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Abstract

An element X in a ring R is called idempotent if it equals its square. In this paper, we study the
idempotent elements in the 3-cyclic refined neutrosophic ring of integers and 4-cyclic refined
neutrosophic ring of integers, where we compute all idempotents in those two rings by solving many
different linear Diophantine systems which are generated directly from their the algebraic structure. On
the other hand, we use the same Diophantine systems to compute all 2-potent 3-cyclic, and 4-cyclic
refined neutrosophic integer elements.
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1. Introduction and preliminaries
An idempotent element X in the ring R is defined with the following algebraic property (X)? = X.

The class of idempotent elements is considered as one of a long list of special elements and subsets that
arose in ring theory, where they have attracted many authors to write about them, such as invertible
elements, Pythagoras' triples and quadruples [15-16], Fermat's triples and nilpotent elements [18].

The concept of an n-cyclic refined neutrosophic ring was proposed for the first time in [9]. The authors
tried to combine algebraic rings with neutrosophic algebraic indeterminate elements in one algebraic
structure by using a multiplication property which is very similar to the structure of the cyclic abelian
group Z,,.

Later, this concept became a fertile material for studying generalizations of algebraic structures
associated with it, in which we find several important results related to n-cyclic refined neutrosophic
groups [11], n-cyclic refined neutrosophic spaces [10], and even complex numbers [14]. Von Shtawzen
et.al [1-4, 6-8, 12] studied the group of units in different types of n-cyclic refined neutrosophic rings,
where they showed a close correlation between the classification of the group of units and the nonlinear
Diophantine equations [5].

In this work, we are motivated to study the problem of computing idempotent elements and 2-potent
elements in two different n-cyclic refined neutrosophic rings (3-cyclic refined neutrosophic ring of
integers and 4-cyclic refined neutrosophic ring of integers), where we try to find all possible 3-cyclic
and 4-cyclic refined neutrosophic integer idempotents and 2-potents in these rings by solving many
different related linear and non-linear Diophantine systems of equations.

The general n-cyclic refined neutrosophic ring is defined as follows:

If R is a ring, the corresponding n-cyclic refined neutrosophic ring is defined as
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Ry(D) ={rg + Iy + -+ 1151 € R L = Iiyj (moan)}

Addition on R, (I) is defined as follows;

(ro + i + -+ 1 L)+(me + mly + -+ myl)= (g + my) + (, + mpL + -+ (5, + my)I,.
Multiplication on R,,(I) is defined as follows:

(ro + by + -+ 1 0y).(mg + myly + -+ my )= (r5.mg) + (Zi+j51(mod n) Ti-mj)11 + -t
(Ziﬂ'zn(mod n) ri-mj)ln- [9]

is called idempotent if and only if (ry + I} + -+ 1,12 =19 + 1l + - 15 + Iy + -+ 1,
1,1, and it is called 2-potent if and only if (ry + 7 I; + - + 1,,[,,)? = 0.

Main results:

Definition:

LetX =xo + Y3, x;I; € Zs(I), then X is called idempotent if and only if: X? = X.
Remark:

According to [13], X? = X is equivalent to:

( xé = Xo €Y
3 3
O w3 =)x @
i=0 i=1
x,+x, V3 x,+x, V3
[xo + x3 — 12 2+17(x1—x2)]2=x0+x3— 12 2+l7(x1—x2) 3)
Main Results:

Equations (1-2) mean that x, € {0.1}, (X3, x;) € {0.1}.
Equation (3) means that:

X +x1° 3 X+ X,
[x0+x3— > ] _Z(xl_XZ)Z =Xo+x3— > @
X, + X, 1
(xo +x3 — 5 ) (g —x) = E(x1 —X3) D

From (II), we can see: (x; — x,) (xo + x5 — %ZH) =0

ThUS X1 = Xy, or Z(XO + X3) = X1 + Xy +1
If x;, = x,, we get from (I):
(%o + x3 — x1)% = xo + x5 — x;. hence x, + x3 — x; € {0.1}

If xog + x5 = %(x1 + x, + 1), we get from (I):

%_ z(xl —x,)?% = % thus: —%(x1 —x)? = i ,which is not possible.

We discuss the possible cases:
Case (1):
xo = 0
x1 + xz + X3 = O
xO + X3 - x1 = O
x1 = xz

Thus X = 0.
Case (2):
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.x():O
x1+X2+X3=1
X0+X3—X1=0

x1 = .xz
2x1 +x3 =1
Thus { ! 3Ty = L which is a contradiction .
X3 - x1 —_ 0 3
Case (3):
xo = 0

X1+x2+x3=0
x0+x3_x1=1

X1 = Xy
2 =0 -
Thus{ ot x3_ . hence x; = =% which is a contradiction .
X3 _xl =1 3
Case (4):
xO = 0
X1 +x,+x3=1 {2x1+x3=1 _ _ _
Xo %X — % =1 .thus Xy —x =1 X =0.x3=1x,=0
X1 = X
And X = I;.
Case (5):
xO = 1
x1 +x2 +X3 =-1
Xg+x3—x,=0
X1 =X
2x1 +x3 = -1
Thus {xgl—x13= 1= 0.x3=—1.x,=0
Case (6):
xO = 1

x1+x2+x3=0
x0+x3—x1=1
X1 = X2

2x;+x3=0
Thus {X31—x13=0 X1 = X3 = Xy =0

AndX =1
Case (7):

X =1
x1+x2+X3=_1
Xo+x3—x1 =1

X1 = X2

2%, +x3 =—1 _ -1 tradicti
Thus X5 — %, =0 -X; = — acontradiction,

Case (8):
x0=1
x1+x2+X3=0 2x1+'x3=0 X
XO+X3—X1=0' 'x3_'x1=_1 !
X1 =X

1 o s
=5 a contradiction,
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So that, the 3-cyclic refined neutrosophic idempotents are: {1.15.1 — I3}
Definition:
X =x0+ X3 ,x;1I; €Z3(I) is called 2-potent if and only if X2 = 0.
Remark:
X? = 0 is equivalent to:
x2=0>x=0
Ciox)?=0=>x,+x, +x3=0

2 3 +
) _Z(xl _xz)z = (x; — x2) (X0 + X3 _%) =0

(.xo +X3 _)Cl-;—xz
Thusx; =0;0<i<3.andX=0.
Definition:

LetX = xo + Yt x; I; € Z,(I), X is called 4-cyclic refined neutrosophic idempotents if and only if:
X?=X.

Remark:

According to [ ], X2 = X is equivalent to:

( x¢ =x, = x, €{0.1}
4 2 4 4
X = X = X € {01}
() -2
4 2 4 4
(_1)ixi> = > (-D'x = ) (-D'x; €{0.1}
() = Yevm=3,

[xo +X4—X2+i(xl—x3)2=x0 +x4_xZ+i(x1_x3) (I)

Equation (T) implies:

{(xo +x, = %)% = (0 —x3)2 =%+ x, —x, (1)
2(xg + x4 —x) (X1 —X3) = %1 — X3 2)

From (2): (¢ — x3)(2xg + 2x, —2x, —1) =0
Thus: x; = x5 o1 x5 + x4 — X =§
If x, = x5, we get from (1): x, + x, —x, € {0.1}
Ifxg +x, —x, = % .then: —(x; — x3)% = % a contradiction.
We discuss the possible cases:
Case (1):
xO = 0
x1 +x2 +X3 +x4, = 0
_x1 +x2 —X3 +x4, = 0

Xo +x4_x2 =0
X1 = X3

Thus: X = 0.
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Case (2):
xO = 0
X1 +X2 +X3 +X4_ =0
—X1 +x2 — X3 +X4_ =1
Xo +x4 — Xy = 0
X1 = X3
Thus: x, + x, & Z(a contradiction).
Case (3):
xO = 0
X1 +X2 +X3 +X4_ =1
—X1 +x2 — X3 +X4_ =0
Xo +x4 — Xy = 0
X1 = X3

Thus x, + x, & Z(a contradiction).
Case (4):

Xy =0
Xy +x,+x3+x,=0
—X1+ X, —xX3+x,=0
Xotxg—2x,=1
X; = X3

X, +x4=0

Thus: {x4 k=1

X4 =+ % (a contradiction).

Case (5):

( xo=0
X1 +%x,+x3+x,=0
—X1+ X, —x3+x,=1
Xo+XxX4,—%x,=1
X1 = X3

Thus: x, + x, € Z(a contradiction).
Case (6):

X9 =0
X1+ x,+x3+x, =1
—X1+ X, —x3+x,=0
Xo+X4,—%x,=1
X1 = X3

Thus x, + x, € Z(a contradiction).

Case (7):

xXo =0
X1+ x,+x3+x, =1
—xq, + X, —x3+x, =1 .Thus
Xo+x,—%x,=1
X{ = X3

x4_x2=1.

Also, x; =x3=0.and X =1,
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Case (8):
XOZO
X1 +X2 +X3 +X4=1
—X1+ X, —x3+x,=1 .Thus{
Xo +x4_.x2 =0

x2+x4=1

1 .
X, =X, =0" {x4 =3 which is forbidden.

X1 = X3
Case (9):
( Xo =1 .

f;1++x;2+—x;3++x;4 = —1 .Thus {;:2 j;:‘* : :1 = {xfz_z_ol Xy = X3 =

Xo+X,—%,=0 42
X1 = X3

And X = —1,.
Case (10):
{xl + x, -|)-C0x3=-|-1x4 =-1

—x; + X, —x3 +x, = —1 .Thus {9;244;?2::_01.{% = _71 ( contradiction).

X0+X4—X2=1

X1 = X3
Case (11):

{ x0=1
X1+X2 +X3+X4_=0
—X1+X2—X3+X4=—1
X0+X4—X2=0
X1 = X3

Thus: x, + x, & Z (a contradiction).
Case (12):

Xog = 1
X1 +X2 +X3 +x4_ =0
—X1 +X2 — X3 +x4_ =-1
Xo + Xy — Xy = 1
X1 = X3
X, + x, & Z(a contradiction).
Case (13):
Xo = 1
X1+X2 +X3 +X4 =-1
—X1 +X2 — X3 +x4_ =0
Xo +X4 — Xy = 0
X1 = X3
Thus: x, + x, € Z(impossible).
Case (14):
xo =1
x1+x2 +X3 +X4 =-1
—X1 +x2 — X3 +x4_ =0
Xo +X4 — Xy = 1
X1 = X3

Xy + x4 €L
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Case (15):
szl
X1 +X2 +X3 +X4=0
_.x1 +x2_X3 +X4=0
Xo +x4_.x2 =0

x1 =X3
xz +x4=0 _l
Thus{x4 Cx, =1 Xy =€ Z
Case (16):
xo = 1

x1+x2+x3+x420
_X1+XZ_x3+x4=0
X0+x4—x2=1

k x1=X3
X, +x,=0 o o
thus{x4_x2=0.x4—x2—0.x1—x3—0
AndX =1
2. Result:

Idempotents in Z,(I) are: {0.1.1,.—1,} .
3. Conclusion

In this paper, we have computed the idempotent elements in the 3-cyclic refined neutrosophic ring of
integers and 4-cyclic refined neutrosophic ring of integers by solving many different linear Diophantine
systems. Also, we used the same Diophantine systems to compute all 2-potent 3-cyclic, and 4-cyclic
refined integer elements.

The computation of all idempotents in the n-cyclic refined neutrosophic ring for arbitrary n is still an
open problem in general. We hope that our results shown in this study will be helpful in future efforts
toward the full and final solution to this interesting problem.

References

[1] Basheer, A., Ahmad, K., and Ali, R., " A Short Contribution To Von Shtawzen's Abelian Group In
n-Cyclic Refined Neutrosophic Rings", Journal Of Neutrosophic And Fuzzy Systems,, 2022.

[2] Von Shtawzen, O., " Conjectures For Invertible Diophantine Equations Of 3-Cyclic and 4-Cyclic
Refined Integers", Journal Of Neutrosophic And Fuzzy Systems, Vol.3, 2022.

[3] Von Shtawzen, O., " On A Novel Group Derived From A Generalization Of Integer Exponents and

Open Problems™, Galoitica journal Of Mathematical Structures and Applications, Vol 1, 2022.

[4] Basheer, A., Ahmad, K., and Ali, R., " On Some Open Problems About n-Cyclic Refined
Neutrosophic Rings and Number Theory", Journal Of Neutrosophic And Fuzzy Systems,, 2022.

[5] A. Alrida Basheer , Katy D. Ahmad , Rozina Alli., "Examples on Some Novel Diophantine
Equations Derived from the Group of Units Problem in n-Cyclic Refined Neutrosophic Rings of
Integers", Galoitica Journal Of Mathematical Structures And Applications, Vol.3, 2022.

[6] Sankari, H., and Abobala, M., " On The Group of Units Classification In 3-Cyclic and 4-cyclic
Refined Rings of Integers And The Proof of Von Shtawzens' Conjectures”, International Journal
of Neutrosophic Science, 2023.

[7] Sankari, H., and Abobala, M., " On The Classification of The Group of Units of Rational and Real
2-Cyclic Refined Neutrosophic Rings", Neutrosophic Sets and Systems, 2023.

[8] Sankari, H., and Abobala, M., " On The Algebraic Homomorphisms Between Symbolic 2-
Plithogenic Rings And 2-cyclic Refined Rings", Neutrosophic Sets and Systems, 2023.

[9] Abobala, M., " n-Cyclic Refined Neutrosophic Algebraic Systems of Sub-Indeterminacies, An
Application to Rings and Modules", International Journal of Neutrosophic Science, 2020.

[10] Aswad, M., "n-Cyclic Refined Neutrosophic VVector Spaces and Matrices", Neutrosophic
Knowledge, 2021.

[11] Ali, R., "n-Cyclic Refined Neutrosophic Groups", International Journal of Neutrosophic Science,

2021.

37

Doi: https://doi.org/10.54216/JNFS.080104
Received: October 19, 2023 Revised: December 06, 2023 Accepted: January 27, 2024


https://doi.org/10.54216/JNFS.080104

Journal of Neutrosophic and Fuzzy Systems (INEFS) Vol 08, No. 01, PP. 31-38, 2024

[12] Sadig. B., " A Contribution To The group Of Units Problem In Some 2-Cyclic Refined

Neutrosophic Rings ", International Journal Of Neutrosophic Science, 2022.

[13] Nabil Khuder Salman, Maikel Leyva Vazquez,Batista Herndndez Noel. On The Classification of
3-Cyclic/4-Cyclic Refined Neutrosophic Real and Rational VVon Shtawzen's Group. International
Journal of Neutrosophic Science, (2024); 23 (2 ): 26-31.

[14] Ahmad Salama, Rasha Dalla, Malath Al Aswad, Rozina Ali. (2022). Some Results About 2-Cyclic
Refined Neutrosophic Complex Numbers. Journal of Neutrosophic and Fuzzy Systems, 4 (1),
41-8 (Doi: https://doi.org/10.54216/JNFS.040105).

[15] Hamiyet Merkepci, Ahmed Hatip. (2023). Algorithms for Computing Pythagoras Triples and 4-
Tiples in Some Neutrosophic Commutative Rings. International Journal of Neutrosophic Science,
20 (3),107-114 (Doi: https://doi.org/10.54216/1JNS.200310).

[16] T.Roy and F J. Sonia, A Direct Method To Generate Pythagorean Triples And Its Generalization
To Pythagorean Quadruples And n-tuples, Jadavpur University, India (2010).

[17] Sarkis, M., " On the Solutions Of Fermat's Diophantine Equation In 3-refined Neutrosophic Ring
of Integers", Neoma Journal of Mathematics and Computer Science, 2023.

[18] Ahmad, K., Bal, M., and Aswad, M.," A Short Note on The Solution Of Fermat's Diophantine
Equation In Some Neutrosophic Rings", Journal of Neutrosophic and Fuzzy Systems, Vol. 1,
2022

38

Doi: https://doi.org/10.54216/JNFS.080104
Received: October 19, 2023 Revised: December 06, 2023 Accepted: January 27, 2024


https://doi.org/10.54216/JNFS.080104
https://doi.org/10.54216/JNFS.040105
https://doi.org/10.54216/IJNS.200310

