =—5,b,’ =0,b;"=48,b,’' =
—16, \/E — 1

2
According to our algorithm, we can see that:

’ i
Xo +X1 =

XOI + Xll + XZI =
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14+0 4-0

=305t 10 ="
1
'=-(4—4)=0
Xo 2( )
1 1
139+5(48) 39-7(48) 1 63 15
X0+X1=§( 1 + 1 )=§(7+?)=12
3+§(1) 3—7(1) > 5
] 163 15
Xo' +Xq I(T T) =
2 2
1 1
134+5(32) 34-5(32) 150 18
X0+X1+X2=§ 1 + 1 ZE(? ?)28
4+7(2) 4—7(2)
x4 = 5 18 _4
Xo TX1 TX2 —1(5 3)—
HenCE' XO = 4‘, XOI = 0, X1 = 8, Xll = 12, Xz = _4, XZI = _8

So that:
X = (4+ 8p, —4p,) +J(12p; — 8p,) is the solution.

3. Conclusion
In this paper we studied and solved many different types of symbolic 2-plithogenic linear algebraic
equations where dual, split-complex, and weak fuzzy linear equations of symbolic 2-plithogenic type are
solved and discussed. On the other hand, we illustrated many numerical examples to clarify the validity
of our work.
As a future research direction, we aim to extend our results to symbolic 3-plithogenic algebraic equations.
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