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Abstract

The concept of two-fold algebras is generated by merging some special sets such as fuzzy sets,
neutrosophic sets or plithogenic sets with various algebraic structures. The main objective of this
research paper is to provide a strict mathematical definition and a general study of two-fold fuzzy
vector spaces defined over the real numbers and also two-fold fuzzy vector spaces defined over the
complex numbers, as well as two-fold fuzzy algebraic modules defined over commutative rings with
unity. The elementary properties and algebraic operations of those structures will be explained through
many theorems and mathematical proofs.
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1. Introduction
The study of mathematical algebras defined by fuzzy sets and their various generalizations is one of the
most recent and important diverse studies in both commutative and nhon-commutative algebras alike [1-
2, 6-8, 15].
We notice in previous studies the application of fuzzy, neutrosophic, and plithogenic sets in
generalizing many classical algebraic structures with wide applications, such as matrices, algebraic
rings, vector spaces, and also modules [3-5, 9-12].
Smarandache presented the concept of two-fold algebras [14], where he combined the neutrosophic
sets with the three parts that symbolize truth, falsity, and indeterminacy with some traditional algebraic
structures to form new algebraic structures, as his distinguished study opened a new research door of
algebraic nature, both theoretical and applied.
Abobala in [16] studied two-fold fuzzy algebras by combining it with the standard fuzzy number
theoretical system, where many results related to this new type were proven through its algebraic
operations and its connection to number theory.
These previous studies have prompted us to use vector spaces and combine them with fuzzy sets, in
order to build new algebraic structures that we called two-fold fuzzy vector spaces and two-fold fuzzy
modules and then study the basic properties related to these algebraic structures and the partial
structures related to them.
On the other hand, we presented many theories and related mathematical proofs to describe the desired
basic algebraic properties.
Main Discussion
Real Two-Fold Fuzzy Vector Spaces:
Definition:
Let S be a vector space over the field R, and
g:s > [0 glx+y) m'ax(g(x)-g(y))
{f: R - [0.1] SN that ) gCc-n) = min(g(). ()
g9(0)=0.f(D =1
Forx.y eSandr e R
We define the two- fold fuzzy vector space S 4) as follows:
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Str.g) = {xg00 1% €5
Definition:
We define the following binary operations on S¢f ;y:
{ *:S(r.9) X Str.9) 7 S¢r.0)
01 S(r.9) X Rr = S(r.9)
{xg(x) *Yo = X+ Y)gary) = K+ YImax g(0.90))
Xg@) O Trery = () gry = (X min g).pr)
Theorem:
Let S(s 4 be the two-fold vector space defined above, then:
1] *,0 are abelian.
2] * is associative.
3] o, is the identity of * , 1, is the identity of o.
4lro(x*xy)=@ox)*(roy) . ro(tox)=(@t)ox:x€S.rteR
5lx*x(—x) =0
Proof:
1] Let xg(x). yg(y) € S(f.g)' r € R.then:
X9 * Vg = (X + Vmax(g.909) = O+ Omax(g.g0)) = Yoo * Xg(o
X9 O Trr) = () geer) = (M Vg = Trr) © Xg)
2] Xg(x) * (yg(y) * Zg(Z)) =X * ((y + Z)g(y+2)) =+ Y+ 2D gary+ = X+ V) gty * Zgz) =
(*900 * Vo)) * 292>
3] xg(x) *Og(0)= (¥ +O)max(g(x)0) = ¥g(x)
X9 © Ly = (¢ Dmingg.n) = ¥g(x)
477y © (g0 * Yg)) = Tr) © X+ W geay) = X + 1Y) gwaryy = (X gy * (V) g(ry) =
(7 © %) * (1) © Vo)
T © (b0 © Xgw) = 17 () gen) = ) gy = (O sy © Xy
5] xg(x) * (_x)g(—x) = (X - x)g(x—x) =0,
Definition:
Let T be a subspace of S, then:
Trg) = {Xgas x € T} s called a two-fold fuzzy subspace of Sy
Theorem:
Let T be a non-empty subset of S, then T, 4y is a two-fold fuzzy subspace of S,y if and only if:
x*y €Ty
{ forallreR. x.y€T
)
Proof:
T(s.g) is a two-fold fuzzy subspace of S, 4, if and only if T is a subspace of S, which is equivalent to:
{x +y €T
rx €T
Xg() * Vo) = (X +¥)gxy) € Tirg)
i) © X9t = (Mg € Trg)

forallx.y eT. reR

So that, {

Definition:

LetS¢r gy- Wirny be two. two-fold fuzzy vector spaces over R, and H:S — W be a classical linear
transformation, then:

Hp:Sr.gy = Wirny * He(Xgc) = (H())nuy s called the two-fold fuzzy linear transformation.
We define:

ker (Hp) = {xg0x) € Sty 3 Hr(%g00) =00}

Ln(He) = {Znz) € Wipny 33 %900 € Str.005 Hr(Xg00) = Znn}

Theorem:

Let Hp:S(r.g) = Ws.ny be a two-fold fuzzy linear transformation, then we have:

1] Hp(x xy) = Hp(x) * He(y),  Hp(rox) =10 Hp(x) .

2] ker(Hp) = (ker(H))(f,g)' L,(Hg) = (Im(H))(f,h) .

3] k. (Hp) is a two-fold fuzzy subspace of S 4.

4] I,,,(Hp) is a two-fold fuzzy subspace of Wy .
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Proof:
1] HF(xg(x) * yg(y)) = Hp ((x + y)g(x+y)) = (H(x + Y))h(H(x+y)) = (H(x) + H(y))h(H(x)+H(y)) =
Hr (xg()) * Hr (Yg0))
Also, He (17r) © Xg(0) = Hp((r) gr)) = (H gy = (- HOOy gy = Tr ) © Hr (X900
2] ker(HF) = {xg(x) € S(f.g); H(x) = 0} = {xg(x) € S(f.g); x € ker(H)} = (ker(H))(f.g)
In(Hr) = {Zn(z) € Wirp3 3 %) € Strgyi HOO) = Z} = {Znzy € Wipys Z € I (H)} =
Ly (H)) (£ )
3] Since k., (H) is a subspace of S, then k., (Hp) = ke (H)) s 4) is two-fold fuzzy subspace of S ).
4] The proof is similar to 3.
Definition:
Let E = {sy, ..., s, } be a basic of S over R, then:
Ep = {slg(sl), 'sng(sn)} is called a two-fold basis of S(f 5yover Re
Theorem:
Let E = {sy, ..., s, } be abasic of S, and E be the corresponding two-fold fuzzy basis of S .
Assume that: xg(x) € Srg) - then there exists ry . ... € Ry

Such as: x4,y =

)
o ) =Y Os;
Tipey O Sigin T T g O Sngeeny = Lim1Tigey © Sigy
Proof:
x€S,thenx = Y rs;;s; €E.r; € Rsothat:
n

n
Xg() = (Z TS g ris) = Z(Ti)f(n) © (S)g(s)

i=1 i=1
Remark:
If dim S=n, then dim(S(; 4y ) = n
Remark:
Y1) rerp © (S g(sp =Og(o) -thenr; =0
Complex Two-Fold Fuzzy Vector Spaces:
Definition:
Let S be a vector space over the field C, and
g:S - [0.1] it glx+y) m-ax(g(X)-g(y))
{f: C[o01] SUehthat ¢ gGx 1) =min(g().f (1)

g0 =0.f(1)=1
Forx.y eSandr €C
We define the two- fold fuzzy vector space S 4 as follows:
Strg) = {xg(x) ;X € S}
Definition:
We define the following binary operations on S¢f ;y:
{ *S(r.9) X Str.9) 7 S(r.9)
01 S(r.g) X Cr = Sr.g)
{xg(x) * Vo) = (X +V)gieey) = X+ Ymax (9.9
Xg@) O Triry = () gr) = (X min (g).pr)

Theorem:
Let Sr 4y be the two-fold vector space defined above, then:
1] *,0 are abelian.
2] * is associative.
3] o, is the identity of *, 1, is the identity of o.
4dlro(xxy)=(rox)*(roy) . ro(tox)=@t)ox:x€S.r.teR
5lx*x(—x) =0
Proof:
1] Let xg(x)'yg(y) € S(f_g).T € C.then:
X9 * Vo) = X + Vmax(g0.900) = O + x)maX(g(x)-g(y)) =Yoo * Xg(x)
Xge0) O Trary = () gery = (M X)gera) = Tr(r) © Xg(x)
2 xgeo * (Vg * Zg) = %+ (0 + Dgiyan) = O+ Y + Dgieayrn = (0 + W gan * Zoe =
(*900 * Vo)) * Zg2)
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3] Xg(x) *Og(0)= (X +O)max(g().0) = Xg(x)
X9 © 1r) = (¢ " Dinin(geo.1) = X9
4750y © (00 * Vo)) = 150 © C + Wgeayy = (X + 1Y) gaaryy = (X gy * (V) g0y =
(rr) © %) * (T © Vo)
T © (b © Xg) = 17 (80 o) = (rtx) greny = (O ey © Xy
5] Xg(x) * (_x)g(—x) =(x— x)g(x—x) =0,
Definition:
Let T be a subspace of S, then:
Terg) = {Xgas x € T} s called a two-fold fuzzy subspace of Sy
Theorem:
Let T be a non-empty subset of S, then T, ,, is a two-fold fuzzy subspace of S, 4, if and only if:
{x*y € Tva) forallreC. x.y€eT
roxe T(f 9
Proof:
T(s.g) I1s atwo-fold fuzzy subspace of S 4, if and only if T is a subspace of S, which is equivalent to:
{x +y €T
x €T
X900 * Yg) = (X + Vgxsy) € Tirg)
i) © X900 = (M)gerx) € Tirg)

forallx.y eT. recC

So that, {

Definition:
LetS¢r.gy- Wir.ny be two two-fold fuzzy vector spaces over C, and H:S —» W be a classical linear
transformation, then:
Hp:Sir.gy = Wiy HF(xg(x)) = (H(x))nu(xy)is called the two-fold fuzzy linear transformation.
We define:
ker(Hp) = {xg(x) €S9 HF(xg(x)) =OO}
L (HE) = {Zn(z) € Wigny: 3 X0 € Sir.gys Hr(Xg0) = Zneo }
Theorem:
Let Hp:S(rg) = Ws.ny be atwo-fold fuzzy linear transformation, then we have:
11 Hp(x *y) = Hp(x) * Hp(y), Hp(rox) =70 Hp(x).
2] ker(Hp) = (ker (H))(r,gyy Im(Hp) = (I (H)) 1) -
3] ke (Hp) is a two-fold fuzzy subspace of S 4.
4] L, (Hp) is a two-fold fuzzy subspace of W .
Proof:
1] HF(xg(x) * Yg(y)) = Hp ((x + Y)g(x+y)) =(H(x+ Y))h(H(x+y)) =(HX) + H(Y))h(H(xHH(y)) =
Hp (xg(x)) * HF(yg(y))
Also, H (17 () © X)) = He((r) gry) = HEX) gy = " HO ' gy = Trr © He(Xg)
2] ker(HF) = {xg(x) € S(f.g); H(x) = 0} = {xg(x) € S(f.g);x € ker(H)} = (ker(H))(f.g)
I (He) = {Zn(z) € Wip.n 3 Xg(x) € Strgyi H(O) = Z} = {Zn(z) € Wipyi Z € L (H)} =
L (H)) (.0
3] Since k,,.(H) is a subspace of S, then k,,.(Hg) = k. (H))s.g) is two-fold fuzzy subspace of S 4.
4] The proof is similar to 3.
Definition:
Let E = {sy, ..., S, } be a basic of S over C, then:
Ep = {Slg(sl)’ ’Sng(sn)} is called a two-fold basis of S, g over Cs
Theorem:
Let E = {sy, ..., s, } be abasic of S, and E be the corresponding two-fold fuzzy basis of S(f ).
Assume that: x4, € S(s.g) - then there exists iy T € Cr

nf(rn)
. = (@] (@] = n . O g.
SUCh 881 Xg () = Tapy © Sty T gy © Sngiey = Liz1 i, Stg(s)
Proof:

XES, thenx— YiTiSi S EE r; € C so that:
xg(x) - (Z S )g(zl 1TiSi) Z(rz)f(rl) © (sl)g(sl)
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Remark:
If dim S = n, then dim(S(f_g)) =n
Remark:
X rerp © (S)gisp =Ogo) - thent; =0
Two-Fold Fuzzy Modules:
Definition:
Let S be a module over the ring R with unity 1, and
5 - [04] | gx+y) = m-ax(g(x)-g(y))
(Fon 2 fo) st § g0 = min(g).£7)
9@ =0.f(1)=1
Forx.y e Sandr € R
We define the two- fold fuzzy module S, 4) as follows:
S = {xg) 1% € S}
Definition:
We define the following binary operations on S¢f ;y:
{ *S(r.9) X Str.9) 2 S(r.9)
©: S(r.9) X Rr =2 S(r.9)
{xg(X) *Yo = X+ Y)gary) = &+ YImax 9(0.90))
X9 O Trr) = () gery = (Fmin @£ )
Theorem:
Let S(s 4 be the two-fold module defined above, then:
1] *,0 are abelian.
2] * is associative.
3] o, is the identity of * , 1, is the identity of o.
4dlro(xxy)=(@ox)*(roy) . ro(tox)=@t)ox:x€S.r.teR
5lx*(—x) =0
Proof:
1] Let xg(x). yg(y) € S(f‘g).‘l" € R.then:
Xge) * Vg = (X + J’)max(g(x)-g(y)) =+ x)maX(g(x)-g(y)) =Vg() * Xg(x)
Xge) O Trr) = () geer) = (M Vg = Trr) © Xg)
21 X * (Vg * Zgn) = X+ (0 + Dgan) = O+ Y + Dgieryrn = O+ Y gay) * Zg) =
(xg(x) * yQ(y)) *Zg(2)
3] xg(x) *Og(0)= (X +O)max(g(x)0) = ¥g(x)
X900 © 1r) = (" Dimingo.1) = X900
41 © (g0 * Vo)) =5 © (0 + Mgy = X + 1Y) grasry) = (X gy * (V) gy =
(17 © %g0) * () © Vo)
T © (tre) © Xgw) = Tr ((E0)g0) = tx) ey = T prey © Xy
5] Xg(x) * (=X)g(-x) = (¥ = X)g(x-x) = o
Definition:
Let T be a submodule of S, then:
Terg) = {Xgas x € T} is called a two-fold fuzzy submodule of S,
Theorem:
Let T be a non-empty subset of S, then T 4, is a two-fold fuzzy submodule of S, ;y if and only if:
x*y €Trg)
{ forallreR. x.y€T
rox €T g
Proof:
T(s.g) is a two-fold fuzzy submodule of S 4, if and only if T is a submodule of S, which is equivalent
to:
{x +y €
x €T
X9 * Vo) = (X +V)gery) € Trg)
i) © X9t = (M)gerx) € Trg)

Tforallx.yeT. r€R

So that, {

Definition:

Let S¢r.gy- Wis.ny be two two-fold fuzzy modules over C, and H: S — W be a classical homomorphisms.
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, then:
Hp:S(r gy = Wiy ¢ He(xg00) = (HOO))neeyis called the two-fold fuzzy homomorphisms.
We define:
ker(Hp) = {xg00) € Sty Hr(%g(0)) =00}
Ln(Hp) = {Znz) € Wipny 33 %o € Str.005 Hr(%g00) = Znny}
Theorem:
Let Hp:S(r gy = Ws.ny be atwo-fold fuzzy homomorphisms, then we have:
1] Hp(x * y) = Hp(x) = Hp (y), Hp(rox) =70 Hp(x) .
2] ker(HF) = (ker(H))(f,g)v Im(HF) = (Im(H))(f,h) '
3] ke (Hp) is a two-fold fuzzy submodule of S .
4] I, (Hp) is a two-fold fuzzy submodule of W, ).
Proof:
1] HF(xg(x) * yg(y)) = Hp ((x + y)g(x+y)) = (H(x + Y))h(H(x+y)) = (H(x) + H(y))h(H(xHH(y)) =
Hp (xg(X)) * HF(yg(y))
Also, Hy (1r) © Xg()) = Hp (1) g(r0)) = (HTxn(grayy = O HO gy = 1) © Hr (g 0)
2] ker(HF) = {xg(x) € S(f.g); H(x) = 0} = {xg(x) € S(f.g); x € ker(H)} = (ker(H))(f.g)
I (HE) = {Zn(z) € Wir.nys3 Xgx) € Srgi HOO) = Z} = {Zyz) € Wipnyi Z € I ()} =
Ly (H)) (5.0
3] Since k,,.(H) is a subspace of S, then k., (Hg) = ke, (H))s.g) is two-fold fuzzy submodule of S/ .
4] The proof is similar to 3.
Definition:
Let E = {sy, ..., s, } be a basic of S over R, then:

Ep = S1g(sy)? 'Sng(sn)} is called a two-fold basis of S 4 over R,
Theorem:
Let E = {sy, ..., s, } be abasic of S, and E be the corresponding two-fold fuzzy basis of S ).
Assume that: x,(,) € S(r.g) . then there exists iy T € Re
. = =y .
SUCh 882 Xg(x) = Tipey) © Sigieyy T F Mgy © Sngie = Zi=1 iy © Siggs)

Proof:

x€S,thenx = Y, rs;;s; €E.r; €Rso that:

Xgeo) = iz Ti Si g, ris) = 2i=1 (M e © (S)gisp -

4. Conclusion

In this paper is we provided a strict mathematical definition and a general study of two-fold fuzzy
vector spaces defined over the real numbers and also two-fold fuzzy vector spaces defined over the
complex numbers, as well as two-fold fuzzy algebraic modules defined over commutative rings with
unity.

The elementary properties and algebraic operations of those structures are explained through many
theorems and mathematical proofs.
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